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You  probably  know  from  your  experience  in  school  that  you  learn  best  when  you 
understand  the  concepts  and  are  actively  engaged  in  the  learning  process. 

Studies  confirm  that  understanding  concepts  and  getting  involved  are  inportant  in 
every  subject  at  every  grade  level.  This  is  the  foundation  that  Discovering  Geometry 
is  built  on,  and  investigations  are  at  its  heart. 

If  you  are  a student,  you’ll  discover  many  important  mathematical  principles 
by  working  together  with  other  students  in  supportive,  small  groups  doing 
investigations.  First  you’ll  explore  concepts  visually,  looking  for  patterns,  and  then 
you’ll  learn  to  explain  why  these  patterns  exist.  This  approach  is  both  challenging 
and  fun,  and  will  make  you  believe  in  your  ability  to  succeed  at  mathematics. 

Rather  than  memorizing  theorems  and  formulas,  you’ll  learn  how  to  build  what  you 
need  from  what  you  already  know.  You’ll  find  that  Discovering  Geometry  is  easy  to 
follow,  and  the  design  includes  many  interesting  photographs  and  illustrations  that 
connect  geometry  with  art,  architecture,  science,  history,  culture,  and  recreation. 

If  you  are  a parent,  you’ll  appreciate  thdX  Discovering  Geometry  continues  to  be  the 
leader  in  providing  a successful,  discovery-based  approach.  You’ll  know  that  your 
student  is  actively  engaged  in  the  process  of  learning  and  constructing  his  or  her 
own  understanding  of  concepts,  developing  insight,  confidence,  and  increasingly 
sophisticated  mathematical  understanding  along  the  way.  The  effectiveness  of 
Discovering  Geometry'^  approach  has  been  substantiated  in  thousands  of  classrooms 
by  millions  of  students,  and  has  changed  the  way  geometry  is  taught  today.  If  you 
go  to  www.keymath.com/DG,  you’ll  find  Dynamic  Geometry  Explorations  that 
explore  important  geometry  concepts  interactively,  condensed  lessons  for  when 
your  student  is  absent,  downloadable  worksheets  to  help  your  student  practice  his 
or  her  skills,  and  resources  designed  especially  for  you  as  a parent. 

If  you  are  a teacher,  you’ll  see  that  this  new  edition  balances  the  investigative 
approach  that  is  at  the  heart  of  the  Discovering  Mathematics  series  with  an 
emphasis  on  developing  students’  ability  to  reason  deductively.  You’ll  be  supported 
by  a deliberate  pedagogy  based  on  educational  research  that  carefully  develops  your 
students’  ability  to  make  sound  logical  arguments.  Discovering  Geometry  introduces 
students  to  reasoning  strategies  that  help  them  explain  their  discoveries  and  enable 
themto  justify  their  conjectures  through  proof.  There  are  also  more  opportunities 
to  review  algebra,  more  ways  to  use  technology,  especially  The  Geometer’s 
Sketchpad®,  and  there  is  an  enhanced  online  textbook  and  other  conputer-based 
resources.  If  you  are  familiar  with  earlier  editions  of  Discovering  Geometry,  you’ll 
still  find  the  original  and  hallmark  features,  plus  inprovements  based  on  feedback 
from  many  of  your  colleagues  in  geometry  classrooms. 

If  you  are  a student,  we  believe  that  as  you  work  through  this  course  you’ll  gain 
knowledge  for  a lifetime.  If  you  are  a parent,  we  believe  you’ll  enjoy  watching  your 
student  develop  mathematical  power.  If  you  are  a teacher,  we  believe  you’ll  find 
that  Discovering  Geometry  makes  a significant  positive  impact  in  your  classroom 
Whether  you  are  learning,  guiding,  or  teaching,  we  wish  you  success  and  urge  you 
to  continue  your  involvement  and  interest  in  mathematics. 

Steve  Rasmussen,  President 
Key  Curriculum  Press 
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A Note  to  Students  from  the  Author 


Michael  Serra 


What  Makes  Discovering  Geometry  Different? 

Discovering  Geometry  is  designed  so  that  you  can  be  actively  engaged  as  you 
learn  geometry.  In  this  book  you  “learn  by  doing.”  You  will  learn  to  use  the  tools 
of  geometry  and  to  perform  geometry  investigations  with  them  Many  of  the 
investigations  are  carried  out  in  small  cooperative  groups  in  which  you  jointly 
plan  and  find  solutions  with  other  students.  Your  investigations  will  lead  you  to  the 
discovery  of  geometry  properties.  In  addition,  you  will  gradually  learn  about  proof, 
a form  of  reasoning  that  will  help  you  explain  why  your  discoveries  are  true, 
through  Developing  Proof  group  activities  and  exercises. 

Discovering  Geometry  is  designed  so  that  both  you  and  your  teacher  can  have  fun 
while  you  learn  geometry.  It  has  a lot  of  “extras.”  Each  lesson  begins  with  a quote 
that  I hope  you  will  find  funny  or  thought  provoking.  I think  you’ll  enjoy  the 
extra  challenges  in  the  Improving  Your... Skills  puzzles  at  the  end  of  most  lessons. 
To  solve  each  puzzle,  you’ll  need  clever  visual  thinking  skills  or  sharp  reasoning 
skills  or  both.  I hope  you  will  find  some  of  the  illustrated  word  problems 
humorous.  In  the  explorations  you  will  build  geometric  solids,  find  the  height  of 
your  school  building,  and  discover  why  elephants  have  big  ears.  In  the  projects  you 
will  draw  the  inpossible,  make  kaleidoscopes,  design  a racetrack,  and  create  a 
mural.  The  online  Dynamic  Geometry  Explorations  help  you  visualize  inportant 
geometry  concepts  by  putting  them  in  motion,  and  there  are  graphing  calculator 
projects,  Fathom  Dynamic  Data™  projects,  The  Geometer’s  Sketchpad 
explorations,  and  web  links  that  will  allow  you  to  practice  and  improve 
your  skills. 

Suggestions  for  Success 

It  is  important  to  be  organized.  Keep  a notebook  with  a section  for  definitions, 
a section  for  your  geometry  investigations,  a section  for  discoveries,  and  a section 
for  daily  notes  and  exercises.  Develop  the  habit  of  writing  a summary  page  when 
you  have  conpleted  each  chapter.  Study  your  notebook  regularly. 

You  will  need  four  tools  for  the  investigations:  a conpass,  a protractor,  a 
straightedge,  and  a ruler.  Some  investigations  use  patty  paper,  small  squares  of 
waxed  paper  usually  used  between  burger  patties,  that  can  be  used  as  a unique 
geometry  tool.  Keep  a calculator  handy,  too. 

You  will  find  hints  for  some  exercises  in  the  back  of  the  book.  Those  exercises  are 
marked  with  an  . Try  to  solve  the  problems  on  your  own  first.  Refer  to  the  hints 
as  a last  resort  if  you  can’t  solve  a problem  Solutions  are  provided  for  chapter 
reviews  so  you  can  check  your  understanding  and  prepare  for  tests. 

Discovering  Geometry  will  ask  you  to  work  cooperatively  with  your  classmates. 
When  you  are  working  cooperatively,  always  be  willing  to  listen  to  each  other,  to 
actively  participate,  to  ask  each  other  questions,  and  to  help  each  other  when  asked. 
You  can  accomplish  much  more  cooperatively  than  you  can  individually.  And,  best 
of  all,  you’ll  experience  less  frustration  and  have  much  more  fun. 

Michael  Serra 
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CHAPTER 

O' 


Geometric  Art 


work  by  Dutch  graphic  artist  ^ 
pM.C.  Escher  (1898-1972)  opens 
each  chapter  in  this  book.  Escher 
used  geometry  in  creative  ways 
to  make  his  interesting  and 
unusual  works  of  art.  As  you 
come  to  each  new  chapter, see 
whether  you  can  connect  the 
, Escher  work  to  the  content  of 
, the  chapter. 

V 1_ J 


! OBJECTIVES 

My  subjects  are  often 

In  this  chapter  you  will 

playful. ...It  is,  for  example,  a 

A see  examples  of  geometry 

pleasure  to  deliberately  mix  together 

in  nature 

p study  geometric  art  forms 

objects  of  two  and  of  three  dimensions. 

of  cultures  around  the 

surface  and  spatial  relationships,  and  to 

world 

make  fun  of  gravity. 

* study  the  symmetry  in 

flowers,  crystals,  and 

M.C.ESCHER 

animals 

* see  geometry  as  a way  of 

Print  Gallery,  M.C.  Escher,  1956 

thinking  and  of  looking  at 

©2002  Cordon  Art  B.V.-Baarn-Holland. 

the  world 

All  rights  reserved. 

p practice  using  a compass 

___  ^ 

and  straightedge 

; :t-  "-y 

' . ./'V  % 

^ ■ ' ! ° : 
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LESSON 


Geometry  in  Nature 
and  in  Art 


There  is  one  art, 
no  more  no  less, 


Nature  displays  a seemingly  infinite  variety  of  geometric  shapes,  from  tiny  atoms 
to  great  galaxies.  Crystals,  honeycombs,  snowflakes,  spiral  shells,  spiderwebs,  and 
seed  arrangements  on  sunflowers  and  pinecones  are  just  a few  of  nature’s  geometric 
masterpieces. 


To  do  all  things 
with  artlessness. 
PIET  HEIN 


Penlagor 


Circle 


Hexagon 


Geometry  includes  the  study  of  the  properties  of  shapes  such  as  circles, 
hexagons,  and  pentagons.  Outlines  of  the  sun,  the  moon,  and  the  planets 
appear  as  circles.  Snowflakes,  honeycombs,  and  many  crystals  are 
hexagonal  (6-sided).  Many  living  things,  such  as  flowers  and  starfish, 
are  pentagonal  (5 -sided). 


In  ll-fce  Celtic  knot 
<Jeslgn  above^  tl-fce 
curves  seem  to 
weave  legethef. 


People  observe  geometric  patterns  in  nature  and 
use  them  in  a variety  of  art  forms.  Basket 
weavers,  woodworkers,  and  other  artisans  often 
use  geometric  designs  to  make  their  works 
more  interesting  and  beautiful.  You  will  learn 
some  of  their  techniques  in  this  chapter. 


This  Islamic  design  fronn  Egypt  uses  4-sided  and  6-slded  stapes, 
as  ■well  as  5-polnted  and  iz-pointed  stars. 
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Hun-garian  artist  Victor 
Vasarely  ^1  ^£-1  997)  had  a 
Erron^  inrerest  In  geom&try, 
v/hlch  was  reflected  In  his 
wofk-  In  this  series,  he  used 
curved  lines  to  produce  the 
illusion  of  three  s pheres. 


ThK  Iwf  and  butterfly  both 
have  one  line  of  refie<tlonai 
syminerry. 


Artists  rely  on  geometry  to  show  perspective  and  proportion,  and  to  produce 
certain  optical  effects.  Using  their  understanding  of  lines,  artists  can  give  depth  to 
their  drawings.  Or  they  can  use  lines  and  curves  to  create  designs  that  seem  to  pop 
out  of  the  page.  You  will  create  your  own  optical  designs  in  Lesson  0.4. 


fsiVjt/ 1 JW  ■;  -99 1 J.  Vr  icir  Vas»ply.  cotm  lasy  I hn  arl  ibJL 


Symmetry  is  a geometric  characteristic  of  both  nature  and  art.  You  may  already 
know  the  two  basic  types  of  symmetry,  reflectional  symmetry  and  rotational 
symmetry.  A design  has  reflectional  symmetry  if  you  can  fold  it  along  a line 
of  symmetry  so  that  all  the  points  on  one  side  of  the  line  exactly  coincide  with 
(or  match)  all  the  points  on  the  other  side  of  the  line. 


You  can  place  a mirror  on  the  line  of  symmetry  so  that  half  the  figure  and  its 
mirror  image  re-create  the  original  figure.  So,  reflectional  symmetry  is  also  called 
line  symmetry  or  mirror  symmetry.  Biologists  say  an 
organism  with  just  one  line  of  symmetry,  like 
human  body  or  a butterfly,  has  bilateral 
symmetry.  An  object  with  reflectional 
symmetry  looks  balanced. 


A design  has  rotational  symmetry  if  it 
looks  the  same  after  you  turn  it  around 
a point  by  less  than  a full  circle.  The 
number  of  times  that  the  design  looks 
the  same  as  you  turn  it  through  a 
complete  360°  circle  determines  the  type 
of  rotational  symmetry.  The  Apache  basket 
has  3 -fold  rotational  symmetry  because  it 
looks  the  same  after  you  rotate  it  120° 

(a  third  of  a circle),  240°  (two-thirds 
of  a circle),  and  360°  (one  full  circle). 


This  Apache  basket  has  3-told  rt>talional 
symmeUy. 
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A starfish  has  5-fold  symmetry.  It  looks  the  same  after  you  rotate  it  72°,  144°,  216°, 
288°,  or  360°. 


The  square  fabric  ha^ 
4-fold  rolati-Dfiai  symmEtry 
and  a starfish  has  5 -fold 
rotational  symmetry.  What 
type  of  rotational 
symmetry  does  a circular 


Countries  throughout  the  world  use  symmetry  in  their  national  flags.  Notice  that 
the  Jamaican  flag  has  rotational  symmetry  in  addition  to  two  lines  of  refiectional 
symmetry.  You  can  rotate  the  flag  180°  without  changing  its  appearance.  The 
origami  boxes,  however,  have  rotational  symmetry,  but  not  refiectional  symmetry. 
(The  Apache  basket  on  page  3 almost  has  refiectional  symmetry.  Can  you  see  why 
it  doesn’t?) 


The  Jim^ican  flag  Iwis  llnei  of 
refiectional  symmetry. 


If  you  ignore  colors,  tlie  Japanese  origami  box  on 
the  left  has  3-fold  rotaticnial  symmetry.  What  type 
of  symmetry  does  the  other  box  have? 


Consumer 

CONKECTION 

Many  products  have  eye-catching  labels,  logos,  and  designs.  Have  you  ever 
paid  more  attention  to  a product  because  the  geometric  design  of  its  logo  was 
familiar  or  attractive  to  you? 


Exercises 

1.  Name  two  objects  from  nature  whose  shapes  are  hexagonal.  Name  two  living 
organisms  whose  shapes  have  five-fold  rotational  symmetry. 

2.  Describe  some  ways  that  artists  use  geometry. 

3.  Name  some  objects  with  only  one  line  of  symmetry.  What  is  the  name  for  this  type 
of  symmetry? 
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4.  Which  of  these  objects  have  reflectional  symmetry  (or  approximate  reflectional  symmetry)? 


5.  Which  of  the  objects  in  Exercise  4 have  rotational  symmetry  (or  approximate 
rotational  symmetry)? 

6.  Which  of  these  playing  cards  have  rotational  symmetry?  Which  ones  have 
reflectional  symmetry? 


U 4 

•A 

A 

A ' 

A 

A 

A 

♦ n 

A 

* 

I* 

7.  British  artist  Andy  Goldsworthy  (b  1956)  uses  materials  from  nature 
to  create  beautiful  outdoor  sculptures.  The  artful  arrangement  of 
sticks  below  might  appear  to  have  rotational  symmetry,  but  instead 
it  has  one  line  of  reflectional  symmetry.  Can  you  find  the  line  of 
symmetry? 


6 


If  an  exercise  has  an  at  the 
end,  you  can  find  a hint  to 
help  you  in  Hints  for  Selected 
Exercises  at  the  back  of  the 
book. 


For  the  title  of  ttiis  ou  tdoor  sculpture  by  Andy 
Goldsworth/.  see  the  hint  to  Fsercise  7 in  the 
Hints  section. 

Courtesy  of thie  artist  and  Calerie  belong,  New  Votk. 
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8.  Shah  Jahan,  Mughal  enperor  of  India  from  1628  to  1658,  had  the  beautiful  Taj  Mahal 
built  in  memory  of  his  wife,  Mumtaz  Mahal.  Its  architect.  Us  tad  Ahmad  Lahori, 
designed  it  with  perfect  symmetry.  Describe  two  lines  of  symmetry  in  this  photo. 

How  does  the  design  of  the  building’s  grounds  give  this  view  of  the  Taj  Mahal  even 
more  symmetry  than  the  building  itself  has? 


The  TfiJ  IVIah^i!  iri  Agra. 

^5$  -described  by  poet 
RabirHJ  ranatb  Tagone  as 
■'rising  abcw  ihe  banks  of 
the  rlv&r  like  a solitary  tear 
suspended  on  the  cheefc 
of  time." 


9.  Create  a simple  design  that  has  two  lines  of  reflectional  symmetry.  Does  it  have 
rotational  symmetry?  Next,  try  to  create  another  design  with  two  lines  of 
reflectional  symmetry,  but  without  rotational  symmetry.  Any  luck? 

10.  Bring  to  class  an  object  from  nature  that  shows  geometry.  Describe  the  geometry 
that  you  find  in  the  object  as  well  as  any  symmetry  the  object  has. 

11.  Bring  an  object  to  school  or  wear  something  that  displays  a form  of  handmade  or 
manufactured  geometric  art.  Describe  any  symmetry  the  object  has. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Fickup  Sticks 

Pickup  slicks  is  a go-od  game  for 
developing  motor  skills,  but  you  can 
turn  it  into  a challenging  vi^mal  puzzle. 
In  what  order  should  you  pick  up  the 
sticks  so  that  are  alwa^-s  removing 
the  top  ^tick? 


I. 
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imagination  in  science.lt  is 
not  all  mathematics, nor  all 
logic,  but  it  is  somewhat 
beauty  and  poetry. 

MARIA  MITCHELL 


Line  Designs 


T he  symmetry  and  patterns  in  geometric  designs  make  them 
very  appealing.  You  can  make  many  designs  using  the  basic 
tools  of  geometry — conq)ass  and  straightedge. 

You’ll  use  a straightedge  to  construct  straight  lines 
and  a compass  to  construct  circles  and  to  mark  off 
equal  distances.  A straightedge  is  like  a ruler  but  it  has  no 
marks.  You  can  use  the  edge  of  a ruler  as  a straightedge. 
The  straightedge  and  the  compass  are  the  classical 
construction  tools  used  by  the  ancient  Greeks,  who  laid 
the  foundations  of  the  geometry  that  you  are  studying. 


Japanese  design  is 
known  f«  Its  simple, 
de^n  lln^s. 


The  complemenCari^  line  designs  on  die  arched 
ceiling  and  tile  floor  make  this  building  lobby 
look  grandiose. 


Noti-ce  how  the  patterns  of  these  Guatemalan 
rugs  are  a rbon-uniform  and  dynamic 
arrangement  of  lines. 


Some  of  [he  lir^s  In  [his  mosaic  appear  to  be  [led  In  knots! 
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You  can  create  many  types  of  designs  using  only  straight  lines.  Here  are  two  line 
designs  and  the  steps  for  creating  each  one. 


The  Astrid 


The  A^tHd 


Step  ] 


The  S-Pointed  Star 


Step  4 


Step  3 


/ 


Step  3 


Step 


Exercises 

1.  What  are  the  classical  construction  tools  of  geometry? 

2.  Create  a line  design  from  this  lesson.  Color  your  design. 

3.  Each  of  these  line  designs  uses  straight  lines  only.  Select  one  design  and  re-create  it 
on  a sheet  of  paper. 


4.  Describe  the  symmetries  of  the  three  designs  in  Exercise  3.  Eor  the  third  design, 
does  color  matter? 
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5.  Many  quilt  designers  create  beautiful  geometric  patterns  with 
reflectional  symmetry.  One-fourth  of  a 4-by-4  quilt  pattern  and  its 
reflection  are  shown  at  right.  Copy  the  designs  onto  graph  paper, 
and  complete  the  4-by-4  pattern  so  that  it  has  two  lines  of 
reflectional  symmetry.  Color  your  quilt. 


6.  Geometric  patterns  seem  to  be  in  motion  in  a quilt  design  with  rotational 
symmetry.  Copy  the  quilt  piece  shown  in  Exercise  5 onto  graph  paper, 
and  complete  the  4-by-4  quilt  pattern  so  that  it  has  4-fold  rotational 
symmetry.  Color  your  quilt. 

7.  Organic  molecules  have  geometric  shapes.  How  many  different  lines  of 
reflectional  symmetry  does  this  benzene  molecule  have?  Does  it  have 
rotational  symmetry?  Sketch  your  answers. 


Benzene  molecyle 


Architecture 

CnNNECTION 

Frank  Lloyd  Wright 
(1867-1959)  is  often  called 
America’s  favorite  architect. 

He  built  homes  in  36  states — 
sometimes  in  unusual  settings. 
Fallingwater,  located  in 
Pennsylvania,  is  a building 
designed  by  Wright  that  displays 
his  obvious  love  of  geometry. 
Can  you  describe  the  geometry 
you  see?  Find  more  information 
on  Frank  Lloyd  Wright  at 
www.keymath.com/DG 


IMPROVING  YOUR  ALGEBRA  SKILLS 


Pyratnid  Puzzle  I 

Place  four  different  numbers  In  the  bubbles 
at  the  vertices  of  the  pyramid  mi  that  die 
Ttvo  rm  rubers  at  the  end.^  of  each  edge  or 
diagonal  add  up  to  the  number  on  dial  edge. 
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Student^ ^ 

Web  Links 

^ Keyin-Eith.cDifi^ 

LESSON  ^ 

0.3 

Circle  Designs 

People  have  always  been  fascinated  by  circles.  Circles  are  used  in  the  design  of 
mosaics,  baskets,  and  ceramics,  as  well  as  in  the  architectural  design  of  buildings. 


Grcular  window 


You  can  make  circle  designs  with  a compass  as  your  primary  tool.  For  example, 
here  is  a design  you  can  make  on  a square  dot  grid. 


Begin  with  a 7-by-9  square  dot  grid.  Construct  three  rows  of  four  circles. 


r V 


CX300 

/ V 
■v  ^ - 


■Step  I Step  2 

Construct  two  rows  of  three  circles  using  the  points  between  the  first  set  of  circles 
as  centers.  The  result  is  a set  of  six  circles  overlapping  the  original  12  circles. 
Decorate  your  design. 


.Srep  Step  4 
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Here  is  another  design  that  you  can  make  using  only  a compass.  Start  by 
constructing  a circle,  then  select  any  point  on  it.  Without  changing  your  compass 
setting,  swing  an  arc  centered  at  the  selected  point.  Swing  an  arc  with  each  of  the 
two  new  points  as  centers,  and  so  on. 


The  Daisy 


^ 

Dynamic  Geometry  Explorations 
at  www.keymath.com/DG 
show  geometric  concepts  visually 
using  interactive  sketches. 

V — H3 ^ 


Step  L 


IsTep  2 


Step  3 


Step  4 


Step 


Step  f!i 


keymath.com/DG 


[w  See  the  Dynamic  Geometry  Exploration  Daisy  Designs  at  www.keymath.com/DG 


.^1 


lriste>ad  ol  stopping  At  the 
pei-lmet^r  of  the  flrsi  drde, 
you  rontiouiS  to  swing 
Full  circles. Hioo  you  get  a 
'fletd  of  daisies,'' AS  shown 


Notice  the  shape  you  get  by  connecting  the  six  petal  tips  of  the  daisy.  This  is  a 
regular  hexagon,  a 6-sided  figure  whose  sides  are  the  same  length  and  whose 
angles  are  all  the  same  size. 


You  can  do  many  variations  on  a daisy  design. 


l ^-petal  daisy 


Field  of  daisies 


Combiratior  lire  and  circle  design 
(Can  you  see  how  il  was  made?^ 
Schuyler  Ecnlih,  geon^erry  SEude-fit 


© 2008  Key  Curriculum  Press 


LESSON  0.3  Circle  Designs  11 


Exercises 
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For  Exercises  1-5,  use  your  construction  tools. 


You  will  need 

■ fof  Exetcises  1-5 


1.  Use  square  dot  paper  to  create  a 4-by-5 
grid  of  20  circles,  and  then  make  12  circles 
overlapping  them  Color  or  shade  the 
design  so  that  it  has  reflectional 
symmetry. 

2.  Use  your  compass  to  create  a set  of 
seven  identical  circles  that  touch  but 

do  not  overlap.  Draw  a larger  circle  that 
encloses  the  seven  circles.  Color  or  shade 
your  design  so  that  it  has  rotational 
symmetry. 

3.  Create  a 6-petal  daisy  design  and  color 
or  shade  it  so  that  it  has  rotational 
symmetry,  but  not  reflectional  symmetry. 


This  roE&  vnndcfvf  at  the  Netianal  Catliedrel  in  Washinglen,  D-C-, 
has  a central  design  of  seven  circles  enclosed  In  a larger  circle. 


4.  Make  a 12-petal  daisy  by  drawing  a second  6-petal  daisy 
between  the  petals  of  the  first  6-petal  daisy.  Color  or  shade 
the  design  so  that  it  has  reflectional  symmetry,  but  not 
rotational  symmetry. 

5.  Using  a 1-inch  setting  for  your  compass,  construct  a central 
regular  hexagon  and  six  regular  hexagons  that  each  share 
one  side  with  the  original  hexagon.  Your  hexagon  design 
should  look  similar  to,  but  larger  than,  the  figure  at  right. 
This  design  is  called  a tessellation,  or  tiling,  of  regular 
hexagons. 


IMPROVtMG  YOUR  ALGEBRA  SKILLS 
Algebraic  Magic  Squares  I 

A magic  square  is  an  arrangemcni  of  nu  in  hers  ici  a square  grid.  The  nujnhcrs  in  every 
rowHColuiTiTi,  or  diagonal  add  up  Lo  the  same  rimnher.  For  eKamplei  lti  the  magic  square 
on  The  left,  the  sum  of  each  row^  tolumn,  and  diagonal  is  IS. 


Complete  the  5-by-5  magic  square  on 
the  right.  Use  only  the  numbers  in  this 
list:  6.  7,  9,  13 J 7^  2 ] . 23,  24.  27,  and  2K. 


s 

E£i 

h 

4 

6 

& 

2 

7 

ID 

14  1 

19 

25 

2C. 

t2 

]S 

30  1 

II 

1 

22 

15 

’T] 

1 

12 
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Everything  is  an  iiiusion, 
inciuding  this  notion. 
STANISLAWJ.  LEG 


Op  Art 


Op  art,  or  optical  art,  is  a form  of  abstract  art  that  uses  lines  or  geometric 
patterns  to  create  a special  visual  effect.  The  contrasting  dark  and  light  regions 
sometimes  appear  to  be  in  motion  or  to  represent  a change  in  surface,  direction, 
and  dimension.  Victor  Vasarely  was  one  artist  who  transformed  grids  so  that 
spheres  seem  to  bulge  from  them.  Recall  the  series  Tsiga  I,  II,  III  that  appears 
in  Lesson  0. 1 . Harlequin,  shown 
at  right,  is  a rare  Vasarely  work 
that  includes  a human  form 
Still,  you  can  see  Vasarely’ s 
trademark  sphere  in  the  clown’ s 
bulging  belly. 


In  HesiJaJs,  by  cofilemporary  op  artist  Bridget  Riley  (b  1931  In  HarJegurn,  Victor  Vasarely  used  curved  lirves  and 

what  effect  do  the  charging  dots  pt oduce?  shadlngi  to  create  the  fonn  of  a dconm  in  motion. 


Op  art  is  fun  and  easy  to  create.  To  create  one  kind  of  op  art  design,  first  make 
a design  in  outline.  Next,  draw  horizontal  or  vertical  lines,  gradually  varying  the 
space  between  the  lines  or  each  pair  of  lines,  as  shown  below,  to  create  an  illusion 
of  hills  and  valleys.  Finally,  color  in  or  shade  alternating  spaces. 


The  Wavy  Letter 
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HorleQiM  Victor  V&sarely,  ccniaesy  of  the  artist. 


To  create  the  next  design,  first  locate  a point  on  each  of  the  four  sides  of  a square. 
Each  point  should  be  the  same  distance  from  a corner,  as  shown.  Your  concpass  is  a 
good  tool  for  measuring  equal  lengths.  Connect  these  four  points  to  create  another 
square  within  the  first.  Repeat  the  process  until  the  squares  appear  to  converge  on 
the  center.  Be  careful  that  you  don’t  fall  in! 


Here  are  some  other  examples  of  op  art. 


JtJptJrTtie  Op  An,  hiaijime  Juchl,  Dover 
Pubikations 


Op  art  by  Carmen  A|>odacar 
geometry  student 


You  can  create  any  of  the  designs  on  this  page  using  just  a compass  and 
straightedge  (and  doing  some  careful  coloring).  Can  you  figure  out  how  each 
of  these  op  art  designs  was  created? 
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Exercises 


1.  What  is  the  optical  effect  in  each  piece  of  art 
in  this  lesson? 


2.  Nature  creates  its  own  optical  art.  At  first 
the  black  and  white  stripes  of  a zebra  appear 
to  work  against  it,  standing  out  against  the 
golden  brown  grasses  of  the  African  plain. 
However,  the  stripes  do  provide  the  zebras 
with  very  effective  protection  from 
predators.  When  and  how? 

3.  Select  one  type  of  op  art  design  from 
this  lesson  and  create  your  own  version 
of  it. 


4.  Create  an  op  art  design  that  has  refiectional 
symmetry,  but  not  rotational  symmetry. 

5.  Antoni  Gaudi  (1852-1926)  designed  the 
Bishop’s  Palace  in  Astorga,  Spain.  List  as 
many  geometric  shapes  as  you  can  recognize 
on  the  palace  (fiat,  two-dimensional  shapes 
such  as  rectangles  as  well  as  solid,  three- 
dimensional  shapes  such  as  cylinders). 

What  type  of  symmetry  do  you  see  on 

the  palace? 


Bishop's  Palace,  Astor-ga,  Span 


IJVIPFiOVING  VOUF!  REASONING  SKILLS _ 

Bilgeh 

In  the  Driginal  iiomputfcTgaine  of  bagelih  a player  determines  a three-digit  number 
(no  digit  repeated)  by  making  edurated  guesses.  After  earli  guess,  the  computer  gi^^es 
a duo  about  the  guess.  1 [ere  are  the  clues. 


no  digit  is  corrcel 

pico:  one  digit  is  correct  but  in  the  wrojig  position 
one  digit  is  correct  and  in  the  correct  position 


] n each  of  The  grimes  below,  s number  of  guesses  hsive  been  niade>  wirli  the  due  for 
each  guess  shoviTi  to  its.  right.  From  the  given  set  of  guesses  and  dues,  determine  the 
three-digit  number.  If  there  is  more  than  one  solution ^ find  them  alL 


Game  1:  123 

4^6  pico 
7 a 9 pko 
0 7 5 pko  feniii 

0^7  pko 

? ? ? 


Game  2:  9 0S  bagds 
[ 3 'i  pia\ 

3S7  f.'faiyerp?jr 
2 5 6 fermi 

2 3 7 pte'U  prt'[^ 

? ? ? 
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I Web  Links 


L E S S O N j 


In  the  old  days,  a love-sick 
sailor  might  send  his 
sv\eetheart  a length  of 
fishline  loosely  tied  in  a love 
knot.  If  the  knot  ms  returned 
pulled  tight,  it  meant  the 
passion  ms  strong.  But  if  the 
knot  ms  returned  untied— 
ah,  matey,  time  to  ship  out. 
OLD  SAILOR’S  TALE 


~'W 
J 


Knot  Designs 

Knot  designs  are  geometric  designs  that  appear  to  weave  or  to  interlace  like  a 
knot.  Some  of  the  earliest  known  designs  are  found  in  Celtic  art  from  the  northern 
regions  of  England  and  Scotland.  In  their  carved  stone  designs,  the  artists  imitated 
the  rich  geometric  patterns  of  three-dimensional  crafts  such  as  weaving  and 
basketry.  The  Book  of  Kells  (8th  and  9th  centuries)  is  the  most  famous  source 
of  Celtic  knot  designs. 


Here  are  the  steps  for  creating  two  examples  of  knot  designs.  Look  them  over 
before  you  begin  the  exercises. 


Stq>  I 2 Step  3 Step  4 

You  can  use  a similar  approach  to  create  a knot  design  with  rings. 
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Here  are  some  more  examples  of  knot  designs. 


Knot  design  by  Scatl  Shanks, 
ge-omeCiy  s.tudent 


Tiger  Dlare  CasselL  parent  -of 
georrrelTy  studert 


Me^dlev^l  Ru-sst&n  knot  design 


Japanese  knot  design 


The  last  woetd-cijr  made 
by  M.Cp  Es^ihef  Ka  knot 
design  called  live 

ringi  and  the  snakes 
interlace,  and  the  design  has 
3-fdd  ratariofial  symrnetry. 

Snakes,  M.  C.  Escher,  1569/  ©2002 
Cordon  Art  B.  V.-Baarn-Holland. 

All  rights  reserved. 
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Exercises 
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1.  Name  a culture  or  country  whose  art  uses  knot  designs. 


You  will  need 


" fof  Exefcisf  J 


2.  Create  a knot  design  of  your  own,  using  only  straight  lines  on  graph  paper. 


3.  Create  a knot  design  of  your  own  with  rotational  symmetry,  using  a compass  or  a 
circle  template. 


4.  Sketch  five  rings  linked  together  so  that  you  could  separate  all  five  by  cutting  open 
one  ring. 


5.  The  coat  of  arms  of  the  Borromeo  family,  who  lived  during  the  Italian  Renaissance 
(ca.  15th  century),  showed  a very  interesting  knot  design  known  as  the  Borromean 
Rings.  In  it,  three  rings  are  linked  together  so  that  if  any  one  ring  is  removed  the 
remaining  two  rings  are  no  longer  connected.  Got  that?  Good.  Sketch  the 
Borromean  Rings. 

6.  The  Chokwe  storytellers  of  northeastern  Angola  are  called  Akwa  kuta  sona  (“those 
who  know  how  to  draw”).  When  they  sit  down  to  draw  and  to  tell  their  stories,  they 
clear  the  ground  and  set  up  a grid  of  points  in  the  sand  with  their  fingertips,  as 
shown  below  left.  Then  they  begin  to  tell  a story  and,  at  the  same  time,  trace  a 
finger  through  the  sand  to  create  a lusona  design  with  one  smooth,  continuous 
motion.  Try  your  hand  at  creating  sona  (plural  of  lusona).  Begin  with  the  correct 
number  of  dots.  Then,  in  one  motion,  re-create  one  of  the  sona  below.  The  initial 
dot  grid  is  shown  for  the  rat. 


Initial  doE  grid  Ral  Mbsmba  bird  Scorpion 

7.  In  Greek  mythology,  the  Gordian  knot  was  such  a complicated  knot  that  no  one 
could  undo  it.  Oracles  claimed  that  whoever  could  undo  the  knot  would  become 
the  ruler  of  Gordium  When  Alexander  the  Great  (356-323  B.C.E.)  came  upon  the 
knot,  he  singly  cut  it  with  his  sword  and  claimed  he  had  fulfilled  the  prophecy,  so 
the  throne  was  his.  The  expression  “cutting  the  Gordian  knot”  is  still  used  today. 
What  do  you  think  it  means? 


Science 

CONNECTION 

Mathematician  DeWitt 
Sumners  at  Rorida  State 
University  and  biophysicist 
Sylvia  Spenger  at  the 
University  of  California, 
Berkeley,  have  discovered  that 
when  a virus  attacks  DNA,  it 
creates  a knot  on  the  DNA. 
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8.  The  square  knot  and  granny  knot  are  very  similar  but  do  very  different  things. 
Compare  their  symmetries.  Use  string  to  re-create  the  two  knots  and  explain  their 
differences. 


Square-  krno-t  Granny  knot 


9.  Cut  a long  strip  of  paper  from  a sheet  of  lined  paper  or  graph  paper.  Tie  the  strip  of 
paper  snugly,  but  without  wrinkles,  into  a simple  knot.  What  shape  does  the  knot 
create?  Sketch  your  knot. 


SYMBOLIC  ART 


Japanese  artist  Kunito  Nagaoka  (b  1940)  uses  geometry  in  his  work.  Nagaoka  was  born 
in  Nagano,  Japan,  and  was  raised  near  the  active  volcano  Asama.  In  Japan,  he 
experienced  earthquakes  and  typhoons  as  well  as  the  human  tragedies  of  Hiroshima  and 
Nagasaki.  In  1966,  he  moved  to  Berlin,  Germany,  a city  rebuilt  in  concrete  from  the  ruins 
of  World  War  n.  These  experiences  clearly  influenced  his  work. 

You  can  find  other  examples  of 
symbolic  art  at  www.keymath.com/DG 

Look  at  the  etching  shown  here 
or  another  piece  of  symbolic  art. 

Write  a paragraph  describing 
what  you  think  might  have 
happened  in  the  scene  or  what 
you  think  it  might  represent. 

What  types  of  geometric  figures 
do  you  find? 

Use  geometric  shapes  in  your 
own  sketch  or  painting  to  evoke  a 
feeling  or  to  tell  a story.  Write  a 
one-  or  two-page  story  related  to 
your  art. 

Your  project  should  include 

► A paragraph  describing  the 
shapes  found  in  the  art  shown 
here  or  in  another  piece  of  symbolic  art. 

(If  you  use  a different  piece  of  art,  include  a copy  of  it.) 

► Your  own  symbolic  art  that  uses  geometric  figures. 

► A one-  or  two-page  story  that  relates  to  your  art. 
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rStyje'nt^ 

Web  Links 

m Keyinath.coiin 


0.6 


Islamic  Tile  Designs 

Islamic  art  is  rich  in  geometric  forms.  Early  Islamic,  or  Muslim,  artists  became 
familiar  with  geometry  through  the  works  of  Euclid,  Pythagoras,  and  other 
mathematicians  of  antiquity,  and  they  used  geometric  patterns  extensively  in  their 
art  and  architecture. 


Patience  with  small  details 
makes  perfect  a large  work, 
like  the  universe. 
JALALUDDIN  RUMI 


Akow  in  ttie  Hall  o1  ArfiiHMdorsythe  Alhambrap  In 
Granada.  Spain 


An  ^xt^rlor  wall  of  ihe  Dorrw  of  the  Rotk 
(■660-750  CE,}  mosque  in  Jerusalem 

Islam  forbids  the  representation  of  humans  or  animals 
in  religious  art.  So,  instead,  the  artists  use  intricate 
geometric  patterns. 

One  striking  example  of  Islamic  architecture  is 
the  Alhambra,  a Moorish  palace  in  Granada,  Spain. 

Built  over  600  years  ago  by  Moors  and  Spaniards,  the 
Alhambra  is  filled  from  floor  to  ceiling  with  marvelous 
geometric  patterns.  The  designs  you  see  on  this  page  are 
but  a few  of  the  hundreds  of  intricate  geometric  patterns 
found  in  the  tile  work  and  the  inlaid  wood  ceilings  of 
buildings  like  the  Alhambra  and  the  Dome  of  the  Rock. 

Carpets  and  hand- tooled  bronze  plates  from  the  Islamic 
world  also  show  geometric  designs.  The  patterns  often 
elaborate  on  basic  grids  of  regular  hexagons,  equilateral 
triangles,  or  squares.  These  complex  Islamic  patterns 
were  constructed  with  no  more  than  a compass  and  a 
straightedge.  Repeating  patterns  like  these  are  called 
tessellations.  You’ll  learn  more  about  tessellations  in 
Chapter  7. 
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The  two  exanples  below  show  how  to  create  one  tile  in  a square-based  and  a 
hexagon-based  design.  The  hexagon-based  pattern  is  also  a knot  design. 


S- Pointed  Star 


Step  1 


Step  3 


Step  i 


Step  5 
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In  Morocca  fiVJr/  ihe  arl  of  using  glazed  tiles 
tn  form  geometric  patteins,  is  ihe  most 
commofi  practice  for  makirg  mosaics.  2 
artists  cut  stars,  octagons,  and  otfier  sfiapes 
from  clay  tiles  and  place  them  upside  down 
into  tfie  fines  of  their  design.  When  the  tiling 
is  complete,  artists  pour  concrete  over  the 
tiles  to  form  a slab.  When  the  concrete  dries, 
they  lift  the  whole  mosaic  dhplaying  the 
colors  and  connected  shapes,  and  mount  It 
against  a fountalr^  palace,  -Of  other  building. 


Exercises  I 

1 

1 You  will  need 

1 , 
1.  Name  two  countries  where  you  can  find  Islamic  architecture. 

1 ■ foi  Ejiefoises  5-7 

2.  What  is  the  name  of  the  famous  palace  in  Granada,  Spain,  where  you 
can  find  beautiful  exancples  of  tile  patterns? 


3.  Using  tracing  paper  or  transparency  film,  trace  a 
few  tiles  from  the  8-Pointed  Star  design.  Notice  that 
you  can  slide,  or  translate,  the  tracing  in  a straight 
line  horizontally,  vertically,  and  even  diagonally  to 
other  positions  so  that  the  tracing  will  fit  exactly 
onto  the  tiles  again.  What  is  the  shortest  translation 
distance  you  can  find,  in  centimeters? 

4.  Notice  that  when  you  rotate  your  tracing  from 
Exercise  3 about  certain  points  in  the  tessellation, 
the  tracing  fits  exactly  onto  the  tiles  again.  Find 
two  different  points  of  rotation.  (Put  your  pencil 
on  the  point  and  try  rotating  the  tracing  paper  or 
transparency.)  How  many  times  in  one  rotation 
can  you  make  the  tiles  match  up  again? 
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Architecture 

CONNECTION 

After  studying  buildings  in  other  Muslim  countries,  the 
architect  of  the  Petronas  Twin  Towers,  Cesar  Pelli  (b  1926), 
decided  that  geometric  tiling  patterns  would  be  key  to  the 
design.  For  the  floor  plan,  his  team  used  a very  traditional 
tile  design,  the  8-pointed  star — two  intersecting  squares. 

To  add  space  and  connect  the  design  to  the  traditional 
“arabesques,”  the  design  team  added  arcs  of  circles  between 
the  eight  points. 


5. 


Currently  the  tallest  twin  towers  in  the 
world  are  the  Petronas  Twin  Towers  in  Kuala 
Lumpur,  Malaysia.  Notice  that  the  floor 
plans  of  the  towers  have  the  shape  of  Islamic 
designs.  Use  your  compass  and  straightedge 
to  re-create  the  design  of  the  base  of  the 
Petronas  Twin  Towers,  shown  at  right. 

Use  your  protractor  and  ruler  to  draw  a square  tile.  Use  your  compass, 
straightedge,  and  eraser  to  modify  and  decorate  it.  See  the  exanple  in 
this  lesson  for  ideas,  but  yours  can  be  different.  Be  creative! 


7.  Construct  a regular  hexagon  tile  and  modify  and  decorate  it.  See  the  example  in  this 
lesson  for  ideas,  but  yours  can  be  different. 

8.  Create  a tessellation  with  one  of  the  designs  you  made  in  Exercises  6 and  7.  Trace  or 
photocopy  several  copies  and  paste  them  together  in  a tile  pattern.  (You  can  also 
create  your  tessellation  using  geometry  software  and  print  out  a copy.)  Add  finishing 
touches  to  your  tessellation  by  adding,  erasing,  or  whiting  out  lines  as  desired.  If  you 
want,  see  if  you  can  interweave  a knot  design  within  your  tessellation.  Color  your 
tessellation. 


PHOTO  OR  VIDEO  SAFARI 

In  Lesson  0.1^  you  saw  a few  examples  of  geometry  and  symmetry  in  nature  and  art 
Now  go  out  m(h  your  group  titid  doojmeni  examples  ofgcomeir^'  in  nature  and  an. 
U&e  \i  camera  or  video  camera  to  record  as  many  examples  of  geometry  in  nature  and 
art  as  you  tan.  Look  for  many  ditferent  tjrpes  of  symmetry.  Consider  visiting  museums 
and  art  galicrieSn  bul  make  sure  it's  okay  to  lake  pictures  when  you  visiL  You  might  llnd 
examples  in  your  home  or  in  tlie  homes  of  friends  and  neighbors. 

Your  pro]ex;t  shouJd  include 

► Photographs  or  a video. 

Captions  or  commentary  describing  the  geometry  and  types  of  symmetry. 
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CHAPTER 

_0_ 

REVIEW 


In  this  chapter,  you  described  the  geometric  shapes  and 
symmetries  you  see  in  nature,  in  everyday  objects,  in  art,  and  in 
architecture.  You  learned  that  geometry  appears  in  many  types  of 
art — ancient  and  modern,  from  every  culture — and  you  learned 
specific  ways  in  which  some  cultures  use  geometry  in  their  art.  You 
also  used  a conpass  and  straightedge  to  create  your  own  works  of 
geometric  art. 


The  end  of  a chapter  is  a good  time 
to  review  and  organize  your  work. 
Each  chapter  in  this  book  will  end 
with  a review  lesson. 


Exercises 


You  will  need 


► 1. 


List  three  cultures  that  use  geometry  in  their  art. 


r- A . CffmtnrdJtJH  fM/i 

for  Emkem  4.  Sj  ard  10 


2.  What  is  the  optical  effect  of  the  op  art  design  at  right? 

3.  Name  the  basic  tools  of  geometry  you  used  in  this  chapter 
and  describe  their  uses. 

4.  With  a compass,  draw  a 12-petal  daisy. 

5.  Construction  With  a conpass  and  straightedge,  construct  a 
regular  hexagon. 

6.  List  three  things  in  nature  that  have  geometric  shapes.  Name 
their  shapes. 

7.  Draw  an  original  knot  design. 

8.  Which  of  the  wheels  below  have  refiectional  symmetry? 
How  many  lines  of  symmetry  does  each  have? 


Hot  Biack5  (1  965-67T  Edna  Andrade 


Whed  A H Wheel  C Wheel  D 


9.  Which  of  the  wheels  in  Exercise  8 have  only  rotational  symmetry?  What  kind  of 
rotational  symmetry  does  each  of  the  four  wheels  have? 
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10.  A mandala  is  a circular  design  arranged  in  rings  that  radiate  from  the  center. 

(See  the  Cultural  Connection  below.)  Use  your  compass  and  straightedge  to  create  a 
mandala.  Draw  several  circles  using  the  same  point  as  the  center.  Create  a geometric 
design  in  the  center  circle,  and  decorate  each  ring  with  a symmetric  geometric 
design.  Color  or  decorate  your  mandala.  Two  exancples  are  shown  below. 


The  firEl  mandala  uses  daisy  designs.  The 
second  mandala  is  a combirhatfon  knot 
and  Islamic  design  by  Bcott  Shanks, 
gieometry  student 


11.  Create  your  own  personal  mandala.  You  might  include  your  name, 
cultural  symbols,  photos  of  friends  and  relatives,  and  symbols  that 
have  personal  meaning  for  you.  Color  it. 

12.  Create  one  mandala  that  uses  techniques  from  Islamic  art,  is  a 
knot  design,  and  also  has  optical  effects. 


Cultural 

CONNECTION 

The  word  mandala  comes  from  Sanskrit,  the  classical  language  of  India,  and 
means  “circle”  or  “center.”  Hindus  use  mandala  designs  for  meditation.  The 
Indian  rug  at  right  is  an  example  of  a mandala,  as  is  the  Aztec  calendar  stone 
below  left.  Notice  the  symbols  are  arranged  symmetrically  within  each  circle. 
The  rose  windows  in  many  gothic  cathedrals,  like  the  one  below  right  from  the 
Chartres  Cathedral  in  France,  are  also  mandalas.  Notice  all  the  circles  within 
circles,  each  one  filled  with  a design  or  picture. 
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^:rv'i[:w  - CfiAPTFR 


E:  V I r IV 


A F-'  1'  R r:  0 R \i  V ! h VV  ^ C i--!  A P i li  R 0 R c:  : E IV 


13.  Before  the  Internet,  “flags”  was  the  most  widely  read  topic  of  the  World  Book 
Encyclopedia.  Research  answers  to  these  questions.  More  information  about  flags  is 
available  at  www.keymath.com/DG  . 

a.  Is  the  flag  of  Puerto  Rico  symmetric?  Explain. 

b.  Does  the  flag  of  Kenya  have  rotational  symmetry?  Explain. 

c.  Name  a country  whose  flag  has  both  rotational  and  reflectional  symmetry. 

Sketch  the  flag. 


A«essing  What  You've  Learned 

KEEPING  A PORTFOIIO 


An  essential  part  of  learning  is  being  able  to  show  yourself  and  others  how  much 
you  know  and  what  you  can  do.  Assessment  isn’t  limited  to  tests  and  quizzes. 
Assessment  isn’t  even  limited  to  what  your  teacher  sees  or  what  makes  up  your 
grade.  Every  piece  of  art  you  make  and  every  project  or  exercise  you  complete 
gives  you  a chance  to  demonstrate  to  somebody — yourself,  at  least — what  you’re 
capable  of. 

BEGIN  A PORTFOLIOThis  chapter  is  primarily  about  art,  so  you  might  organize 
your  work  the  way  a professional  artist  does — in  a portfolio.  A portfolio  is  different 
from  a notebook,  both  for  an  artist  and  for  a geometry  student.  An  artist’s 
notebook  might  contain  everything  from  scratch  work  to  practice  sketches  to 
random  ideas  jotted  down.  A portfolio  is  reserved  for  an  artist’s  most  significant  or 
best  work.  It’s  his  or  her  portfolio  that  an  artist  presents  to  the  world  to 
demonstrate  what  he  or  she  is  capable  of  doing.  The  portfolio  can  also  show  how 
an  artist’s  work  has  changed  over  time. 

Review  all  the  work  you’ve  done  so  far  and  choose  one  or  more  exarrples  of  your 
best  art  projects  to  include  in  your  portfolio.  Write  a paragraph  or  two  about  each 
piece,  addressing  these  questions: 

► What  is  the  piece  an  exancple  of  ? 

►-  Does  this  piece  represent  your  best  work?  Why  else  did  you  choose  it? 

► What  mathematics  did  you  learn  or  apply  in  this  piece? 

► How  would  you  improve  the  piece  if  you  redid  or  revised  it? 

Portfolios  are  an  ongoing  and  ever-changing  display  of  your  work  and  growth. 

As  you  finish  each  chapter,  update  your  portfolio  by  adding  new  work. 


This  section  suggests  how  you  might  review,  organize,  and 
communicate  to  others  what  you’ve  learned.  Whether  you  follow 
these  suggestions  or  directions  from  your  teacher,  or  use  study 
strategies  of  your  own,  be  sure  to  reflect  on  all  you’ve  learned. 
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Nature’s  Great  Book  is 
written  in  mathematical 
symbols. 

GALILEO  GALILEI 


Building  Blocks 
of  Geometry 

T hree  building  blocks  of  geometry  are  points,  lines,  and  planes.  A point  is  the  most 
basic  building  block  of  geometry.  It  has  no  size.  It  has  only  location.  You  represent  a 
point  with  a dot,  and  you  name  it  with  a capital  letter.  The  point  shown  below  is 
called  P. 


Mathemaitlcal  model  of  a point 


A tiny  seed  Is  a physical 
model  of  a point.  A point, 
however.  Is  smaller  than 
any  seed  that  ever 
existed. 


A line  is  a straight,  continuous  arrangement  of  infinitely  many  points.  It  has 
infinite  length,  but  no  thickness.  It  extends  forever  in  two  directions.  You  name  a 
line  by  giving  the  letter  names  of  any  two  points  on  the  line  and  by  placing  the  line 
symbol  above  the  letters,  for  exarrple,  XT?  or  PA. 


A pl^*  of  ^pagh&til 
h a physiuil 
of  a II  n^.  A lir^i 
hdvwvQr,  Is  loiter, 
stral^ht&o  and 
thinner  than  any 
piece  of  sp^hettl 
ever  made. 


Mathematical  model  of  a line 


A plane  has  length  and  width,  but  no  thickness.  It  is  like  a flat  surface  that  extends 
infinitely  along  its  length  and  width.  You  represent  a plane  with  a four-sided  figure, 
like  a tilted  piece  of  paper,  drawn  in  perspective.  Of  course,  this  actually  illustrates 
only  part  of  a plane.  You  name  a plane  with  a script  capital  letter,  such  as  . 


Maih^rmtic^l  mod^l  of  plan« 


A ^lat  piece  of  rolled- 
out  dougih  is  a 
physical  model  ol  a 
plane.  A plane^ 
however,  is  broader, 
wldef,and  thinner 
than  any  piece  of 
dou^h  you  could 
evef  roll. 
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It  can  be  difficult  to  explain  what  points,  lines,  and  planes  are  even  though  you  may 
recognize  them  Early  mathematicians  tried  to  define  these  terms. 


4 ,hart  "'. 

_ ' II  H II 1^* 


obfi  J-i  cht 

RAfMEE  THA.K  EfilET 


reb^JiouB 

x:;:'  i^rriEETKAN 


By  permission  of  Johnny  Hertand  Creatjors  Syndic  ate^  Inc. 


The  ancient  Greeks  said,  “A  point  is  that  which  has  no  part.  A line  is  breadthless 
length.”  The  Mohist  philosophers  of  ancient  China  said,  “The  line  is  divided  into 
parts,  and  that  part  which  has  no  remaining  part  is  a point.”  Those  definitions  don’t 
help  much,  do  they? 


A definition  is  a statement  that  clarifies  or  explains  the  meaning  of  a word  or  a 
phrase.  However,  it  is  inpossible  to  define  point,  line,  and  plane  without  using 
words  or  phrases  that  themselves  need  definition.  So  these  terms  remain  undefined. 
Yet,  they  are  the  basis  for  all  of  geometry. 

Using  the  undefined  terms  point,  line,  and  plane,  you  can  define  all  other  geometry 
terms  and  geometric  figures.  Many  are  defined  in  this  book,  and  others  will  be 
defined  by  you  and  your  classmates. 


Keep  a definition  list  in  your 
notebook,  and  each  time 
you  encounter  new 
geometry  vocabulary,  add 
the  term  to  your  list. 
Illustrate  each  definition 
with  a simple  sketch. 


Here  are  your  first  definitions.  Begin  your 
list  and  draw  sketches  for  all  definitions. 

Collinear  means  on  the  same  line. 


Points  A,  and  C are  collinear. 

Coplanar  means  on  the  same  plane. 
Points  D,  t.  and  f are  coplanar. 
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Ball  A Is  In  pock^  of 
tfw  man.  &^ll  C Is  on  th* 
woman's  rac-qu&L  All  otNer 
balls  am  on  tb&  tennis 
court.  Name  Ihr-ee  balls  lhat 
art  col  linear  Name  three 
b^lls  that  are  coplanar  but 
not  collinear.  Maine  four 
bflils  that  are  not  <oplanar. 


A line  segment  consists  of  two  points  called  the  endpoints  of  the  segment  and  all 
the  points  between  them  that  are  collinear  with  the  two  points. 


Line  segment 


You  can  write  line  segment  A5,  using  a segment  symbol,  as  AB  ox  BA.  There  are 
two  ways  to  write  the  length  of  a segment.  You  can  write  AB=  2 in.,  meaning 
the  distance  from  A to  5 is  2 inches.  You  can  also  an  m for  “measure”  in  front 
of  the  segment  name,  and  write  the  distance  as  mAB  = 2 in.  If  no  measurement 
units  are  used  for  the  length  of  a segment,  it  is  understood  that  the  choice  of  units 
is  not  inportant  or  is  based  on  the  length  of  the  smallest  square  in  the  grid. 

Figure  A figured 


AJ?  = 2 ill.,  or  frL'tG  = 2 in. 


MN  = 5 unLtSn  or  mMN  = 3 tmirs 
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Two  segments  are  congruent  if  and  only  if  they  have  equal  measures,  or  lengths. 


EXAMPLE 


► Solution 


32  cm 


You  use "ls  equal  to” 
with  nt]ni|>ei‘s. 

V 

m:  = DC 
.^.2  cm  = 3.2  cm 


You  use  “is  congruent  to” 
wi(h  figures. 

_v_ 


AC  ^ DC 
C c 


/I 


When  drawing  figures,  you  show  congruent  segments  by  making  identical 
markings. 


i hese  single  mark.s  nie^n 
these  two  segments  are 
congruent  to  each  other. 

These  double  marks 
mean  that  ^ = MJ. 

Theie  triple  marks 
mean  that  PQ  = SR. 

The  midpoint  of  a segment  is  the  point  on  the  segment  that  is  the  same  distance 
from  both  endpoints.  The  midpoint  bisects  the  segment,  or  divides  the  segment 
into  two  congruent  segments. 


Study  the  diagrams  below. 

a.  Name  each  midpoint  and  the  segment  it  bisects. 

b.  Name  all  the  congruent  segments.  Use  the  congruence  symbol  to  write 
your  answers. 


/ 


Look  carefully  at  the  markings  and  apply  the  midpoint  definition. 

a.  CF  = FD,  so  F is  the  midpoint  of  CD;  JK  = KL  , so  ^ is  the  midpoint  of  JL. 

b.  ^ = FD,W  = ~HL,  ?ind  JK  ^~Tl. 

Even  though  EF  and  FG  appear  to  have  the  same  length,  you  cannot  assume 
they  are  congruent  without  the  markings.  The  same  is  true  for  MN  and  NP. 
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Ray  AB  is  the  part  of  AB  that  contains  point  A and  all  the  points  onAB  that  are  on  the 
same  side  of  point  A as  point  B.  Imagine  cutting  off  all  the  points  to  the  left  of  point  A 

Endpoint 

__  I J 

Y AY  B 

In  the  figure  above,  AY  and  AB  are  two  ways  to  name  the  same  ray.  Note  that  AB 
is  not  the  same  as  BA  ! 


A ray  begins  at  a point  and  extends 
infinitely  in  one  direction.  You  need  two 
letters  to  name  a ray.  The  first  letter  is 
the  endpoint  of  the  ray,  and  the  second 
letter  is  any  other  point  that  the  ray 
passes  through. 

A a 

^ ^ BA  ^ 

A ft 


Ptiysicdil  mod^  of  a b^Ams  of  li-ght 


InvpstlgatiQin 

Mathematical  Models 


In  this  lesson,  you  encountered  many  new  geometry  terms.  In  this  investigation  you 
will  work  as  a group  to  identify  models  from  the  real  world  that  represent  these 
terms  and  to  identify  how  they  are  represented  in  diagrams. 


Step  1 


Step  2 


Step  3 


Look  around  your  classroom  and  identify 
exanples  of  each  of  these  terms:  point,  line, 
plane,  line  segment,  congruent  segments, 
midpoint  of  a segment,  and  ray. 

Identify  exanples  of  these  terms  in  the 
photograph  at  right. 


Identify  exanples  of  these  terms  in  the  figure  above. 


Step  4 


Explain  in  your  own  words  what  each  of  these  terms  means. 
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2.  ^ 


T 


3. 


4. 


Exercises 

1.  In  the  photos  below  identify  the  physical  models  that  represent  a point,  segment, 
plane,  collinear  points,  and  coplanar  points. 

For  Exercises  2-4,  name  each  line 
in  two  different  ways. 


For  Exercises  5-7,  draw  two  points  and  label  them  Then  use  a ruler  to  draw  each  line. 
Don’t  forget  to  use  arrowheads  to  show  that  the  line  extends  indefinitely. 


5.  AB 


6.  KL 


7.  ^ with  D(-3,  0)  and 
E (0,  -3) 


For  Exercises  8-10,  name  each  line  segment. 


For  Exercises  1 1 and  12,  draw  and  label  each  line  segment. 

11.  M 12.  BS  withi?(0,  3)  and  5(-2,  1 1) 

For  Exercises  13  and  14,  use  your  ruler  to  find  the  length  of  each  line  segment  to  the 
nearest  tenth  of  a centimeter.  Write  your  answer  in  the  form  mAB  = _L . 


For  Exercises  15-17,  use  your  ruler  to  draw  each  segment  as  accurately  as  you  can.  Label 
each  segment. 

15.  AB  = 4.5  cm  16.  CD  = 3 in.  17.  EF  = 24.8  cm 
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18.  Name  each  midpoint  and  the  segment  it  bisects. 


19.  Draw  two  segments  that  have  the  same  midpoint.  Mark  your  drawing  to  show 
congruent  segments. 

20.  Draw  and  mark  a figure  in  which  M is  the  midpoint  of  ST,  SP  = Pr,  and  T is  the 
midpoint  of  PQ. 

For  Exercises  21-23,  name  the  ray  in  two  different  ways. 


X 


For  Exercises  24-26,  draw  and  label  each  ray. 

24.  25.  26. 


27.  Draw  a plane  containing  four  coplanar  points  A,  B,  C,  and  D,  with  exactly  three 
collinear  points  A,  B,  and  D. 


28.  Given  two  points  A and  B,  there  is  only  one  segment  that  you  can  name:  AB.  With 
three  collinear  points  A,  B,  and  C,  there  are  three  different  segments  that  you  can 
name:  AB,  AC,  and  BC.  With  five  collinear  points  A,  B,  C,  D,  and  E,  how  many 
different  segments  can  you  name? 


For  Exercises  29-31,  draw  axes  on  graph  paper  and  locate 
point  A (4,  0)  as  shown. 

29.  Draw  AP  where  point  B has  coordinates  (2,  -6). 

30.  Draw  OM  with  endpoint  (0,  0)  that  goes  through  point  M (2,  2). 

31.  Draw  CD  through  points  C(  -2,  1)  andP(  -2,  -3). 


Career 

CONNECTION 

Woodworkers  use  a tool  ealled  a 
plane  to  shave  a rough  wooden 
surfaee  to  ereate  a perfeetly  smooth 
planar  surfaee.  The  smooth  board  ean 
then  be  made  into  a tabletop,  a door, 
or  a eabinet. 

Woodworking  is  a very  preeise 
proeess.  Produeing  high-quality 
pieees  requires  an  understanding  of 
lines,  planes,  and  angles  as  well  as 
eareful  measurements. 
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32.  If  the  signs  of  the  coordinates  of  collinear  points  P(-6,  -2),  Q(~5,  2),  and 
R(-4,  6)  are  reversed,  are  the  three  new  points  still  eoUinear?  Draw  a pieture  and 
explain  why. 


33.  Draw  a segment  with  midpoint  N(-3,  2).  Label  it  PQ. 

34.  Copy  triangle  TRY  shown  at  right.  Use  your  ruler  to  find  the 

midpoint  A of  side  TR  and  the  midpoint  G of  side  TY.  Draw  AG. 


35.  Use  your  ruler  to  draw  a triangle  with  side  lengths  8 cm  and  1 1 cm 

Explain  your  method.  Can  you  draw  a second  triangle  with  these  two  side  lengths 
that  looks  different  from  the  first? 


SPIRAL  DESIGNS 

The  circle  design  shown  below 
is  used  in  a variety  of  cultures 
to  create  mosaic  decorations. 

The  spiral  design  may  have  been 
inspired  by  patterns  in  nature. 

Notice  that  the  seeds  on  the 
sunflower  also  spiral  out  from 
the  center. 

Create  and  decorate  your  own  spiral 
design.  Here  are  the  steps  to  make 
the  spirals.  The  more  circles  and 
radii  you  draw,  the  more  detailed 
your  design  will  be. 


► A conpleted  spiral. 

► Coloring  or  decorations  that  make  the  spiral  stand  out. 


□ 

[►  For  help,  see  the  Dynsmic  G60m6try  Explorstion  Spiral  Designs  at  www.keymath.com/DG  . keymath.com/DG 
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I Using  Your  Algebra  Skills  1 


* YOUR  ALGEBRA  SKILLS  ! * US 


Midpoint 

A midpoint  is  the  point  on  a line  segment  that  is  the  same  distanee  from  both 
endpoints. 

You  can  think  of  a midpoint  as  being  halfway  between  two  locations.  You  know 
how  to  mark  a midpoint.  But  when  the  position  and  location  matter,  such  as  in 
navigation  and  geography,  you  can  use  a coordinate  grid  and  some  algebra  to 
find  the  exact  location  of  the  midpoint.  You  can  calculate  the  coordinates  of  the 
midpoint  of  a segment  on  a coordinate  grid  using  a formula. 

I Coordinate  Midpoint  Property 

If  t-t|i  ) andtx^,/^)  are  the  coordinates  of  the  endpoints  of  a segment, 
then  the  coordinates  of  the  midpoint  are 


History 

CONNECHON 

Surveyors  andmapmakers  of  ancient  Egypt,  China,  Greece,  and  Rome  used 
various  coordinate  systems  to  locate  points.  Egyptians  made  extensive  use  of 
square  grids  and  used  the  first  known  rectangular  coordinates  at  Saqqara 
around  2650  B.C.E.  By  the  1 7th  century,  the  age  of  European  exploration,  the 
need  for  accurate  maps  and  the  development  of  easy-to-use  algebraic  symbols 
gave  rise  to  modern  coordinate  geometry.  Notice  the  lines  of  latitude  and 
longitude  in  this  17th-century  map. 


36 
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For  Exercises  1-3,  find  the  coordinates  of  the  midpoint  of  the  segment  with  each  pair  of 
endpoints. 


4.  One  endpoint  of  a segment  is  (12,  -8).  The  midpoint  is  (3,  18).  Find  the 
coordinates  of  the  other  endpoint. 

5.  A classmate  tells  you,  “Finding  the  coordinates  of  a midpoint  is  easy.  You  just  find 
the  averages.”  Is  there  any  truth  to  it?  Explain  what  you  think  your  classmate  means. 

6.  Find  the  two  points  onAB  that  divide  the  segment  into  three  congruent  parts. 

Point  A has  coordinates  (0,  0)  and  point  5 has  coordinates  (9,  6).  Explain  your 
method. 

7.  Describe  a way  to  find  points  that  divide  a segment  into  fourths. 

8.  In  each  figure  below,  imagine  drawing  the  diagonals  AC  and  BD 

a.  Find  the  midpoint  of  AC  and  the  midpoint  of  BD  in  each  figure. 

b.  What  do  you  notice  about  the  midpoints? 


► Solution  The  midpoint  is  not  on  a grid 


The  midpoint  is  not  on  a grid 


intersection  point,  so  we  can  use  the 


coordinate  midpoint  property. 


_ +X2  _ -8  _ 

“ 2 “ 2 “ 

_ /|  +.^2  _ 5 + (-6)  _ 
2 2 


■X 


The  midpoint  of  AB  is  (-2.5,  -0.5). 


Exercises 


1.  (12,  -7)  and  (-6,  15) 


2.  (-17,  -8)  and  (-1,  11)  3.  (14,  -7)  and  ( -3,  18) 
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LESSON 


D 


Poolroom  Math 


Inspiration  is  needed  in 
geometry,  just  as  much 
as  in  poetry. 

ALEKSANDR  PUSHKIN 


People  use  angles  every  day. 

Plumbers  measure  the  angle  between 
connecting  pipes  to  make  a good 
fitting.  Woodworkers  adjust  their  saw 
blades  to  cut  wood  at  just  the  correct 
angle.  Air  traffic  controllers  use  angles 
to  direct  planes.  And  good  pool 
players  must  know  their  angles  to 
plan  their  shots. 


Is  the 

the  t^  hends  of  the 
wristwatch  smaller 
than  the  angle 
between  the  hands 
of  the  large  dock? 


"Llttle^  Eenji/ 
tive  wristvvatch 


Big  Ben  at  the  Houses  of  Parliament  in 
London^  Englarul 


You  can  use  the  terms  that  you  defined  in 
Lesson  1.1  to  write  a precise  definition  of 
angle.  An  angle  is  formed  by  two  rays  that 
share  a common  endpoint,  provided  that  the 
two  rays  are  noncollinear.  In  other  words,  the 
rays  cannot  lie  on  the  same  line.  The  common 
endpoint  of  the  two  rays  is  the  vertex  of  the 
angle.  The  two  rays  are  the  sides  of  the  angle. 

You  can  name  the  angle  in  the  figure  below 
angle  TAP  or  angle  PAT,  or  use  the  angle 
symbol  and  write  ^TAP  or  £PAT.  Notice  that 
the  vertex  must  be  the  middle  letter,  and  the 
first  and  last  letters  each  name  a point  on  a 
different  ray.  Since  there  are  no  other  angles 
with  vertex  A,  you  can  also  singly  call  this  ^A 
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EXAMPLE  A 


Name  all  the  angles  in  these  drawings. 


► Solution 


The  angles  are  ^TUV, 

^TUR,  £XAY,  ^YAZ,  and  £X4Z. 
(Did  you  get  them  all?)  Notice  that 
1 is  a shorter  way  to  name  ZRUV. 


Which  angles  in  Example  A seem  big  to  you?  Which  seem  small? 

The  measure  of  an  angle  is  the  smallest  amount  of  rotation  about  the  vertex  from 
one  ray  to  the  other,  measured  in  degrees.  According  to  this  definition,  the  measure 
of  an  angle  can  be  any  value  between  0°  and  180°.  The  largest  amount  of  rotation 
less  than  360°  between  the  two  rays  is  called  the  reflex  measure  of  an  angle. 


The  measure  of 
ZGPS  is  I the 
stnallcst  amount 
of  rotation  from 
R7  to  pS. 


\ 


Ihe  retlex 
meiasure  of 
zaps  is  224 ^ 


The  geometry  tool  you  use  to  measure  an  angle  is  a protractor.  Here’ s how  you 
use  it. 


A Is  ^ 

physical  mod^l  oi  m^\^. 

thai  changing  th& 
length  of  ihe  anienn* 
doesn't  change  th&  angle. 


n 

keymath.com/DG 


Step  1:  Place  the  center  Step  2:  Line  up  the  Step  3:  Road  I he  ilicaiurc 

mark  of  the  protvactor  0-mark  w\th  one  5ide  on  the  protractor  scale, 

on  th  e vertex.  of  t he  a ngle. 


■Step  4i  Be  sure  j^ou  read  the  scale  that 
the  0-mark  >'on  are-  uiingl  The  angle  in  the 
diagram  measures  34°  and  not  146^ 


[►  For  a visual  tutorial  on  howto  use  a protractor,  see  the  Dynamic  Geometry  Exploration 
at  Protractor  www.keymath.com/DG  , <] 
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Career 

CONNECTION 

In  sports  medicine,  specialists  may 
examine  the  healing  rate  of  an  injured 
joint  by  its  angle  of  recovery.  For 
example,  a physician  may  assess  how 
much  physical  therapy  a patient  needs 
by  measuring  the  degree  to  which  a 
patient  can  bend  his  or  her  ankle  from 
the  floor. 


To  show  the  measure  of  an  angle,  use  an  m before 
the  angle  symbol.  For  exanple,  mLZAP  = 34° 
means  the  measure  of  LZAP  is  34  degrees. 


EXAMPLE  B 


► Solution 


Use  your  protractor  to 
measure  these  angles  as 
accurately  as  you  can. 


Measuring  to  the  nearest  degree,  you  should  get  these  approximate 
answers.  (The  symbol  « means  “is  approximately  equal  to.”) 

m^.\  ^ 16^  ^ 92^ 

LI  and  mcasnire  more  llian 


Two  angles  are  congruent  if  and  only  if  they  have  equal  measure.  You  use  identical 
markings  to  show  that  two  angles  in  a figure  are  congruent. 


o 


Thejie  markings  mean  that 
LDOG  =Z  CAT  and 
mLDOG  = mLCAT. 


A ray  is  the  angle  bisector  if  it  contains  the  vertex  and 
divides  the  angle  into  two  congruent  angles.  In  the  figure  at 
right,  CD  bisects  LM’B  so  iKal  LA£D  = L!K:D. 
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EXAMPLE  C 


Look  for  angle  bisectors  and  congruent  angles  in  the  figures  below. 


a.  Name  each  angle  bisector  and  the  angle  it  bisects. 


b.  Name  all  the  congruent  angles  in  the  figure.  Use  the  congruence  symbol  and 
name  the  angles  so  there  is  no  confusion  about  which  angle  you  mean. 


► Solution 


a.  Use  the  angle  bisector  definition.  iLSRP  = ^PRQ,  so  RP  bisects  ^SRQ. 

b.  LSRP'=  LPRQ,  ^YMN  = ^OME,  and  :LYMO  = ^EMN. 


ii 


Yo^u  will  n^d 

• the  worl^sheet 
PMlroom  Math 

* a protractor 


Investigation 
Virtual  Pool 


Pocket  billiards,  or  pool,  is  a game  of 
angles.  When  a ball  bounces  off  the 
pool  table’s  cushion,  its  path  forms 
two  angles  with  the  edge  of  the 
cushion.  The  incoming  angle  is 
formed  by  the  cushion  and  the  path 
of  the  ball  approaching  the  cushion. 


I nconii 

k J.  .1  Hllgjp 


The  outgoing  angle  is  formed  by 
the  cushion  and  the  path  of  the  ball 

leaving  the  cushion.  As  it  turns  out,  the  measure  of  the  outgoing  angle  equals  the 
measure  of  the  incoming  angle. 


Computer  &d&ntht 
htesll  O'Hara  Is  also  a 
protei&lonal  pool  player. 
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Use  your  protractor  to  study  these  shots. 


Step  1 

Step  2 

Step  3 
Step  4 

Step  5 


Use  your  protractor  to  find  the  measure  of  21 1.  Which  is  the  correct  outgoing 
angle?  Which  point — A or  B — will  the  ball  hit? 

Which  point  on  the  cushion — W,  X,  or  F— should  the  white  ball  hit  so  that  the 
ray  of  the  outgoing  angle  passes  through  the  center  of  the  8-ball? 

Concpare  your  results  with  your  group  members’  results.  Does  everyone  agree? 

How  would  you  hit  the  white  ball  against  the  cushion  so  that  the  ball  passes  over 
the  same  spot  on  the  way  back? 

How  would  you  hit  the  ball  so  that  it  bounces  off  three  different  points  on  the 
cushions  without  ever  touching  cushion  CP? 


For  Exercises  2^,  draw  and 

2.  ^TAN 

5.  For  each  figure  at  right, 
list  the  angles  that  you 
can  name  using  only  the 
vertex  letter. 


each  angle. 


3.  ^BIG 

S R 


label 
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6.  Draw  a figure  that  contains  at  least  three  angles  and  requires  three  letters  to  name 
each  angle. 

For  Exercises  7-14,  find  the  measure  of  each  angle  to  the  nearest  degree. 


an  exercise  has  an  at  the 
end,  you  can  find  a hint  to  help 


you  in  Hints  for  Selected  Exercises 
at  the  back  of  the  book. 


'v 


> 


7.  mlAQli  » ? 

11.  ?)T^/Qy===_L 


8.  Nj/  AQC  ™ _L 
12.  m^ZQX^± 


9.  wj/  XQ/^  « 1 

13. 


10.  m/  AQy  » ? 

14.  mZXQY  ==  _L 


15.  Adjacent  Angles  ZXQA  and  ZXQY  share  a vertex  and  a side.  Taken  together  they  form  the  larger 
angle  Y.AQY.  Compare  their  measures.  Does  niLXQA  + niAXQY - niLAQYl 


For  Exercises  16-20,  use  your  protractor  to  find  the  measure  of  the  angle  to  the  nearest 
degree. 

16.  rtiAMAC  ^ ± 17.  tiuLlHM  ^ ? 
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For  Exercises  22-24,  use  your  protractor  to  draw  angles  with  these  measures.  Label  them 
22.  mLA  = 44°  23.  = 90°  24.  mACDE=  135° 


25.  Use  your  protractor  to  draw  the  angle  bisector  of  2LA  in 
Exercise  22  and  the  angle  bisector  of  21 D in  Exercise  24. 
Use  markings  to  show  that  the  two  halves  are  congruent. 

26.  Copy  triangle  CAN  shown  at  right.  Use  your  protractor  to 
find  the  angle  bisector  of  21A.  Label  the  point  where  it 
crosses  CN  point  Y.  Use  your  ruler  to  find  the  midpoint 
of  CN  and  label  it  D.  Are  D and  Y the  same  point? 


c 


For  Exercises  27-29,  draw  a clock  face  with  hands  to  show  these  times. 


27.  3:30  h 


28.  3:40 


29.  3:15 


30.  Give  an  exancple  of  a time  when  the  angle  made  by  the  hands  of  the  clock  will  be 
greater  than  90°. 

For  Exercises  31-34,  copy  each  figure  and  mark  it  with  all  the  given  information. 


31.  rn  = a 

m^TJK)  = W 

on  = s 


32.  KA  = SA 
mAT  = mLlI 
RT  = SII 


33.  AT  = AG  CAGT  a CATTG 
Ai  = AN  Gf  = TN 


34.  BW  M ri 
M>  = JO 


mWO  = Z770 


For  Exercises  35  and  36,  write  down  what  you  know  from  the  markings.  Do  not  use  your 
protractor  or  your  ruler. 
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For  Exercises  37-39,  do  not  use  a protractor.  Recall  from  Chapter  0 that  a complete 
rotation  around  a point  is  360°.  Find  the  angle  measures  represented  by  each  letter. 


41.  Use  your  protractor  to  determine  the  reflex  measure  of  QUA. 

42.  What  is  the  relationship  between  the  measure  of  an  angle  and  the  reflex  measure 
of  the  angle? 


43.  If  the  4-ball  is  hit  as  shown,  will  it  go  into  the  corner  pocket?  Find  the  path  of  the 
ball  using  only  your  protractor  and  straightedge. 


44.  The  principle  you  just  learned  for  billiard  balls  is  also  true  for 
sound  or  radio  waves  bouncing  off  a surface  or  for  a ray  of  light 
reflecting  from  a mirror.  If  you  hold  a laser  light  angled  at  the 
mirror  as  shown,  will  the  light  from  the  laser  hit  the  target 
object?  Explain. 
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^ Review 

45.  If  points  A,  B,  and  C are  collinear  and  B is  between  A and  C,  then  A6  + BC  = AC.  This 
is  called  segment  addition.  Solve  the  following  problem  and  explain  how  it  represents 
segment  addition. 

Podunkville,  Smallville,  and  Gotham  City  lie  along  a straight  highway  with 
Small ville  between  the  other  two  towns.  If  Podunkville  and  Smallville  are  70  km 
apart  and  Smallville  and  Gotham  City  are  110  km  apart,  how  far  apart  are 
Podunkville  and  Gotham  City? 

46.  Use  your  ruler  to  draw  a segment  with  length  12  cm  Then  use  your  ruler  to  locate 
the  midpoint.  Label  and  mark  the  figure. 

47.  The  balancing  point  of  an  object  is  called  its  center  of  gravity.  Where  is  the  center  of 
gravity  of  a thin,  rodlike  piece  of  wire  or  tubing?  Copy  the  thin  wire  shown  below 
onto  your  paper.  Mark  the  balance  point  or  center  of  gravity. 

— 

48.  Explain  the  difference  between  = DG  and 
MS  = DG. 

49.  Use  your  ruler  and  protractor  to  draw  a triangle  with 
angle  measures  40°  and  70°.  Explain  your  method.  Can 
you  draw  a second  triangle  with  these  two  angle 
measures  that  looks  different  from  the  first? 


Hovy  li  the  center  of  gravity  Inconxirdted  into 
the  deslgm  of  this  structure? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Coin  Swap  I 

Arrange  two  dimes  and  two  pennies  on  a grid  of  five  squares,  as  shown.  Your  task  is  to 
switch  the  position  of  the  two  dimes  and  two  pennies  in  exactly  eight  moves.  A coin  can 
slide  into  an  empty  square  next  to  it,  or  it  can  jump  over  one  coin  into  an  empty  space. 
Record  your  solution  by  drawing  eight  diagrams  that  show  the  moves. 
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What’s  a Widget? 

Good  definitions  are  very  important  in  geometry.  In  this  lesson  you  will  write 
your  own  geometry  definitions. 

Which  creatures  in  the  last  group  are  Widgets? 


“When  I use  a word,  ” Humpty 
replied  in  a scornful  tone,  “it 
means  Just  what  I choose  it 
to  mean — neither  more  nor 
less.  ” “The  question  is,  ” said 
Alice,  “whether  you  can  make 
a word  mean  so  many 


Which  ai-e  Widgets? 


different  things. 
LEWIS  CARROLL 


You  might  have  asked  yourself,  “What  things  do  all  the  Widgets  have  in  common, 
and  what  things  do  Widgets  have  that  others  do  not  have?”  In  other  words, 
what  characteristics  make  a Widget  a Widget?  They  all  have  colorful  bodies  with 
nothing  else  inside;  two  tails — one  like  a crescent  moon,  the  other  like  an  eyeball. 


By  observing  what  a Widget  is  and  what  a Widget  isn’t,  you 
identified  the  characteristics  that  distinguish  a Widget  from 
a non- Widget.  Based  on  these  characteristics,  you  should 
have  selected  A as  the  only  Widget  in  the  last  group.  This 
same  process  can  help  you  write  good  definitions  of 
geometric  figures. 

This  statement  defines  a protractor:  “A  protractor  is  a 
geometry  tool  used  to  measure  angles.”  First,  you  classify  what 
it  is  (a  geometry  tool),  then  you  say  how  it  differs  from  other 
geometry  tools  (it  is  the  one  you  use  to  measure  angles). 

What  should  go  in  the  blanks  to  define  a square? 


that 

What  IS  Ll?  f low  docs  il  diller  I'rom  others? 


Once  you’ve  written  a definition,  you  should  test  it.  To  do  this,  you  look  for  a 
counter  exan^le.  That  is,  try  to  create  a figure  that  fits  your  definition  but  isn  T 
what  you’re  trying  to  define.  If  you  can  come  up  with  a counterexample  for  your 
definition,  you  don’t  have  a good  definition. 


EXAMPLE  A 


Everyone  knows,  “A  square  is  a figure  with  four  equal  sides.”  What’s  wrong  with 
this  definition? 

a.  Sketch  a counterexanple.  (You  can  probably  find  more  than  one!) 

b.  Write  a better  definition  for  a square. 
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► Solution 


A resiiturant<ount*r 


EXAMPLE  B 


► Solution 


You  probably  noticed  that  “figure”  is  not  specific  enough  to  classify  a square, 
and  that  “four  equal  sides”  does  not  specify  how  it  differs  from  the  first 
counterexample  shown  below. 

a.  Three  counterexancples  are  shown  here,  and  you  may  have  found  others  too. 


b.  One  better  definition  is  “A  square  is  a 4-sided  figure  that  has  all  sides 
congruent  and  all  angles  measuring  90  degrees.” 

Beginning  Steps  to  Creating  a Good  Definition 

1.  Classify  your  term  What  is  it?  (“A  square  is  a 4-sided  figure  . . .”) 

2.  Differentiate  your  term  How  does  it  differ  from  others  in  that  class? 
(“.  . . that  has  four  congruent  sides  and  four  right  angles.”) 

3.  Test  your  definition  by  looking  for  a counterexancple. 


Ready  to  write  a couple  of  definitions?  First,  here  are  two  more  types  of  markings 
that  are  very  incportant  in  geometry. 

The  same  number  of  arrow  marks 
indicates  that  lines  are  parallel.  The 
symbol  II  means  “is  parallel  to.” 

A small  square  in  the  corner  of  an 
angle  indicates  that  it  measures  90°. 

The  symbol  ' means  “is 
perpendicular  to.” 

Define  these  terms: 

a.  Parallel  lines 

b.  Perpendicular  lines 

Following  these  steps,  classify  and  differentiate  each  term 
Classify.  Dirterentiate. 

V i 

a.  Parallel  lines  are  lines  in  the  same  plane  that  never  meet. 

b.  Perpendicular  lines  are  lines  that  meet  at  90°  angles. 

Why  do  you  need  to  say  “in  the  same  plane”  for  parallel  lines,  but  not  for 
perpendicular  lines?  Sketch  or  demonstrate  a counterexample  to  show  the  following 
definition  is  incomplete:  “Parallel  lines  are  lines  that  never  meet.”  (Two  lines  that  do 
not  intersect  and  are  noncoplanar  are  skew  lines.) 
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step  1 

Step  2 
Step  3 

Step  4 


Htstice  the  many  -congruent 
angles  in  this  Mavajo 
transitional  Wedgeweavo 
blanket.  Are  they  rights acute^ 
or  obtuse  angles? 


keymath.com/DG 


Invprtigatinn 
Defining  Angles 

Here  are  some  exanples  and  non-exanples  of  special  types  of  angles. 

Write  a definition  for  each  boldfaced  term  Make  sure  your  definitions  highlight 
incportant  differences. 

Trade  definitions  and  test  each  other’s  definitions  by  looking  for  counterexamples. 

If  another  group  member  finds  a counter exarrple  to  one  of  your  definitions, 
write  a better  definition.  As  a group,  decide  on  the  best  definition  for  each  term 

As  a class,  agree  on  common  definitions.  Add  these  to  your  notebook.  Draw  and 
label  a picture  to  illustrate  each  definition. 


Right  Angle 


Ki>t  right  arijj;lc:i 


Acute  Angle 


N-fl[  aaiLe  angles 


Obtuse  Angle 


L_ 

obi  use  ifigles  No  L obi  use  angles 

[►  You  can  also  view  the  Dynamic  Geometry  Exploration  Three  Types  of  Angles  at 
www.keymath.com/DG  . 
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Complementary  Angles 

nr^l  + ml.2  = DQP 


W^at  types  of  angles^  or 
angle  loairi  do  you  vee  In 
this-  magnified  view  of 
a eomnpuler  chip? 


Pair^  oF  compltjmcntaTy  angles: 

Z L and  A2 
Z3  and  AA 

Supplementary  Angles 

mZL3  + Pfr^4  LSr 


Paii^  of  fiU]>]>]emeii[a['y  ari;^]ei; 

ZL I and  L2 
and  Z4 


Vertical  Angles 


Fair^  of  v'ertical  angles: 
£ I and  £ 2 
£3  and  £4 
£ A fill  and  nm: 
£.Uff;and  nViB 


Linear  Pair  of  Angies 


l.irtar  pairs  of  angles: 


mA  \ + mA2  i=  90*" 


"Not  pair>  of  complementaiy  angles: 

£(?  and  £//  £1  aiid  £2 

£5  and  £4 


mA4  + mA5  > ]&(f 


Ncfl  ]>aiii  of  fiLipplemeurary  angles; 

£ ] , £2h  and  £3 
£4  and  £5 


Not  pair^  of  v'ertical  angles: 
£1  and  £2 
£3  and  £-1 
£5  and£6 
£7  and  £8 
£9  and  £10 


Not  linear  pairs  of  angle?^: 


£3  and  £2 
£3  and  £4 
£3  and  £6 
£ A and  £/l 
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Often  geometric  definitions  are  easier  to  write  if  you  refer  to 
labeled  figures.  For  exanple,  you  can  define  the  midpoint  of  a 
line  segment  by  saying:  “Point  M is  the  midpoint  of  segment 
AB  if  M is  a point  on  segment  A6,  and  AM  is  equal  to  MBT 


EXAMPLE  C 


Use  a labeled  figure  to  define  a linear  pair  of  angles. 


► Solution 


LACD  and  A BCD  form  a linear  pair  of  angles  if  point 
C is  on  A6  and  lies  between  points  A and  B. 


Exercises 


Compare  this  definition  with  the  one  you 
wrote  in  the  investigation.  Can  there  be  more 
than  one  correct  definition? 


The  tJesIgn  -of  this  African  Kente  cloth  contains 
examples  of  [parallel  and  perpendicular  lirtes,  obtuse 
and  aojle  angles,  and  complerrventary  and 
supplemertary  angle  pairs.  To  learn  about  the 
sign'rficance  trf  Kente  doth  designs,  visit 
www.keymath.com/DG 


For  Exercises  1-8,  draw  and  carefully  label  the  figures.  Use  the  appropriate  marks  to 
indicate  right  angles,  parallel  lines,  congruent  segments,  and  congruent  angles.  Use  a 
protractor  and  a ruler  when  you  need  to. 


1. 

3. 

5. 

7. 

9. 


Acute  angle  DOG  with  a measure  of  45° 
Obtuse  angle  BIG  with  angle  bisector  IE 

peeM 

Complementary  angles  jLA  and  ^B 
with  mLA  = 40° 


2.  Right  angle  RTE 
4.  5g||  Ws 

6.  Vertical  angles  ABC  and  DBE 

8.  Supplementary  angles  iiC  and  ^D 
withm£Z)  = 40° 


Which  creatures  in  the  last  group  below  are  Zoids?  What  makes  a Zoid  a Zoid? 


ZiTids 


Ni>t  Z^jids 


Wh  Lffi  iirc  Zoids? 


10.  What  are  the  characteristics  of  a good  definition? 

11.  What  is  the  difference  between  complementary  and  supplementary  angles? 
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12.  If  LX  and  L Y are  supplementary  angles,  are  they  necessarily  a linear  pair?  Why  or 
why  not? 

13.  Write  these  definitions  using  the  classify  and  differentiate  method  to  fill  in  the  blanks: 

a.  An  acute  angle  is that . 

b.  Complementary  angles  are that . 

c.  A midpoint  is that . 

d.  A protractor  is that . 

14.  There  is  something  wrong  with  this  definition  for  a pair  of  vertical  angles:  “If  and 
CDintersect  at  point  P,  then  LAPC  and  LBPD  are  a pair  of  vertical  angles.”  Sketch  a 
counterexancple  to  show  why  it  is  not  correct.  Can  you  add  a phrase  to  correct  it? 

For  Exercises  15-24,  four  of  the  statements  are  true.  Make  a sketch  or  demonstrate 
each  true  statement.  For  each  false  statement,  draw  a counterexancple. 


15.  For  every  line  segment  there  is  exactly  one  midpoint. 

16.  For  every  angle  there  is  exactly  one  angle  bisector. 

17.  If  two  different  lines  intersect,  then  they  intersect  at  one  and  only  one  point. 

18.  If  two  different  circles  intersect,  then  they  intersect  at  one  and  only  one  point. 

19.  Through  a given  point  on  a line,  there  is  one  and  only  one  line  perpendicular  to  the 
given  line. 


20.  In  every  triangle  there  is  exactly  one  right  angle. 

21.  Through  a point  not  on  a line,  one  and  only  one  line  can  be  constructed  parallel  to 
the  given  line. 

22.  If  CA  = AT,  then  A is  the  midpoint  of  CT. 


23.  If  mL  D = 40°  and  mL  C = 140°,  then  angles  C and  D are  a linear  pair. 


24.  If  point  A is  not  the  midpoint  of  CT  , then  CA  # AT. 


Review 


For  Exercises  25  and  26,  refer  to  the  graph  at  right. 

25.  Find  possible  coordinates  of  a point  P so  that  points 
P,  T,  and  S are  collinear. 

26.  Find  p^sible  coordinates  of  a point  Q so  that 
QR  II  TS- 


27.  A partial  mirror  reflects  some  light  and  lets  the  rest  of  the  light  pass  through.  In 
the  figure  at  right,  half  the  light  frompoint  A passes  through  the  partial  mirror 
to  point  B.  Copy  the  figure,  then  draw  the  outgoing  angle  for  the  light  reflected 
from  the  mirror.  What  do  you  notice  about  the  ray  of  reflected  light  and  the  ray 
of  light  that  passes  through?  k ^ 


Mirror 
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28.  Find  possible  coordinates  of  points  A,  B,  and  C on  the  graph  at  y 

right  so  that  Z.5AC  is  a right  angle,  Z.5Ar  is  an  acute  angle,  LABS 

is  an  obtuse  angle,  and  the  points  C,  T,  and  R are  collinear. 

t-- 

29.  If  D is  the  midpoint  of  AC  and  C is  the  midpoint  of  AB , and 
AZ)  = 3cm , what  is  the  length  of  JAB  1 

30.  If  BD  is  the  angle  bisector  of  LABC,  BE  is  the  angle  bisector  ^ 1 

of  LABD,  and  mLDBC  = 24°,  v/haX  is  niLEBC  7 

T 

31.  Draw  and  label  a figure  that  has  two  congruent  segments  and 
three  congruent  angles.  Mark  the  congruent  angles  and 
congruent  segments. 

32.  Show  how  three  lines  in  a plane  can  have  zero,  exactly  one,  exactly  two,  or  exactly 
three  points  of  intersection. 

33.  Show  how  it  is  possible  for  two  triangles  to  intersect  in  one  point,  two  points,  three 
points,  four  points,  five  points,  or  six  points,  but  not  seven  points.  Show  how  they 
can  intersect  in  infinitely  many  points. 


34.  Each  pizza  is  cut  into  slices  from  the  center. 

a.  What  fraction  of  the  b.  What  fraction  of  the 

pizza  is  left?  pizza  is  missing? 


c.  If  the  pizza  is  cut  into  nine  equal 
slices,  how  many  degrees  is  each 
angle  at  the  center  of  the  pizza? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 
Polyominoes 

In  1953,  United  States  mathematician  Solomon  Golomb  introduced  polyominoes  at  the 
Harvard  Mathematics  Club,  and  they  have  been  played  with  and  enjoyed  throughout  the 
world  ever  since.  Polyominoes  are  shapes  made  by  connecting  congruent  squares.  The 
squares  are  joined  together  side  to  side.  (A  complete  side  must  touch  a complete  side.) 
Some  of  the  smaller  polyominoes  are  shown  below.  There  is  only  one  monomino  and 
only  one  domino,  but  there  are  two  trominoes,  as  shown.  There  are  five  tetrominoes — 
one  is  shown.  Sketch  the  other  four. 


d 


Monomino 


Unmin-D 


Tromin-oes 


Tetfomino 
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Polygons 

A polygon  is  a closed  figure  in  a plane,  formed  by  connecting  line  segments 
endpoint  to  endpoint  with  each  segment  intersecting  exactly  two  others.  Each  line 
segment  is  called  a side  of  the  polygon.  Each  endpoint  where  the  sides  meet  is 
called  a vertex  of  the  polygon. 


There  are  two  kinds  of  people 
in  this  world:  those  who 
divide  everything  into  two 
groups,  and  those  who  don’t. 
KENNETH  BOULDING 


P'alyi'csns 


You  classify  a polygon  by  the  number  of  sides  it  has.  Eamiliar  polygons  have 
specific  names,  listed  in  this  table.  The  ones  without  specific  names  are  called 
/2-sided  polygons,  or  22-gons.  Eor  instance,  you  call  a 25-sided  polygon  a 25-gon. 


CoiisecutivE  sides 


Cnnsetutivt 

A 


nyles 
A 


Cnnsetufivt 

vtrtii-ies 


To  name  a polygon,  list  the  vertices  in  consecutive  order. 
You  can  name  the  pentagon  above  pentagon  A5CDE.  You 
can  also  call  it  DCBAE,  but  not  BCAED.  When  the 
polygon  is  a triangle,  you  use  the  triangle  symbol.  Eor 
exanple,  A ABC  means  triangle  ABC. 


A diagonal  of  a polygon  is  a line  segment  that 
connects  two  nonconsecutive  vertices. 

A polygon  is  convex  if  no  diagonal  is  outside 
the  polygon.  A polygon  is  concave  if  at  least  one 
diagonal  is  outside  the  polygon. 


Sides 

Name 

3 

Triangle 

4 

Quadrilateral 

5 

Pentagon 

6 

Hexagon 

7 

Heptagon 

8 

Octagon 

9 

Nonagon 

10 

Decagon 

11 

Undecagon 

12 

Dodecagon 

n 

22-gon 

L>iiigoiiuL 
D 


<ja  polj-gous]  A l]  d iij'Cuul.s  ire  imide  more  dSagon^s  are  0 utside 
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haw  ih*  ihap&  of 
th*  framsxvork  of  dhb 
Marc  Chagall  nw-l  5^5) 
slained  g las^  wii^clow 
support  tite  various  shapes 
of  the  iJesigii? 


EXAMPLE 


► Solution 


Recall  that  two  segments  or  two  angles  are  congruent  if  and  only  if  they  have  the 
same  measures.  Two  polygons  are  congruent  if  and  only  if  they  are  exactly  the  same 
size  and  shape.  “If  and  only  if’  means  that  the  statements  work  both  ways. 


I ^ „ corrcspoodLiig sides aod 

11  polygons  are  CO naroem,  then  ^ ^ 

^ angles  are  congruent 


corresponding  sides  and 

11  1 Encn  polvgons  are  congruent, 

angles  are  congruent  ^ ^ 


For  exanple,  if  quadrilateral  CAMP  is  congruent  to  quadrilateral  SITE,  then  their 
four  pairs  of  corresponding  angles  and  four  pairs  of  corresponding  sides  are  also 
congruent.  When  you  write  a statement  of  congruence,  always  write  the  letters  of 
the  corresponding  vertices  in  an  order  that  shows  the  correspondences. 


Which  polygon  is  congruent  to  ABCDEl 
ABCDE  = ± 


A l L S 


Polygons  JKEGH  and  ABCDE  have  all  corresponding  angles  congruent,  but  not 
all  corresponding  sides.  Polygons  STUVW md  ABCDE  hsive  all  corresponding 
sides  congruent,  but  not  all  corresponding  angles. 

All  corresponding  sides  and  angles  must  be  congruent,  so  ABCDE  = NPQLM. 

You  could  also  ssiy  ABCDE  = NMLQP  because  all  the  congruent  parts  would 
still  match. 

The  perimeter  of  a polygon  equals  the  sum  of  the 
lengths  of  its  sides.  Perimeter  measures  the  length  of  the 
boundary  of  a two-dimensional  figure. 

The  quadrilateral  at  right  has  perimeter  37  cm 
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Invprtigatinn 
Special  Polygons 


Write  a good  definition  of  each  boldfaced  term  Discuss  your  definitions  with 
others  in  your  group.  Agree  on  a common  set  of  definitions  for  your  class  and  add 
them  to  your  definitions  list.  In  your  notebook,  draw  and  label  a figure  to  illustrate 
each  definition. 


Equilateral  Polygon 


Equiangular  Polygon 


EquUnfruhr  polygons 

Regular  Polygon 


l^egiilar  polygons 


Kot  cquil-itci  sl  polygons 


Notequif^ngular  ^x^lygons 


Exercises 


For  Exercises  1-3,  draw  an  exancple  of  each  polygon. 


1.  Quadrilateral 


2.  Dodecagon 


3.  Octagon 
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For  Exercises  4-7,  classify  each  polygon.  Assume  that  all  sides  are  straight. 


11. 


12. 

13. 

14. 


Write  these  definitions  using  the  classify  and  differentiate  method  to  fill  in  the  blanks: 

a.  An  octagon  is that . 

b.  A concave  polygon  is that . 

c.  A 20-gon,  also  called  an  icosagon,  is that . 

d.  An  equilateral  polygon  is that . 


Name  a pair  of  consecutive  angles  and  a pair  of  consecutive  sides  in  the 
figure  at  right. 

Draw  a concave  hexagon.  How  many  diagonals  does  it  have? 


Name  the  diagonals  of  pentagon 


For  Exercises  15  and  16,  use  the  information  given  to  name  the  triangle  that  is  congruent  to 
the  first  one. 


15.  AEAR  =A± 

A / 


17.  In  the  figure  at  right,  THINK  ~ POWER. 

a.  Find  the  measures  a,  b,  and  c. 

b.  UmLP  - 87°  and  m^W  = 165°,  which  angles 
in  THINK  do  you  know?  Write  their  measures. 
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18.  If  pentagon  FIVER  is  congruent  to  pentagon  PANCH,  then  which  side  in  pentagon 
FIVER  is  congruent  to  side  PA?  Which  angle  in  pentagon  PANCH  is  congruent 
to  ^IVE? 


19.  Use  your  geometry  tools  to  draw  a convex  hexagon  with  two  consecutive  sides 
measuring  5 cm  and  three  consecutive  angles  measuring  130°. 


20.  Draw  an  equilateral  concave  pentagon.  Then  draw 
an  equiangular  convex  pentagon. 

21.  Each  side  of  a regular  dodecagon  measures  7 in. 
Find  the  perimeter. 

22.  The  perimeter  of  an  equilateral  octagon  is  42  cm 
Find  the  length  of  each  side. 

23.  The  perimeter  of  A5CDF  is  94  m Find  the  lengths 
of  segments  AB  and  CD. 


i) 


^ Review 


24.  Name  a pair  of  complementary  angles  and  a pair  of  vertical 
angles  in  the  figure  at  right. 

25.  Draw  AB,  CD,  and  EE  with  AB  1 1 CD  and  CD  1 EE. 

26.  Draw  a counterexample  to  show  that  this  statement  is  false:  “If  a 
rectangle  has  perimeter  50  meters,  then  a pair  of  consecutive 
sides  measures  10  meters  and  15  meters.” 

27.  Is  it  possible  for  four  lines  in  a plane  to  have  exactly  zero  points  of  intersection?  One 
point?  Two  points?  Three  points?  Four  points?  Five  points?  Six  points?  Draw  a figure 
to  support  each  of  your  answers. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Coin  Swap  II 

Arrange  three  dimes  and  three  pennies  on  a grid  of  seven  squares,  as  shown. 

Follow  the  same  rules  as  in  Coin  Swap  I on  page  46  to  switch  the  position  of  the  three 
dimes  and  three  pennies  in  exactly  15  moves.  Record  your  solution  by  listing  in  order 
which  coin  is  moved.  For  exanple,  your  list  might  begin  PDF.  . . . 


m 
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The  difference  between  the 
right  word  and  the  almost 
right  word  is  the  difference 
between  lightning  and  the 
lightning  bug. 

MARK  TWAIN 


Triangles 


Not  lightmir^ 


Y ou  have  learned  to  be  careful  with 
geometry  definitions.  It  turns  out 
that  you  also  have  to  be  careful  with 
diagrams. 


When  you  look  at  a diagram,  be 
careful  not  to  assume  too  much  from 
it.  To  assume  something  is  to  accept 
it  as  true  without  facts  or  proof 


Lightnirg 


Things  you  may  assume: 

You  may  assume  that  lines  are 
straight,  and  if  two  lines 
intersect,  they  intersect  at 
one  point. 

You  may  assume  that  points  on  a line  are  collinear  and 
that  all  points  shown  in  a diagram  are  coplanar 
unless  planes  are  drawn  to  show  that  they  are 
noncoplanar. 


Things  you  may  not  assume: 

You  may  not  assume  that  just  because  two  lines  or  segments  look  parallel  that 
they  parallel — they  must  be  marked  parallel! 

You  may  not  assume  that  two  lines  are  perpendicular  just  because  they  look 
perpendicular — they  must  be  marked  perpendicular! 

Pairs  of  angles,  segments,  or  polygons  are  not  necessarily  congruent  unless  they 
are  marked  with  information  that  tells  you  they  must  be  congruent! 


EXAMPLE 


In  the  diagrams  below,  which  pairs  of  lines  are  perpendicular?  Which  pairs  of 
lines  are  parallel?  Which  pair  of  triangles  is  congruent? 
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^ Solution 


W^at  siiaiw  h tht  b«l5.  for 
tfve  design  on  this  textile 
from  Uzbekistan? 


By  studying  the  markings,  you  can  tell  that  AB  ||  CD,  JK 1 JM, 
and  0:STU  = L-XYZ. 

In  this  lesson  you  will  write  definitions  that  classify  different  kinds  of  triangles 
based  on  relationships  among  their  sides  and  angles. 


Investigatioitt 

Triangles 

Write  a good  definition  of  each  boldfaced  term.  Discuss  your  definitions  with 
others  in  your  group.  Agree  on  a common  set  of  definitions  for  your  class  and  add 
them  to  your  definition  list.  In  your  notebook,  draw  and  label  a figure  to  illustrate 
each  definition. 

Right  Triangle 


Obtuse  Triangle 


ObruHt  trianjilK 


Not  riglit  trUn|[Les 


Not  acute  triangles 
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T\-^  S<3l  LeWItt  (b  1^2&,  United  States) 
desl-gn  inside  this  ^rt  rmiwum  jse^ 
triangles  and  quadrilaterals  to  create 
a painting  tbe  size  of  an  entire  fuom. 
Sol  LeWiM,  Dravflr^g  iCi52 — On  I'hrife 

ii^irr;posi?ct  color  At  rtush.  Collecttm: 
fctdidriilFX*  MuSturri  uf  Air_  NKjidriiKKjk..  IN. 
^efjter’ni’er.  ig'w.triiinesy  of  r^e  ^^nsr. 


Scalene  Triangle 

l.i 


SciiliMie  t I'ianj'les 


Equilateral  Triangle 


IquiLat-e^ral  trian|;ks 


Not  cquiliitcmL  trianylcs 


Isosceles  Triangle 


Not  isjHcties  triiinylcH 


In  an  isosceles  triangle,  the  angle  between  the  two 
sides  of  equal  length  is  called  the  vertex  angle.  The 
side  opposite  the  vertex  angle  is  called  the  base  of 
the  isoceles  triangle.  The  two  angles  opposite  the  two 
sides  of  equal  length  are  called  the  base  angles  of  the 
isoceles  triangle. 
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Exercises 


For  Exercises  1^,  match  the  term  on  the  left  with  its  figure  on  the  right. 

1.  Equilateral  triangle 

2.  Scalene  right  triangle 

3.  Isosceles  right  triangle 


4.  Isosceles  obtuse  triangle 


For  Exercises  5-9,  sketch  and  label  the  figure.  Mark  the  figures. 

5.  Isosceles  acute  triangle  ACT  with  AC  = CT 

6.  Scalene  triangle  SCL  with  angle  bisector  CM 

7.  Isosceles  right  triangle  CAR  with  mL  CRA  = 90° 

8.  Two  different  isosceles  triangles  with  perimeter  4a  + b 

9.  Two  noncongruent  triangles,  each  with  side  6 cm  and  an  angle  measuring  40° 

10.  Use  your  ruler  and  protractor  to  draw  an  isosceles  acute  triangle  with  base  AC 
and  vertex  angle  5. 

11.  Use  your  ruler  and  protractor  to  draw  an  isosceles  obtuse  triangle  ZAP  with 
base  angles  A and  Z. 

For  Exercises  12-14,  use  the  graphs  below.  Can  you  find  more  than  one  answer? 


12.  Locate  a point  L so  that  iM^RY is  an  isosceles  triangle. 

13.  Locate  a point  O so  that  AMOE  is  an  isosceles  right  triangle. 

14.  Locate  a point  R so  that  hCRL  is  an  isosceles  right  triangle.  h 
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15.  Use  your  ruler  and  protractor  to  draw  a triangle  with  one  side  9 cm  long  and  an 
adjacent  angle  measuring  45°.  Explain  your  method.  Can  you  draw  a second  triangle 
with  the  given  measures  that  is  not  congruent  to  the  first? 

16.  Use  your  ruler  and  protractor  to  draw  a triangle  with  one  angle  measuring  40°  and 
an  opposite  side  10  cm  long.  Explain  your  method.  Can  you  draw  a second  triangle 
with  the  given  measures  that  is  not  congruent  to  the  first? 


Review 


For  Exercises  17-21,  tell  whether  the  statement  is  true  or  false.  For  each  false  statement, 

sketch  a counterexample  or  explain  why  the  statement  is  false. 

17.  An  acute  angle  is  an  angle  whose  measure  is  less  than  90°. 

18.  If  two  lines  intersect  to  form  a right  angle,  then  the  lines  are  perpendicular. 

19.  A diagonal  is  a line  segment  that  connects  any  two  vertices  of  a polygon. 

20.  A ray  that  divides  the  angle  into  two  angles  is  the  angle  bisector. 

21.  An  obtuse  triangle  has  exactly  one  angle  whose  measure  is  greater 
than  90°. 

22.  Use  the  ordered  pair  rule  (v,  y)  — > (v  + 1,  y - 3)  to  relocate  the 
four  vertices  of  the  given  quadrilateral.  Connect  the  four  new  points 
to  create  a new  quadrilateral.  Do  the  two  quadrilaterals  appear 
congruent?  Check  your  guess  with  tracing  paper  or  patty  paper. 

23.  Suppose  a set  of  thin  rods  is  glued  together  into  a triangle  as  shown. 

How  would  you  place  the  triangular  arrangement  of  rods  onto  the 
edge  of  a ruler  so  that  they  balance?  Explain  why. 

For  Exercises  24-26,  sketch  and  carefully  label  the  figure.  Mark  the 

congruent  parts. 


24.  Pentagon  PENTA  with  PE  = EN 

25.  Hexagon  AGAAE77  with  ^HEX  = ^EXA 

26.  Equiangular  quadrilateral  QUAD  with  QU^  QD 

IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Pentominoes  I 

In  Polyominoes,  you  learned  about  shapes  called  polyominoes. 
Polyominoes  with  five  squares  are  called  pentominoes.  Can  you  find 
all  possible  pentominoes?  One  is  shown  at  right.  Use  graph  paper 
, or  square  dot  paper  to  sketch  them 

\p 
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f Student  “ ^ 

I Web  Links 

1#  Keyni-ath.cornl 

1 1 

LESSON  J 

1.6 

If  you  don’t  live  it,  it  won’t 
come  out  of  your  horn. 
CHARLIE  PARKER 


Special  Quadrilaterals 


If  you  attach  two  congruent 
triangles,  you  create  many  different 
quadrilaterals  that  have  special 
properties.  For  exancple,  the 
quadrilaterals  in  the  photo  at  right 
can  be  formed  by  reflecting  an 
isosceles  triangle  across  its  base, 
resulting  in  a quadrilateral  with 
four  equal  sides.  In  this  lesson  you 
will  define  different  types  of 
special  quadrilaterals  based  on 
relationships  of  their  sides  and 
angles. 


How  roary  shapes  make  up  the  overall  triangular 
shapes  of  these  pyramids  at  the  Louvre  In  Paris? 


Not  kires 
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Recreation 

CONNECTION 

Today’s  kite  designers  use  lightweight  synthetic  fabrics  and  complex  shapes 
to  sustain  kites  in  the  air  longer  than  earlier  kites  made  of  wood  and  cloth 
that  had  the  basic  ‘kite”  shape.  Many  countries  hold  annual  kite  festivals. 


Parallelogram 


Rhombus 


44^ 


44-^ 


ltJioiiibus«£ 

Rectangle 

P ^ S 

h — ^ — d 


Square 


Nol 


Not  rhombus 


Squares 


Not  ^quarts 


As  you  learned  in  the  investigation,  a figure  that  looks  like  a square  is  not  a square 
unless  it  has  the  proper  markings.  Keep  this  in  mind  as  you  work  on  the  exercises. 
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Exercises 


1.  Based  on  the  marks,  what  can  you  assume  to  be  true  in  each  figure? 
tJ. 


B. 


C7 


A U E ' F i 

For  Exercises  2-6,  match  the  term  on  the  left  with  its  figure  on  the  right. 

2.  Trapezoid 

3.  Rhombus 

4.  Rectangle 

5.  Kite 

6.  Parallelogram 

For  Exercises  7-10,  sketch  and  label  the  figure.  Mark  the  figures. 


n 

1 

tj-  r. 

» 

I 

□ E 

^ . 

N 


7.  Trapezoid  ZOID  with  ZO  1 1 ID 

9.  Rhombus  EQUL  with  diagonals  EU  and  QL 
intersecting  at  A 

11.  Draw  a hexagon  with  exactly  two  outside 
diagonals. 


8.  BENE  with  BE  = EN 

10.  Rectangle  RGHT  with  diagonals  RH  and  GT 
intersecting  at  I 

12.  Draw  a regular  quadrilateral.  What  is  another 
name  for  this  shape? 


13.  Find  the  other  two  vertices  of  a square  with  one  vertex  (0,  0)  and  another  vertex 
(4,  2).  Can  you  find  another  answer? 


Architecture 

CONNECTION 


Quadrilaterals  are  used  in  the  architecture  of  many  cultures  for  both  practical 
purposes  and  aesthetic  appeal.  The  Acoma  Pueblo  Dwellings  in  New  Mexico, 
the  Chichen  Itza  pyramid  in  Mexico,  and  the  spiral  staircase  in  an  apartment 
house  designed  by  Austrian  architect  and  artist  Friedensreich  Hundertwasser 
(1928-2000)  all  use  quadrilateral-based  designs  for  constructing  climbing 
structures  and  enhancing  overall  attractiveness. 
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14.  A rectangle  with  perimeter  198  cm  is  divided  into  five  congruent 
rectangles,  as  shown  in  the  diagram  at  right.  What  is  the  perimeter 
of  one  of  the  five  congruent  rectangles?  /. 

For  Exercises  15-18,  copy  the  given  polygon  and  segment  onto  graph  paper. 
Give  the  coordinates  of  the  missing  points. 


15.  ^CAR  m APlir  16.  TUNA  sr  FlSf  l 


17.  niU:i  ^ }-fSN  18.  RliCT  = ANGL 


19.  Draw  and  cut  out  two  congruent  acute  scalene  triangles. 

a.  Arrange  them  into  a kite.  Sketch  the  result  and  mark  all  congruent  sides. 

b.  Arrange  them  into  a parallelogram  Sketch  the  result  and  mark  all  congruent  sides. 

20.  Draw  and  cut  out  two  congruent  obtuse 
isosceles  triangles.  Which  special  quadrilaterals 
can  you  create  with  these  two  congruent 
triangles?  Explain. 

21.  Imagine  using  two  congruent  triangles  to  create 
a special  quadrilateral,  as  you  did  in  the  last 
two  exercises. 

a.  What  type  of  triangles  do  you  need  to  form  a 
rectangle?  Explain. 

b.  What  type  of  triangles  do  you  need  to  form  a 
square?  Explain. 

Tbt  part&m  of  squares  and  triangles  eremites 

geometrii:  tree  In  this  quilt  design  by  Dl^ne  Venters. 
What  other  polygons  can  you  find  In  this  quilt? 
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Review 


For  Exercises  22-24,  sketch  and  carefully  label  the  figure.  Mark  the 
congruent  parts. 

22.  A hexagon  with  exactly  one  line  of  refiectional  symmetry 

23.  Two  different  equilateral  pentagons  with  perimeter  25  cm 

24.  Use  your  conpass,  protractor,  and  straightedge  to  draw  a regular 
pentagon. 

25.  Draw  an  equilateral  ocXSigonABCDEFGH  withA(5,  0),  5(4,  4),  and 
C(0,  5)  as  three  of  its  vertices.  Is  it  regular? 


DRAWING  THE  IMPOSSIBLE 

Some  optical  illusions  are  tricks — they  at  first  appear  to  be  drawings  of  real  objects,  but 
actually  they  are  impossible  to  make,  except  on  paper. 

For  instance,  see  the  photograph  and  drawings  shown  here,  and  the  two  pieces  by 
M.  C.  Escher  on  p.  421  and  p.  477.  Try 
drawing  some  impossible  objects.  First, 
copy  these  two  impossible  objects  by 
drawing  them  on  full  sheets  of  paper. 

Then  create  one  of  your  own,  either  in  a 
drawing  or  photograph. 

Your  project  should  include 

►-  The  two  incpossible  drawings  below. 

Your  own  impossible  drawing  or 
photograph. 


^ / K \ 
\ 


To  see  more  exancples  or  to  further  explore  optical  illusions,  visitwww.keymath.com/DG  . 


Rom  'MLIER  WHIrS  OTIICAL  IWCKS.  PubllEhed  by  Cartwheel  Books,  a 
dwision  of  Schdaslk  F^inled  by  pert-riiMioiv 
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/ can  never  remember 
things  I didn’t  understand 
in  the  first  piace. 

AMY  TAN 


Circles 

Unless  you  walked  to  school  this  morning,  you  arrived  on  a vehicle  with 
circular  wheels. 

A circle  is  the  set  of  all  points  in  a plane  at  a given  distance  from  a given  point. 

The  given  distance  is  called  the  radius  and  the  given  point  is  called  the  center.  You 
name  a circle  by  its  center.  The  circle  on  the  bicycle  wheel,  with  center  O,  is  called 
circle  O.  When  you  see  a dot  at  the  center  of  a circle,  you  can  assume  that  it 
represents  the  center  point. 

A segment  from  the  center  to  a point  on  the  edge  of  the  circle  is  called  a radius. 

Its  length  is  also  called  the  radius.  A bicycle  wheel  is  a physical  model  of  a circle, 
and  one  spoke  is  a close  physical  model  of  a radius. 


Py  tiftfi ! li&sion  of  fc  -y  Hiii  i:  inid  TwjWi  & Syii^fK.Lilf5^  IriC. 


Science 

CONNECTION 

A pebble  dropped  in  a pond  sends  out  eireular  ripples. 
These  waves  radiate  from  the  point  where  the  pebble 
hits  the  water  in  all  direetions  at  the  same  speed,  so 
every  point  is  equally  distant  from  the  eenter.  This 
unique  property  of  eireles  appears  in  many  other  real- 
world  eontexts,  sueh  as  radio  waves  sent  from  an 
antenna,  seismie  waves  moving  from  the  eenter  of  an 
earthquake,  or  sand  draining  out  of  a hole. 
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f- 

step  1 


Step  2 
Step  3 


Invpstigatiftn 

Defining  Circle  Terms 

Write  a good  definition  of  each  boldfaced  term  Discuss  your  definitions  with 
others  in  your  group.  Agree  on  a common  set  of  definitions  as  a class  and  add 
them  to  your  definition  list.  In  your  notebook,  draw  and  label  a figure  to 
illustrate  each  definition. 

Chord 


Chords: 

AB\  CJX  fer'  Gil  and  JJ 


Diameter 


Diameters: 

A.&\  ax  find  W 


Klot  chords: 

to:  to:  w,  and  vw 


Wot  dLameteLs: 

to:  to':  w,  Hnd  vw 


Tangent 


Tangents:  Wot  tangents: 

Al,  Cn.  Sind  W FQ.  FF.  TU\  and  VVl^' 

Note:  You  can  say  A5  is  a tangent,  or  you  can  say  AB  is  tangent  to  circle  O.  The 
point  where  the  tangent  touches  the  circle  is  called  the  point  of  tangency. 

Can  a chord  of  a circle  also  be  a diameter  of  the  circle?  Can  it  be  a tangent? 
Explain  why  or  why  not. 

Can  two  circles  be  tangent  to  the  same  line  at  the  same  point?  Draw  a sketch 
and  explain. 
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If  two  or  more  circles  have  the  same  radius,  they  are  congruent  circles.  If  two  or 
more  coplanar  circles  share  the  same  center,  they  are  concentric  circles.  All  the 
CDs  represent  congruent  circles,  but  if  you  look  closely  at  each  CD,  you  can  also 
see  concentric  circles. 


Co  ngincnt  d rd  cs  Concentric  ci  iclc5 

An  arc  of  a circle  is  two  points  on  the  circle  and  a ^ 

continuous  (unbroken)  part  of  the  circle  between  the  twofl 
points.  The  two  points  are  called  the  endpoints  of  the  arc. 

You  write  arc  AB  SiS  AB  or  BA . You  classify  arcs  into  three  types:  semicircles,  minor 
arcs,  and  major  arcs.  A semicircle  is  an  arc  of  a circle  whose  endpoints  are  the 
endpoints  of  a diameter.  A minor  arc  is  an  arc  of  a circle  that  is  smaller  than  a 
semicircle.  A major  arc  is  an  arc  of  a circle  that  is  larger  than  a semicircle.  You  can 
name  minor  arcs  with  the  letters  of  the  two  endpoints.  For  semicircles  and  major 
arcs,  you  need  three  points  to  make  clear  which  arc  you  mean — the  first  and  last 
letters  are  the  endpoints  and  the  middle  letter  is  any  other  point  on  the  arc. 


Minor  ak  PD 


Try  to  name  another  minor  arc 
and  another  major  arc  in  this 
diagram  Why  are  three  letters 
needed  to  name  a major  arc? 


Arcs  have  a degree  measure,  just  as  angles  do.  A full  circle  has  an  arc  measure  of 
360°,  a semicircle  has  an  arc  measure  of  180°,  and  so  on.  The  arc  measure  of  a 
minor  arc  is  the  same  as  the  measure  of  the  central  angle,  the  angle  with  its  vertex 
at  the  center  of  the  circle,  and  sides  passing  through  the  endpoints  of  the  arc.  The 
measure  of  a major  arc  is  the  same  as  the  reflex  measure  of  the  central  angle. 
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Exercises 


1.  In  the  photos  below,  identify  the  physical  models  that  represent  a circle,  a radius,  a 
chord,  a tangent,  and  an  arc  of  a circle. 


Groular  irrigation  on  a farm 


Japare-se  wood  bridge 


For  Exercises  2-9,  use  the  diagram  at  right.  Points  E,  P,  and  C 
and  P is  the  center  of  the  circle. 


2.  Name  three  chords. 

4.  Name  five  radii. 

6.  Name  two  semicircles. 
8.  Name  two  tangents. 


3.  Name  one  diameter. 

5.  Name  five  minor  arcs. 

7.  Name  two  major  arcs. 

9.  Name  a point  of  tangency. 


10.  Name  two  types  of  vehicles  that  use  wheels,  two  household  appliances 
that  use  wheels,  and  two  uses  of  the  wheel  in  the  world  of  entertainment. 

11.  In  the  figure  at  right,  what  is  mPQ  ? mPRQ  ? 

12.  Use  your  conpass  and  protractor  to  make  an  arc  with  measure  65°.  Now 
make  an  arc  with  measure  215°.  Label  each  arc  with  its  measure. 


13.  Name  two  places  or  objects  where  concentric  circles  appear.  Bring  an  example  of  a 
set  of  concentric  circles  to  class  tomorrow.  You  might  look  in  a magazine  for  a photo 
or  make  a copy  of  a photo  from  a book  (but  not  this  book!). 

14.  Sketch  two  circles  that  appear  to  be  concentric.  Then  use  your  conpass  to  construct 
a pair  of  concentric  circles. 

15.  Sketch  circle  P.  Sketch  a triangle  inside  circle  P so  that  the  three  sides  of  the  triangle 
are  chords  of  the  circle.  This  triangle  is  “inscribed”  in  the  circle.  Sketch  another 
circle  and  label  it  Q.  Sketch  a triangle  in  the  exterior  of  circle  Q so  that  the  three 
sides  of  the  triangle  are  tangents  of  the  circle.  This  triangle  is  “circumscribed”  about 
the  circle. 


72  CHAPTER  1 Introducing  Geometry 


© 2008  Key  Curriculum  Press 


16.  Use  your  conpass  to  construct  two  circles  with  the  same  radius  intersecting  at  two 
points.  Label  the  centers  P and  Q.  Label  the  points  of  intersection  of  the  two  circles 
A and  Construct  quadrilateral  PAQB.  What  type  of  quadrilateral  is  it? 

17.  Do  you  remember  the  daisy  construction  from  Chapter  0?  Construct  a circle  with 
radius  5.  With  the  same  conpass  setting,  divide  the  circle  into  six  congruent  arcs. 
Construct  the  chords  to  form  a regular  hexagon  inscribed  in  the  circle.  Construct 
radii  to  each  of  the  six  vertices.  What  type  of  triangle  is  formed?  What  is  the  ratio  of 
the  perimeter  of  the  hexagon  to  the  diameter  of  the  circle? 

18.  Sketch  the  path  made  by  the  midpoint  of  a radius  of  a circle  if  the  radius  is  rotated 
about  the  center. 


For  Exercises  19-21,  use  the  ordered  pair  rule  shown  to  relocate  the  four  points  on  the 
given  circle.  Can  the  four  new  points  be  connected  to  create  a new  circle?  Does  the  new 
figure  appear  congruent  to  the  original  circle? 


19.  (x,y)^(x- I,  y + 2)  20.  (x,  y)  (2x,  2y) 


21.  (x,y)^(2x,y) 


Review 

22.  If  point  D is  in  the  interior  of  Z.  CAB,  thenk  mL  CAD  + mLDAB  = mL  CAB. 
called  angle  addition.  Solve  the  following  problem  and  explain  how  it  is  related  to 
angle  addition. 

You  have  a slice  of  pizza  with  a central  angle  that  measures  140°  that  you  want  to 
share  with  your  friend.  She  cuts  it  through  the  vertex  into  two  slices.  You  choose  one 
slice  that  measures  60°.  How  many  degrees  are  in  the  other  slice? 

For  Exercises  23-26,  draw  each  kind  of  triangle  or  write  “not  possible”  and  explain  why. 

Use  your  geometry  tools  to  make  your  drawings  as  accurate  as  possible. 

23.  Isosceles  right  triangle  24.  Scalene  isosceles  triangle 

25.  Scalene  obtuse  triangle  26.  Isosceles  obtuse  triangle 

27.  Earth  takes  365.25  days  to  travel  one  frill  revolution  around  the  Sun.  By 
approximately  how  many  degrees  does  the  Earth  travel  each  day  in  its  orbit 
around  the  Sun? 

28.  Earth  conpletes  one  full  rotation  each  day,  making  the  Sun  appear  to  rise  and  set.  If 
the  Sun  passes  directly  overhead,  by  how  many  degrees  does  its  position  in  the  sky 
change  every  hour? 
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For  Exercises  29-37,  sketch,  label,  and  mark  the  figure  or  write  “not  possible”  and 
explain  why. 

29.  Obtuse  scalene  triangle  FAT ^NxihmLFAT  = 100° 

30.  Trapezoid  TRAP  with  TR  ||  AP  and  21 TRA  a right  angle 

31.  Two  different  (noncongruent)  quadrilaterals  with  angles  of  60°,  60°,  120°,  and  120° 

32.  Equilateral  right  triangle 

33.  Right  isosceles  triangle  RGT  with  RT  = GT and  mLRTG  = 90° 

34.  An  equilateral  triangle  with  perimeter  I2a  + 6b 

35.  Two  triangles  that  are  not  congruent,  each  with  angles  measuring  50°  and  70° 

36.  Rhombus  EQ 1/7  with  perimeter  8/?  and  mzl/EQ  = 55° 

37.  Kite  KITE  with  TE  = 2EK  and  ml.  TEK  = 120° 


IMPROVING  YOUR  REASONING  SKILLS 


Checkerboard  Puzzle 

1.  Four  checkers — three  red  and  one  black — are 
arranged  on  the  corner  of  a checkerboard,  as 
shown  at  right  Any  checker  can  junp  any 
other  checker.  The  checker  that  was  jumped 
over  is  then  removed.  With  exactly  three 
horizontal  or  vertical  junps,  remove  all  three 
red  checkers,  leaving  the  single  black  checker. 
Record  your  solution. 


L 2 3 ^ 


2.  Now,  with  exactly  seven  horizontal  or  vertical 
jumps,  remove  all  seven  red  checkers,  leaving 
the  single  black  checker.  Record  your  solution. 


R 

D 

C 
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When  curiosity  turns  to 
serious  matters,  it’s  called 
research. 

MARIE  VON  EBNER- 
ESCHENBACH 


Space  Geometry 

Lesson  1.1  introduced  you  to  point,  line,  and  plane.  Throughout  this  chapter  you 
have  used  these  terms  to  define  a wide  range  of  other  geometric  figures,  from  rays 
to  polygons.  You  did  most  of  your  work  on  a single  fiat  surface,  a single  plane. 
Some  problems,  however,  required  you  to  step  out  of  a single  plane  to  visualize 
geometry  in  space.  In  this  lesson  you  will  learn  more  about  space  geometry,  or 
solid  geometry. 

Space  is  the  set  of  all  points.  Unlike  one- dimensional  lines  and  two-dimensional 
planes,  space  cannot  be  contained  in  a fiat  surface.  Space  is  three-dimensional, 
or  “3-D.” 


In  an  you  we 

the  front  edge  o*  a bulWing 
as  5 vertical  liner  and  the 
other  edges  as  diagonal 
liiws.  Iwnnetric  dot  paper 
fielps  you  dra^JV  t^■^ese  lines, 
as  you  can  see  In  the  iteps 
below. 


Let’s  practice  the  visual  thinking  skill 
of  presenting  three-dimensional  (3-D) 
objects  in  two-dimensional  (2-D) 
drawings. 

The  geometric  solid  you  are  probably 
most  familiar  with  is  a box,  or 
rectangular  prism  Below  are  steps  for 
making  a two-dimensional  drawing 
of  a rectangular  prism  This  type  of 
drawing  is  called  an  isometric 
drawing.  It  shows  three  sides  of  an 
object  in  one  view  (an  edge  view). 

This  method  works  best  with  isometric 
dot  paper.  After  practicing,  you  will  be 
able  to  draw  the  box  without  the  aid  of 
the  dot  grid. 


Step  ] 


Srep  2 


Siep  3 


Seep  4 


Use  dashed  lines  for  edges  that  you  couldn’t  see  if  the  object  were  solid. 
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The  three-dimensional  objects  you  will  study  include  the  six  types  of  geometric 
solids  shown  below. 


[ ■ ' ) 

Cy‘li]ider 


Ccsne- 


PriKin 


..3 


Sphere 


HeitiispKere 


The  shapes  of  these  solids  are  probably  already  familiar  to  you  even  if  you  are 
not  familiar  with  their  proper  names.  The  ability  to  draw  these  geometric  solids  is 
an  irrportant  visual  thinking  skill.  Here  are  some  drawing  tips.  Remember  to  use 
dashes  for  the  hidden  lines. 


Cylinder 


Step  1 


5rcp  2 


Cone 


Step  ] Ste'p  2 


Prism 


Step  1 


5tcp  2 $t.cp  3 


St-cp'i 
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Pyramid 


Sphere 


Hemisphere 


W 

Step  1 
Step  2 


Solid  geometry  also  involves  visualizing  points  and  lines  in  space.  In  the  following 
investigation,  you  will  have  to  visualize  relationships  between  geometric  figures  in  a 
plane  and  in  space. 


Investigation 

Space  Geometry 

Make  a sketch  or  use  physical  objects  to  demonstrate  each  statement  in  the 

list  below. 

Work  with  your  group  to  determine  whether  each  statement  is  true  or  false. 

If  the  statement  is  false,  draw  a picture  and  explain  why  it  is  false. 

1.  For  any  two  points,  there  is  exactly  one  line  that  can  be  drawn 
through  them 

2.  For  any  line  and  a point  not  on  the  line,  there  is  exactly  one  plane  that  can 
contain  them 

3.  For  any  two  lines,  there  is  exactly  one  plane  that  contains  them 

4.  If  two  coplanar  lines  are  both  perpendicular  to  a third  line  in  the  same 
plane,  then  the  two  lines  are  parallel. 

5.  If  two  planes  do  not  intersect,  then  they  are  parallel. 

6.  If  two  lines  do  not  intersect,  then  they  are  parallel. 

7.  If  a line  is  perpendicular  to  two  lines  in  a plane,  and  the  line  is  not 
contained  in  the  plane,  then  the  line  is  perpendicular  to  the  plane. 
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Exercises 


For  Exercises  1-6,  draw  each  figure.  Study  the  drawing  tips  provided  on  the  previous 
page  before  you  start. 


1.  Cylinder 

2.  Cone 

3.  Prism  with  a hexagonal  base 

4.  Sphere 

5.  Pyramid  with  a heptagonal  base 

6.  Hemisphere 

7.  The  photo  at  right  shows  a prism- shaped  building 
with  a pyramid  roof  and  a cylindrical  porch.  Draw  a 
cylindrical  building  with  a cone  roof  and  a prism- 
shaped porch. 

For  Exercises  8 and  9,  make  a drawing  to  scale  of  each  figure. 
Use  isometric  dot  paper.  Label  each  figure.  (For  exancple,  in 
Exercise  8,  draw  the  solid  so  that  the  dimensions  measure 
2 units  by  3 units  by  4 units,  then  label  the  figure  with  meters.) 

8.  A rectangular  solid  2 m by  3 m by  4 m,  sitting  on  its 
biggest  face.  . i 


A police  station,  or  koban,  in  Tokya  Japan 


9.  A rectangular  solid  3 inches  by  4 inches  by  5 inches,  resting  on  its  smallest  face. 
Draw  lines  on  the  three  visible  surfaces  showing  how  you  can  divide  the  solid  into 
cubic-inch  boxes.  How  many  such  boxes  will  fit  in  the  solid? 

For  Exercises  10-12,  use  isometric  dot  paper  to  draw  the  figure  shown. 

...  n.  ^ 


A net  is  a two-dimensional  pattern  that  you  can  cut  and  fold  to  form  a three-dimensional 
figure.  Another  visual  thinking  skill  you  will  need  is  the  ability  to  visualize  nets  being 
folded  into  solid  objects  and  geometric  solids  being  unfolded  into  nets.  The  net  below  left 
can  be  folded  into  a cube  and  the  net  below  right  can  be  folded  into  a pyramid. 


Ke[  Ibi  a cube  Mel  (o  i‘  a sc)  aai e-base J py  1^111  Id 
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13.  Which  net(s)  will  fold  to  make  a cube? 

A.  B. 


I>. 


E. 


F. 


For  Exercises  14-17,  match  the  net  with  its  geometric  solid. 


A. 


D. 


When  a solid  is  cut  by  a plane,  the  resulting  two-dimensional  figure  is  called  a section. 
For  Exercises  18  and  19,  sketch  the  section  formed  when  each  solid  is  sliced  by  the  plane, 
as  shown. 


18. 


19. 


SIkirvg  a block  of  day  reveals  a section  of 
the  solid.  Merer  the  section  b a rectangle. 
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All  of  the  statements  in  Exercises  20-27  are  true 
except  for  two.  Make  a sketch  to  demonstrate 
each  true  statement.  For  each  false  statement, 
draw  a sketch  and  explain  why  it  is  false. 

20.  Only  one  plane  can  pass  through  three 
noncollinear  points. 

21.  If  a line  intersects  a plane  that  does  not 
contain  the  line,  then  the  intersection  is 
exactly  one  point. 

22.  If  two  lines  are  perpendicular  to  the  same 
line,  then  they  are  parallel. 

23.  If  two  different  planes  intersect,  then  their 
intersection  is  a line. 


Phys-lcal  m-odels  car  help  you  visualize  che  Intersections 
lines  arid  planes  in  space.  Can  you  see  examples  of 
intersecting  lines  In  this  photo?  Parallel  lines?  Manes?  Points? 


24.  If  a line  and  a plane  have  no  points  in  common,  then  they  are  parallel. 

25.  If  a plane  intersects  two  parallel  planes,  then  the  lines  of  intersection  are  parallel. 

26.  If  three  planes  intersect,  then  they  divide  space  into  six  parts. 

27.  If  two  lines  are  perpendicular  to  the  same  plane,  then  they  are  parallel  to  each  other. 


Review 

28.  If  the  kite  DIAN  were  rotated  90° 
clockwise  about  the  origin,  to  what 
location  would  point  A be  relocated? 

29.  Use  your  ruler  to  measure  the  perimeter 
of  hWIM  (in  centimeters)  and  your 
protractor  to  measure  the  largest  angle. 

30.  Use  your  geometry  tools  to  draw  a 
triangle  with  two  sides  of  length  8 cm  and 
length  13  cm  and  the  angle  between  them 
measuring  120°. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Equal  Distances 

Here’s  a real  challenge: 

Show  four  points  A,  B,  C,  and  D so  that  = BC  = AC  = AD  = BD  = CD. 


80  CHAPTER  1 Introducing  Geometry 


© 2008  Key  Curriculum  Press 


You  can  observe  a lot  just 
by  watching. 

YOGI  BERRA 


A Picture  Is  Worth 
a Thousand  Words 

A picture  is  worth  a thousand  words ! That  expression  certainly  applies  to 
geometry.  A drawing  of  an  object  often  conveys  information  more  quickly  than  a 
long  written  description.  People  in  many  occupations  use  drawings  and  sketches  to 
communicate  ideas.  Architects  create  blueprints.  Composers  create  musical  scores. 
Choreographers  visualize  and  map  out  sequences  of  dance  steps.  Basketball  coaches 
design  plays.  Interior  designers — well,  you  get  the  picture. 


Visualization  skills  are  extremely  important  in  geometry.  So  far,  you  have  visualized 
geometric  situations  in  every  lesson.  To  visualize  a plane,  you  pictured  a flat  surface 
extending  infinitely.  In  another  lesson  you  visualized  the  number  of  different  ways 
that  four  lines  can  intersect.  Can  you  picture  what  the  hands  of  a clock  look  like 
when  it  is  3:30? 


By  drawing  diagrams,  you  apply  visual  thinking  to  problem  solving.  Let’s  look  at 
some  exancples  that  show  how  to  use  visual  thinking  to  solve  word  problems. 


EXAMPLE  A 


Volumes  1 and  2 of  a two-volume  set 
of  math  books  sit  next  to  each  other 
on  a shelf.  They  sit  in  their  proper 
order:  Volume  1 on  the  left  and 
Volume  2 on  the  right.  Each  front  and 
back  cover  is  ^ -inch  thick,  and  the 
pages  portion  of  each  book  is  1-inch 
thick.  If  a bookworm  starts  at  the  first 
page  of  Volume  1 and  burrows  all  the 
way  through  to  the  last  page  of 
Volume  2,  how  far  will  it  travel? 

Take  a moment  and  try  to  solve  the 
problem  in  your  head. 

foy  M.C.  Esc  hep  1946 

©2002  Cordon  ArtB.  V.-B^arn-Holl^nd. 
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► Solution 


Did  you  get  2 \ inches?  It  seems  reasonable,  doesn’t  it? 

However,  that’ s not  the  answer.  Let’ s reread  the  problem  to  identify  what 
information  is  given  and  what  we  are  asked  to  find. 


We  are  given  the  thickness  of  Firtt  page  of 

each  cover,  the  thickness  of  the 
pages  portion,  and  the  position  of 
the  books  on  the  shelf  We  are  trying 
to  find  how  far  it  is  from  the  first  page 
of  Volume  1 to  the  last  page  of  Volume  2. 

Draw  a picture  and  locate  the  position  of 
the  pages  referred  to  in  the  problem 


Now  “look”  how  easy  it  is  to 
the  problem  The  bookworm 
traveled  only  ^ inch  through 
the  two  covers ! 


solve 


Last  page  of 
VoUmiF  2 


EXAMPLE  B 


Harold,  Dina,  and  Linda  are 
standing  on  a fiat,  dry  field 
reading  their  treasure  map. 
Harold  is  standing  at  one  of 
the  features  marked  on  the 
map,  a gnarled  tree  stump, 
and  Dina  is  standing  atop  a 
large  black  boulder.  The  map 
shows  that  the  treasure  is 
buried  60  meters  from  the 
tree  stump  and  40  meters 
from  the  large  black  boulder. 
Harold  and  Dina  are  standing 
80  meters  apart.  What  is  the 
locus  of  points  where  the 
treasure  might  be  buried? 


► Solution 


Start  by  drawing  a diagram  based  on  the  information  given  in  the  first  two 
sentences,  then  add  to  the  diagram  as  new  information  is  added.  Can  you  visualize 
all  the  points  that  are  60  meters  from  the  tree  stump?  Mark  them  on  your  diagram 
They  should  lie  on  a circle.  The  treasure  is  also  40  meters  from  the  boulder.  All  the 
possible  points  lie  in  a circle  around  the  boulder.  The  two  possible  spots  where  the 
treasure  might  be  buried  are  the  points  where  the  two  circles  intersect. 


Initial  diagrain  impr wed  diagram  Hnal  diagram 
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keymath.com/DG 


As  in  the  previous  example,  when  there  is  more  than  one  point  or  even  many 
points  that  satisfy  a set  of  conditions,  the  set  of  points  is  called  a locus. 

[►You  can  extend  the  scenario  from  Example  B to  explore  different  types  of  solutions  for  similar  li 
problems  in  the  Dynamic  Geometry  Exploration  Treasure  Hunt  at  www.keymath.com/DG  . 

A diagram  can  also  help  organize  information  to  help  make  sense  of  difficult 
concepts.  A Venn  diagram  represents  larger  groups  that  contain  smaller  groups  as 
circles  within  circles,  or  ovals  within  ovals.  For  example,  a larger  circle  for  “high 
school  students”  would  contain  a smaller  circle  for  “sophomores.”  Overlapping 
circles  show  that  it  is  possible  to  belong  to  two  different  groups  at  the  same  time, 
such  as  “sophomores”  and  “geometry  students.”  Let’s  look  at  an  example,  using 
some  of  the  quadrilateral  definitions  you  wrote  in  Lesson  1.6. 


EXAMPLE  C 


Create  a Venn  diagram  to  show  the  relationships  among  parallelograms, 
rhombuses,  rectangles,  and  squares. 


► Solution 


Start  by  deciding  what  is  the  most  general  group.  What  do  parallelograms, 
rhombuses,  rectangles,  and  squares  have  in  common?  They  all  have  two  pairs 
of  parallel  sides,  so  parallelograms  is  the  largest  oval. 


Now  consider  the  special  characteristics  of  rhombuses,  rectangles,  and  squares. 

Rhombuses  have  four  congruent  Rectangles  have  four  congruent 
sides,  so  they  are  equilateral.  angles,  so  they  are  equiangular. 


Squares  are  both  equilateral  and  equiangular.  They  have  the 
characteristics  of  rhombuses  and  rectangles,  so  they  belong  to 
both  groups.  This  can  be  shown  by  using  overlapping  ovals. 
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Exercises 


You  will  need 


1.  Surgeons,  engineers,  carpenters,  plumbers,  electricians,  and  furniture 
movers  all  rely  on  trained  experience  with  visual  thinking.  Describe 
how  one  of  these  tradespeople  or  someone  in  another  occupation  uses 
visual  thinking  in  his  or  her  work. 


for  Enerdsfii  35  dud  16 


Read  each  problem,  determine  what  you  are  trying  to  find,  draw  a diagram,  and  solve 
the  problem 


2.  In  the  city  of  Rectangulus,  all  the  streets  running  east-west  are  numbered  and  those 
streets  running  north-south  are  lettered.  The  even-numbered  streets  are  one-way 
east  and  the  odd-numbered  streets  are  one-way  west.  All  the  vowel-lettered  avenues 
are  one-way  north  and  the  rest  are  two-way.  Can  a car  traveling  south  on 
S Street  make  a legal  left  turn  onto  14th  Street? 

3.  Midway  through  a 2000-meter  race,  a photo  is 
taken  of  five  runners.  It  shows  Meg  20  meters 
behind  Edith.  Edith  is  50  meters  ahead  of  Wanda, 
who  is  20  meters  behind  Olivia.  Olivia  is  40  meters 
behind  Nadine.  Who  is  ahead?  In  your  diagram, 
use  M for  Meg,  E for  Edith,  and  so  on. 

4.  Mary  Ann  is  building  a fence  around  the  outer 
edge  of  a rectangular  garden  plot  that  measures 
25  feet  by  45  feet.  She  will  set  the  posts  5 feet 
apart.  How  many  posts  will  she  need? 

5.  Ereddie  the  Erog  is  at  the  bottom  of  a 30-foot  well. 

Each  day  he  juncps  up  3 feet,  but  then,  during  the 
night,  he  slides  back  down  2 feet.  How  many  days 
will  it  take  Ereddie  to  get  to  the  top  and  out?  . ■ 

6.  Here  is  an  exercise  taken  from  Marilyn  vos  Savant’s  Ask 
Marilyn®  column  in  Parade  magazine.  It  is  a good  example  of  a difficult- 
sounding  problem  becoming  clear  once  a diagram  has  been  made.  Try  it.  ’ 

A 30-foot  cable  is  suspended  between  the  tops  of  two  20-foot  poles  on  level 
ground.  The  lowest  point  of  the  cable  is  5 feet  above  the  ground.  What  is  the 
distance  between  the  two  poles? 

7.  Points  A and  B lie  in  a plane.  Sketch  the  locus  of  points  in  the  plane  that  are  equally 

distant  from  points  A and  B.  Sketch  the  locus  of  points  in  space  that  are  equally 
distant  from  points  ^ and  5.  ^ 


8.  Draw  an  angle.  Label  it  LA.  Sketch  the  locus  of  points  in  the  plane  of  angle  A that 
are  the  same  distance  from  the  two  sides  of  angle  A. 

9.  Line  AB  lies  in  plane  . . Sketch  the  locus  of  points  in  plane  ^ that  are  3 cm  from 
AB.  Sketch  the  locus  of  points  in  space  that  are  3 cm  from^. 

10.  Create  a Venn  diagram  showing  the  relationships  among  triangles,  trapezoids, 
polygons,  obtuse  triangles,  quadrilaterals,  and  isosceles  triangles. 
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11.  Beth  Mack  and  her  dog  Trouble  are  exploring 
in  the  woods  east  of  Birnam  Woods  Road, 
which  runs  north-south.  They  begin  walking 
in  a zigzag  pattern:  1 km  south,  1 km  west, 

1 km  south,  2 km  west,  1 km  south,  3 km 
west,  and  so  on.  They  walk  at  the  rate  of 
4 km/h.  If  they  started  15  km  east  of  Birnam 
Woods  Road  at  3:00  p.m.,  and  the  sun  sets  at 
7:30  P.M.,  will  they  reach  Birnam  Woods  Road 
before  sunset? 

In  geometry  you  will  use  visual  thinking  all  the 
time.  In  Exercises  12  and  13  you  will  be  asked 
to  locate  and  recognize  congruent  geometric 
figures  even  if  they  are  in  different  positions 
due  to  translations  (slides),  rotations  (turns), 
or  reflections  (flips). 

12.  If  trapezoid  T5CD  were  rotated  90° 
counterclockwise  about  (0,  0),  to  what  (x,  y) 
location  would  points  A,  B,  Q and  D 

be  relocated? 


/I  (0,0)  B(?,0) 

14.  What  was  the  ordered  pair  rule  used 
to  relocate  the  four  vertices  of  ABCD 
io  A' B' CD'? 


13.  If  ACTV  were  reflected  across  thejp-axis, 
to  what  location  would  points  Q N,  and  Y 
be  relocated? 


15.  Which  lines  are  perpendicular? 
Which  lines  are  parallel? 


16.  Sketch  the  next  two  figures  in  the  pattern  below.  If  this  pattern  were  to  continue, 
what  would  be  the  perimeter  of  the  eighth  figure  in  the  pattern?  (Assume  the  length 
of  each  segment  is  1 cm) 

IV-  rM  I / 
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17.  A tabletop  represents  a plane.  Examine  the  combination  of  points  and  lines  that 
hold  each  tabletop  in  place.  Removing  one  point  or  line  would  cause  the  tabletop 
to  wobble  or  fall.  In  geometry,  we  say  that  these  combinations  of  points  and  lines 
determine  a plane.  For  each  photo,  use  geometric  terms  to  describe  what 
determines  the  plane  represented  by  the  tabletop. 


For  Exercises  18-20,  sketch  the  three-dimensional  figure  formed  by  folding  each  net  into 
a solid.  Name  the  solid. 


For  Exercises  21  and  22,  find  the  lengths  xand  y.  (Every  angle  on  each  block  is  a 
right  angle.) 


21. 


In  Exercises  23  and  24,  each  figure  represents  a two-dimensional 
figure  with  a wire  attached.  The  three-dimensional  solid  formed 
by  spinning  the  figure  on  the  wire  between  your  fingers  is  called 
a solid  of  revolution.  Sketch  the  solid  of  revolution  formed  by 
each  two-dimensional  figure. 


23. 


A real-life  example  of  a *solld  of 
revolution*  1s  a pot  on  a potter's 
wheel. 
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Review 

For  Exercises  25-34,  write  the  words  or  the  symbols  that  make 
the  statement  true. 

25.  The  three  undefined  terms  of  geometry  are  _L,  _L,  and  _L. 

26.  “Line  AB''  may  be  written  using  a symbol  as  _L. 

27.  “Arc  AB''  may  be  written  using  a symbol  as  _L. 

28.  The  point  where  the  two  sides  of  an  angle  meet  is  the  3- 
of  the  angle. 

29.  “Ray  AB''  may  be  written  using  a symbol  as  _L. 

30.  “Line  AB  is  parallel  to  segment  CD”  is  written  in  symboli 

form  as  _L. 

31.  The  geometry  tool  you  use  to  measure  an  angle  is  a _L. 

32.  “Angle  ABC  is  written  in  symbolic  form  as  _L. 


William  Thcmn?  O)  "VCXJ  THINK  A IS 

acrylic  on  canf^JQE^  iy?5-?7,ft5k  UnIweRlty  Galleria^ 


33.  The  sentence  “Segment^  is  perpendicular  to  line  CD” 
is  written  in  symbolic  form  as  _L. 

34.  The  angle  formed  by  a light  ray  coming  into  a mirror  is  _L 
the  angle  formed  by  a light  ray  leaving  the  mirror. 


35.  Use  your  compass  and  straightedge  to  draw  two  congruent  circles  intersecting 
in  exactly  one  point.  How  does  the  distance  between  the  two  centers  compare 
with  the  radius? 


36.  Use  your  concpass  and  straightedge  to  construct  two  congruent  circles  so  that 

each  circle  passes  through  the  center  of  the  other  circle.  Label  the  centers  P and  Q. 
Construct  Dig  connecting  the  centers.  Label  the  points  of  intersection  of  the  two  circles 
A and  B.  Construct  chord  AB.  What  is  the  relationship  between^  and  PQ  ? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Hexominoes 

Polyominoes  with  six  squares  are  called  hexominoes.  There  are  35 
different  hexominoes.  There  is  1 with  a longest  string  of  six  squares; 
there  are  3 with  a longest  string  of  five  squares,  and  1 with  a longest 
string  of  two  squares.  The  rest  have  a longest  string  of  either  four 
squares  or  three  squares.  Use  graph  paper  to  sketch  all 

35  hexominoes.  Which  ones  are  nets  for  cubes?  Here  is  one 
- hexomino  that  does  fold  into  a cube. 
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Mf  cfDdiffafsV} 

%mzmr 


Yoy  will  rieed 

* a protractor 

* a ruler 


Geometric  Probability  i 


Y ou  probably  know  what  probability 

means.  The  probability,  or  likelihood, 
of  a particular  outcome  is  the  ratio  of 
the  number  of  successful  outcomes 
to  the  number  of  possible  outcomes. 

So  the  probability  of  rolling  a 4 on  a 
6-sided  die  is^  .Or  you  can  name 
an  event  that  involves  more  than  one 
outcome,  like  getting  the  total  4 on  two 
6- sided  dice.  Because  each  die  can  come 
up  in  six  different  ways,  there  are  6 x 6,  or 
36,  combinations  (count  ’em!).  You  can 
get  the  total  4 with  a 1 and  a 3,  a 3 and 
a 1,  or  a 2 and  a 2.  So  the  probability 
of  getting  the  total  4 is  3 , or  I 


Anyway,  that’s  the  theory. 


u 


Activity 


Chances  Are 


In  this  activity  you’ll  see  that  you  can  apply  probability  theory  to  geometric  figures. 


The  Spinner 

After  you’ve  finished  your  homework  and  have 
eaten  dinner,  you  play  a game  of  chance  using  the 
spinner  at  right.  Where  the  spinner  lands 
determines  how  you’ll  spend  the  evening. 

Sector  A:  Playing  with  your  younger  brother  the 
whole  evening 

Sector  B:  Half  the  evening  playing  with  your 
younger  brother  and  half  the  evening  watching  TV 


Sector  C:  Cleaning  the  birdcage,  the  hamster  cage,  and 
the  aquarium  the  whole  evening 


Sector  D:  Playing  in  a band  in  a friend’s  garage  the  whole  evening 
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Step  1 What  is  the  probability  of  landing  in  each  sector? 

Step  2 What  is  the  probability  that  you’ll  spend  at  least  half  the  evening  with  your 

younger  brother?  What  is  the  probability  that  you  won’t  spend  any  time 
with  him? 


The  Bridge 

A computer  programmer 
who  is  trying  to  win  money 
on  a TV  survival  program 
builds  a 120-ft  rope  bridge 
across  a piranha-infested 
river  90  ft  below. 


Step  3 


If  the  rope  breaks  where 
he  is  standing  (a  random 
point),  but  he  is  able  to 
cling  to  one  end  of  it, 
what  is  the  probability 
that  he’ll  avoid  getting  wet 
(or  worse)? 


Step  4 


Suppose  the  probability  that  the  rope  breaks  at  all  is  ^ . Also  suppose  that,  as  long 

as  he  doesn’t  fall  more  than  30  ft,  the  probability  that  he  can  climb  back  up  is  k 

What  is  the  probability  that  he  won’t  fall  at  all?  What  is  the  probability  that  if  he 
does,  he’ll  be  able  to  climb  backup? 


The  Bus  Stop 


Noriko  arrives  at  the  bus  stop  at  a random  time  between  3:00  and  4:30  p.m.  each 
day.  Her  bus  stops  there  every  20  minutes,  including  at  3:00  p.m. 


Step  5 
Step  6 
Step  7 


Draw  a number  line  to  show  stopping  times.  (Don’t  worry  about  the  length  of 
time  that  the  bus  is  actually  stopped.  Assume  it  is  0 minutes.) 

What  is  the  probability  that  she  will  have  to  wait  5 minutes  or  more?  10  minutes 
or  more?  Hint:  What  line  lengths  represent  possible  waiting  time? 

If  the  bus  stops  for  exactly  3 minutes,  how  do  your  answers  to  Step  6 change? 


Step  8 
Step  9 
Step  10 


List  the  geometric  properties  you  needed  in  each  of  the  three  scenarios  above 
and  tell  how  your  answers  depended  on  them 

How  is  geometric  probability  like  the  probability  you’ve  studied  before?  How  is 
it  different? 

Create  your  own  geometric  probability  problem 
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REVIEW 


It  may  seem  that  there’ s a lot  to  memorize  in  this  chapter.  But 
having  defined  terms  yourself,  you’re  more  likely  to  remember  and 
understand  them  The  key  is  to  practice  using  these  new  terms  and 
to  be  organized.  Do  the  following  exercises,  then  read  Assessing 
What  You’ve  Learned  for  tips  on  staying  organized. 


Whether  you’ve  been  keeping  a good  list  or  not,  go  back  now 
through  each  lesson  in  the  chapter  and  double-check  that  you’ve 
completed  each  definition  and  that  you  understand  it.  For  example, 
if  someone  mentions  a geometry  term  to  you,  can  you  sketch  it? 

If  you  are  shown  a geometric  figure,  can  you  name  it?  Compare 
your  list  of  geometry  terms  with  the  lists  of  your  group  members. 


Exfrcisfs 


Answers  to  all  exercises  in  every  Chapter  Review  are  provided  in  the  back  of  the  book. 


For  Exercises  1-16,  identify  the  statement  as  true  or  false.  For  each  false  statement, 
explain  why  it  is  false  or  sketch  a counterexample. 


1.  The  three  basic  building  blocks  of  geometry  are  point,  line,  and  plane. 

2.  “The  ray  through  point  P from  point  2”  is  written  in  symbolic  form  as  PQ. 

3.  “The  length  of  segment  PQ'  can  be  written  as  PQ. 

4.  The  vertex  of  angle  PDQ  is  point  P. 

5.  The  symbol  for  perpendicular  is  1. 

6.  A scalene  triangle  is  a triangle  with  no  two  sides  the 
same  length. 

7.  An  acute  angle  is  an  angle  whose  measure  is  more  than  90°. 

8.  IfA5  intersects  CD  at  point  P,  then  £ APT)  and  LAPC  are 
a pair  of  vertical  angles. 

9.  A diagonal  is  a line  segment  in  a polygon  connecting  any 
two  nonconsecutive  vertices. 

10.  If  two  lines  lie  in  the  same  plane  and  are  perpendicular  to 
the  same  line,  then  they  are  parallel. 

11.  If  the  sum  of  the  measures  of  two  angles  is  180°,  then  the 
two  angles  are  complementary. 

12.  A trapezoid  is  a quadrilateral  having  exactly  one  pair  of 
parallel  sides. 

13.  A polygon  with  ten  sides  is  a decagon. 


A knowledge  of  parallel  llne^,  plar-fces,  arcs, 
cir-desvand  aymme-try  is  necessary  to  build 
durable  guitars  that  sound  pleasing. 
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14.  A square  is  a rectangle  with  all  the  sides  equal  in  length. 

15.  A pentagon  has  five  sides  and  six  diagonals. 

16.  The  largest  chord  of  a circle  is  a diameter  of  the  circle. 

For  Exercises  17-25,  match  each  term  with  its  figure  below,  or  write 


17.  Octagon 

18.  Isosceles  right  triangle 

20.  Trapezoid 

21.  Pyramid 

23.  Concave  polygon 

24.  Chord 

“no  match.” 

19.  Rhombus 
22.  Cylinder 
25.  Minor  arc 


M. 


For  Exercises  26-33,  sketch,  label,  and  mark  each  figure. 

26.  Kite  KYTE  with  KY=YT 

27.  Scalene  triangle  PTS  with  PS  = 3,  ST=  5,  PT  = 7,  and  angle  bisector  SO 

28.  Hexagon  REGINA  with  diagonal  AG  parallel  to  sides  RE  and  NI 

29.  Trapezoid  TRAP  with  AR and  FT  the  nonparallel  sides.  Let  P be  the  midpoint  of  PT 
and  let  Y be  the  midpoint  of  AR  Draw  EY. 

30.  A triangle  with  exactly  one  line  of  refiectional  symmetry 

31.  A circle  with  center  at  P,  radii  PMnd  PT,  and  chord  TA  creating  a minor  arc  TA 


© 2008  Key  Curriculum  Press 


CHAPTER  1 REVIEW  91 


32.  A pair  of  concentric  circles  with  the  diameter  AB  of  the  inner  circle  perpendicular 
dXB  to  a chord  CD  of  the  larger  circle 

33.  A pyramid  with  a pentagonal  base 

34.  Draw  a rectangular  prism  2 inches  by  3 inches  by  5 inches,  resting  on  its  largest  face. 
Draw  lines  on  the  three  visible  faces,  showing  how  the  solid  can  be  divided  into 

30  smaller  cubes. 

35.  Use  your  protractor  to  draw  a 125°  angle. 

36.  Use  your  protractor,  ruler,  and  compass  to  draw  an  isosceles  triangle  with  a vertex 
angle  having  a measure  of  40°. 

37.  Use  your  geometry  tools  to  draw  a regular  octagon. 

38.  What  is  the  measure  of  LAI  Use  your  protractor. 

For  Exercises  39-42,  find  the  lengths  x and  y.  (Every  angle  on  each  block  is  a right  angle.) 


39.  40.  t 41. 

- t'l  ^ 


20 


I- Jf y ] 2 H 

43.  If  D is  the  midpoint  of  AC  , is  the  midpoint  of  AB  , and  BD  =12  cm,  what  is  the 
length  ofABl 

44.  If  BD  is  the  angle  bisector  of  LABC  and  BE  is  the  angle  bisector  of 
LDBC,  find  mLEBA  if  mLDBE  = 32°. 

45.  What  is  the  measure  of  the  angle  formed  by  the  hands  of  the  clock 
at  2:30? 

46.  If  the  pizza  is  cut  into  12  congruent  pieces,  how  many  ^ 

degrees  are  in  each  central  angle? 

47.  Make  a Venn  diagram  to  show  the  relationships  among 
these  shapes:  quadrilaterals,  rhombus,  rectangle,  square,  trapezoid. 
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48. 


49. 


50. 


51. 


The  box  at  right  is  wrapped  with  two  strips  of  ribbon,  as 
shown.  What  is  the  minimum  length  of  ribbon  needed  to 
decorate  the  box? 

At  one  point  in  a race,  Rico  was  15  ft  behind  Paul  and 
18  ft  ahead  of  Joe.  Joe  was  trailing  George  by  30  ft. 

Paul  was  ahead  of  George  by  how  many  ft? 

A large  aluminum  ladder  was  resting  vertically  against  the 
research  shed  at  midnight,  when  it  began  to  slide  down  the 
side  of  the  shed.  A burglar  was  clinging  to  the  ladder’s 
midpoint,  holding  a pencil  flashlight  that  was  visible  in  the 
dark.  Witness  Jill  Seymour  claimed  to  see  the  ladder  slide. 
What  did  she  see?  That  is,  what  was  the  path  taken  by  the 
bulb  of  the  flashlight?  Draw  a diagram  showing  the  path. 
(Devise  a physical  test  to  check  your  visual  thinking.  You 
might  try  sliding  a meter  stick  against  a wall,  or  you  might 
plot  points  on  graph  paper.) 

Jiminey  Cricket  is  caught  in  a windstorm  At  5:00  P.M.  he 
500  cm  away  from  his  home.  Each  time  he  jurrps  toward 
home,  he  leaps  a distance  of  50  cm,  but  before  he  regains 
strength  to  jump  again,  he  is  blown  back  40  cm  If  it  takes 
a full  minute  between  juncps,  what  time  will  Jiminey 
get  home? 


is 


52.  If  the  right  triangle  BAR  were  rotated  90° 
clockwise  about  point  B,  to  what  location 
would  point  A be  relocated? 


53.  Sketch  the  three-dimensional  figure  formed 
by  folding  the  net  below  into  a solid. 


54.  Sketch  the  solid  of  revolution  formed  when  55.  Sketch  the  section  formed  when  the  solid  is 
you  spin  the  two-dimensional  figure  about  sliced  by  the  plane,  as  shown, 

the  line. 
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56.  Use  an  isometric  dot  grid  to  sketch  the 
figure  shown  below. 


57.  Sketch  the  figure  shown  with  the  red  edge 
vertical  and  facing  the  viewer. 


Assessing  What  You^ve  Learned 


ORGANIZE  YOUR  NOTEBOOK 


a 


Is  this  textbook  filling  up  with  folded-up  papers  stuffed  between  pages?  If  so,  that’s 
a bad  sign!  But  it’s  not  too  late  to  get  organized.  Keeping  a well-organized  notebook 
is  one  of  the  best  habits  you  can  develop  to  improve  and  assess  your  learning.  You 
should  have  sections  for  your  classwork,  definition  list,  and  homework  exercises. 
There  should  be  room  to  make  corrections,  to  summarize  what  you  learned,  and  to 
write  down  questions  you  still  have. 

Many  books  include  a definition  list  (sometimes  called  a glossary)  in  the  back.  This 
book  makes  you  responsible  for  your  own  glossary,  so  it’s  essential  that,  in  addition 
to  taking  good  notes,  you  keep  a complete  definition  list  that  you  can  refer  to.  You 
started  a definition  list  in  Lesson  1.1.  Get  help  from  classmates  or  your  teacher  on 
any  definition  you  don’t  understand. 

As  you  progress  through  the  course,  your  notebook  will  become  more  and  more 
incportant.  A good  way  to  review  a chapter  is  to  read  through  the  chapter  and  your 
notes  and  write  a one-page  summary  of  the  chapter.  If  you  create  a one-page 
summary  for  each  chapter,  the  summaries  will  be  very  helpful  to  you  when  it 
comes  time  for  midterms  and  final  exams.  You’ll  find  no  better  learning  and  study 
aid  than  a summary  page  for  each  chapter,  and  your  definition  list,  kept  in  an 
organized  notebook. 

UPDATE  your  portfolio 

► If  you  did  the  project  in  this  chapter,  document  your  work  and  add  it  to  your 
portfolio. 

► Choose  one  homework  assignment  that  demonstrates  your  best  work  in  terms  of 
concpleteness,  correctness,  and  neatness.  Add  it  (or  a copy  of  it)  to  your  portfolio. 
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Reasoning 
in  Geometry 


OBJECTIVES 

In  this  chapter  you  will 

m perform  geometry 
investigations  and  make 
many  discoveries  by 
observing  common 
features  or  patterns 


That  which  an  artist  makes  is  a mirror 
image  of  what  he  sees  around  him. 

M.  C.  ESCHER 

Hand  with  Reflecting  Sphere  (Self-Portrait  in  Spherical 

Mirror),  M.  C.  Escher 

©2002  Cordon  Art  B.V.-Baarn-Holland. 

All  rights  reserved. 


use  your  discoveries  to 
solve  problems  through  a 
process  called  inductive 
reasoning 

use  inductive  reasoning  to 
discover  patterns 

learn  to  use  deductive 
reasoning 

learn  about  vertical  angles 
and  linear  pairs 

make  conjectures 
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1/1/e  have  to  reinvent  the 
wheel  every  once  in  a while, 
not  because  we  need  a lot 
of  wheels;  but  because  we 
need  a lot  of  inventors. 
BRUCE  JOYCE 


Language 

CONNECTION 


Inductive  Reasoning 


Ms  a child,  you  learned  by  experimenting  with  the  natural 
world  around  you.  You  learned  how  to  walk,  to  talk,  and 
to  ride  your  first  bicycle,  all  by  trial  and  error.  From 
experience  you  learned  to  turn  a water  faucet  on 
with  a counterclockwise  motion  and  to  turn  it 
off  with  a clockwise  motion.  You  achieved 
most  of  your  learning  by  a process  called 
inductive  reasoning.  It  is  the  process  of 
observing  data,  recognizing  patterns, 
and  making  generalizations  about 
those  patterns. 

Geometry  is  rooted  in  inductive 
reasoning.  In  ancient  Egypt  and  Babylonia, 
geometry  began  when  people  developed 
procedures  for  measurement  after  much 
experience  and  observation.  Assessors  and 
surveyors  used  these  procedures  to  calculate 
land  areas  and  to  reestablish  the  boundaries 
of  agricultural  fields  after  floods.  Engineers 
used  the  procedures  to  build  canals,  reservoirs, 
and  the  Great  Pyramids.  Throughout  this 
course  you  will  use  inductive  reasoning.  You  will 
perform  investigations,  observe  similarities  and  patterns,  and  make  many 
discoveries  that  you  can  use  to  solve  problems. 


The  word  “geometry”  means 
“measure  of  the  earth”  and 
was  originally  inspired  by  the 
aneient  Egyptians.  The  aneient 
Egyptians  devised  a eomplex 
system  of  land  surveying 
in  order  to  reestablish  land 
boundaries  that  were  erased 
eaeh  spring  by  the  annual 
flooding  of  the  Nile  River. 


Inductive  reasoning  guides  scientists,  investors,  and 
business  managers.  All  of  these  professionals  use  past 
experience  to  assess  what  is  likely  to  happen  in  the  future. 


When  you  use  inductive  reasoning  to  make  a 
generalization,  the  generalization  is  called  a conjecture. 
Consider  the  following  exanple  from  science. 
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EXAMPLE  A 


► Solution 


EXAMPLE  B 


► Solution 


A scientist  dips  a platinum  wire  into 
a solution  containing  salt  (sodium 
chloride),  passes  the  wire  over  a flame, 
and  observes  that  it  produces  an 
orange-yellow  flame. 

She  does  this  with  many  other  solutions 
that  contain  salt,  finding  that  they  all 
produce  an  orange-yellow  flame.  Make 
a conjecture  based  on  her  findings. 


The  scientist  tested  many  other 
solutions  containing  salt  and  found 
no  counterexanples.  You  should 
conjecture:  “If  a solution  contains 
sodium  chloride,  then  in  a flame  test 
it  produces  an  orange-yellow  flame.” 


Platlnumn  wire  flame  t«t 


Like  scientists,  mathematicians  often  use  inductive  reasoning  to  make  discoveries. 
For  example,  a mathematician  might  use  inductive  reasoning  to  find  patterns  in  a 
number  sequence.  Once  he  knows  the  pattern,  he  can  find  the  next  term. 


Consider  the  sequence 
2,  4,  7,11,... 

Make  a conjecture  about  the  rule  for  generating  the  sequence.  Then  find  the  next 
three  terms. 


Look  at  the  numbers  you  add  to  get  each  term  The  1st  term  in  the  sequence  is  2. 
You  add  2 to  find  the  2nd  term  Then  you  add  3 to  find  the  3rd  term,  and  so  on. 


+2  +%  +4 


]1 


You  can  conjecture  that  if  the  pattern  continues,  you  always  add  the  next 
counting  number  to  get  the  next  term  The  next  three  terms  in  the  sequence  will 
be  16,  22,  and  29. 


+.n  -S-I&  +7 

^ ^ ^ 

IK  16.  2X  29 


In  the  following  investigation  you  will  use  inductive  reasoning  to  recognize  a 
pattern  in  a series  of  drawings  and  use  it  to  find  a term  much  farther  out  in 
a sequence. 


© 2008  Key  Curriculum  Press 


LESSON  2.1  Inductive  Reasoning  97 


InvpstigatiQii 

Shape  Shifters 

Look  at  the  sequence  of  shapes  below.  Pay  close  attention  to  the  patterns  that  occur 
in  every  other  shape. 


Step  1 
Step  2 
Step  3 
Step  4 
Step  5 


What  patterns  do  you  notice  in  the  1st,  3rd,  and  5th  shapes? 

What  patterns  do  you  notice  in  the  2nd,  4th,  and  6th  shapes? 

Draw  the  next  two  shapes  in  the  sequence. 

Use  the  patterns  you  discovered  to  draw  the  25th  shape. 

Describe  the  30th  shape  in  the  sequence.  You  do  not  have  to  draw  it! 


Sometimes  a conjecture  is  difficult  to  find  because  the  data  collected  are 
unorganized  or  the  observer  is  mistaking  coincidence  with  cause  and  effect.  Good 
use  of  inductive  reasoning  depends  on  the  quantity  and  quality  of  data.  Sometimes 
not  enough  information  or  data  have  been  collected  to  make  a proper  conjecture. 

For  exanple,  if  you  are  asked  to  find  the  next  term  in  the  pattern  3,5,7,  you  might 
conjecture  that  the  next  term  is  9 — the  next  odd  number.  Someone  else  might 
notice  that  the  pattern  is  the  consecutive  odd  primes  and  say  that  the  next  term  is 
1 1 . If  the  pattern  were  3,  5,  7,  11,  13,  what  would  you  be  more  likely  to  conjecture? 


Exercises 


1.  On  his  way  to  the  local  Hunting  and 
Gathering  Convention,  caveperson 
Stony  Grok  picks  up  a rock,  drops  it 
into  a lake,  and  notices  that  it 
sinks.  He  picks  up  a second 
rock,  drops  it  into  the  lake,  and 
notices  that  it  also  sinks.  He  does 
this  five  more  times.  Each  time, 
the  rock  sinks  straight  to  the 
bottom  of  the  lake.  Stony  conjectures: 
“Ura  nok  seblu,”  which  translates  to 
_L.  What  counterexanple  would  Stony 
Grok  need  to  find  to  disprove,  or  at 
least  to  refine,  his  conjecture? 
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2.  Sean  draws  these  geometric  figures  on  paper.  His  sister  Courtney  measures  each 
angle  with  a protractor.  They  add  the  measures  of  each  pair  of  angles  to  form  a 
conjecture.  Write  their  conjecture. 


For  Exercises  3-10,  use  inductive  reasoning  to  find  the  next  two  terms  in  each  sequence. 


3.  1,  10,  100,  lOOtJL,  _L 
5.  7,3,  -1,  -5,  -9,  -ILL,  J. 
7.  1,  1,2,  3,  5,  8,  1_L,  J.  > 

9.  32,  30,  26,  20,  12,  _L 


6.  1,3,6,  10,  15,2lJ.,i- 
8.  1,4,  9,  16,  25,  3(_L,  J.  A 
10.  1,2,4,  8,  16,  3;_L,  J. 


For  Exercises  1 1-16,  use  inductive  reasoning  to  draw  the  next  shape  in  each 
picture  pattern. 


15. 


AAA 


Use  the  rule  provided  to  generate  the  first  five  terms  of  the  sequence  in  Exercise  17  and 

the  next  five  terms  of  the  sequence  in  Exercise  18. 

17.  3n  -2  A 18.  1,  3,  6,  10, . . 

19.  Now  if  s your  turn.  Generate  the  first  five  terms  of  a sequence.  Give  the  sequence  to 
a member  of  your  family  or  to  a friend  and  ask  him  or  her  to  find  the  next  two 
terms  in  the  sequence.  Can  he  or  she  find  your  pattern? 

20.  Write  the  first  five  terms  of  two  different  sequences  in  which  12  is  the  3rd  term. 

21.  Think  of  a situation  in  which  you  have  used  inductive  reasoning.  Write  a 
paragraph  describing  what  happened  and  explaining  why  you  think  you  used 
inductive  reasoning,  y. 
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22.  The  sequence  2,  6,  12,  20,  30,  42, . . . is  called  a rectangular  number  pattern  because 
the  terms  can  be  visualized  as  rectangular  arrangements  of  dots.  What  would  be  the  7th 
term  in  this  sequence?  What  would  be  the  10th  term?  The  25th  term  ? ft 


2 6 12  20  .lO 


42 


23.  Look  at  the  pattern  in  these  pairs  of  equations.  Decide  if  the  conjecture  is  true.  If  it 
is  not  true,  find  a counterexanple. 


12^  = 144 
13^=  169 
103^  = 10609 
112^=  12544 


and 

and 

and 

and 


2r  =441 
31^  = 961 


30L 

211^ 


90601 
: 44521 


Conjecture:  If  two  numbers  have  the  same  digits  in  reverse  order,  then  the  squares 
of  those  numbers  will  have  identical  digits,  but  in  reverse  order. 


24.  Study  the  pattern  and  make  a conjecture  by  conpleting  the  fifth  line.  What  would 
be  the  conjecture  for  the  sixth  line?  What  about  for  the  tenth  line?  ' 


II 

^ |] 

= 121 

111 

^ 1 1 1 

= 12,32] 

LI  [| 

‘ IJ  II 

= L23L32I 

ILllI 

‘ ILlll 

= ? 

^ Review 

For  Exercises  25-27,  sketch  the  section  formed  when  the  cone  is  sliced  by  the  plane,  as  shown. 


28.  Sketch  the  three-dimensional 
figure  formed  by  folding  the 
net  below  into  a solid. 


29.  Sketch  the  figure  shown 
below,  but  with  the  red  edge 
vertical  and  facing  you. 


30.  Sketch  the  solid  of 

revolution  formed  when 
the  two-dimensional  figure 
is  rotated  about  the  line. 
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For  Exercises  31-40,  write  the  word  that  makes  the  statement  true. 

31.  Points  are  - if  they  lie  on  the  same  line.  32.  A triangle  with  two  congruent  sides  is  ■ , 

33.  A polygon  with  12  sides  is  called  a(n)  _L.  34.  A trapezoid  has  exactly  one  pair  of  _L  sides. 

35.  The  geometry  tool  used  to  measure  the  size  of  an  angle  in  degrees  is  called  a(n)  _L. 

36.  A(n)  _L  of  a circle  connects  its  center  to  a point  on  the  circle. 

37.  A segment  connecting  any  two  non- adjacent  vertices  in  a polygon  is  called  a(n)  _L. 

38.  A(n)  _L  polygon  is  both  equiangular  and  equilateral. 

39.  If  angles  are  complementary,  then  their  measures  add  to  J_. 

40.  If  two  lines  intersect  to  form  a right  angle,  then  they  are  ? . 

For  Exercises  41-44,  sketch  and  label  the  figure. 

41.  Pentagon  G/AAT  with  diagonal  Mi  parallel  to  sideiV/' 

42.  A quadrilateral  that  has  reflectional  symmetry,  but  not  rotational  symmetry 

43.  A prism  with  a hexagonal  base 

44.  A counterexanple  to  show  that  the  following  statement  is  false:  The  diagonals  of  a 
kite  bisect  the  angles.  V 

45.  Use  your  ruler  and  protractor  to  draw  a triangle  with  angles  measuring  40°  and  60° 
and  a side  between  them  with  length  9 cm.  Explain  your  method.  Can  you  draw  a 
second  triangle  using  the  same  instructions  that  is  not  congruent  to  the  first? 


IMPROVING  YOUR  REASONING  SKILLS 

Puzzling  Patterns 

These  patterns  are  “different.”  Your  task  is  to  find  the  next  term. 


1.  18,46,94,  63,52,  6Jl 

2.  O,  T,  T,  F,  F,  S,  S,  E,  N|_ 

3.  1,4,3,  16,5,36,:^ 

4.  4,8,61,221,244,  884 

5.  6,  8,  5,  10,  3,  14,  l4 

6.  B,  0,  C,  2,  D,  0,  E,  3,  F,  3,  C4 

7.  2,3,6,1,8,6,8,4,8,4,8,3,2,3,24, 

8.  AEFHIKLMNTVW 
BCDGJOPQRSU 
Where  do  the  X,  Y,  and  Z go? 


© 2008  Key  Curriculum  Press 


LESSON  2.1  Inductive  Reasoning  101 


2.2 


Finding  the  nth  Term 

What  would  you  do  to  get  the  next  term  in  the  sequence  20,  27,  34,  41,  48,  55, ...  ? 
A good  strategy  would  be  to  find  a pattern,  using  inductive  reasoning.  Then  you 
would  look  at  the  differences  between  consecutive  terms  and  predict  what  comes 
next.  In  this  case  there  is  a constant  difference  of  +7.  That  is,  you  add  7 each  time. 


If  you  do  something  once, 
people  call  it  an  accident.  If 
you  do  it  twice,  they  call  it  a 
coincidence.  But  do  it  a third 
time  and  you’ve  just  proven  a 
natural  law. 

GRACE  MURRAY  HOPPER 


The  next  term  is  55  + 1,  ox  62.  What  if  you  needed  to  know  the  value  of  the  200th 
term  of  the  sequence?  You  certainly  don’t  want  to  generate  the  next  193  terms  just  to 
get  one  answer.  If  you  knew  a rule  for  calculating  any  term  in  a sequence,  without 
having  to  know  the  previous  term,  you  could  apply  it  to  directly  calculate  the  200th 
term  The  rule  that  gives  the  nih  term  for  a sequence  is  called  the  function  rule. 

Let’s  see  how  the  constant  difference  can  help  you  find  the  function  rule  for 
some  sequences. 


Ijv  Urii[-yv;J  FyjbiJi-S-SyndiLil^S.  !ik. 
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Step  2 


Step  3 
Step  4 


EXAMPLE  A 
► Solution 


Did  you  spot  the  pattern?  If  a sequence  has  constant  difference  4,  then 
then  the  number  in  front  of  the  n (the  coefficient  of  n)  is  In  general,  if  the 

difference  between  the  values  of  consecutive  terms  of  a sequence  is  always 
the  same,  say  m (a  constant),  then  the  coefficient  of  n in  the  formula  is  J_ . 


Let’s  return  to  the  sequence  at  the  beginning  of  the  lesson. 


Ttrm 

1 

2 

3 

4 

5 

6 

7 

fl 

Valu^ 

10 

17 

S4 

4[ 

48 

53 

61 

+7  +7 


The  constant  difference  is  7,  so  you  know  part  of  the  rule  is  In.  How  do  you  find 
the  rest  of  the  rule? 

The  first  term  {n=  1)  of  the  sequence  is  20,  but  if  you  apply  the  part  of  the  rule 
you  have  so  far,  using  n=\,  you  get  In  = 7(1)  = 7,  not  20.  So  how  should  you 
fix  the  rule?  How  can  you  get  from  7 to  20?  What  is  the  rule  for  this  sequence? 

Check  your  rule  by  trying  the  rule  with  other  terms  in  the  sequence. 


Let’s  look  at  an  exanple  of  how  to  find  a fimction  rule  for  the  ^th  term 
I Find  the  rule  for  the  sequence  7,  2,  -3,  -8,  -13,  -18, . . . 


Placing  the  terms  and  values  in  a table  we  get 


Term 

L 

2 1 

, 3 

4 

6 

... 

n 

7 

1 2 1 

-3 

-s 

-L3 

-18 

... 

The  difference  between  the  terms  is  always  -5.  So  the  rule  is 
~5n  + something 

Let’s  use  c to  stand  for  the  unknown  “something.”  So  the  rule  is 
~5n  + c 

To  find  c,  replace  the  n in  the  rule  with  a term  number.  Try  n^  \ and  set  the 
expression  equal  to  7. 

-5(1)  +c  = 1 
c = \2 

The  rule  is  ~5n  + 12. 

Rules  for  sequences  can  be  expressed  using  fimction  notation. 
fin)  =-5n  + 12 

In  this  case,  fimction  / takes  an  input  value  n,  multiplies  it  by  -5,  and  adds  12  to 
produce  an  output  value. 
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You  can  find  the  value  of  any  term  in  the  sequence  by 
substituting  the  term  number  for  n into  the  function.  To 
find  the  20th  term  of  this  sequence,  for  instance, 
substitute  20  for  n. 

/(20)  = -5(20)  + 12 

/(20)  = -88 

For  functions  in  general,  the  input  values  for  n can  be 
any  number;  but  for  sequences,  the  input  values  can  only 
be  positive  integers. 

Rules  that  generate  a sequence  with  a constant  difference 
are  linear  functions.  To  see  why  they’re  called  linear, 
graph  the  term  number  and  the  value  for  the  sequence 
as  ordered  pairs  of  the  foxm{term  number,  value)  on  the 
coordinate  plane.  The  values  fromExanple  A,  shown  in  the 
table  below,  appear  as  points  on  the  graph  at  right.  Notice 
that  the  line  y = ~5x  +12  passes  through  these  points. 


Term  number  a 

] 

2 

4 

6 

... 

n 

Value /(rt) 

7 

2 

-3 

-ft 

-]2l 

-Ift 

... 

-5n  ]2 

Lef  s look  at  an  exanple  of  how  to  find  the  200th  term  in  a geometric  pattern. 


EXAMPLE  B 


If  you  place  200  points  on  a line,  into  how  many  non-overlapping  rays  and 
segments  does  it  divide  the  line? 


► Solution 


You  need  to  find  a rule  that  relates  the  number  of  points  placed  on  a line  to  the 
number  of  parts  created  by  those  points.  Then  you  can  use  your  rule  to  answer 
the  problem  Start  by  creating  a table  like  the  one  shown  below. 

Sketch  one  point  dividing  a line.  One  point  gives  you 
just  two  rays.  Enter  that  into  the  table. 

Next,  sketch  two  points  dividing  a line.  This  gives  one 
segment  and  the  two  end  rays.  Enter  these  values  into 
your  table. 

Next,  sketch  three  points  dividing  a line,  then  four, 
then  five,  and  so  on.  The  table  conpleted  for  one  to 
three  points  is 


Points  dividing  the  line 

1 

-> 

A 

fJ 

.... 

20Q 

Non-overlapping  rays 

2 

2 

2 

Non-overlapping  segments 

0 

L 

2 

Total 

2 

4 

Once  you  have  values  through  6 points,  find  the  rule  for  each  sequence.  There 
are  always  two  non-overlapping  rays.  The  rule,  or  ^th  term,  for  the  number  of 
non-overlapping  segments  is  n - 1.  For  200  points  there  will  be  199  segments, 
The  ^th  term  for  the  total  number  of  distinct  rays  and  segments  is  ^ + 1 . For 
200  points  there  will  be  201  distinct  parts  of  the  line. 
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Exercises 


4a34:jLuL.lThii;iiij  || 


For  Exercises  1-3,  find  the  function  rule  f{n)  for  each  sequence.  Then  find  the  20th  term 
in  the  sequence. 


4. 


How  many  triangles  are  formed  when  you  draw  all  the  possible  diagonals  from  just 
one  vertex  of  a 35-gon?  A- 


Number  of  sides 

3 

4 

5 

6 

... 

35 

Number  of  triangles  forified 

... 

For  Exercises  5-7,  find  the  rule  for  the  ^th  figure.  Then  find  the  number  of  colored  tiles 
or  matchsticks  in  the  200th  figure. 


I I I I II 

M M I I n 

M M I M I 

I I I I I I 

I 

— 

I 

I 

I 

I 

I I I I 

I 

Figure  number 
Number  of  dies 

I 

2 

3 

4 

5 

6 

n 

... 

200 

S 

... 

... 
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Figure  rumber 

] 

2 

3 

5 

6 

fj 

200 

Number  of  matchstick? 

> 

9 

... 

... 

Number  of  mauhf ticks 
in  perimeter  of  figure 

& 

8.  Graph  the  values  in  your  tables  from  Exercises  5-7.  Which  set  of  points  lies  on  a 
steeper  line?  What  number  in  the  rule  gives  a measure  of  steepness? 


9.  Application  Hydrocarbons  are  molecules  that  consist  of  carbon  (C)  and  hydrogen  (H). 
Hydrocarbons  in  which  all  the  bonds  between  the  carbon  atoms  are  single  bonds  are 
called  alkanes.  The  first  four  alkanes  are  modeled  below. 

Sketch  the  alkane  with  eight  carbons  in  the  chain.  What  is  the  general  rule  for 
alkanes  (C/^H?)  ? In  other  words,  if  there  are  n carbon  atoms  (C),  how  many 
hydrogen  atoms  (H)  are  in  the  alkane? 


II 

I 

! II 

I I 

! II  ! 

I I 1 

II  1 M 1 

1 1 1 1 

I 

i - C - i- 

I 

I I 

il  - C - C - i ■ 

I I 

1 1 1 

1 1 - C - C - C - ! 
1 1 1 

1 1 1 1 

l-C-C-C-C- 
1 1 1 1 

I 

I! 

I I 

1 1 1 

■ ! H 

1 1 1 1 

H ! ■ H f • 

Methane 

Ethane 

hutane 

10.  Find  the  rule  for  the  set  of  points  in  the  graph  shown  at  right.  Place 
the  x-coordinate  of  each  ordered  pair  in  the  top  row  of  your  table  and 
the  corresponding y-coordinate  in  the  second  row.  What  is  the  value  of 
y in  terms  of  x? 


Review 

For  Exercises  1 1-14,  sketch  and  carefully  label  the  figure. 

11.  Equilateral  triangle  EQL  withQT  where  Tlies  on  I:/,  and  QT  1 IIL 

12.  Isosceles  obtuse  triangle  OZTwith  OL  = Yi..  and  angle  bisector  IM 

13.  A cube  with  a plane  passing  through  it;  the  cross  section  is  rectangle  RECT 

14.  A net  for  a rectangular  solid  with  the  dimensions  1 by  2 by  3 cm 

15.  Marisol’s  younger  brother  Jose  was  drawing  triangles  when  he  noticed  that  every 
triangle  he  drew  turned  out  to  have  two  sides  congruent.  Jose  conjectured:  “Look, 
Marisol,  all  triangles  are  isosceles.”  How  should  Marisol  have  responded? 

16.  Use  your  ruler  and  protractor  to  draw  a triangle  with  side  lengths  8 cm  and  9 cm 
and  an  angle  between  them  measuring  45°.  Explain  your  method.  Can  you  draw  a 
second  triangle  using  the  same  instructions  that  is  not  congruent  to  the  first? 


{0.  ^ 
i-2.  a) 


<2. 6) 
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17.  Tanya’s  favorite  lunch  is  peanut  butter  and  jelly  on  wheat  bread 
with  a glass  of  milk.  Lately,  she  has  been  getting  an  allergic 
reaction  after  eating  this  lunch.  She  is  wondering  if  she  might  be 
developing  an  allergy  to  peanut  butter,  wheat,  or  milk.  What 
experiment  could  she  do  to  find  out  which  food  it  might  be?  What 
type  of  reasoning  would  she  be  using? 


18.  The  sequence  3,  8,  15,  24, . . . is  another  rectangular  number  pattern. 
How  many  squares  are  there  in  the  50th  rectangular  array?  ' 


^ ^ 

. I 

J 

I 

5 


i? 


24 


BEST-FIT  LINES 

The  following  table  and  graph  show  the  mileage  and  lowest  priced  round-trip 
airfare  between  New  York  City  and  each  destination  city  on  March  1 1,  2006.  Is 
there  a relationship  between  the  money  you  spend  and  how  far  you  can  travel? 


De^tirialiati  Clly 

(miles) 

Price  [$} 

llDslon 

2L5 

J133 

Chk'ago 

784 

$139 

AiUnt^ 

^5 

$232 

Miami 

92 

Denver 

179] 

J267 

Phoenix 

243] 

$272 

Los  Angeles 

2763 

$267 

L_ 

Fothum  ii 

FrUhwn  Dynafnir 

can  plot  >Dur  poiib 
ami  Hid  liie^r 
equaticin  tiiat  b€st  fits 
your  fku. 


Altine  Cctrdatlon  Sc^arPk*  ;] 

3QD- 

^250- 

t,  ■ 

^ 2QD- 

^150- 

|iao- 

50- 

SriH.in.^':  hi  1 1 i:i'/wwvp.l'xf  ^dsLiii.L/im 


SCO  lOOD  1900  2000  2500  3000 
0Mar>ee  (miles!! 


Even  though  the  data  are  not  linear,  you  can  find  a linear  equation  that 
approximately  fits  the  data.  The  graph  of  this  equation  is  called  a line  of  best  fit. 
How  would  you  use  a line  of  best  fit  to  predict  the  cost  of  a round-trip  ticket  to 
Seattle  (2814  miles)?  How  would  you  use  it  to  determine  how  far  you  could  travel 
(in  miles)  with  $250?  How  accurate  do  you  think  the  answer  would  be? 

Choose  a topic  and  a relationship  to  explore.  You  can  use  data  from  the  census  (such 
as  age  and  income),  or  data  you  collect  yourself  (such  as  number  of  ice  cubes  in  a 
glass  and  melting  time).  For  more  sources  and  ideas,  go  to  www.keymath.com/DG 

Your  project  should  include 

► A collection  of  data  points  with  the  topic,  relationship,  and  source  clearly  presented. 

► An  accurate  graph  showing  a line  of  best  fit. 

► At  least  two  predictions  using  your  line,  and  a summary  of  your  results 
including  how  accurate  you  think  your  predictions  are. 
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2.3 


Mathematical  Modeling 

Physical  models  have  many  of  the  same  features  as  the  original  object  or  activity 
they  represent,  but  are  often  more  convenient  to  study.  For  exanple,  building  a new 
airplane  and  testing  it  is  difficult  and  expensive.  But  you  can  analyze  a new  airplane 
design  by  building  a model  and  testing  it  in  a wind  tunnel. 


It’s  amazing  what  one  can 
do  when  one  doesn’t  know 
what  one  can’t  do. 
GARFIELD  THE  CAT 


In  Chapter  1 you  learned  that  geometry  ideas  such  as  points,  lines,  planes,  triangles, 
polygons,  and  diagonals  are  mathematical  models  of  physical  objects. 

When  you  draw  graphs  or  pictures  of  situations  or  when  you  write  equations  that 
describe  a problem,  you  are  creating  mathematical  models.  A physical  model  of  a 
complicated  telecommunications  network,  for  exanple,  might  not  be  practical,  but 
you  can  draw  a mathematical  model  of  the  network  using  points  and  lines. 


This  computer  model  tests 
the  effecllveresE  of  the  car's 
design  fot  minimizing  wind 
reslslance. 


■ftiis  model  utes  p<Hhts  ^ind  line 

segrrwnti  to  sliow  the  volunrte  of  data  tra^rellng  to 
diffetent  locAtions  on  the  National  Science  Foundation 
Het\^ork 


In  this  investigation  you  will  attenpt  to  solve  a problem  first  by  acting  it  out,  then 
by  creating  a mathematical  model. 


I t j Investigation 

Party  Handshakes 

Each  of  the  30  people  at  a party  shook  hands  with  everyone  else.  How  many 
handshakes  were  there  altogether? 


Step  1 


Act  out  this  problem  with  members  of  your  group.  Collect  data  for  “parties”  of 
one,  two,  three,  and  four  people,  and  record  your  results  in  a table. 


People 

L 

2 

3 

4 

30 

Handshakes 

0 

I 

... 
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Step  2 Look  for  a pattern.  Can  you  generalize  from  your  pattern  to  find  the  30th  term? 


Acting  out  a problem  is  a powerful  problem-solving  strategy  that  can  give  you 
important  insight  into  a solution.  Were  you  able  to  make  a generalization  from  just 
four  terms?  If  so,  how  confident  are  you  of  your  generalization?  To  collect  more 
data,  you  can  ask  more  classmates  to  join  your  group.  You  can  see,  however,  that 
acting  out  a problem  sometimes  has  its  practical  limitations.  That’s  when  you  can 
use  mathematical  models. 


Step  3 


Model  the  problem  by  using  points  to  represent  people  and  line  segments 
connecting  the  points  to  represent  handshakes. 


Record  your  results  in  a table  like  this  one: 


Number  of  points 
{people! 

] 

1 

3 

4 

5 

... 

tr 

30 

Number  of  segmenls 
{handshakes) 

0 

] 

... 

Notice  that  the  pattern  does  not  have  a constant  difference.  That  is,  the  rule  is  not  a 

linear  function.  So  we  need  to  look  for  a different  kind  of  rule. 

t 

I"* 

£ 3 

2 

.1 

4 4 

3 points 

4 points 

S poinrs 

6 pc-iiiti 

2 sqjfments  per 

3 sqj;metUs  per 

per 

_L  segniems  per 

veite?i  veitex  vertex  veitex 
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Step  4 


Refer  to  the  table  you  made  for  Step  3.  The  pattern  of  differences  is  increasing 
by  one:  1,  2,  3,  4,  5,  6,  7.  Read  the  dialogue  between  Erin  and  Stephanie  as  they 
attempt  to  use  logical  reasoning  to  find  the  rule. 


[a  1111:  diiigiram 
\^ith  3 vertice.Sn  thtfre  art? 

2 sfgnitf  nts  from 
N.  cicli  vortex,  ( 


^ Iflhore  -X 
art  2 st^menLs  frxmi 
eadi  of  til  e ? ivhy 

\an\  [Nenilo2  ^ 3,  or 
. 6 segments? 


^ Itecause  you 
are  couiUing  cacN 
sfgmeni:  l^icen  tlie  answer 
is  really  or 
3 .HegjtieiUfi. 


iki  in  llie 

iagram  with  4 vertiees, 
thereare3segment.s 
fmm  each  vertex . . . 


Itight  but 
each  segment  got 
cnunteii  n^aoe, 
Stidividebv  2. 


so  til  ere 

,ire  ^ ^ Lir 
, 2 
t?  segments. 


Let’ s continue  with  Stephanie  and  Erin’ s line  of  reasoning. 


A A 


K71 


Step  5 In  the  diagram  with  5 vertices,  how  many  segments  are 
there  from  each  vertex?  So  the  total  number  of  segments 
written  in  factored  form  is-^-^  . 

Step  6 Complete  the  table  below  by  expressing  the  total  number  of  segments  in 
factored  form 


Numb^  of  poinU 

(people) 

] 

1 

3 

4 

5 

6 

— 

ft 

Number  of  ieg merits 

OKo) 

(2H1) 

(3)(2) 

(4) (3) 

(3)(T) 

(6)(T> 

(?H?) 

(haridshake^} 

2. 

2 

2 

2 

2 

2 

2 

Step  7 


Step  8 


The  larger  of  the  two  factors  in  the  numerator  represents  the  number  of  points. 
What  does  the  smaller  of  the  two  numbers  in  the  numerator  represent?  Why  do 
we  divide  by  2? 

Write  a function  rule.  How  many  handshakes  were  there  at  the  party? 
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pHx4  balls  <an  lx? 
in  a crl^ngl^,  so 
15  Is  irlitn-gular  number. 


The  numbers  in  the  pattern  in  the  previous  investigation  are  called  the  triangular 
numbers  because  you  can  arrange  them  into  a triangular  pattern  of  dots. 


\ i i2  ]Q 

The  triangular  numbers  appear  in  many  geometric  situations,  as  you  will  see  in  the 
exercises.  They  are  related  to  this  sequence  of  rectangular  numbers: 

2,  6,  12,  20,  30,  42, . . . 

Rectangular  numbers  can  be  visualized  as  rectangular  arrangements  of  objects,  in 
which  the  length  and  width  are  factors  of  the  numbers. 


_ r-  i 

1-2  2-3  5 ■ d 4^3 

2 6 12  20 

In  this  sequence,  the  width  is  equal  to  the  term  number  and  the  length  is  one  more 
than  the  term  number.  The  rectangle  representing  the  3rd  term,  for  instance,  has 
width  3 and  length  3 + 1,  or  4,  so  the  total  number  of  squares  is  equal  to  3 ■ 4,  or 
12.  You  can  apply  this  pattern  to  find  any  term  in  the  sequence.  The  25th  rectangle, 
for  example,  would  have  width  25,  length  26,  and  a total  number  of  squares  equal 

to  25  ■ 26,  or  650. 

In  general,  the  nth  rectangle  in  this  sequence  has  a width  equal  to  the  term 
number,  n,  and  a length  equal  to  one  more  than  the  term  number,  or  ^ + 1 . So  the 
nth  rectangular  number  is  n{n  +1). 

Here  is  a visual  approach  to  arrive  at  the  rule  for  the  party  handshakes  problem 
If  we  arrange  the  triangular  numbers  in  stacks. 


* 

* * 


* « 
* # 


1 .1  6 10 
you  can  see  that  each  is  half  of  a rectangular  number. 


* 

• m 


# « 

« « « 


« * # 

• « * * 


So  the  triangular  array  has  dots. 
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Exercises 


For  Exercises  1-6,  draw  the  next  figure.  Complete  a table  and  find  the  fimction  rule. 
Then  find  the  35th  term 


1.  Lines  passing  through  the  same  point  are 
concurrent.  Into  how  many  regions  do 
35  concurrent  lines  divide  the  plane? 


Lin?^ 

I 

2 

3 

-I 

... 

rj 

... 

3.^ 

2 

.... 

2.  Into  how  many  regions  do  35  parallel 
lines  in  a plane  divide  that  plane? 

3.  How  many  diagonals  can  you  draw  from 
one  vertex  in  a polygon  with  35  sides? 


4.  What’s  the  total  number  of  diagonals  in  a 35-sided  polygon? 


5.  If  you  place  35  points  on  a piece  of  paper  so  that  no  three  points  are  in  a line,  how 
many  line  segments  are  necessary  to  connect  each  point  to  all  the  others? 


\ 

\ 


6.  If  you  draw  35  lines  on  a piece  of  paper  so  that  no  two  lines  are  parallel  to  each 
other  and  no  three  lines  are  concurrent,  how  many  times  will  they  intersect? 

7.  Look  at  the  formulas  you  found  in  Exercises  4-6.  Describe  how  the  formulas 
are  related.  Then  explain  how  the  three  problems  are  related  geometrically. 

For  Exercises  8-10,  draw  a diagram,  find  the  appropriate  geometric  model,  and  solve. 


8.  If  40  houses  in  a community  all  need  direct  lines  to  one  another  in  order  to  have 
telephone  service,  how  many  lines  are  necessary?  Is  that  practical?  Sketch  and 
describe  two  models:  first,  model  the  situation  in  which  direct  lines  connect  every 
house  to  every  other  house  and,  second,  model  a more  practical  alternative. 
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9.  If  each  team  in  a ten- team  league  plays  each  of  the  other  teams  four  times  in  a 
season,  how  many  league  games  are  played  during  one  season?  What  geometric 
figures  can  you  use  to  model  teams  and  games  played?  (£ 

10.  Each  person  at  a party  shook  hands  with  everyone  else  exactly  once.  There  were 
66  handshakes.  How  many  people  were  at  the  party? 


^ Review 

For  Exercises  1 1-19,  identify  the  statement  as  true  or  false.  For  each  false  statement, 
explain  why  it  is  false  or  sketch  a counterexancple. 

11.  The  largest  chord  of  a circle  is  a diameter  of  the  circle. 

12.  The  vertex  of/. TOP  is  point  O. 

13.  An  isosceles  right  triangle  is  a triangle  with  an  angle  measuring  90°  and  no  two 
sides  congruent. 

14.  If^  intersects  iJ)  in  point  E,  then  ^AllD  and  form  a linear  pair  of  angles, Si 

15.  If  two  lines  lie  in  the  same  plane  and  are  perpendicular  to  the  same  line,  they  are 
perpendicular. 

16.  The  opposite  sides  of  a kite  are  never  parallel. 

17.  A rectangle  is  a parallelogram  with  all  sides  congruent. 

18.  A line  segment  that  connects  any  two  vertices  in  a polygon  is  called  a diagonal. 

19.  To  show  that  two  lines  are  parallel,  you  mark  them  with  the  same  number  of 
arrowheads. 

20.  The  sequence  2,  9,  20,  35, . . . is  another  exancple  of  a rectangular  number  pattern,  as 
illustrated  in  the  art  below.  What  is  the  50th  term  of  this  sequence? 

8 

2 !?  2.0 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Pentomitio&i  II 


In  Pentominoes  I,  you  found  the  12  pentominoes.  Which  of  the 
12  pentominoes  can  you  cut  along  the  edges  and  fold  into  a box 
without  a lid?  Here  is  an  exancple. 
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2.4 


That’s  the  way  things  come 


Deductive  Reasoning 

Have  you  ever  noticed  that  the  days  are  longer  in  the  summer?  Or  that  mosquitoes 
appear  after  a summer  rain?  Over  the  years  you  have  made  conjectures,  using 
inductive  reasoning,  based  on  patterns  you  have  observed.  When  you  make  a 
conjecture,  the  process  of  discovery  may  not  always  help  explain  why  the  conjecture 
works.  You  need  another  kind  of  reasoning  to  help  answer  this  question. 


clear.  All  of  a sudden.  And 
then  you  realize  how  obvious 
they’ve  been  all  along. 
MADELEINE  L’ENGLE 


Deductive  reasoning  is  the  process  of  showing  that  certain  statements  follow 
logically  from  agreed-upon  assunptions  and  proven  facts.  When  you  use  deductive 
reasoning,  you  try  to  reason  in  an  orderly  way  to  convince  yourself  or  someone 
else  that  your  conclusion  is  valid.  If  your  initial  statements  are  true  and  you  give  a 
logical  argument,  then  you  have  shown  that  your  conclusion  is  true.  For  exanple, 
in  a trial,  lawyers  use  deductive  arguments  to  show  how  the  evidence  that  they 
present  proves  their  case.  A lawyer  might  make  a very  good  argument.  But  first, 
the  court  must  believe  the  evidence  and  accept  it  as  true. 


The  success  of  an  attorney's 
case  dei>en<Ji  on  the  Jury 
a<cei>tling  tlve  evidence  as 
true  and  following  the  steps 
in  Iver  deductive  reasoning. 


You  use  deductive  reasoning  in  algebra.  When  you  provide  a reason  for  each  step 
in  the  process  of  solving  an  equation,  you  are  using  deductive  reasoning.  Here  is 
an  exanple. 


EXAMPLE  A 


► Solution 


Solve  the  equation  for  x.  Give  a reason  for  each  step  in  the  process. 


3(2x  + 1)  + 2(2x  + 1)  + 7 = 42  - 5x 


3(2x  + 1)  + 2(2x  + 1)  + 7 = 42  - 5x 
6x  + 3 + 4x  + 2 + 7 = 42  - 5x 
10x+  12  = 42 -5x 
lOx  = 30  - 5x 
15x  = 30 
x = 2 


The  original  equation. 
Distribute. 

Combine  like  terms. 
Subtraet  12  from  both  sides. 
Add5x  to  both  sides. 
Divide  both  sides  by  15. 
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The  next  exanple  shows  how  to  use  both  kinds  of  reasoning:  inductive  reasoning 
to  discover  the  property  and  deductive  reasoning  to  explain  why  it  works. 


EXAMPLE  B 


In  each  diagram,  AL  bisects  obtuse  angle  BAD.  Classify  / HAD,  / i)AQ  and 
as  acute,  right,  or  obtuse.  Then  complete  the  conjecture. 


Conjecture:  If  an  obtuse  angle  is  bisected,  then  the  two  newly  formed 
congruent  angles  are  -L, 

Justify  your  conjecture  with  a deductive  argument. 


► Solution 


In  each  diagram,  is  obtuse  because  is  greater  than  90°.  In  each 

diagram,  the  angles  formed  by  the  bisector  are  acute  because  their  measures — 
60°,  79°,  and  46° — are  less  than  90°.  So  one  possible  conjecture  is 

Conjecture:  If  an  obtuse  angle  is  bisected,  then  the  two  newly  formed 
congruent  angles  are  acute. 

To  explain  why  this  is  true,  a useful  reasoning  strategy  is  to  represent  the 
situation  algebraically.  Let’s  use  m to  represent  any  angle  measure. 

Deductive  Argument 

By  our  definition,  an  angle  measure  is  less  than 
m<  180° 

When  you  bisect  an  angle,  the  newly  formed 
angles  each  measure  half  the  original  angle. 

-jm  < 90-" 

The  new  angles  measure  less  than  90°,  so  they  are  acute.  ■ 


180°. 


Inductive  reasoning  allows  you  to  discover  new  ideas  based  on  observed  patterns. 
Deductive  reasoning  can  help  explain  why  your  conjectures  are  true. 

Good  use  of  deductive  reasoning  depends  on  the  quality  of  the  argument.  Just  like 
the  saying  “A  chain  is  only  as  strong  as  its  weakest  link,”  a deductive  argument  is 
only  as  good  (or  as  true)  as  the  statements  used  in  the  argument.  A conclusion  in  a 
deductive  argument  is  true  only  if  all  the  statements  in  the  argument  are  true  and 
the  statements  in  your  argument  clearly  follow  from  each  other. 

Inductive  and  deductive  reasoning  work  very  well  together.  In  this  investigation  you 
will  use  inductive  reasoning  to  form  a conjecture.  Then  in  your  groups,  you  will 
use  deductive  reasoning  to  explain  why  it’s  true. 
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lnve<tigatfQH 
Overlapping  Segments 

In  each  segment,  = QJ, 


25  cm  75  cm  25  cm  56  cm  30  cm  56  cm 

* » * I * • — H — • • — I — * 

An  C AH  CO 


Step  1 
step  2 


From  the  markings  on  each  diagram,  determine  the  lengths  of  A C flnd 
What  do  you  discover  about  these  segments? 

Draw  a new  segment  Label  itAJ.X  Place  your  own  points  B and  C on  so 

that  = CD. 


* l-H M H • 

A U C D 

Step  3 Measure  AL  and  HD.  How  do  these  lengths  conpare? 

Step  4 Conplete  the  conclusion  of  this  conjecture: 

If  AD  has  points  A,  B,  C,  and  D in  that  order  with  AH  ^ C!),  then  _L. 
(Overlapping  Segments  Conjecture) 


Developing  Proof  In  your  groups,  discuss  how  you  can  use  logical  reasoning  to  show 
that  your  conjecture  from  Step  4 will  always  be  true.  Remember,  a useful  reasoning 
strategy  is  to  represent  the  situation  algebraically.  Then  write  down  your  ideas  as  a 
deductive  argument.  0 


When  you  see  this  icon  you 
will  work  with  your  group  to 
develop  a deductive 
argument  or  proof. 


In  the  investigation  you  used  inductive  reasoning  to  discover  the  Overlapping 
Segments  Conjecture.  In  your  group  discussion  you  then  used  deductive 
reasoning  to  explain  why  this  conjecture  is  always  true.  You  will  use  a similar 
process  to  discover  and  prove  the  Overlapping  Angles  Conjecture  in  Exercises  10 
and  1 1 . 


Science 

CONNECTION 

Here  is  an  example  of  induetive  reasoning, 
supported  by  deduetive  reasoning.  El  Nino 
is  the  warming  of  water  in  the  tropieal 
Paeifie  Oeean,  whiehproduees  unusual 
weather  eonditions  and  storms  worldwide. 

For  eenturies,  farmers  living  in  the  Andes 
Mountains  of  South  Amerie a observed 
that  if  the  stars  in  the  Pleiades 
eonstellation  look  dim  in  June,  an  El  Nino  year  was  eoming.  What  is  the 
eonneetion?  Seientists  reeently  found  that  in  an  El  Nino  year,  inereased 
evaporation  from  the  oeean  produees  high-altitude  elouds  that  are  invisible  to 
the  eye  but  ereate  a haze  that  makes  stars  more  diffieult  to  see.  The  pattern 
that  Andean  farmers  knew  about  for  eenturies  is  now  supported  by  a seientifie 
explanation.  To  find  out  more  about  this  story,  go  to  www.keymath^com/DG 


El  Niilo  CcmdlliDiis 


L2Cf=t 


30=W 


I 

Cu  llV^ClLV? 
kipp 


CL>iivei:ticih 
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Exercises 


1.  When  you  use  _L  reasoning,  you  are  generalizing  (making  a conjecture)  from  careful 
observation  that  something  is  probably  true.  When  you  use  _L  reasoning,  you  are 
establishing  that  if  a set  of  properties  is  accepted  as  true,  something  else  must  be  true. 


2.  Z/V  and  are  conplementary;Z>l  = 25^.  WhatfifeZ/t?  What  type  of  reasoning 
do  you  use,  inductive  or  deductive,  when  solving  this  problem? 


3.  If  the  pattern  continues,  what  are  the  next 
two  terms?  What  type  of  reasoning  do  you 
use,  inductive  or  deductive,  when  solving  this 
problem? 


‘ O’  0‘“ 


4.  AlXn'  is  isosceles  with  TD  - DG.  If  the  perimeter  oAixri'  is  756  cm  and 

GT  = 240  cm,  then  DG  =J_.  What  type  of  reasoning  do  you  use, 
inductive  or  deductive,  when  solving  this  problem? 

5.  Minhlnvestigation  The  sum  of  the  measures  of  the  five  marked 
angles  in  stars  A through  C is  shown  below  each  star.  Use  your 
protractor  to  carefully  measure  the  five  marked  angles  in  star  D. 

Ah  B K.  Zf  c ^ D 


LEO^- 


E 


If  this  pattern  continues,  without  measuring,  make  a conjecture.  What  would  be  the 
sum  of  the  measures  of  the  marked  angles  in  star  E?  What  type  of  reasoning  do  you 
use,  inductive  or  deductive,  when  solving  this  problem? 

6.  The  definition  of  a parallelogram  says,  “If  both  pairs  of  opposite  sides  of  a 
quadrilateral  are  parallel,  then  the  quadrilateral  is  a parallelogram”  Quadrilateral 
LNDA  has  both  pairs  of  opposite  sides  parallel.  What  conclusion  can  you  make? 

What  type  of  reasoning  did  you  use? 

7.  Developing  Proof  Using  the  ideas  and  algebra  you  discussed  with  your  group,  write  a 
deductive  argument  for  the  Overlapping  Segments  Conjecture. 

8.  Use  the  Overlapping  Segments  Conjecture  to  conplete  each  statement. 

P H * • " * 

AH  C i} 

a.  IfAB  = 3,  then  CD  =_L. 

b.  If  AC  = I0,then5Z)=J_. 

c.  IfBC  = 4 and  CD  = 3,  then  AC  = _L. 

9.  Developing  Proof  In  Exanple  B of  this  lesson  you  conjectured  through  inductive 
reasoning  that  if  an  obtuse  angle  is  bisected,  then  the  two  newly  formed  congruent 
angles  are  acute.  You  then  used  deductive  reasoning  to  explain  why  they  were  acute. 

Go  back  to  the  exanple  and  look  at  the  sizes  of  the  acute  angles  formed.  What  is  the 
smallest  possible  size  for  the  two  congruent  acute  angles  formed  by  the  bisector  of 
an  obtuse  angle?  Use  deductive  reasoning  to  explain  why. 
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10.  Mini-Investigation  Do  the  geometry  investigation  and  make  a conjecture. 

Given  FH  with  points  C and  D in  its 
interior  and 

If  mLAPD  = 48°,  then^t.W  i 

If  mL  CPB  = 1 7°,  then  APD  =L 

If  m^APD  - 62°,  then  CP/I  J- 

Conjecture:  If  points  C and  D lie  in  the  interior  of  and  m^APC  = nijLDPB, 

then  m Z.  A PD  = _L  (Overlapping  Angles  Conjecture) 

11.  Developing  Proof  Using  reasoning  similar  to  that  in  Exercise  7,  write  a deductive 
argument  to  explain  why  the  Overlapping  Angles  Conjecture  is  true. 

12.  Think  of  a situation  you  observed  outside  of  school  in  which  deductive  reasoning 
was  used  correctly.  Write  a paragraph  or  two  describing  what  happened  and 
explaining  why  you  think  it  called  for  deductive  reasoning. 


^ Review 

13.  Mark  Twain  once  observed  that  the  lower  Mississippi  River  is  very 
crooked  and  that  over  the  years,  as  the  bends  and  the  turns 
straighten  out,  the  river  gets  shorter  and  shorter.  Using  numerical 
data  about  the  length  of  the  lower  part  of  the  river,  he  noticed  that 
in  the  year  1700,  the  river  was  more  than  1200  miles  long,  yet  by 
the  year  1875,  it  was  only  973  miles  long.  Twain  concluded  that 
any  person  “can  see  that  742  years  from  now  the  lower  Mississippi 
will  be  only  a mile  and  three-quarters  long.”  What  is  wrong  with 
this  inductive  reasoning? 

For  Exercises  14-16,  use  inductive  reasoning  to  find  the  next  two  terms 

of  the  sequence. 

14.  180,360,  540,720^,  J_ 

15.  0,  10,21,33,46,60,'  , ^ 

16. 


Aerial  photo  of  the 
J^isEis&ippl  River 


For  Exercises  17-20,  draw  the  next  shape  in  each  picture  pattern. 


\ X-  y 
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21.  Think  of  a situation  you  have  observed  in  which  inductive  reasoning  was  used 

incorrectly.  Write  a paragraph  or  two  describing  what  happened  and  explaining  why 
you  think  it  was  an  incorrect  use  of  inductive  reasoning. 

Match  each  term  in  Exercises  22-3 1 with  one  of  the  figures  A-0. 


22.  Kite 

23.  Consecutive  angles  in  a polygon 

24.  Trapezoid 

25.  Diagonal  in  a polygon 

26.  Pair  of  conplementary  angles 

27.  Radius 

28.  Pair  of  vertical  angles 

29.  Chord 

30.  Acute  angle 

31.  Angle  bisector  in  a triangle 

For  Exercises  32-35,  sketch  and  carefully  label  the  figure. 

32.  Pentagon  MLDE  with  = ALDE  and  W)  = 

33.  Isosceles  obtuse  triangle  OBG  with 

34.  Circle  O with  a chord;  ;/ J perpendicular  to  radius  (Ji 

35.  Circle  K with  acute  angle  DKN  where  D and  N are  points  on  circle  K 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Rotating  Gears 

In  what  direction  will  gear  E 
rotate  if  gear  A rotates  in  a 
counterclockwise  direction? 
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Tht  seven  bridges  of 
Kbnigsberg 


The  Seven  Bridges 
of  Konigsberg 


T he  River  Pregel  (now  Pregolya)  runs  through  the 
university  town  of  Konigsberg  (now  Kaliningrad  in 
Russia).  In  the  middle  of  the  river  are  two  islands 

connected  to  each  other  and  , , , 

L€onrhard  Eu  0t 

to  the  rest  of  the  city  by  seven 

bridges.  Many  years  ago,  a tradition  developed  among 
the  townspeople  of  Konigsberg.  They  challenged  one 
another  to  make  a round  trip  over  all  seven  bridges, 
walking  over  each  bridge  once  and  only  once  before 
returning  to  the  starting  point. 


For  a long  time  no  one  was  able  to  do  it,  and  yet  no  one 
was  able  to  show  that  it  couldn’t  be  done.  In  1735,  they 
finally  wrote  to  Leonhard  Euler  (1707-1783),  a Swiss 
mathematician,  asking  for  his  help  on  the  problem.  Euler  (pronounced  “oyler”) 
reduced  the  problem  to  a network  of  paths  connecting  the  two  sides  of  the  rivers 
C and  B,  and  the  two  islands  A and  D,  as 
shown  in  the  network  above.  Then  Euler 
demonstrated  that  the  task  is 
inpossible. 


In  this  activity  you  will  work  with 
a variety  of  networks  to  see  if  you 
can  come  up  with  a rule  to  find 
out  whether  a network  can  or 
cannot  be  “traveled.” 

Activitjf 

Traveling  Networks 

A collection  of  points  connected  by 
paths  is  called  a network.  When  we 
say  a network  can  be  traveled,  we 
mean  that  the  network  can  be  drawn 
with  a pencil  without  lifting  the 
pencil  off  the  paper  and  without 
retracing  any  paths.  (Points  can  be 
passed  over  more  than  once.) 
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Step  1 I Try  these  networks  and  see  which  ones  can  be  traveled  and  which  are  impossible 
to  travel. 


Which  networks  were  inpossible  to  travel?  Are  they  impossible  or  just  difficult? 
How  can  you  be  sure?  As  you  do  the  next  few  steps,  see  whether  you  can  find  the 
reason  why  some  networks  are  inpossible  to  travel. 


Step  2 


Step  3 


Step  4 


Step  5 


Draw  the  River  Pregel  and  the  two  islands  shown  on  the  first  page  of  this 
exploration.  Draw  an  eighth  bridge  so  that  you  can  travel  over  all  the  bridges 
exactly  once  if  you  start  at  point  C and  end  at  point  B. 

Draw  the  River  Pregel  and  the  two  islands.  Can  you  draw  an  eighth  bridge  so 
that  you  can  travel  over  all  the  bridges  exactly  once,  starting  and  finishing  at  the 
same  point?  How  many  solutions  can  you  find? 

Euler  realized  that  it  is  the  points  of  intersection  that  determine  whether  a 
network  can  be  traveled.  Each  point  of  intersection  is  either  “odd”  or  “even.” 


OdJ  poiiilii  Even 

Did  you  find  any  networks  that  have  only  one  odd  point?  Can  you  draw  one? 
Try  it.  How  about  three  odd  points?  Or  five  odd  points?  Can  you  create  a 
network  that  has  an  odd  number  of  odd  points?  Explain  why  or  why  not. 

How  does  the  number  of  even  points  and  odd  points  affect  whether  a network 
can  be  traveled? 


Conjecture 

A network  can  be  traveled  if  _L. 
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2.5 


Discovery  consists  of 
looking  at  the  same  thing  as 
everyone  else  and  thinking 
something  different. 

ALBERT  SZENT-GYORGYI 


Angle  Relationships 


Crestfl  5n  iivestigation  section  in  your 
notelwf*.  Include  u tide  umJ  ilnflrutiofi 
ior  e^h  ifivefligaiiod  and  virile  a startemefH 
sijmmariiing  Itie  Kwh  of  each  one. 


Now  that  you’ve  had  experience  with 
inductive  reasoning,  let’ s use  it  to  start 

discovering  geometric  relationships. 
This  investigation  is  the  first  of  many 
investigations  you  will  do  using  your 
geometry  tools. 


Investigatrcm  1 
The  Linear  Pair 


Conjecture 


You  will  n##dl 

• n protr^tor 

P R ij 


Step  1 On  a sheet  of  paper,  draw  py  and  place  a point  R between  P and  Q.  Choose 
another  point  S not  on  pQ  and  draw^.  You  have  just  created  a linear  pair  of 
angles.  Place  the  “zero  edge”  of  your  protractor  along  pQ  . What  do  you  notice 
about  the  sum  of  the  measures  of  the  linear  pair  of  angles? 

Step  2 Conpare  your  results  with  those  of  your  group.  Does  everyone  make  the  same 
observation?  Conplete  the  statement. 


Linear  Pair  Conjecture 

If  two  angles  form  a linear  pair,  then  J_ 


The  important  conjectures  have  been  given  a 
name  and  a number.  Start  a list  of  them  in  your 
notebook.  The  Linear  Pair  Conjecture  (C-1)  and 
the  Vertical  Angles  Conjecture  (C-2)  should  be 
the  first  entries  on  your  list.  Make  a sketch  for 
each  conjecture. 


C-1 
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— If 

¥qp  will  reed 

* a straightedge 

• fHtiy  paper 

Step  1 


Step  2 
Step  3 
Step  4 


EXAMPLE 
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In  the  previous  investigation  you  discovered  the 
relationship  between  a linear  pair  of  angles,  such  as  ^ 1 
and  12  in  the  diagram  at  right.  You  will  discover  the 
relationship  between  vertical  angles,  such  as  and  2L3, 
in  the  next  investigation. 

Invertigatlnn  2 

Vertical  Angles  Conjecture 


Draw  two  intersecting  lines  onto 
patty  paper  or  tracing  paper.  Label 
the  angles  as  shown.  Which  angles 
are  vertical  angles? 

Fold  the  paper  so  that  the  vertical 
angles  lie  over  each  other.  What  do 
you  notice  about  their  measures? 

Fold  the  paper  so  that  the  other 
pair  of  vertical  angles  lie  over  each 
other.  What  do  you  notice  about  their  measures? 

Conpare  your  results  with  the  results  of  others.  Conplete  the  statement. 


Vertical  Angles  Conjecture 

C-Z 

^ If  two  angles  are  vertical  angles,  then  ? . 

Developing  Proof  You  used  inductive  reasoning  to  discover  both  the  Linear  Pair 
Conjecture  and  the  Vertical  Angles  Conjecture.  Are  they  related?  If  you  accept  the 
Linear  Pair  Conjecture  as  true,  can  you  use  deductive  reasoning  to  show  that  the 
Vertical  Angles  Conjecture  must  be  true? 

Read  the  exanple  below.  Without  turning  the  page,  write  a deductive  argument 
with  your  group.  Remember  the  reasoning  strategy  of  representing  a situation 
algebraically.  Another  strategy  is  to  apply  previous  conjectures  and  definitions 
to  a new  situation.  Then  compare  your  solution  to  the  one  on  the  next  page.  ■ 


Use  the  Linear  Pair  Conjecture  and  the  diagram 
at  right  to  write  a deductive  argument  explaining 
why^  ] must  be  congruent  to 
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► Solution 


You  can  see  from  the  diagram  that  the  sum  of  the 
measures  of  angles  1 and  2 is  equal  to  the  sum  of 
the  measures  of  angles  2 and  3 because  they  are 
both  linear  pairs.  Because  angle  2 is  the  same  in 
both  sums,  angle  1 must  equal  angle  3.  To  write  a 
deductive  argument,  go  through  this  logic  one 
step  at  a time. 

Deductive  Argument 

For  any  linear  pair  of  angles,  their  measures  add  up  to  180°. 
i-iJAl  + ml.2  = 180^ 
mA2  + pnZ_3  = 180° 

Since  both  expressions  on  the  left  equal  180°,  they  equal  each  other. 

\ + m^Ll  = 

Subtract  2 from  both  sides  of  the  equation. 

Vertical  angles  1 and  3 have  equal  measures,  so  they  are  congruent.  ■ 

You  discovered  the  Vertical  Angles  Conjecture:  If  two  angles  are  vertical  angles, 
then  they  are  congruent.  Does  that  also  mean  that  all  congruent  angles  are  vertical 
angles?  The  converse  of  an  “if-then”  statement  switches  the  “if’  and  “then”  parts. 
The  converse  of  the  Vertical  Angles  Conjecture  maybe  stated:  If  two  angles  are 
congruent,  then  they  are  vertical  angles.  Is  this  converse  statement  true?  Remember 
that  if  you  can  find  even  one  counterexarrple,  like  the  diagram  below,  then  the 
statement  is  false. 


Therefore,  the  converse  of  the  Vertical  Angles  Conjecture  is  false. 


Exercises 


I Ml  I I 


Without  using  a protractor,  but  with  the  aid  of  your  two  new  conjectures, 
find  the  measure  of  each  lettered  angle  in  Exercises  1-5.  Copy  the  diagrams 
so  that  you  can  write  on  them  List  your  answers  in  alphabetical  order. 


You  will  need 


I 


— r*  Ejfenitwl? 
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5. 


wrong  with  this  picture? 


7.  Yoshi  is  building  a cold  frame  for  his  plants.  He  wants  to  cut 
two  wood  strips  so  that  they’ll  fit  together  to  make  a right-angled 
corner.  At  what  angle  should  he  cut  ends  of  the  strips? 


8. 


9. 


A tree  on  a 30°  slope  grows  straight  up.  What  are  the  measures  of 
the  greatest  and  smallest  angles  the  tree  makes  with  the  hill?  Explain. 


You  discovered  that  if  a pair  of  angles  is  a linear  pair,  then  the  angles 
are  supplementary.  Does  that  mean  that  all  supplementary  angles 
form  a linear  pair  of  angles?  Is  the  converse  true?  If  not,  sketch  a counterexanple. 


10.  If  two  congruent  angles  are  supplementary,  what  must  be  true  of  the  two  angles? 
Make  a sketch,  then  conplete  the  following  conjecture:  If  two  angles  are  both 
congruent  and  supplementary,  then  _L. 


11.  Developing  Proof  Using  algebra,  write  a paragraph  proof  that  explains  why  the 
conjecture  from  Exercise  10  is  true. 


12.  Technology  Use  geometry  software  to  construct  two  intersecting  lines.  Measure  a pair 
of  vertical  angles.  Use  the  software  to  calculate  the  ratio  of  their  measures.  What  is 
the  ratio?  Drag  one  of  the  lines.  Does  the  ratio  ever  change?  Does  this 
demonstration  convince  you  that  the  Vertical  Angles  Conjecture  is  true?  Does  it 
explain  why  it  is  true? 


^ Review 

For  Exercises  13-17,  sketch,  label,  and  mark  the  figure. 

13.  Scalene  obtuse  triangle  PAT  with  PA=  3 cm,  AT  = 5 cm,  and  an  obtuse  angle 

14.  A quadrilateral  that  has  rotational  symmetry,  but  not  reflectional  symmetry 

15.  A circle  with  center  at  O and  radiifTA  and  (TT  creating  a minor  arc 
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16.  A pyramid  with  an  octagonal  base 

17.  A 3-by-4-by-6-inch  rectangular  solid  rests  on  its  smallest  face.  Draw  lines  on  the 
three  visible  faces  to  show  how  you  can  divide  it  into  72  identical  smaller  cubes. 

18.  Miriam  the  Magnificent  placed  four  cards  face  up  (the  first  four  cards  shown 
below).  Blindfolded,  she  asked  someone  from  her  audience  to  come  up  to  the  stage 
and  turn  one  card  1 80°. 


u ♦ 

u « 

U 4 

4 4 

♦ n 

♦ n 

m mt 

4 4* 

U f 

U 4 

*4 

4 

I7 

Jf  » 

4 

4 

4 

*% 

♦ ♦; 

t 

Hr 

Hr* 

, * K 

ISctbrc  til  rn  A.ltcr  t i,irn 


19. 


20. 


If  a pizza  is  cut  into  16  congruent  pieces,  how  many 
degrees  are  in  each  angle  at  the  center  of  the  pizza? 

Paulus  Gerdes,  a mathematician  from  Mozambique,  uses 
traditional  lusona  patterns  from  Angola  to  practice 
inductive  thinking.  Shown  below  are  three  sona  designs. 
Sketch  the  fourth  sona  design,  assuming  the  pattern 
continues. 


Miriam  removed  her  blindfold  and  claimed  she  was  able  to  determine  which  card 
was  turned  180°.  What  is  her  trick?  Can  you  figure  out  which  card  was  turned? 
Explain. 


21.  Hydrocarbon  molecules  in  which  all  the  bonds  between  the  carbon  atoms  are  single 
bonds  except  one  double  bond  are  called  alkenes.  The  first  three  alkenes  are 
modeled  below. 


I I 


■ c = c 
I I 

- c - c = c 
I I I 

rl  - C-  C - C: 

I I I 

Ethent 

Piupcnc 

liutent 

Sketch  the  alkene  with  eight  carbons  in  the  chain.  What  is  the  general 
rule  for  alkenes  I In  other  words,  if  there  are  n carbon  atoms  (C), 

how  many  hydrogen  atoms  (H)  are  in  the  alkene? 


CONNECTION 

Organic  chemistry  is  the  study 
of  earbon  eompounds  and 
their  reaetions.  Drugs, 
vitamins,  synthetie  fibers,  and 
food  all  eontain  organie 
moleeules.  To  learn  about  new 
advanees  in  organie  ehemistry, 
go  to  www.kevmath.com/DG 
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22.  If  the  pattern  of  rectangles  continues,  what  is  the  rule  for  the  perimeter  of  the  ^th 
rectangle,  and  what  is  the  perimeter  of  the  200th  rectangle?  What  is  the  rule  for  the 
number  of  1-by-l  squares  in  the  ^th  rectangle,  and  how  many  1-by-l  squares  are  in 
the  200th  rectangle? 


Rectangle 

I 

2 

3 

4 

6 

ti 

... 

im 

Perimeter  of  rectangle 

LO 

]4 

13 

... 

hlurnber  of  ?qu3res 

6 

]2 

20 

... 

23.  The  twelfth-grade  class  of  80  students  is  assembled  in  a large  circle  on  the  football 
field  at  halftime.  Each  student  is  connected  by  a string  to  each  of  the  other  class 
members.  How  many  pieces  of  string  are  necessary  to  connect  each  student  to  all 
the  others?  ' 

24.  If  you  draw  80  lines  on  a piece  of  paper  so  that  no  2 lines  are  parallel  to  each  other 
and  no  3 lines  pass  through  the  same  point,  how  many  intersections  will  there  be?  JV 

25.  If  there  are  20  couples  at  a party,  how  many  different  handshakes  can  there  be 
between  pairs  of  people?  Assume  that  the  two  people  in  each  couple  do  not  shake 
hands  with  each  other, 

26.  If  a polygon  has  24  sides,  how  many  diagonals  are  there  from  each  vertex?  How 
many  diagonals  are  there  in  all? 

27.  If  a polygon  has  a total  of  560  diagonals,  how  many  vertices  does  it  have? 

28.  A midpoint  divides  a segment  into  two  congruent  segments.  Point  M divides 
segment  AY  into  two  congruent  segments  AM  and  AfT,  What  conclusion  can  you 
make?  What  type  of  reasoning  did  you  use? 


IMPROVING  YOUR  ALGEBRA  SKILLS 

Number  I4ne  Diagrams 

1.  The  two  segments  at  right  have  the  same  length. 
Translate  the  number  line  diagram  into  an 
equation,  then  solve  for  the  variable  x 


2.V-23  Zv-23  30 


2.  Translate  this  equation  into  a number  line  diagram 
2(x  + 3)  + 14  = 3(x-4)+  11 




y 


© 2008  Key  Curriculum  Press 


LESSON  2.5  Angle  Relationships  127 


The  greatest  mistake  you 
can  make  in  life  is  to  be 
continually  fearing  that 
you  will  make  one. 

ELLEN  HUBBARD 


Special  Angles 
on  Parallel  Lines 


A line  intersecting  two  or  more  other  lines  in  the 
plane  is  called  a transversal.  A transversal  creates 
different  types  of  angle  pairs.  Three  types  are 
listed  below. 

One  pair  of  corresponding  angles  is  ^ I iind 
Can  you  find  three  more  pairs  of  corresponding 
angles? 


One  pair  of  alternate  interior  angles 
is  and  Do  you  see  another 
pair  of  alternate  interior  angles? 

One  pair  of  alternate  exterior  angles 
is  ^2  and  Do  you  see  the  other 
pair  of  alternate  exterior  angles? 

When  parallel  lines  are  cut  by  a 
transversal,  there  is  a special 
relationship  among  the  angles.  Let’s 
investigate. 


You  Will  nood 


« lined  p^p^t 

* a straightedge 

* patty  per 

* a protractor  '[optrono/l 


Investigation  1 

Which  Angles  Are  Congruent? 

Using  the  lines  on  your  paper  as  a guide,  draw  a pair  of 
parallel  lines.  Or  use  both  edges  of  your  ruler  or 
straightedge  to  create  parallel  lines.  Label  them/:  and  i 
Now  draw  a transversal  that  intersects  the  parallel  lines. 
Label  the  transversal  m,  and  label  the  angles  with 
numbers,  as  shown  at  right. 


Step  1 


Step  2 


Place  a piece  of  patty  paper  over 
the  set  of  angles  1,  2,  3,  and  4. 
Copy  the  two  intersecting  lines 
m and  ^ and  the  four  angles  onto 
the  patty  paper. 

Slide  the  patty  paper  down  to 
the  intersection  of  lines  m and  k, 
and  conpare  angles  1 through  4 
with  each  of  the  corresponding 
angles  5 through  8.  What  is  the 
relationship  between  corresponding 
angles?  Alternate  interior  angles? 
Alternate  exterior  angles? 
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Compare  your  results  with  the  results  of  others  in  your  group  and  conplete  the 
three  conjectures  below. 


Corresponding  Angles  Conjecture^  or  CA  Conjecture 


If  two  parallel  lines  are  cut  by  a 
transversal,  then  corresponding 
angles  are  ? . 


C-3ci 


Alternate  Interior  Angles  Conjecture,  or  AIA  Conjecture 


If  two  parallel  lines  are  cut  by 
a transversal,  then  alternate 
interior  angles  are_L. 


Alternate  Exterior  Angles  Conjecturer  or  AEA  Conjecture 


If  two  parallel  lines  are  cut  by 
a transversal,  then  alternate 
exterior  angles  are  f „ 


The  three  conjectures  you  wrote  can  all  be  combined  to  create  a Parallel  Lines 
Conjecture,  which  is  really  three  conjectures  in  one. 


Parallel  Llne^  Conjecture  L 

If  two  parallel  lines  are  cut  by  a transversal,  then  corresponding  angles  are  _L 
alternate  interior  angles  areX,  and  alternate  exterior  angles  areX. 


Step  3 


What  happens  if  the  lines  you 
start  with  are  not  parallel? 
Check  whether  your 
conjectures  will  work  with 
nonparallel  lines. 
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What  about  the  converse  of 
each  of  your  conjectures? 
Suppose  you  know  that  a 
pair  of  corresponding 
angles,  or  alternate  interior 
angles,  is  congruent.  Will 
the  lines  be  parallel?  Is  it 
possible  for  the  angles  to  be 
congruent  but  for  the  lines 
not  to  be  parallel? 


— I? 

Vqu  will 

• a straightedge 

• patty  p^per 

• a protractor  ^optfono/1 


Invpstigatiim  7 
Is  the  Converse  True? 


Step  1 


Step  2 


Step  3 


Draw  two  intersecting  lines  on  your  paper.  Copy  these  lines  onto  a piece  of  patty 
paper.  Because  you  copied  the  angles,  the  two  sets  of  angles  are  congruent. 

Slide  the  top  copy  so  that  the  transversal  stays  lined  up. 

Trace  the  lines  and  the  angles  from  the  bottom  original  onto  the  patty  paper 
again.  When  you  do  this,  you  are  constructing  sets  of  congruent  corresponding 
angles.  Mark  the  congruent  angles. 

Are  the  two  lines  parallel?  You  can  test  to  see  if  the 
distance  between  the  two  lines  remains  the  same,  which 
guarantees  that  they  will  never  meet. 

Repeat  Step  1,  but  this  time  rotate  your  patty  paper 
180°  so  that  the  transversal  lines  up  again.  What  kinds 
of  congruent  angles  have  you  created?  Trace  the  lines 
and  angles  and  mark  the  congruent  angles.  Are  the 
lines  parallel?  Check  them 

Conpare  your  results  with  those  of  your  group.  If  your  results  do  not  agree, 
discuss  them  until  you  have  convinced  each  other.  Complete  the  conjecture 
below  and  add  it  to  your  conjecture  list. 


Converse  of  the  Parallel  Lines  Confecture 

If  two  lines  are  cut  by  a transversal  to  form  pairs  of  congruent  corresponding 
angles,  congruent  alternate  interior  angles,  or  congruent  alternate  exterior 
angles,  then  the  lines  are  _L. 
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keymath.com/DG 


[►  For  an  interactive  version  of  both  investigations,  see  the  Dynamic  Geometry  Exploration 
Special  Angles  on  Parallel  Lines  at  www.keymath.com/DG  . 


Developing  Proof  You  used  inductive  reasoning  to  discover  all  three  parts  of  the 
Parallel  Lines  Conjecture.  However,  if  you  accept  any  one  of  them  as  true,  you  can 
use  deductive  reasoning  to  show  that  the  others  are  true. 

Read  the  example  below.  Before  you  read  the  solution,  write  a deductive  argument 
with  your  group.  Remember  the  reasoning  strategy  of  applying  previous  conjectures 
and  definitions.  Then  conpare  your  solution  to  the  one  presented.  ■ 


EXAMPLE 


► Solution 


It  helps  to  visualize  each 
statement  and  to  mark  all 
congruences  you  know  on 
^our  paper. 


Write  a deductive  argument  explaining  why  the 
Alternate  Interior  Angles  Conjecture  is  true.  Assume 
that  the  Vertical  Angles  Conjecture  and  Corresponding 
Angles  Conjecture  are  both  true. 

Deductive  Argument 

In  the  diagram,  lines  f and  m are  parallel  and  intersected 
by  transversal  k.  If  the  Corresponding  Angles  Conjecture 
is  true,  the  corresponding  angles  are  congruent. 

zll  ^2 

If  the  Vertical  Angles  Conjecture  is  true,  the  vertical  angles  are  congruent. 


Because  both  Z_2  and  are  congruent  to  Z I,  they’ re  congruent  to  each  other. 

Alternate  interior  angles  2 and  3 are  congruent.  Therefore,  if  the  corresponding 
angles  are  congruent,  then  the  alternate  interior  angles  are  congruent.  ■ 


I Exercises 

1.  W=d- 


2.  JC  = _L 


X 

r 


3.  Is  line  k parallel  to  linef  ? 
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Quadrilateral  TUNA  is 
a parallelogram 
y = ± 

A 

5.  Is  quadrilateral  FISH 
a parallelogram? 

n 

6.  m II  N 
z = _L  'F 

A 

/ / 

, /\ 

/ / 

' \ 

I' 

7 \ 

Ar  / 

Jr  ) 

V 

T U 

\ i 

/ 

V 

Developing  Proof  Trace 

the  diagram  below.  Calculate  each  lettered  angle  measure. 

Explain  how  you  determined  measures  n,  /?,and  q. 


8.  Developing  Proof  Write  a deductive  argument  explaining  why  the  Alternate  Exterior 
Angles  Conjecture  is  true.  Assume  that  the  Vertical  Angles  Conjecture  and 
Corresponding  Angles  Conjecture  are  both  true. 

Cultural 

CONNECTION 

Sculptor  Maya  Lin  designed  the  Vietnam  Veterans  Memorial 
Wall  in  Washington,  D.C.  Engraved  in  the  granite  wall  are  the 
names  of  United  States  armed  forees  serviee  members  who 
died  in  the  Vietnam  War  or  remain  missing  in  aetion.  Do  the 
top  and  bottom  of  the  wall  meet  in  the  distanee,  or  are  they 
parallel?  How  eould  you  know  from  angle  measures  a and  b in 
the  diagram  below?  To  learn  more  about  the  Memorial  Wall 
and  Lin’s  other  projeets,  visit  www.keymath.com/DG 
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9.  Developing  Proof  What’s  wrong  with  this  picture? 


10.  Developing  Proof  What’s  wrong  with  this  pic 


11. 


12. 


A periscope  permits  a sailor  on  a submarine  to  see  above  the  surface 
of  the  ocean.  This  periscope  is  designed  so  that  the  line  of  sight  a 
is  parallel  to  the  light  ray  b.  The  middle  tube  is  perpendicular 
to  the  top  and  bottom  tubes.  What  are  the  measures  of  the 
incoming  and  outgoing  angles  formed  by  the  light  rays  and 
the  mirrors  in  this  periscope?  Are  the  surfaces  of  the  mirrors 
parallel?  How  do  you  know? 


Draw  a line  on  your  paper  and  label  it  line  AB.  Place  a point  P 
about  one  to  two  inches  from  the  line.  Draw  another  line 
(a  transversal)  that  passes  through  point  P and  line  AB.  Use  your 
straightedge  and  protractor  to  draw  line  PQ  that  is  parallel  to  line 
AB.  Explain  your  method  and  why  you  know  the  lines  are  parallel. 


13.  Is  the  following  statement  true?  “If  yesterday  was  part  of  the  weekend,  then 
tomorrow  is  a school  day.”  Write  the  converse  of  the  statement.  Is  the  converse  true? 

14.  Find X 15.  If  r ||  find/.  16.  If -v  = 12*.  is ||  ij? 


Review 


17.  What  type  (or  types)  of  triangle  has  one  or  more  lines  of  symmetry? 

18.  What  type  (or  types)  of  quadrilateral  has  only  rotational  symmetry?  ' 

19.  IfD  is  the  midpoint  of  AC  and  C is  the  midpoint  of  BD,  what  is  the  length 
ofAfi  if  5D=12cm? 

20.  If  A J is  the  angle  bisector  of  ^KAN  andAjR  is  the  angle  bisector  of 

what  is  if  = 13°? 


21.  If  everyone  in  the  town  of  Skunk’s  Crossing  (population  84)  has  a telephone,  how 
many  different  lines  are  needed  to  connect  all  the  phones  to  each  other? 

22.  How  many  squares  of  all  sizes  are  in  a 4-by-4  grid  of  squares?  (There  are 
more  than  16!)  ^ 
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For  Exercises  23-25,  draw  each  polygon  on  graph  paper.  Relocate  the  vertices  according 
to  the  rule.  Connect  the  new  points  to  form  a new  polygon.  Describe  what  happened  to 
the  figure.  Is  the  new  polygon  congruent  to  the  original? 


23.  Rule:  Subtract  1 from 
each  x-coordinate. 

y 


24.  Rule:  Reverse  the  sign  of 
eachv-  and  y-coordinate. 

/ 

4-- 


25.  Rule:  Switch  the 
X-  and  y-coordinates. 

Pentagon  LEMOA/^  with 
vertices: 
h(  4.2) 

-3) 

-S) 

0(3  J) 


26.  Assume  the  pattern  of  blue  and  yellow  shaded  T’s  continues.  Copy  and  conplete 
the  table  for  blue  and  yellow  squares  and  for  the  total  number  of  squares. 


Figure  numib^r 

I 

2 

3 

4 

5 

6 

n 

3S 

hlumber  of  yellow 

2 

Number  of  blue  squares 

3 

... 

Total  number  ol  squares 

LINE  DESIGNS 

Can  you  use  your  graphing  calculator  to  make  the  line  design  shown 
at  right?  You’ll  need  to  recall  some  algebra.  Here  are  some  hints. 

1.  The  design  consists  of  the  graphs  of  seven  lines. 

2.  The  equation  for  one  of  the  lines  is  y = — -Jx  + ]. 

3.  The  X-  and  y-ranges  are  set  to  minimums  of  0 and  maximums  of  7. 

4.  There’s  a sinple  pattern  in  the  slopes  and  y-intercepts  of  the  lines. 
Experiment  with  equations  to  create  your  own  line  design. 

Your  project  should  include 

► A set  of  equations  for  the  design  shown  here. 

Your  own  line  design  and  a set  of  equations  for  it. 
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Using  Your  Algebra  Skills  2 


ING  YOUR  ALGEBRA  SKILLS  2 • USING 


EXAMPLE 


► Solution 


Slope 


The  slope  of  a line  is  a measure  of  its  steepness.  Measuring  slope  tells  us  the 
steepness  of  a hill,  the  pitch  of  a roof,  or  the  incline  of  a ranp.  On  a graph,  slope 
can  tell  us  the  rate  of  change,  or  speed. 

To  calculate  slope,  you  find  the  ratio  of  the 
vertical  distance  to  the  horizontal  distance 
traveled,  sometimes  referred  to  as  “rise  over  run.’' 


slope  = 


’.■ertical  change 
horizontal  change 


One  way  to  find  slope  is  to  use  a slope  triangle. 
Then  use  the  coordinates  of  its  vertices  in  the 
formula. 


Slope  Formula 

The  slope  m of  a line  (or  segment)  through  two  points  with  coordinates 
and  is 


Draw  the  slope  triangle  and  find  the  slope 
for 


Draw  the  horizontal  and  vertical  sides  of  the  slope  triangle  below  the  line. 
Use  them  to  calculate  the  side  lengths. 


m = ■ 


7z-7a 


1 


7 - 3 


Note  that  if  the  slope  triangle  is  above  the 
line,  you  subtract  the  numbers  in  reverse 
order,  but  still  get  the  same  result. 


- 6 _ ^ 
3 - 7 ' 
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The  slope  is  positive  when  the  line  goes  up  from  left  to  right.  The  slope  is  negative 
when  the  line  goes  down  from  left  to  right.  When  is  the  slope  0?  What  is  the  slope 
of  a vertical  line? 


Exercises 


In  Exercises  1-3,  find  the  slope  of  the  line  through  the  given  points. 


1.  (16,  0)  and  (12,  8)  2.  ( -3,  -4)  and  ( -16,  8) 

4.  A line  through  points  ( -5,  2)  and  (2,  y)  has  slope  3.  Find  y. 

5.  A line  through  points  (x,  2)  and  (7,  9)  has  slope  i-  Find  x. 

6.  Find  the  coordinates  of  three  more  points  that  lie  on  the  line  passing  through  the 
points  (0,  0)  and  (3,  -4).  Explain  your  method. 

7.  What  is  the  speed,  in  miles  per  hour, 
represented  by  Graph  A? 

8.  From  Graph  B,  which  in-line  skater 
is  faster?  How  much  faster? 


3.  (5.3,  8.2)  and  (0.7,  -1.5) 


9.  The  grade  of  a road  is  its  slope, 
given  as  a percent.  For  exanple,  a 
road  with  a 6%  grade  has  slope 
It  rises  6 feet  for  every  100  feet  of  Giapfi  A 

horizontal  run.  Describe  a 100%  grade. 

Do  you  think  you  could  drive  up  it?  Could  you 

walk  up  it?  Is  it  possible  for  a grade  to  be  greater  than  100%? 


10.  What’s  the  slope  of  the  roof  on  the  adobe  house?  Why  might  a roof  in  Connecticut 
be  steeper  than  a roof  in  the  desert? 


Adobe  hous£,  New  Mexico 


Pitched-roof  house,  Connectiojt 
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Patterns  in  Fractals 


In  Lesson  2.1,  you  discovered  patterns  and  used  them 
to  continue  number  sequences.  In  most  cases,  you 
found  each  term  by  applying  a rule  to  the  term 
before  it.  Such  rules  are  called  recursive  rules. 
Some  picture  patterns  are  also  generated 
by  recursive  rules.  You  find  the  next 
picture  in  the  sequence  by  looking 
at  the  picture  before  it 


and  comparing  that  to  the  picture  before  it,  and  so  on. 


The  Geometer’s  Sketchpad®  can  repeat  a recursive  rule  on  a 
figure  using  a command  called  Iterate.  Using  Iterate,  you 
can  create  the  initial  stages  of  fascinating  geometric  figures 
called  fractals.  Fractals  are  self-similar,  meaning  that  if 
you  zoom  in  on  a part  of  the  figure,  it  looks  like  the  whole. 

A true  fractal  would  need  infinitely  many  applications  of  the 
recursive  rule.  In  this  exploration,  you’ll  use  Iterate  to  create 
the  first  few  stages  of  a fractal  called  the 
Sierpiiiski  triangle. 


In  this  procedure  you  will  construct  a triangle,  its 
interior,  and  midpoints  on  its  sides.  Then  you  will  use 
Iterate  to  repeat  the  process  on  three  outer  triangles  formed 
by  connecting  the  midpoints  and  vertices  of  the  original 
triangle. 


Tbhfern  frond  Illustrates 
self-similarity.  Notice  how 
each  curled  leaf  resembles 
the  shape  of  the  er^tire 
curled  frond. 
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Notice  that  the 
fractal's  property  of 
self-similarity  does 
rot  change  as  you 
drag  the  vertices. 


keymath.com/DG 


Artivity 

The  Sierpiriski  Triangle 


Prggtf^Hfg  Note 

Sierpirbki  Triargle  Iteration 

1 . Use  the  Segment  tool  to  draw  triangle  ABC. 

2.  Select  y2e_yertic^s  and  construct  the  triangle  interior. 

3.  Select  fit. -and  CA,  in  that  order,  and  construct  the  midpoints  D,  E,  and  F. 

4.  Select  the  vertices  again  and  choose  Iterate  from  the  T ransform  menu.  An  Iterate 
dialog  box  will  open.  Select  points  A,  D,  and  F.  This  maps  triangle  ABC  onto  the 
smaller  triangle  ADF. 

5.  In  the  Iterate  dialog  box,  choose  Add  A New  Map  from  the  Structure  pop-up  menu. 
Map  triangle  ABC  onto  triangle  BED. 

6.  Repeat  Step  5 to  map  triangle  ABC  onto  triangle  CFE. 

7.  In  the  Iterate  dialog  box,  choose  Final  Iteration  Oniy  from  the  Display  pop-up  menu. 

8.  In  the  Iterate  dialog  box,  click  Iterate  to  complete  your  construction. 

9.  Click  in  the  center  of  triangle  ABC  and  hide  the  interior  to  see  your  fractal  at  Stage  3. 

10.  Use  Shift+plus  or  Shift+minus  to  increase  or  decrease  the  stage  of  your  fractal. 


Step  1 


Follow  the  Procedure  Note  to  create  the  Stage  3 Sierpihski  triangle.  The 
original  triangle  ABC  is  a Stage  0 Sierpihski  triangle.  Practice  the  last  step 
of  the  Procedure  Note  to  see  how  the  fractal  grows  in  successive  stages.  Write 
a sentence  or  two  explaining  what  the  Sierpihski  triangle  shows  you  about 
self-similarity. 


!►  For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration  The  Sierpihski 
Triangle  at  www.keymath.com/DG 


Step  2 


What  happens  to  the  number  of  shaded  triangles  in  successive  stages  of  the 
Sierpihski  triangle?  Decrease  your  construction  to  Stage  1 and  investigate.  How 
many  triangles  would  be  shaded  in  a Stage  n Sierpihski  triangle?  Use  your 
construction  and  look  for  patterns  to  conplete  this  table. 


Stage  number 

0 

1 

2 

3 

... 

It 

... 

!i0 

Number  of  shaded 
triangles 

] 

3 

... 

What  stage  is  the  Sierpihski  triangle  shown  on  page  137? 
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step  3 


Suppose  you  start  with  a Stage  0 triangle  (just  a plain  old  triangle)  with  an  area 
of  1 unit.  What  would  be  the  shaded  area  at  Stage  1 ? What  happens  to  the 
shaded  area  in  successive  stages  of  the  Sierpin'ski  triangle?  Use  your  construction 
and  look  for  patterns  to  conplete  this  table. 


Stage  number 

0 

I 

2 

3 

JJ 

Shaded  area 

I 

■1 

Step  4 


Step  5 


Step  6 


What  would  happen  to  the  shaded  area  if  you  could  infinitely  increase  the  stage 
number? 

Suppose  you  start  with  a Stage  0 triangle  with  a perimeter  of  6 units.  At  Stage  1 
the  perimeter  would  be  9 units  (the  sum  of  the  perimeters  of  the  three  triangles, 
each  half  the  size  of  the  original  triangle).  What  happens  to  the  perimeter  in 
successive  stages  of  the  Sierpin'ski  triangle?  Conplete  this  table. 


Stage  number 

0 

1 

2 

3 

... 

n 

... 

Perimeter 

6 

9 

... 

What  would  happen  to  the  perimeter  if  you  could  infinitely  increase  the  stage 
number? 

Increase  your  fractal  to  Stage  3 or  4.  If  you  print  three  copies  of  your  sketch,  you 
can  put  the  copies  together  to  create  a larger  triangle  one  stage  greater  than  your 
original.  How  many  copies  would  you  need  to  print  in  order  to  create  a triangle 
two  stages  greater  than  your  original?  Print  the  copies  you  need  and  combine 
them  into  a poster  or  a bulletin  board  display. 

Sketchpad  comes  with  a sanple  file  of  interesting  fractals.  Explore  these  fractals 
and  see  if  you  can  use  Iterate  to  create  them  yourself  You  can  save  any  of  your 
fractal  constructions  by  selecting  the  entire  construction  and  then  choosing 
Create  New  Tool  from  the  Custom  Tools  menu.  When  you  use  your  custom  tool 
in  the  future,  the  fractal  will  be  created  without  having  to  use  Iterate. 


The  word  fractal  was  coined 
by  Benoit  Mandelbrot 
(b  1924),  a pioneering 
researcher  in  this  new  field  of 
mathematics.  He  was  the  first 
to  use  high-speed  computers 
to  create  this  figure,  called 
the  Mandelbrot  set.  Only  the 
black  area  is  part  of  the  set 
itself.  The  rainbow  colors 
represent  properties  of 
points  near  the  Mandelbrot 
set.  To  learn  more  about 
different  kinds  of  fractals,  visit 
www.keymath.com/DG , 
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CHAPTER 


2 


REVIEW 


Exercises 


P 


T his  chapter  introduced  you  to  inductive  and  deductive  reasoning. 


You  used  inductive  reasoning  to  observe  patterns  and  make 
conjectures.  You  learned  how  to  predict  number  sequences  with 
rules  and  how  to  use  these  rules  to  model  application  problems.  You 
learned  to  disprove  a conjecture  with  a counterexanple  and  to 
explain  why  a conjecture  is  true  with  deductive  reasoning.  Then  you 
discovered  special  relationships  about  angle  pairs  and  made  your 
first  geometry  conjectures.  Finally  you  explored  the  properties  of 
angles  formed  by  a transversal  across  parallel  lines.  As  you  review 
the  chapter,  be  sure  you  understand  all  the  inportant  terms.  Go 
back  to  the  lesson  to  review  any  terms  you’re  unsure  of 


1.  “My  dad  is  in  the  navy,  and  he  says  that  food  is  great  on  submarines,”  said  Diana. 
“My  mom  is  a pilot,”  added  Jill,  “and  she  says  that  airline  food  is  notoriously  bad.” 
“My  mom  is  an  astronaut  trainee,”  said  Julio,  “and  she  says  that  astronauts’  food  is 
the  worst  imaginable.”  Diana  concludes  “I  bet  no  life  exists  beyond  Earth!  As  you 
move  farther  from  the  surface  of  Earth,  food  tastes  worse.  At  extreme  altitudes,  food 
must  taste  so  bad  that  no  creature  could  stand  to  eat.  Therefore,  no  life  exists  out 
there.”  What  do  you  think  of  Diana’s  reasoning?  Is  it  inductive  or  deductive? 


2.  Think  of  a situation  you  observed  outside  of  school  in  which  inductive  reasoning 
was  used  incorrectly.  Write  a paragraph  or  two  describing  what  happened  and 
explaining  why  you  think  inductive  reasoning  was  used  poorly. 


3.  Think  of  a situation  you  observed  outside  of  school  in  which  deductive  reasoning 
was  used  incorrectly.  Write  a paragraph  or  two  describing  what  happened  and 
explaining  why  you  think  deductive  reasoning  was  used  poorly. 


For  Exercises  4 and  5,  find  the  next  two  terms  in  the  sequence. 

4.  7,  2,  5,  -3,  8,  -1  F±,  ± 5.  A,  4,  D,  9,  H,  16,  M,  25, _L,  ± 

For  Exercises  6 and  7,  generate  the  first  six  terms  in  the  sequence  for  each  function  rule. 

6.  f(n)  = n^  + 1 7.  /(jO  = 2^'  ^ 

For  Exercises  8 and  9,  draw  the  next  shape  in  the  pattern. 


For  Exercises  10  and  11,  look  for  a pattern  and  complete  the  conjecture. 

10.  Conjecture:  The  sum  of  the  first  30  odd  whole  numbers  is  _L~ 

11.  Conjecture:  The  sum  of  the  first  30  even  whole  numbers  is  _L- 
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For  Exercises  12  and  13,  find  the  fzth  term  and  the  20th  term  in  the  sequence. 


14.  Viktoriya  is  a store  window  designer  for  Savant  Toys.  She  plans  to  build  a stack 
of  blocks  similar  to  the  ones  shown  below,  but  30  blocks  high.  Make  a conjecture 
for  the  value  of  the  nih  term  and  for  the  value  of  the  30th  term.  How  many  blocks 
will  she  need? 


15.  The  stack  of  bricks  at  right  is  four  bricks  high.  Find  the  total  number  of 
bricks  for  a stack  that  is  100  bricks  high. 


16.  If  at  a party  there  are  a total  of  741  handshakes  and  each  person  shakes  hands  with 
everyone  else  at  the  party  exactly  once,  how  many  people  are  at  the  party? 


17.  If  a whole  bunch  of  lines  (no  two  parallel,  no  three  concurrent)  intersect  in  a plane 
2926  times,  how  many  lines  are  in  the  bunch? 


18.  If  in  a 54-sided  polygon  all  possible  diagonals  are  drawn  from  one  vertex, 
they  divide  the  interior  of  the  polygon  into  how 
many  regions? 

19.  In  the  diagram  at  right,  y[c  ||  5/5. 

a.  Name  a pair  of  vertical  angles. 

b.  Name  a linear  pair  of  angles. 

c.  Name  a pair  of  corresponding  angles. 

d.  Name  a pair  of  alternate  interior  angles. 

20.  Developing  Proof  In  Exercise  19,  name  three  angles 
congruent  to  / A Hi  and  the  conjectures  that 
support  your  answers. 


21.  Consider  this  statement:  “If  two  polygons  are  congruent,  then  they  have  the  same 
number  of  sides.”  Is  this  statement  true?  Now  write  the  converse  of  the  statement.  Is 
the  converse  true?  If  it  is  true,  explain  why;  if  it  is  not  true,  draw  a counterexample. 


22.  Using  a ruler  and  a protractor,  draw  a parallelogram  with  one  interior  angle 
measuring  56°  and  sides  with  lengths  4.5  cm  and  7 cm 
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23.  Developing  Proof  Which  pairs  of  lines  are 
parallel?  Explain  how  you  Imow. 


25.  Developing  Proof  Trace  the  diagram  at  right. 
Calculate  each  lettered  angle  measure.  Explain, 
how  you  determined  the  measures  e,  /,  and  g. 


Assessing  WKat  You'v&  Learned 

WRITE  IN  YOUR  JOURNAL 


Many  students  find  it  useful  to  reflect  on  the  mathematics  they’re  learning  by 
keeping  a journal.  Like  a diary  or  a travel  journal,  a mathematics  journal  is  a 
chance  for  you  to  reflect  on  what  happens  each  day  and  your  feelings  about  it. 
Unlike  a diary,  though,  your  mathematics  journal  isn’t  private — ^your  teacher  may 
ask  to  read  it  too  and  may  respond  to  you  in  writing.  Reflecting  on  your  learning 
experiences  will  help  you  assess  your  strengths  and  weaknesses,  your  preferences, 
and  your  learning  style.  Reading  through  your  journal  may  help  you  see  what 
obstacles  you  have  overcome.  Or  it  may  help  you  realize  when  you  need  help. 


► So  far,  you  have  written  definitions,  looked  for  patterns,  and  made  conjectures. 
How  does  this  way  of  doing  mathematics  conpare  to  the  way  you  have  learned 
mathematics  in  the  past? 

► What  are  some  of  the  most  significant  concepts  or  skills  you’ve  learned  so  far? 
Why  are  they  significant  to  you? 

► What  are  you  looking  forward  to  in  your  study  of  geometry?  What  are  your  goals 
for  this  class?  What  specific  steps  can  you  take  to  achieve  your  goals? 

► What  are  you  uncomfortable  or  concerned  about?  What  are  some  things  you  or 
your  teacher  can  do  to  help  you  overcome  these  obstacles? 


KEEPING  A NOTEBOOK  You  should  now  have  four  parts  to  your  notebook: 
a section  for  homework  and  notes,  an  investigation  section,  a definition  list,  and 
now  a conjecture  list.  Make  sure  these  are  up-to-date. 


UPDATE  YOUR  PORTFOLIO  Choose  one  or  more  pieces  of  your  most  significant 
work  in  this  chapter  to  add  to  your  portfolio.  These  could  include  an  investigation, 
a project,  or  a complex  homework  exercise.  Make  sure  your  work  is  conplete. 

Describe  why  you  chose  the  piece  and  what  you  learned  from  it. 
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CHAPTER 


Using  Tools 
of  Geometry 


There  is  indeed  great 
satisfaction  in  acquiring 
skill,  in  coming  to  thoroughly 
understand  the  qualities  of  the 
material  at  hand  and  in  learning  to 
use  the  instruments  we  have — in  the 
first  place,  our  hands! — in  an  effective  and 
controlled  way. 

M.  C.  ESCHER 

Drawing  Hands,  M.  C.  Escher,  1948 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 

All  rights  reserved. 


OBJECTIVES 

In  this  chapter  you  will 

« learn  about  the  history  of 
geometric  constructions 

« develop  skills  using  a 
compass,  a straightedge, 
patty  paper,  and  geometry 
software 


* see  how  to  create  complex 
figures  using  only  a 
compass,  a straightedge, 
and  patty  paper 

# explore  points  of 
concurrency  in  triangles 
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It  is  only  the  first  step  that 
is  difficult 

MARE  DE  VICHY-CHAMROD 


Duplicating  Segments 
and  Angles 

The  compass,  like  the  straightedge,  has  been  a useful  geometry  tool  for  thousands 
of  years.  The  ancient  Egyptians  used  the  conpass  to  mark  off  distances.  During 
the  Golden  Age  of  Greece,  Greek  mathematicians  made  a game  of  geometric 
constructions.  In  his  work  Elements,  Euclid  (325-265  B.C.E.)  established  the  basic 
rules  for  constructions  using  only  a compass  and  a straightedge.  In  this  course 
you  will  learn  how  to  construct  geometric  figures  using  these  tools  as  well  as 
patty  paper. 


Constructions  with  patty  paper  are  a variation  on  the  ancient  Greek  game  of 
geometric  constructions.  Almost  all  the  figures  that  can  be  constructed  with  a 

compass  and  a straightedge  can  also  be 
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constructed  using  a straightedge  and  patty 
paper,  waxed  paper,  or  tracing  paper.  If 
you  have  access  to  a computer  with  a 
geometry  software  program,  you  can  do 
constructions  electronically. 

In  the  previous  chapters,  you  drew 
and  sketched  many  figures.  In  this  chapter, 
however,  you’ll  construct  geometric 
figures.  The  words  sketch,  draw,  and 
construct  have  specific  meanings  in 
geometry. 


Mathematics 

CONNECTION 

Euclidean  geometry  is  the 
study  of  geometry  based  on 
the  assumptions  of  Euclid 
(325-265  B.C.E.).  Euclid 
established  the  basic  rules 
for  constructions  using  only  a 
compass  and  a straightedge. 

In  his  work  Elements,  Euclid 
proposed  definitions  and 
constructions  about  points, 
lines,  angles,  surfaces,  and 
solids.  He  also  explained  why 
the  constructions  were  correct 
with  deductive  reasoning. 

A page  from  a book  on  Euclid, 
above,  shows  some  of  his 
constructions  and  a translation 
of  his  explanations  from 
Greek  into  Latin. 


When  you  sketch  an  equilateral 
triangle,  you  may  make  a freehand 
sketch  of  a triangle  that  looks 
equilateral.  You  don’t  need  to  use 
any  geometry  tools. 


When  you  draw  an  equilateral 
triangle,  you  should  draw  it  carefully 
and  accurately,  using  your  geometry 
tools.  You  may  use  a protractor  to 
measure  angles  and  a ruler  to 
measure  the  sides  to  make  sure  they 
are  equal  in  measure. 
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When  you  construct  an  equilateral 
triangle  with  a compass  and 
straightedge,  you  don’t  rely  on 
measurements  from  a protractor  or 
ruler.  You  must  use  only  a compass 
and  a straightedge.  This  method  of 
construction  guarantees  that  your 
triangle  is  equilateral. 


When  you  construct  an  equilateral 
triangle  with  patty  paper  and 
straightedge,  you  fold  the  paper  and 
trace  equal  segments.  You  may  use  a 
straightedge  to  draw  a segment,  but 
you  may  not  use  a compass  or  any 
measuring  tools. 


When  you  sketch  or  draw,  use  the  special  marks  that  indicate  right  angles,  parallel 
segments,  and  congruent  segments  and  angles. 

By  tradition,  neither  a ruler  nor  a protractor  is  ever  used  to  perform  geometric 
constructions,  because  no  matter  how  precise  we  try  to  be,  measurement  always 
involves  some  amount  of  inaccuracy.  Rulers  and  protractors  are  measuring  tools, 
not  construction  tools.  You  may  use  a ruler  as  a straightedge  in  constructions, 
provided  you  do  not  use  its  marks  for  measuring.  In  the  next  two  investigations 
you  will  discover  how  to  duplicate  a line  segment  and  an  angle  using  only  your 
compass  and  straightedge,  or  using  only  patty  paper  and  a straightedge.  By 
duplicate,  we  mean  to  copy  using  construction  tools. 


finvprtigatlon  1 

Duplicating  a Segment 


Yctu  will  lilted 

* a compass 

* a straightedge 
, a ruler 

* patty  paper 


A U 


O 


A B 


.Stage  I 


Stage  1 


C 


StiLye  .S 


Step  1 

Step  2 
Step  3 


The  complete  construction  for  copying  a segment,  AB  , is  shown  above.  Describe 
each  stage  of  the  process. 

Use  a ruler  to  measure  AB  and  CD . How  do  the  two  segments  compare? 
Describe  how  to  duplicate  a segment  using  patty  paper  instead  of  a compass. 
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Using  only  a compass  and  a straightedge,  how  would  you  duplicate  an  angle?  In 
other  words,  how  would  you  construct  an  angle  that  is  congruent  to  a given  angle? 
You  may  not  use  your  protractor,  because  a protractor  is  a measuring  tool,  not  a 
construction  tool. 


Investigation  2 

Duplicating  an  Angle 


Vqm  ml\  need 

# a compass 
« a straightedge 


Step  1 


The  first  two  stages  for  copying  LDEF  are  shown  below.  Describe  each  stage  of 
the  process. 


I 


Stagt  2 


Step  2 
Step  3 

Step  4 


What  will  be  the  final  stage  of  the  construction? 

Use  a protractor  to  measure  LDEF  and  L G.  What  can  you  state  about  these 
angles? 

Describe  how  to  duplicate  an  angle  using  patty  paper  instead  of  a compass. 


You’ve  just  discovered  how  to  duplicate 
segments  and  angles  using  a straightedge  and 
compass  or  patty  paper.  These  are  the  basic 
constructions.  You  will  use  combinations  of 
these  to  do  many  other  constructions.  You  may 
be  surprised  that  you  can  construct  figures 

more  precisely  without  using  a ruler  or 
protractor! 


Called  vintas.  these  caroes  with  brightly  patterned 
sails  are  used  for  fisbirg  in  Zamboanga,  Philippines. 
What  angles  and  segments  are  duplicated  in  this 
photo? 
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1 i'FTfi>t>ti  1^1 

Vw  will  fiMd 

[ 

Construction  Now  that  you  can  duplicate  line  segments  and  angles  using 
construction  tools,  do  the  constructions  in  Exercises  1-10.  You  will 
duplicate  polygons  in  Exercises  7 and  10. 

1 . Using  only  a conpass  and  a straightedge,  duplicate  the  three  line 
segments  shown  below.  Label  them  as  they’re  labeled  in  the  figures. 

CffjuffWftAwi  rMlj 
■for  Exercises  1-10 

rr?]  soffwam 

lor  trencise  11 

A 

iis  C b B 

*P 

2.  Use  the  segments  from  Exercise  1 to  construct  a line  segment  with  length  + CD. 

3.  Use  the  segments  from  Exercise  1 to  construct  a line  segment  with  length 

2AB  + 2EF  - CD. 


4.  Use  a conpass  and  a straightedge  to  duplicate  each  angle.  There’ s an  arc  in  each 
angle  to  help  you. 


5.  Draw  an  obtuse  angle.  Label  it  LGE,  then  duplicate  it. 

6.  Draw  two  acute  angles  on  your  paper.  Construct  a third  angle  with  a measure  equal 
to  the  sum  of  the  measures  of  the  first  two  angles.  Remember,  you  cannot  use  a 
protractor — use  a compass  and  a straightedge  only. 

7.  Draw  a large  acute  triangle  on  the  top  half  of  your  paper.  Duplicate  it  on  the  bottom 
half,  using  your  conpass  and  straightedge.  Do  not  erase  your  construction  marks, 

so  others  can  see  your  method. 

8.  Construct  an  equilateral  triangle.  Each  side  should  be  the  length  of  this 
segment. 


9.  Repeat  Exercises  7 and  8 using  constructions  with  patty  paper. 

10.  Draw  quadrilateral  QUAD.  Duplicate  it,  using  your  conpass  and  straightedge.  Label 
the  construction  COPY  so  that  QUAD  = COPY. 

1 1 . Technology  Use  geometry  software  to  construct  an  equilateral  triangle.  Drag  each 
vertex  to  make  sure  it  remains  equilateral. 
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^ Review 

1 2.  Copy  the  diagram  at  right. 
Use  the  Vertical  Angles 
Conjecture  and  the  Parallel 
Lines  Conjecture  to  calculate 
the  measure  of  each  angle. 


1 3.  Hyacinth  is  standing  on  the  curb  waiting  to  cross  24th  Street.  A half  block  to  her  left 
is  Avenue  J,  and  Avenue  K is  a half  block  to  her  right.  Numbered  streets  run  parallel 
to  one  another  and  are  all  perpendicular  to  lettered  avenues.  If  Avenue  P is  the 
northernmost  avenue,  which  direction  (north,  south,  east,  or  west)  is  she  facing? 

14.  Write  a new  definition  for  an  isosceles  triangle,  based  on  the  triangle’s  refiectional 
symmetry.  Does  your  definition  apply  to  equilateral  triangles?  Explain.  ' 


1 5.  Sketch  the  three-dimensional  figure  formed 
by  folding  this  net  into  a solid. 


1 6.  Draw  ihDAY  after  it  is  rotated  90°  clockwise 
about  the  origin.  Label  the  coordinates  of 
the  vertices. 


1 7.  Use  your  ruler  to  draw  a triangle  with  side  lengths  8 cm,  10  cm,  and  1 1 cm  Explain 
your  method.  Can  you  draw  a second  triangle  with  the  same  three  side  lengths  that 
is  not  congruent  to  the  first? 


IMPROVING  YOUR  ALGEBRA  SKILLS 


Pyramid  Puzzle  II 

Place  four  different  numbers  in  the  bubbles  at 
the  vertices  of  each  pyramid  so  that  the  two 
numbers  at  the  ends  of  each  edge  add  to  the 
number  on  that  edge. 
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To  be  successful,  the  first 
thing  to  do  is  to  fail  in  love 
with  your  work. 

SISTER  MARY  LAURETTA 


Constructing  Perpendicular 
Bisectors 


Each  segment  has  exactly  one  midpoint. 
A segment  bisector  is  a line,  ray,  or 
segment  that  passes  through  the 
midpoint  of  a segment. 

A segment  has  many  perpendiculars  and 
many  bisectors,  but  in  a plane  each 
segment  has  only  one  bisector  that  is 
also  perpendicular  to  the  segment.  This 
line  is  its  perpendicular  bisector. 

The  construction  of  the  perpendicular 
bisector  of  a segment  creates  a line  of 
symmetry.  You  use  this  property  when 
you  hang  a picture  frame.  If  you  want 
to  center  a picture  above  your  desk, 
you  need  to  place  a nail  in  the  wall 
somewhere  along  the  perpendicular 
bisector  of  the  segment  that  forms 
the  top  edge  of  your  desk  closest  to 
the  wall. 


Lines  jpu  and  /i  bisect  At?. 


Lines  k,  t arc  pcipc-ndieulai  to 


Investigation  1 

Finding  the  Right  Bisector 


Yoy  Mrill  nre^d 

* patty  paper 

♦ a straightedge 


In  this  investigation  you  will  discover  how  to  construct  the  perpendicular  bisector 
of  a segment. 


Siep  I 


Step  2 


Step  1 


Draw  a segment  on  patty  paper.  Label  it  PQ. 


Step  2 Fold  your  patty  paper  so  that  endpoints  P and  Q land  exactly  on  top  of  each 
other,  that  is,  they  coincide.  Crease  your  paper  along  the  fold. 

Step  3 Unfold  your  paper.  Draw  a line  in  the  crease.  What  is  the  relationship  of  this  line 
to  PQ  ? Check  with  others  in  your  group.  Use  your  ruler  and  protractor  to  verify 
your  observations. 
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How  would  you  describe  the  relationship  of  the  points  on  the  perpendicular 
bisector  to  the  endpoints  of  the  bisected  segment?  There’s  one  more  step  in 
your  investigation. 


Step  4 


Place  three  points  on  your  perpendicular  bisector.  Label 
them  A,  B,  and  C.  With  your  compass,  compare  the 
distances  PA  and  QA  Compare  the  distances  PB  and  QB. 
Concpare  the  distances  PC  and  QC.  What  do  you  notice 
about  the  two  distances  from  each  point  on  the 
perpendicular  bisector  to  the  endpoints  of  the  segment? 
Concpare  your  results  with  the  results  of  others.  Then 
copy  and  concplete  the  conjecture. 


I'^emember  to  add  each 
conjecture  to  your  conjecture 
list  and  draw  a figure  for  it. 


Perpendicular  Bisector  Conjecture 

If  a point  is  on  the  perpendicular  bisector  of  a segment,  then  it  is  1_  from 
the  endpoints. 


You’ve  just  completed  the  Perpendicular  Bisector  Conjecture.  What  about  the 
converse  of  this  statement? 


^ Investigation  2 

Constructing  the  Perpendicular  Bisector 

You  will  ti##dl 

« a compass 
+ a straightedge 


If  a point  is  equidistant,  or  the  same  distance,  from  two  endpoints  of  a line 
segment  in  a plane,  will  it  be  on  the  segment’s  perpendicular  bisector?  If  so,  then 
locating  two  such  points  can  help  you  construct  the  perpendicular  bisector. 


Step  I 


Step  1 


Step  2 


Step  3 


Draw  a line  segment.  Set  your  compass  to  more  than  half  the  distance  between  the 
endpoints.  Using  one  endpoint  as  center,  swing  an  arc  on  one  side  of  the  segment. 

Using  the  same  compass  setting,  but  using  the  other  endpoint  as  center,  swing  a 
second  arc  intersecting  the  first. 

The  point  where  the  two  arcs  intersect  is  equidistant  from  the  endpoints  of 
your  segment.  Just  as  you  did  on  one  side  of  the  segment,  use  your  compass 
to  find  another  such  point.  Use  these  points  to  construct  a line.  Is  this  line  the 
perpendicular  bisector  of  the  segment?  Use  the  paper- folding  technique  of 
Investigation  1 to  check. 
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step  4 


Complete  the  conjecture  below,  and  write  a summary  of  what  you  did  in  this 
investigation. 


Converse  of  the  Perpendicular  Bisector  Conjecture  L 

If  a point  is  equidistant  from  the  endpoints  of  a segment,  then  it  is  on  the  _2_ 
of  the  segment. 


Notice  that  constructing  the  perpendicular  bisector  also  locates  the  midpoint  of  a 
segment.  Now  that  you  know  how  to  construct  the  perpendicular  bisector  and  the 
midpoint,  you  can  construct  rectangles,  squares,  and  right  triangles.  You  can  also 
construct  two  special  segments  in  any  triangle:  medians  and  midsegments. 


The  segment  connecting  the  vertex  of  a triangle 
to  the  midpoint  of  its  opposite  side  is  a median. 
There  are  three  midpoints  and  three  vertices  in 
every  triangle,  so  every  triangle  has  three 
medians. 


The  segment  that  connects  the  midpoints  of  two 
sides  of  a triangle  is  a midsegment.  A triangle 
has  three  sides,  each  with  its  own  midpoint,  so 
there  are  three  midsegments  in  every  triangle. 


Exercises 


Construction  For  Exercises  1-5,  construct  the  figures  using  only  a conpass  and 
a straightedge. 


^ will  tie^ 


for  1-lQ 

and  1^ 


1 . Draw  and  label  AB.  Construct  the  perpendicular  bisector  of  AB 


ityftware 
for  M 


2.  Draw  and  label  QD  Construct  perpendicular  bisectors  to  divide  QD 
into  four  congruent  segments. 


3.  Draw  a line  segment  so  close  to  the  edge  of  your  paper  that  you  can  swing  arcs 
on  only  one  side  of  the  segment.  Then  construct  the  perpendicular  bisector  of  the 
segment. 

4.  Using  AiB  and  CD,  construct  a segment  with  length  2 AB  - ^CD. 

A H c D 


5.  Construct  MA  with  length  equal  to  the  average  length  of  and  CD  above.  " 
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6.  Construction  Do  Exercises  1-5  using  patty  paper. 


Construction  For  Exercises  7-10,  you  have  your  choice  of  construction  tools.  Use  either  a 
concpass  and  a straightedge,  or  patty  paper  and  a straightedge.  Do  not  use  patty  paper 
and  concpass  together. 


7.  Construct  oALI.  Construct  the  perpendicular  bisector  of  each  side.  What  do  you 
notice  about  the  three  bisectors? 

8.  Construct  0:ABC.  Construct  medians  AM  , BN,  and  CL.  Notice  anything  special?  h 

9.  Construct  ihDEF.  Construct  midsegment  GH  where  G is  the  midpoint  of  DLand  H 
is  the  mdpoint  of  DK  What  do  you  notice  about  the  relationship  between  EF 

and  GS? 

10.  Copy  rectangle  DSOE  onto  your  paper.  Construct  the  midpoint  of  each  ^'  | 

side.  Label  the  midpoint  of  DS  point  I,  the  midpoint  of  5G  point  C,  the 

midpoint  of  OE  point  V,  and  the  midpoint  of  ED  point  R.  Construct 
quadrilateral  RICV.  Describe  RICV. 

11.  The  island  shown  at  right  has  two 
post  offices.  The  postal  service 
wants  to  divide  the  island  into  two 
zones  so  that  anyone  within  each 
zone  is  always  closer  to  their  own 
post  office  than  to  the  other  one. 

Copy  the  island  and  the  locations 
of  the  post  offices  and  locate  the 
dividing  line  between  the  two  zones. 

Explain  how  you  know  this  dividing 
line  solves  the  problem  Or  pick 
several  points  in  each  zone  and 
make  sure  they  are  closer  to  that 
zone’ s post  office  than  they  are  to 
the  other  one. 


12.  Copy  parallelogram  FLAT  onto  your  paper.  Construct  the  perpendicular 
bisector  of  each  side.  What  do  you  notice  about  the  quadrilateral  formed 
by  the  four  lines? 

13.  Technoiogy  Use  geometry  software  to  construct  a triangle.  Construct  a 
median.  Are  the  two  triangles  created  by  the  median  congruent?  Use  an 
area  measuring  tool  in  your  software  program  to  find  the  areas  of  the 
two  triangles.  How  do  they  compare?  If  you  made  the  original  triangle 
from  heavy  cardboard,  and  you  wanted  to  balance  that  cardboard  triangle 
on  the  edge  of  a ruler,  what  would  you  do? 


i- 


L 


14.  Construction  Construct  a very  large  triangle  on  a piece  of  cardboard  or  mat  board 
and  construct  its  median.  Cut  out  the  triangle  and  see  if  you  can  balance  it  on 
the  edge  of  a ruler.  Sketch  how  you  placed  the  triangle  on  the  ruler.  Cut  the 
triangle  into  two  pieces  along  the  median  and  weigh  the  two  pieces.  Are  they  the 
same  weight? 
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Review 


In  Exercises  15-20,  match  the  term  with  its  figure  below. 


15.  Scalene  acute  triangle 
18.  Isosceles  acute  triangle 


16.  Isosceles  obtuse  triangle 
19.  Scalene  obtuse  triangle 


17.  Isosceles  right  triangle 
20.  Scalene  right  triangle 


21.  List  the  letters  from  the  alphabet  below  that  have  a horizontal  line  of  symmetry. 

ABCDEFGHIJKLMNOPQRSTUVWXYZ 


22.  Use  your  ruler  and  protractor  to  draw  a triangle  with  angle  measures  40°  and  70°  and 
a side  opposite  the  70°  angle  with  length  10  cm  Explain  your  method.  Can  you  draw 
a second  triangle  using  the  same  instructions  that  is  not  congruent  to  the  first? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Folding  Cubes  I 

In  the  problems  below,  the  figure  at  the  left  represents  the  net  for  a cube.  When  the  net 
is  folded,  which  cube  at  the  right  will  it  become? 


0 ‘0 


3. 
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Intelligence  plus  character— 
that  is  the  goal  of  true 
education. 

MARTIN  LUTHER  KING,  JR. 


Constructing 
Perpendiculars  to  a Line 

If  you  are  in  a room,  look  over  at  one  of  the  walls.  What  is  the  distance  from  where 
you  are  to  that  wall?  How  would  you  measure  that  distance?  There  are  a lot  of 
distances  from  where  you  are  to  the  wall,  but  in  geometry  when  we  speak  of  a 
distance  from  a point  to  a line  we  mean  the  perpendicular  distance. 

The  construction  of  a perpendicular 
from  a point  to  a line  (with  the  point 
not  on  the  line)  is  another  of  Euclid’s 
constructions,  and  it  has  practical 
applications  in  many  fields,  including 
agriculture  and  engineering.  For 
exanple,  think  of  a high-speed  Internet 
cable  as  a line  and  a building  as  a point 
not  on  the  line.  Suppose  you  wanted  to 
connect  the  building  to  the  Internet 
cable  using  the  shortest  possible  length 
of  connecting  wire.  How  can  you  find 
out  how  much  wire  you  need,  so  you 
don’t  buy  too  much? 


— ® 

You  will  ne«d 

• a compass 

* a straightedge 


Investigatmn  1 
Finding  the  Right  Line 

You  already  know  how  to  construct  perpendicular  bisectors  of  segments.  You  can 
use  that  knowledge  to  construct  a perpendicular  from  a point  to  a line. 


Step  1 
Step  2 
Step  3 

Step  4 


Stage  I Shige  2 

Draw  a line  and  a point  labeled  P not  on  the  line,  as  shown  above. 

Describe  the  construction  steps  you  take  at  Stage  2. 

How  is  PA  related  to  PBl  What  does  this  answer  tell  you  about  where  point  P 
lies?  Hint:  See  the  Converse  of  the  Perpendicular  Bisector  Conjecture. 

Construct  the  perpendicular  bisector  of  AB  . Label  the  midpoint  M. 
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You  have  now  constructed  a perpendicular  through  a point 
not  on  the  line.  This  is  useful  for  finding  the  distance  to  a line. 

Step  5 i Label  three  randomly  placed  points  on  AB  as  Q,  R,  and  S. 

Measure  PQ,  PR,  PS,  and  PM.  Which  distance  is  shortest? 
Compare  results  with  those  of  others  in  your  group. 

You  are  now  ready  to  state  your  observations  by  completing 
the  conjecture. 


Shortest  Distance  Conjecture 


C-7 


The  shortest  distance  from  a point  to  a line  is  measured  along  the  J_  from 
the  point  to  the  line. 


Let’s  take  another  look.  How  could  you  use  patty  paper  to  do  this  construction? 


will  iirB^d 

♦ patty  paper 

♦ a straightedge 


Investigation  2 
Patty-Paper  Perpendiculars 


In  Investigation  1,  you  constructed  a perpendicular  from  a point  to  a line.  Now  let’ s 
do  the  same  construction  using  patty  paper. 


On  a piece  of  patty  paper,  perform  the  steps  below. 


Step  l 


Step  1 


Draw  and  label  AB  and  a point  P not  on  AB  • 


Step  2 


Fold  the  line  onto  itself,  and  slide  the  layers  of  paper  so  that  point  P appears  to 
be  on  the  crease.  Is  the  crease  perpendicular  to  the  line?  Check  it  with  the  corner 
of  a piece  of  patty  paper. 


Step  3 


Label  the  point  of  intersection  M.  Are  LAMP  and  LBMP  congruent? 
Supplementary?  Why  or  why  not? 


In  Investigation  2,  is  M the  midpoint  of  AB  ? Do  you  think  it  needs  to  be?  Think 
about  the  techniques  used  in  the  two  investigations.  How  do  the  techniques  differ? 
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The  construction  of  a perpendicular  from  a point  to 

a line  lets  you  find  the  shortest  distance  from  a point  ^ 

to  a line.  The  geometry  definition  of  distance  from  a 

point  to  a line  is  based  on  this  construction,  and  it 

reads,  ‘The  distance  from  a point  to  a line  is  the  length  of 

the  perpendicular  segment  from  the  point  to  the  line.” 

You  can  also  use  this  construction  to  find  an  altitude  of  a triangle. 
An  altitude  of  a triangle  is  a perpendicular  segment  from  a vertex 
to  the  opposite  side  or  to  a line  containing  the  opposite  side. 


Alt  it  tide 


An  altilitdc  can  be: 

iniide  the  triangle. 


An  altitude  can  be  An  altitude  can  be  one  of 

outiide  the  triangle.  the  sidei  of  the  triangle. 


The  length  of  the  altitude  is  the  height  of  the  triangle.  A triangle  has  three  different 
altitudes,  so  it  has  three  different  heights. 


Exercises 


Construction  Use  your  compass  and  straightedge  and  the  definition  of  distance 
to  do  Exercises  1-5. 


You  will  need 

I forEMKces  1-1? 


1 . Draw  an  obtuse  angle  BIG.  Place  a point  P 
inside  the  angle.  Now  construct  perpendiculars 
from  the  point  to  both  sides  of  the  angle. 

Which  side  is  closer  to  point  PI 

2.  Draw  an _acute  triangle.  Label  it  ABC.  Construct 
altitude  CD  withpoint  D onA5  . (We  didn’t 
forget  about  point  D.  It’ s at  ihQ  foot  of  the 
perpendicular.  Your  job  is  to  locate  it.) 

3.  Draw  obtuse  triangle  OBT  with  obtuse  angle  O. 
Construct  altitude  BU . In  an  obtuse  triangle,  an 
altitude  can  fall  outside  the  triangle.  To  construct 
an  altitude  from  point  B of  your  triangle,  extend 


In  thii -futuristic  painting,  American  artist  Ralston  Crawford 
( 1 -906- 1 97fl]i  has  constructed  a set  of  converging  lines  and 
vertical  lines  to  produce  an  illusion  of  distance. 


side  OT.  In  an  obtuse  triangle,  how  many 

altitudes  fall  outside  the  triangle  and  how  many  fall  inside  the  triangle? 


4.  How  can  you  construct  a perpendicular  to  a line  through  a point  that  is  on  the  line? 
Draw  a line.  Mark  a point  on  your  line.  Now  experiment.  Devise  a method  to 
construct  a perpendicular  to  your  line  at  the  point. 


5.  Draw  a line.  Mark  two  points  on  the  line  and  label  them  Q and  R.  Now  construct  a 
square  SQRE  with  QR  as  a side. 
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Construction  For  Exercises  6-9,  use  patty  paper  and  a sttaightedge.  (Attach  your  patty- 
paper  work  to  your  problems.) 


6.  Draw  a line  across  your  patty  paper  with  a straightedge.  Place  a point  P not  on  the 
line,  and  fold  the  perpendicular  to  the  line  through  the  point  P.  How  would  you  fold 
to  construct  a perpendicular  through  a point  on  a line?  Place  a point  Q on  the  line. 
Fold  a perpendicular  to  the  line  through  point  Q.  What  do  you  notice 
about  the  two  folds? 


Draw  a very  large  acute  triangle  on  your  patty  paper.  Place  a point  inside 
the  triangle.  Now  construct  perpendiculars  from  the  point  to  all  three 
sides  of  the  triangle  by  folding.  Mark  your  figure.  How  can  you  use  your 
construction  to  decide  which  side  of  the  triangle  your  point  is  closest  to? 

Construct  an  isosceles  right  triangle.  Label  its  vertices  A,  B,  and  C,  with 
point  C the  right  angle.  Fold  to  construct  the  altitude  CD  . What  do  you 
notice  about  this  line? 


9.  Draw  obtuse  triangle  OBT  with  angle  O obtuse.  Fold  to  construct  the  altitude  BU  . 
(Don’t  forget,  you  must  extend  the  side  OT  • ) 


Construction  For  Exercises  10-12,  you  may  use  either  patty  paper  or  a compass  and  a 
straightedge. 


10.  Construct  a square  ABLE 
given  AL  as  a diagonal. 

A * 


11.  Construct  a rectangle  whose 
width  is  half  its  length. 


12.  Construct  the  concplement 
of  Z.A 


^ Review 


13.  Copy  and  concplete  the  table.  Make  a conjecture  for  the  value  of  the  nth  term  and 
for  the  value  of  the  35th  term  h 

Rectangular  pattern  with  triangles 


Rectangle 

I 

2 

3 

4 

5 

6 

35 

hlumber  of  s^Naded 
triangles 

2 

9 

-- 

... 

14.  Sketch  the  solid  of  revolution  formed  when  the  two-dimensional 
figure  at  right  is  revolved  about  the  line. 
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For  Exercises  15-20,  label  the  vertices  with  the  appropriate  letters.  When  you  sketch  or 

draw,  use  the  special  marks  that  indicate  right  angles,  parallel  segments,  and  congruent 

segments  and  angles. 

15.  Sketch  obtuse  triangle  FIT  with  m LI  > 90°  and  median  lY  • 

16.  Sketch  is  1 and^l  (^. 

17.  Use  your  protractor  to  draw  a regular  pentagon.  Draw  all  the  diagonals.  Use  your 
compass  to  construct  a regular  hexagon.  Draw  three  diagonals  connecting  alternating 
vertices.  Do  the  same  for  the  other  three  vertices. 

18.  Draw  a triangle  with  a 6 cm  side  and  an  8 cm  side  and  the  angle  between  them 
measuring  40°.  Draw  a second  triangle  with  a 6 cm  side  and  an  8 cm  side  and 
exactly  one  40°  angle  that  is  not  between  the  two  given  sides.  Are  the  two  triangles 
congruent? 

19.  Sketch  and  label  a polygon  that  has  exactly  three  sides  of  equal  length  and  exactly 
two  angles  of  equal  measure. 

20.  Sketch  two  triangles.  Each  should  have  one  side  measuring  5 cm  and  one  side 
measuring  9 cm,  but  they  should  not  be  congruent. 


CONSTRUCTING  A TILE  DESIGN 

This  Islamic  design  is  based  on  two  intersecting  squares  that  form  an  8-pointed  star. 

Many  designs  of  this  kind  can  be  constructed  using  only  patty  paper  or  a compass  and 
a straightedge.  Try  it.  Use  construction  tools  to  re-create  this  design  or  to  create  a design 
of  your  own  based  on  an  8-pointed  star. 

Your  project  should  include 

► Your  design  based  on  an  8-pointed  star,  in  color. 

► A diagram  showing  your  construction  technique, 
with  a written  explanation  of  how  you  created  it. 

Here  is  a diagram  to  get  you  started. 
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Challenges  make  you 
discover  things  about 
yourself  that  you  never 
really  knew. 

CICELY  TYSON 


Constructing  Angle 
Bisectors 


On  a softball  field,  the  pitcher’s  mound  is  the 
same  distance  from  each  foul  line,  so  it  lies  on 
the  angle  bisector  of  the  angle  formed  by  the 
foul  lines.  As  with  a perpendicular  bisector 
of  a segment,  an  angle  bisector  forms  a line 
of  symmetry.  While  the  definition  in  Chapter  1 
defined  an  angle  bisector  as  a ray,  you  may 
also  refer  to  a segment  as  an  angle  bisector  if 
it  lies  on  the  ray  and  passes  through  the  vertex. 


Investigation  1 

Angle  Bisecting  by  Foiding 

Each  person  should  draw  his  or  her  own  acute  angle  for  this  investigation. 


Stei>  I 


5tcp  2 


Step  3 


Step  1 
Step  2 
Step  3 

Step  4 


On  patty  paper,  draw  a large-scale  angle.  Label  it  PQR. 

Fold  your  patty  paper  so  that  QP  and  QR  coincide.  Crease  the  fold. 

Unfold  your  patty  paper.  Draw  a ray  with  endpoint  Q along  the  crease.  Does  the 
ray  bisect  LPQR  ? How  can  you  tell? 

Repeat  Steps  1-3  with  an  obtuse  angle.  Do  you  use  different  methods  for  finding 
the  bisectors  of  different  kinds  of  angles? 


Step  5 Place  a point  on  your  angle  bisector.  Label  it  A Concpare  the  distances  from  A 
to  each  of  the  two  sides.  Remember  that  “distance”  means  shortest  distance! 
Try  it  with  other  points  on  the  angle  bisector.  Compare  your  results  with  those 
of  others.  Copy  and  complete  the  conjecture. 


Angle  Bisector  Conjecture 

If  a point  is  on  the  bisector  of  an  angle,  then  it  is  JL  from  the  sides  of  the  angle. 
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You’ve  found  the  bisector  of  an  angle  by  folding  patty  paper.  Now  let’s  see  how  you 
can  construct  the  angle  bisector  with  a compass  and  a straightedge. 


[nvestigation  2 

Angle  Bisecting  with  Compass 


You  will  needl 

♦ a compass 

* a straightedge 

Step  1 
Step  2 


Step  3 


Step  4 


In  this  investigation,  you  will  find  a method  for  bisecting  an  angle 
using  a compass  and  straightedge.  Each  person  in  your  group 
should  investigate  a different  angle. 

Draw  an  angle. 

Find  a method  for  constructing  the  bisector  of 
the  angle.  Experiment! 

Hint:  Start  by  drawing  an 
arc  centered  at  the  vertex. 

Once  you  think  you  have  constructed 
the  angle  bisector,  fold  your  paper  to  see  if  the 
ray  you  constructed  is  actually  the  bisector.  Share  your 
method  with  other  students  in  your  group.  Agree  on  a best  method. 

Write  a summary  of  what  you  did  in  this  investigation. 


In  earlier  lessons,  you  learned  to  construct  a 90°  angle.  Now  you  know  how  to 
bisect  an  angle.  What  angles  can  you  construct  by  combining  these  two  skills? 


Exercises 


riFT'fiH'ti  1^1 

11^  " 


Construction  For  Exercises  1-5,  match  each  geometric  construction  with 
its  diagram 


1.  Construction  of  an  angle  bisector  2.  Construction  of  a median 


You  will  need 

f«E»erdses  1-12 
for  Eserfise  22 


3.  Construction  of  a midsegment 
A. 


4.  Construction  of  a 
perpendicular  bisector 

B. 


5.  Construction  of  an  altitude 

C. 


D. 


K 


R 
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Construction  For  Exercises  6-12,  construct  a figure  with  the  given  specifications. 


6.  Given: 


Construct:  An  isosceles  right  triangle  with  z as  the  length  of  each  of  the  two 
congruent  sides 

7.  Given: 

A p 

R A 

* j 

Construct : 0:RAP  with  median  PMand  angle  bisector  RB 


Construct:  ihMSE  with  Of/;where  O is  the  midpoint  of  MS  and  U is  the  midpoint 
of  SE 

9.  Construct  an  angle  with  each  given  measure  and  label  it.  Remember,  you  may  use 
only  your  compass  and  straightedge.  No  protractor! 

a.  90°  b.  45°  c.  135° 


10.  Draw  a large  acute  triangle.  Bisect  the  angle  at  one  vertex  with  a concpass  and  a 
straightedge.  Construct  an  altitude  from  the  second  vertex  and  a median  from  the 
third  vertex. 

11.  Repeat  Exercise  10  with  patty  paper.  Which  set  of  construction  tools  do  you  prefer? 
Why? 

12. 

13.  In  this  lesson  you  discovered  the 
Angle  Bisector  Conjecture.  Write  the 
converse  of  the  Angle  Bisector  Conjecture. 

Do  you  think  it’ s true?  Why  or  why  not? 


Notice  how  this  mosaic  floor  at  Church  erf  Pomposa  in 
Italy  (ca.  SSO  C\-.)  uses  many  duplicated  shapes.  What 
constructitiris  d-a  you  see  in  the  square  pattern?  Are  all 
the  triangles  In  the  isosceles  triangle  pattern  identical? 
How  can  you  tell? 


Use  your  straightedge  to  construct  a linear  pair  of  angles.  Use  your  compass  to 
bisect  each  angle  of  the  linear  pair.  What  do  you  notice  about  the  two  angle 
bisectors?  Can  you  make  a conjecture?  Can  you 
explain  why  it  is  true? 
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^ Review 


Draw  or  construct  each  figure  in  Exercises  17-21.  Label  the  vertices  with  the  appropriate 
letters.  If  you’re  unclear  on  the  difference  between  “draw”  and  “construct,”  refer  back  to 
pages  144  and  145. 

Draw  a regular  octagon.  What  traffic  18.  Construct  regular  octagon 

sign  comes  to  mind?  ; ALTOSIGN.  ^ 

Draw  so  that  AC  = 3.5cm,A5=  5.6  cm,  and  m Z.5AC  =130°. 

Draw  isosceles  right  ljABC  so  that  BC  = 6.5  cm  and  m LB  = 90°. 

Draw  a triangle  with  a 40°  angle,  a 60°  angle,  and  a side  between  the  given  angles 
measuring  8 cm  Draw  a second  triangle  with  a 40°  angle  and  a 60°  angle  but  with  a 
side  rmsisming^  cm  opposite  the  60°  angle.  Are  the  triangles  congruent?  V 

Technology  Use  geometry  software  to  construct  AB  and  CD,  with  point  C on 
AB  and  point  D not  on  AB  . Construct  the  perpendicular  bisector  of  CD 

a.  Trace  this  perpendicular  bisector  as  you  drag  point  C along  AB  . Describe  the 
shape  formed  by  this  locus  of  lines. 

b.  Erase  the  tracings  from  part  a.  Now  trace  the  midpoint  of  CD  as  you  drag  C. 
Describe  the  locus  of  points. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Coin  Swap  III 

Arrange  four  dimes  and  four  pennies  in  a row  of  nine  squares,  as  shown.  Switch  the 
position  of  the  four  dimes  and  four  pennies  in  exactly  24  moves.  A coin  can  slide  into  c 
encpty  square  next  to  it  or  can  juncp  over  one  coin  into  an  empty  space.  Record  your 
solution  by  listing,  in  order,  which  type  of  coin  is  moved.  Eor  exancple,  your  list  might 
begin  PDPDPPDD  .... 


17. 

19. 

20. 
21. 

22. 


9 

©I 

© 

© 

© 

c>eL. 
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When  you  stop  to  think,  don’t 
forget  to  start  up  again. 


Constructing  Parallel  Lines 


Parallel  lines  are  lines  that  lie  in  the  same  plane  and  do  not  intersect. 


ANONYMOUS 


The  lines  in  the  first  pair  shown  above  intersect.  They  are  clearly  not  parallel.  The 
lines  in  the  second  pair  do  not  meet  as  drawn.  However,  if  they  were  extended,  they 
would  intersect.  Therefore,  they  are  not  parallel.  The  lines  in  the  third  pair  appear 
to  be  parallel,  but  if  you  extend  them  far  enough  in  both  directions,  can  you  be 
sure  they  won’t  meet?  There  are  many  ways  to  be  sure  that  the  lines  are  parallel. 


Investigation 

Constructing  Parallel  Lines  by  Folding 


You  will  fireed 

♦ patty  paper 

♦ a straightedge 


How  would  you  check  whether  two  lines  are  parallel?  One  way  is  to  draw  a 
transversal  and  conpare  corresponding  angles.  You  can  also  use  this  idea  to 
construct  a pair  of  parallel  lines. 


Step  1 
Step  2 


Step  I Step  2 

Draw  a line  and  a point  on  patty  paper  as  shown. 

Fold  the  paper  to  construct  a perpendicular  so  that  the  crease  runs  through  the 
point  as  shown.  Describe  the  four  newly  formed  angles. 


Step  3 


Step  3 


Step  4 


Through  the  point,  make  another  fold  that  is  perpendicular  to  the  first  crease. 


Step  4 


Conpare  the  pairs  of  corresponding  angles  created  by  the  folds.  Are  they  all 
congruent?  Why?  What  conclusion  can  you  make  about  the  lines? 
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There  are  many  ways  to  construct  parallel  lines.  You  can  construct  parallel  lines 
much  more  quickly  with  patty  paper  than  with  conpass  and  straightedge.  You  can 
also  use  properties  you  discovered  in  the  Parallel  Lines  Conjecture  to  construct 
parallel  lines  by  duplicating  corresponding  angles,  alternate  interior  angles,  or 
alternate  exterior  angles.  Or  you  can  construct  two  perpendiculars  to  the  same  line. 
In  the  exercises  you  will  practice  all  of  these  methods. 


43lS^TFlThflSliD  ii 

PrnGtice. 

You  will  need 

I . CoffsJfUitiQntmis 

Construction  In  Exercises  1-9,  use  the  specified  construction  tools  to  do  | fw  Esemses  1-9 
each  construction.  If  no  tools  are  specified,  you  may  choose  either  patty 
paper  or  conpass  and  straightedge. 

1.  Use  conpass  and  straightedge.  Draw  a line  and  a point  not  on  the  line.  Construct  a 
second  line  through  the  point  that  is  parallel  to  the  first  line,  by  duplicating  alternate 
interior  angles. 

2.  Use  conpass  and  straightedge.  Draw  a line  and  a point  not  on  the  line.  Construct  a 
second  line  through  the  point  that  is  parallel  to  the  first  line,  by  duplicating 
corresponding  angles. 

3.  Construct  a square  with  perimeter  z. 


Exercises 


4.  Construct  a rhombus  with  x as  the  length  of  each  side 
and  Z.A  as  one  of  the  acute  angles. 


je 


5.  Construct  trapezoid  TRAP  with  TR  and  AP  as  the  two  parallel  sides  and  with  AP  as 
the  distance  between  them  (There  are  many  solutions!) 

T R 

A P 


6.  Using  patty  paper  and  straightedge,  or  a compass  and  straightedge,  construct 
parallelogram  GRAM  with  RG  and  RA  as  two  consecutive  sides  and  ML  as  the 
distance  between  RG  and  AM-  (How  many  solutions  can  you  find?) 


G it 

R ^ A 

M L 
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You  may  choose  to  do  the  mini-investigations  in  Exercises  7,  9,  and  1 1 using 
geometry  software. 


7.  Minhlnvestlgation  Draw  a large  scalene  acute  triangle  and  label  it  hSUM. 
Through  vertex  M construct  a line  parallel  to  side  SU  as  shown  in  the 
diagram  Use  your  protractor  or  a piece  of  patty  paper  to  conpare  £ 1 

and  Ll  with  the  other  two  angles  of  the  triangle  {LS  and  LU).  Notice 
anything  special?  Write  down  what  you  observe. 

8.  Developing  Proof  Use  deductive  reasoning  to  explain  why  your 
observation  in  Exercise  7 is  true  for  any  triangle. 


9. 


Minhlnvestlgation  Draw  a large  scalene  acute  triangle  and  label  it  APAR. 
Place  point  E anywhere  on  side  PR,  and  construct  a line  EL  parallel  to 
side  PA  as  shown  in  the  diagram  Use  your  ruler  to  measure  the 
lengths  of  the  four  segments  AL  , LR,  i?£',and  EP,  and  conpare  ratios 
and  Notice  anything  special?  Write  down  what  you  observe. 


10.  Developing  Proof  Measure  the  four  labeled  angles  in  Exercise  9.  Notice 
anything  special?  Use  deductive  reasoning  to  explain  why  your  observation 
is  true  for  any  triangle. 


11.  Minhlnvestlgation  Draw  a pair  of  parallel  lines  by  tracing  along  both 
edges  of  your  ruler.  Draw  a transversal.  Use  your  conpass  to  bisect  each 
angle  of  a pair  of  alternate  interior  angles.  What  shape  is  formed? 

12.  Developing  Proof  Use  deductive  reasoning  to  explain  why  the  resulting 
shape  is  formed  in  Exercise  11. 


^ Review 


13.  There  are  three  fire  stations  in  the  small 
county  of  Dry  Lake.  County  planners  need 
to  divide  the  county  into  three  zones  so 
that  fire  alarms  alert  the  closest  station. 
Trace  the  county  and  the  three  fire 
stations  onto  patty  paper,  and  locate  the 
boundaries  of  the  three  zones.  Explain  how 
these  boundaries  solve  the  problem  h 

Sketch  or  draw  each  figure  in  Exercises 
14-16.  Label  the  vertices  with  the  appropriate 
letters.  Use  the  special  marks  that  indicate 
right  angles,  parallel  segments,  and  congruent 
segments  and  angles. 


14.  Sketch  trapezoid  ZOID  with  ZO  1 1 ID,  point  T the  midpoint  of  01,  and  R the 
midpoint  of  ZD.  Sketch  segment  TR. 

15.  Draw  rhombus  ROME  withm  LR=  60°  and  diagonal  OB. 

16.  Draw  rectangle  RECK  with  diagonals  RC  and  EK  both  8 cm  long  and  intersecting  at 
point  W. 
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17.  Developing  Proof  Copy  the  diagram  below.  Use  your  conjectures  to  calculate  the 
measure  of  each  lettered  angle.  Explain  how  you  determined  measures  m,  p,  and  r. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Visual  Analogies 

Which  of  the  designs  at  right  conplete  the  statements  at  left?  Explain. 


as 


to  J- 
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ING  YDUR  ALGEBRA  SKILLS  3 


USIi^G 


Slopes  of  Parallel  and 
Perpendicular  Lines 


If  two  lines  are  parallel,  how  do  their  slopes 
conpare?  If  two  lines  are  perpendicular,  how 
do  their  slopes  compare?  In  this  lesson  you  will 
review  properties  of  the  slopes  of  parallel  and 
perpendicular  lines. 

If  the  slopes  of  two  or  more  distinct  lines  are 
equal,  are  the  lines  parallel?  To  find  out,  try 
drawing  on  graph  paper  two  lines  that  have  the 
same  slope  triangle. 

Yes,  the  lines  are  parallel.  In  fact,  in  coordinate 
geometry,  this  is  the  definition  of  parallel  lines. 
The  converse  of  this  is  true  as  well:  If  two  lines 
are  parallel,  their  slopes  must  be  equal. 


Parallel  Slope  Property 

In  a coordinate  plane,  two  distinct  lines  are  parallel  if  and  only  if  their  slopes 
are  equal,  or  they  are  both  vertical  lines. 


If  two  lines  are  perpendicular,  their 
slope  triangles  have  a different 
relationship.  Study  the  slopes  of  the 
two  perpendicular  lines  at  right. 


Slope 


Perpendicular  Slope  Property 

In  a coordinate  plane,  two  nonvertical  lines  are  perpendicular  if  and  only  if 
their  slopes  are  opposite  reciprocals  of  each  other. 


Can  you  explain  why  the  slopes  of  perpendicular  lines  would  have  opposite  signs? 
Can  you  explain  why  they  would  be  reciprocals?  Why  do  the  lines  need  to  be 
nonvertical? 
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EXAMPLE  A 


Consider  A(-l 5 -6),  5(6,  8),  C(4,-2)  andD(-4,  10).  Are  A5  and  CD 
parallel,  perpendicular,  or  neither? 


Solution 


Calculate  the  slope  of  each  line, 
slope  of  Air  = ^ i 


6-  (-15) 


slope  of  CD  = , i P = “4 


The  slopes,  2 and  - 1,  are  opposite  reciprocals  of  each  other,  so  AB  X CD. 


EXAMPLE  B 


► Solution 


Language 

CONNECTION* 

Coordinate  geometry  is 
sometimes  ealled  “analytie 
geometry.”  This  term  implies 
that  you  ean  use  algebra  to 
further  analyze  what  you  see. 
For  example,  eonsider  AB  and 
CD.  They  look  parallel,  but 
looks  ean  be  deeeiving.  Only 
by  ealeulating  the  slopes  will 
you  see  that  the  lines  are  not 
truly  parallel. 


Given  points  E(~3,  0),  F(5~4), 
and  2(4,  2),  find  the  coordinates 
of  a point  P such  that  PQ  is 
parallel  to  EE 


We  know  that  if  PQ  1 1 EE,  then 
the  slope  of  PQ  equals  the  slope 
of  EE.  First  find  the  slope  of  EF 

slope  of /ir  = = ^ = -2 

There  are  many  possible  ordered  pairs  (x,  y)  for  P.  Use  (x,  y)  as  the  coordinates 
of  P,  and  the  given  coordinates  of  Q,  in  the  slope  formula  to  get 

= _i 

1 - X 2 

Now  you  can  treat  the  denominators  and  numerators  as  separate  equations. 

4-x  = 2 2 - 

—X  = —2  —y  = —3 

X = 2 / - 3 

Thus  one  possibility  is  P(2,  3).  How  could  you  find  another  ordered  pair  for  P? 
Here’s  a hint:  How  many  different  ways  can  you  express  -I? 


1,  ^ 

j "I 

1 : 

■i 

— J-i,— u 
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Exercises 


4a3jj:Uj£:1TlHi;iiaLl  li 


For  Exercises  1^,  determine  whether  each  pair  of  lines  through  the  points  given  below 
is  parallel,  perpendicular,  or  neither. 


A(l,2)  5(3,4)  C(5,2)  Z)(8,3)  E(3, 8)  F(-6, 5) 

1.  A5* and  BC  2.  AB  and  CD  3.  AB  and  DE  4.  CD  and  EF 


5.  Given  A(Q,  - 3),  5(5,  3),  and  Q{  -3,  -1),  find  two  possible  locations  for  a point  P 
such  that  PQ  is  parallel  to  AB. 


6.  Given  C(  -2,  -1),  Z)(5,  -4),  and  2(4,  2),  find  two  possible  locations  for  a point  P 
such  that  PQ  is  perpendicular  to  CD' 

For  Exercises  7-9,  find  the  slope  of  each  side,  and  then  determine  whether  each  figure  is 
a trapezoid,  a parallelogram,  a rectangle,  or  just  an  ordinary  quadrilateral.  Explain  how 
you  know. 


10.  Quadrilateral  HAND  has  vertices  H(~5,  -1),  A(7,  1),  A^(6,  7),  and  D(~6,5). 

a.  Is  quadrilateral  HAND  a parallelogram?  A rectangle?  Neither?  Explain  how  you  know. 

b.  Find  the  midpoint  of  each  diagonal.  What  can  you  conjecture? 

11.  Quadrilateral  OVER  has  vertices  0(  -4,  2),  V(l,  1),  5(0,  6),  and  R(  -5,  7). 

a.  Are  the  diagonals  perpendicular?  Explain  how  you  know. 

b.  Find  the  midpoint  of  each  diagonal.  What  can  you  conjecture? 

c.  What  type  of  quadrilateral  does  OVER  appear  to  be?  Explain  how  you  know. 

12.  Consider  the  points  A(  -5,  -2),  5(1,  1),  C(  -1,  0),  and  Z)(3,  2). 

a.  Find  the  slopes  of  A5  and  CD. 

b.  Despite  their  slopes,  A5  and  CD  are  not  parallel.  Why  not? 

c.  What  word  in  the  Parallel  Slope  Property  addresses  the  problem  in  12b? 

13.  Given  A(  -3,  2),  5(1,  5),  and  C(7,  -3),  find  point  D such  that  quadrilateral  ABCD  is 
a rectangle. 
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Construction  Problems 


LESSON 


People  who  are  only  good 
with  hammers  see  every 
problem  as  a nail. 
ABRAHAM  MASLOW 


Once  you  know  the  basic  constructions,  you  can  create  more  complex 
geometric  figures. 

You  know  how  to  duplicate  segments  and  angles  with  a compass  and  straightedge. 
Given  a triangle,  you  can  use  these  two  constructions  to  duplicate  the  triangle  by 
copying  each  segment  and  angle.  Can  you  construct  a triangle  if  you  are  given  the 
parts  separately?  Would  you  need  all  six  parts — three  segments  and  three  angles — 
to  construct  a triangle? 

Let’ s first  consider  a case  in  which  only  three  segments  are  given. 


EXAMPLE  A 


Construct  ClABC  using  the  three  segments  AB,  BC,  and  CA  shown  below. 
How  many  different- size  triangles  can  be  drawn? 

A* 

B* *c 

c*— *>i 


^ Solution 


You  can  begin  by  duplicating  one  segment,  for 

example  AC-  Then  adjust  your  compass  to  match 

the  length  of  another  segment.  Using  this  length  ‘ ' 

as  a radius,  draw  an  arc  centered  at  one  endpoint 

of  the  first  segment.  Now  use  the  third  segment  \ 

length  as  the  radius  for  another  arc,  this  one  \ 

centered  at  the  other  endpoint.  Where  \ 

the  arcs  intersect  is  the  location  of  \ 

the  third  vertex  of  the  triangle.  c ^ 


In  the  construction  above,  the  segment  lengths  determine  where  the  arcs  intersect. 
Once  the  triangle  “closes”  at  the  intersection  of  the  arcs,  the  angles  are  determined 
too.  So  the  lengths  of  the  segments  affect  the  size  of  the  angles. 

There  ^ other  ways  to  construct  ^ABC.  For  exanple,  you  could  draw  the  arcs 
below  AC  and  point  B would  be  below  AC.  Or  you  could  start  by  duplicating  BC 
instead  of  AC.  But  if  you  try  these  constructions,  you  will  find  that  they  all  produce 
congruent  triangles.  There  is  only  one  size  of  triangle  that  can  be  drawn  with  the 
segments  given,  so  the  segments  determine  the  triangle.  Does  having  three  angles 
also  determine  a triangle? 


EXAMPLE  & 


Construct  ilABC  with  patty  paper  by 

duplicating  the  three  angles  LA,  LB, 
and  L C shown  at  right.  How  many 
different  size  triangles  can  be  drawn? 


*■  Solution 


In  this  patty-paper  construction  the  angles  do  not  determine  the  segment  length. 

You  can  locate  the  endpoint  of  a segment  anywhere  along  an  angle’s  side  without 
affecting  the  angle  measures.  As  shown  in  the  illustration  at  the  top  of  the  next  page, 
the  patty  paper  with  LA  can  slide  horizontally  over  the  patty  paper  with  / B to 


170  CHAPTER  3 Using  Tools  of  Geometry 


© 2008  Key  Curriculum  Press 


create  triangles  of  different  sizes.  (The  third  angle  in  both  cases  is  equal  to  Z.  C.) 
By  sliding  LA,  infinitely  many  different  triangles  can  be  drawn  with  the  angles 
given.  Therefore,  three  angles  do  not  determine  a triangle. 


Jt- 


Because  a triangle  has  a total  of  six  parts,  there  are  several  combinations  of 
segments  and  angles  that  may  or  may  not  determine  a triangle.  Having  one  or  two 
parts  given  is  not  enough  to  determine  a triangle.  Is  having  three  parts  enough? 
That  answer  depends  on  the  combination.  In  the  exercises  you  will  construct 
triangles  and  quadrilaterals  with  various  combinations  of  parts  given. 


Exercises 

Construction  In  Exercises  1-10,  first  sketch  and  label  the  figure  you  are  going 
to  construct.  Second,  construct  the  figure,  using  either  a compass  and 
straightedge,  or  patty  paper  and  straightedge.  Third,  describe  the  steps  in 
your  construction  in  a few  sentences. 


for  tDeidses  1-10 


for  bffQK  1 1 


Construct:  AIGY 
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4. 


5. 


Given  the  triangle  shown  at  right,  construct  another  triangle 
with  angles  congruent  to  the  given  angles  but  with  sides  not 
congruent  to  the  given  sides.  Is  there  more  than  one 
noncongruent  triangle  with  the  same  three  angles? 


The  two  segments  and  the  angle  below  do  not  determine 
a triangle. 


Given: 


A 


Construct:  Two  different  (noncongruent)  triangles  named  A5C  that  have  the 
three  given  parts 


6.  Given: 

X 

* t 

>■ 


Construct:  Isosceles  triangle  CAT  with  perimeter  y and  length  of  the  base  equal  to  x 

7.  Construct  a kite. 

8.  Construct  a quadrilateral  with  two  pairs  of  opposite  sides  of  equal  length. 

9.  Construct  a quadrilateral  with  exactly  three  sides  of  equal  length. 

10.  Construct  a quadrilateral  with  all  four  sides  of  equal  length. 

11.  Technology  Using  geometry  software,  draw  a large  scalene  obtuse  triangle 
ABC  with  the  obtuse  angle.  Construct  the  angle  bisector  BR,  the 
median  BM,  and  the  altitude  BS  . What  is  the  order  of  the  points  on  AC  ? 

Drag  B.  Is  the  order  of  points  always  the  same?  Write  a conjecture.  A 


Art 

CONNECTION 

The  designer  of  stained  glass  arranges  pieces  of  painted  glass  to  form  the 
elaborate  mosaics  that  you  might  see  in  Gothic  cathedrals  or  on  Tiffany 
lampshades.  He  first  organizes  the  glass  pieces  by  shape  and  color  according 
to  the  design.  He  mounts  these  pieces  into  a metal  framework  that  will  hold 
the  design.  With  precision,  the  designer  cuts  every  glass  piece  so  that  it  fits 
against  the  next  one  with  a strip  of  cast  lead.  The  result  is  a pleasing 
combination  of  colors  and  shapes  that  form  a luminous  design  when  viewed 
against  light. 
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^ Review 

12.  Draw  the  new  position  of  A TEA  if  it  is  13.  Draw  each  figure  and  decide  how  many 

reflected  over  the  dotted  line.  Label  the  refiectional  and  rotational  symmetries  it  has. 

coordinates  of  the  vertices.  Copy  and  complete  the  table  below. 


Figure 

Reflect!  cmak 
&yinnnetrie& 

Rotational 

symmetries 

Kite 

Paiiilelogiim 

RKonibLis 

Rcjttanglc 

14.  Sketch  the  three-dimensional  figure  formed  by  folding  the  net  at  right  into  a solid. 

15.  If  a polygon  has  500  diagonals  from  each  vertex,  how  many  sides  does  it  have? 

16.  Use  your  geometry  tools  to  draw  parallelogram  CARE  so  that  CA  ^.5  cm, 

CE  = 3.2  cm,  and  m L A=  1 10°. 


IMPROVING  YOUR  REASONING  SKILLS 


Spelling  Card  Trick 

This  card  trick  uses  one  complete  suit  (hearts,  clubs,  spades,  or  diamonds)  from  a 
deck  of  playing  cards.  How  must  you  arrange  the  cards  so  that  you  can  successfully 
complete  the  trick?  Here  is  what  your  audience  should  see  and  hear  as  you  perform 


1.  As  you  take  the  top  card  off  the  pile 
and  place  it  back  underneath  of  the 

pile,  say  “A.” 

2.  Then  take  the  second  card,  place  it  at 
the  bottom  of  the  pile,  and  say  “C.” 

3.  Take  the  third  card,  place  it  at  the 
bottom,  and  say  “E.” 

4.  You’ve  just  spelled  ace.  Now  take  the 
fourth  card  and  turn  it  faceup  on  the 
table,  not  back  in  the  pile.  The  card 
should  be  an  ace. 


5.  Continue  in  this  fashion,  saying  “T,”  “W,”  and  “O”  for  the  next  three  cards.  Then  turn 
the  next  card  faceup.  It  should  be  a 2. 


Continue  spelling  three,  four,  . . . , jack,  queen,  king.  Each  time  you  spell  a card,  the 
next  card  turned  faceup  should  be  that  card. 
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Perspective  Drawing 

Y ou  know  from  experience  that  when  you  look  down  a long  straight  road,  the 
parallel  edges  and  the  center  line  seem  to  meet  at  a point  on  the  horizon.  To  show 
this  effect  in  a drawing,  artists  use  perspective,  the  technique  of  portraying  solid 
objects  and  spatial  relationships  on  a flat  surface.  Renaissance  artists  and  architects 
in  the  15th  century  developed  perspective,  turning  to  geometry  to  make  art  appear 
true-to-life. 


In  a perspective  drawing,  receding 
parallel  lines  (lines  that  run  directly 
away  from  the  viewer)  converge  at 
a vanishing  point  on  the  horizon 
line.  Locate  the  horizon  line,  the 
vanishing  point,  and  converging  lines 
in  the  perspective  study  below  by  Jan 
Vredeman  de  Vries. 


(Below)  Perspective  study  by  Dutch  artist 
Jan  Vredeman  de  Vries  (1527-1604) 
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You  will  need 

• a ruler 


Activity 

Boxes  in  Space 

In  this  activity  you’ll  learn  to  draw  a box  in  perspective. 


Perspective  drawing  is  based  on  the 
relationships  between  many  parallel  and 
perpendicular  lines.  The  lines  that  recede  to 
the  horizon  make  you  visually  think  of 
parallel  lines  even  though  they  actually 
intersect  at  a vanishing  point. 


First,  you’ll  draw  a rectangular  solid,  or  box,  in  one-point  perspective.  Look  at  the 
diagranas  below  for  each  step. 


L 


V 


Step  2 


Seep  3 


Step  1 


Step  2 


Draw  a horizon  line  h and  a vanishing  point  V.  Draw  the  front  face  of  the  box 
with  its  horizontal  edges  parallel  to  h. 

Connect  the  corners  of  the  box  face  to  V with  dashed  lines. 


Step  3 
Step  4 


Step  5 


Step  6 


Draw  the  upper  rear  box  edge  parallel  to  h.  Its  endpoints  determine  the  vertical 
edges  of  the  back  face. 

Draw  the  hidden  back  vertical  and  horizontal  edges  with  dashed  lines.  Erase 
unnecessary  lines  and  dashed  segments. 

Repeat  Steps  1^  several  more  times,  each  time  placing  the  first  box  face  in  a 
different  position  with  respect  to  h and  V — above,  below,  or  overlapping  h;  to 
the  left  or  right  of  V or  centered  on  V. 

Share  your  drawings  in  your  group.  Tell  which  faces  of  the  box  recede  and  which 
are  parallel  to  the  imaginary  window  or  picture  plane  that  you  see  through.  What 
is  the  shape  of  a receding  box  face?  Think  of  each  drawing  as  a scene.  Where  do 
you  seem  to  be  standing  to  view  each  box?  That  is,  how  is  the  viewing  position 
affected  by  placing  V to  the  left  or  right  of  the  box?  Above  or  below  the  box? 


© 2008  Key  Curriculum  Press 


EXPLORATION  Perspective  Drawing  175 


You  can  also  use  perspective 
to  play  visual  tricks.  The 
Italian  architect  Francesco 
Borromini  (1599-1667) 
designed  and  built  a very 
clever  colonnade  in  the 
Palazzo  Spada.  The  colonnade 
is  only  12  meters  long,  but  he 
made  it  look  much  longer  by 
designing  the  sides  to  get 
closer  and  closer  to  each 
other  and  the  height  of  the 
columns  to  gradually  shrink. 


If  the  front  surface  of  a box  is  not  parallel  to  the  picture  plane,  then  you  need  two 
vanishing  points  to  show  the  two  front  faces  receding  from  view.  This  is  called 
two-point  perspective.  Let’s  look  at  a rectangular  solid  with  one  edge  viewed 
straight  on. 


Step  7 


Draw  a horizon  line  h and  select  two  vanishing  points  on  it,  V\  and  V2.  Draw  a 
vertical  segment  for  the  nearest  box  edge. 

V,  V, 


Step  8 


Connect  each  endpoint  of  the  box  edge  to  V\  and  V2  with  dashed  lines. 

"■""T — ^ 


Step  9 


Draw  two  vertical  segments  within  the  dashed  lines  as  shown.  Connect  their 
endpoints  to  the  endpoints  of  the  front  edge  along  the  dashed  lines.  Now  you 
have  determined  the  position  of  the  hidden  back  edges  that  recede  from  view 


h 
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Step  1 0 Draw  the  remaining  edges  along  vanishing  lines,  using  dashed  lines  for  hidden 
edges.  Erase  unnecessary  dashed  segments. 


Step  1 1 Repeat  Steps  7-10  several  times,  each  time  placing  the  nearest  box  edge  in  a 
different  position  with  respect  to  h,  V\,  and  V2,  and  varying  the  distance 
between  Vi,  and  V2.  You  can  also  experiment  with  different- shaped  boxes. 


Step  12 


Share  your  drawings  in  your  group.  Are  any  faces  of  the  box  parallel  to  the 
picture  plane?  Does  each  box  face  have  a pair  of  parallel  sides? 

Explain  how  the  viewing  position  is  affected  by  the  distance  between  V\  and  V2 
relative  to  the  size  of  the  box.  Must  the  box  be  between  V\  and  V2? 


Using  perspective  helps  in 
designing  the  lettering 
painted  on  streets.  From 
above,  letters  appear  tall, 
but  from  a low  angle,  they 
appear  normal.  Tilt  the  page 
up  to  your  face.  How  do  the 
letters  look? 
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Nothing  in  iife  is  to  be 
feared,  it  is  oniy  to  be 
understood. 


Constructing  Points 
of  Concurrency 

Y ou  now  can  perform  a number  of  constructions  in  triangles,  including  angle 
bisectors,  perpendicular  bisectors  of  the  sides,  medians,  and  altitudes.  In  this  lesson 
and  the  next  lesson  you  will  discover  special  properties  of  these  lines  and  segments. 
When  three  or  more  lines  have  a point  in  common,  they  are  concurrent.  Segments, 
rays,  and  even  planes  are  concurrent  if  they  intersect  in  a single  point. 


MARIE  CURIE 


Not  cofiaiirent 


The  point  of  intersection  is  the  point  of  concurrency. 


Investigation  1 
Concurrence 


You  will  need 

* patty  paper 
+ geometry  software 
(optional) 


In  this  investigation  you  will  discover  that 
some  special  lines  in  a triangle  have  points 
of  concurrency. 

As  a group,  you  should  investigate  each  set 
of  lines  on  an  acute  triangle,  an  obtuse 
triangle,  and  a right  triangle  to  be  sure  that 
your  conjectures  apply  to  all  triangles. 


Step  1 
Step  2 


Draw  a large  triangle  on  patty  paper.  Make  sure  you  have  at  least  one  acute 
triangle,  one  obtuse  triangle,  and  one  right  triangle  in  your  group. 

Construct  the  three  angle  bisectors  for  each  triangle.  Are  they  concurrent? 


Compare  your  results  with  the  results  of  others.  State  your  observations  as 
a conjecture. 


Angle  Bisector  Concurrency  Conjecture 

The  three  angle  bisectors  of  a triangle  _?  . 


Step  3 
Step  4 


Draw  a large  triangle  on  a new  piece  of  patty  paper.  Make  sure  you  have  at  least 
one  acute  triangle,  one  obtuse  triangle,  and  one  right  triangle  in  your  group. 

Construct  the  perpendicular  bisector  for  each  side  of  the  triangle  and  complete 
the  conjecture. 
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Perpendicular  Bisector  Concurrency  Conjecture 

The  three  perpendicular  bisectors  of  a triangle  JL  . 


Step  5 


Step  6 


Draw  a large  triangle  on  a new  piece  of  patty  paper.  Make  sure  you  have  at  least 
one  acute  triangle,  one  obtuse  triangle,  and  one  right  triangle  in  your  group. 

Construct  the  lines  containing  the  altitudes  of  your  triangle  and  complete  the 
conjecture. 


Altitude  Concurrency  Conjecture 

The  three  altitudes  (or  the  lines  containing  the  altitudes)  of  a triangle 


Step  7 I For  what  kind  of  triangle  will  the  points  of  concurrency  be  the  same  point? 


The  point  of  concurrency  for  the  three  angle  bisectors  is  the  incenter.  The  point  of 
concurrency  for  the  perpendicular  bisectors  is  the  circumcenter.  The  point  of 
concurrency  for  the  three  altitudes  is  called  the  orthocenter.  Use  these  definitions  to 
label  each  patty  paper  from  the  previous  investigation  with  the  correct  name  for  each 
point  of  concurrency.  You  will  investigate  a triangle’s  medians  in  the  next  lesson. 


You  will  need 

• construction  tools 

* geometry  step  1 

software 

(optional) 


Investigation  2 
Circumcenter 

In  this  investigation  you  will  discover  special  properties 
of  the  circumcenter. 

Using  your  patty  paper  from  Steps  3 and  4 of  the 
previous  investigation,  measure  and  compare  the 
distances  from  the  circumcenter  to  each  of  the  three 
vertices.  Are  they  the  same?  Compare  the  distances 
from  the  circumcenter  to  each  of  the  three  sides.  Are 
they  the  same? 


Step  2 


Tape  or  glue  your  patty  paper  firmly  on  a piece  of  regular  paper.  Use  a compass 
to  construct  a circle  with  the  circumcenter  as  the  center  and  that  passes  through 
any  one  of  the  triangle’s  vertices.  What  do  you  notice? 


Step  3 


Use  your  observations  to  state  your  next  conjecture. 


Circumcenter  Conjecture 

C-11 

^ nec,„,ofa.a„,e^. 

1 
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ryi  Investigation  3 

1 * Incenter 


You  will  need 

* construction  tools 

♦ geometry  step  1 

software 

(optional) 

Step  2 


Step  3 


Step  4 


In  this  investigation  you  will  discover  special  properties 
of  the  incenter. 

Using  the  patty  paper  from  the  first  two  steps  of 
Investigation  I,  measure  and  concpare  the  distances  from 
the  incenter  to  each  of  the  three  sides.  (Remember  to  use 
the  perpendicular  distance.)  Are  they  the  same? 

Construct  the  perpendicular  from  the  incenter  to  any  one  of  the  sides  of  the 
triangle.  Mark  the  point  of  intersection  between  the  perpendicular  line  and  the 
side  of  the  triangle. 

Tape  or  glue  your  patty  paper  firmly  on  a piece  of  regular  paper.  Use  a concpass 
to  construct  a circle  with  the  incenter  as  the  center  and  that  passes  through  the 
point  of  intersection  in  Step  2.  What  do  you  notice? 

Use  your  observations  to  state  your  next  conjecture. 


Incenter  Conjecture 

C-13 

The  incenter  of  a triangle  ? . 

V 


You  just  discovered  a very  useful  property  of  the  circumcenter  and  a very  useful 
property  of  the  incenter.  You  will  see  some  applications  of  these  properties  in  the 
exercises.  With  earlier  conjectures  and  logical  reasoning,  you  can  explain  why  your 
conjectures  are  true. 

Deductive  Argument  for  the  Circumcenter  Conjecture 

Because  the  circumcenter  is  constructed  from  perpendicular  bisectors,  the  diagram 
of  A LYA  at  left  shows  two  (of  the  three)  perpendicular  bisectors,  f ^ and  f ..  We  want 
to  show  that  the  circumcenter,  point  P,  is  equidistant  from  all  three  vertices.  Ei  other 
words,  we  want  to  show  that 

PL  =PA  =PY 


A useful  reasoning  strategy  is  to  break  the  problem  into 
parts.  In  this  case,  we  might  first  think  about  explaining 
why  PL  = PA.  To  do  that,  let’s  simplify  the  diagram  by 
looking  at  just  the  bottom  triangle  formed  by  points  P,  L, 
and  A. 

If  a point  is  on  the  perpendicular  bisector  of  a segment,  it 
is  equidistant  from  the  endpoints. 

Point  P lies  on  the  perpendicular  bisector  of  LA 


PA  = PL 


As  part  of  the  strategy  of  concentrating  on  just  part  of  the  problem,  think  about 
explaining  why  PA  = PY,  Focus  on  the  triangle  on  the  left  side  of  A LYA  formed  by 
points  P,  L,  and  Y. 
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Point  P also  lies  on  the  perpendicular  bisector  of  LY 
PL=PY 

Therefore  P is  equidistant  from  all  three  vertices. 

pa  = pl=py  m 

As  you  discovered  in  Investigation  2,  the  circumcenter  is  the 
center  of  a circle  that  passes  through  the  three  vertices  of  a 
triangle. 

As  you  found  in  Investigation  3,  the  incenter  is  the  center  of  a 
circle  that  touches  each  side  of  the  triangle.  Here  are  a few 
vocabulary  terms  that  help  describe  these  geometric  situations. 

A circle  is  circumscribed  about  a polygon  if  and  only  if  it 
passes  through  each  vertex  of  the  polygon.  (The  polygon  is  inscribed  in  the  circle.) 


A circle  is  inscribed  in  a polygon  if  and  only  if  it  touches  each  side  of  the  polygon 
at  exactly  one  point.  (The  polygon  is  circumscribed  about  the  circle.) 


CircuniSCTihcfl  circle 
(inscribed  triangle) 


Inscribed  Circle 
(circiiiiisciibcii  triangle) 


Exercises 


Developing  Proof  hi  your  groups  discuss  the  following  two 
questions  and  then  write  down  your  answers. 


1.  Why  does  the  circumcenter  construction 
guarantee  that  it  is  the  center  of  the  circle 
that  circumscribes  the  triangle? 

2.  Why  does  the  incenter  construction 
guarantee  that  it  is  the  center  of  the 
circle  that  is  inscribed  in  the  triangle? 


This  geometric  art  by  geometry  student 
Ryan  Garvin  shows  the  construction  of  the 
incenter,  its  perpendicular  distance  to  one 
side  of  the  triangle,  and  the  inscribed  circle. 


You  will  need 


For  Exercises  1^,  make  a sketch  and  explain  how  to  find  the  answer. 

1.  The  first-aid  center  of  Mt.  Thermopolis  State  Park  needs  to  be  at  a 
point  that  is  equidistant  from  three  bike  paths  that  intersect  to  form 
a triangle.  Locate  this  point  so  that  in  an  emergency,  medical 
personnel  will  be  able  to  get  to  any  one  of  the  paths  by  the  shortest 
route  possible.  Which  point  of  concurrency  is  it? 


■ fcirEwni5es&r7, 12-15r 
^nd17 

Tvj  JoflTiiWf 

— ^ for  Bit rdses  1 0. 1 h airi 
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Art 


CONKECT10N 


Artist  Andres  Amador  (American, 
b 1971)  creates  complex  large-scale 
geometric  designs  in  the  sand  in 
San  Francisco,  California,  using 
construction  tools.  Can  you 
replicate  this  design,  called 
Balance,  using  only  a compass? 

For  more  information  about 
Amador’s  art,  see  the  links  at 
www.keymath.com/DG  . 


2.  An  artist  wishes  to  circumscribe  a circle  about  a triangle  in  his  latest  abstract  design. 
Which  point  of  concurrency  does  he  need  to  locate? 

3.  Rosita  wants  to  install  a circular  sink  in  her  new  triangular  countertop.  She  wants  to 
choose  the  largest  sink  that  will  fit.  Which  point  of  concurrency  must  she  locate? 
Explain. 

4.  Julian  Chive  wishes  to  center  a butcher-block  table  at  a location  equidistant  from 
the  refrigerator,  stove,  and  sink.  Which  point  of  concurrency  does  Julian  need 
to  locate? 

5.  One  event  at  this  year’s  Battle  of  the 
Classes  will  be  a pie-eating  contest 
between  the  sophomores,  juniors,  and 
seniors.  Five  members  of  each  class  will 
be  positioned  on  the  football  field  at  the 
points  indicated  at  right.  At  the  whistle, 
one  student  from  each  class  will  run  to 
the  pie  table,  eat  exactly  one  pie,  and 
run  back  to  his  or  her  group.  The  next 
student  will  then  repeat  the  process.  The 
first  class  to  eat  five  pies  and  return  to  home  base  will  be  the  winner  of  the  pie-eating 
contest.  Where  should  the  pie  table  be  located  so  that  it  will  be  a fair  contest?  Describe 
how  the  contest  planners  should  find  that  point. 

6.  Construction  Draw  a large  triangle.  Construct  a circle  inscribed  in  the  triangle. 

7.  Construction  Draw  a triangle.  Construct  a circle  circumscribed  about  the  triangle. 

8.  Is  the  inscribed  circle  the  greatest  circle  to  fit  within  a given  triangle?  Explain.  If  you 
think  not,  give  a counterexample. 

9.  Does  the  circumscribed  circle  create  the  smallest  circular  region  that  contains  a 
given  triangle?  Explain.  If  you  think  not,  give  a counterexample. 
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For  Exercises  10  and  11,  you  can  use  the  Dynamic  Geometry  Exploration  Triangle 
Centers  at  www.keymath.com/DG  , 


□ 

keymath.com/DG 

10.  Use  geometry  software  to  construct  the  circumcenter  of  a triangle.  Drag  a vertex  to 
observe  how  the  location  of  the  circumcenter  changes  as  the  triangle  changes  from 
acute  to  obtuse.  What  do  you  notice?  Where  is  the  circumcenter  located  for  a right 
triangle? 

11.  Use  geometry  software  to  construct  the  orthocenter  of  a triangle.  Drag  a vertex  to 
observe  how  the  location  of  the  orthocenter  changes  as  the  triangle  changes  from 
acute  to  obtuse.  What  do  you  notice?  Where  is  the  orthocenter  located  for  a right 
triangle? 


^ Review 


Construction  Use  the  segments  and  angle  at  right  to  construct  each  * 

figure  in  Exercises  12-15.  ^ 

.W 

12.  Mini-Investigation  Construct  iMAr.  Construct  the  midpoint  of 
MT  and  S the  midpoint  of  AT . Construct  the  midsegment  HS~ . 

Conpare  the  lengths  of  HS  and  MA  . Notice  anything  special? 

13.  Mini-Investigation  An  isosceles  trapezoid  is  a trapezoid  with  the  nonparallel  sides 
congruent.  Construct  isosceles  trapezoid  MOAJ  withMr  ||OA  and  AJ  =MO. 

Use  patty  paper  to  compare  LT and  LM.  Notice  anything  special? 

14.  Mini-Investigation  Construct  a circle  with  diameter  MT.  Construct  chord  TA 
Construct  chord  MA  to  form  ilMTA . What  is  the  measure  of  LAI  Notice  anything 
special? 


A 

"t 

7' 


15.  Mini-Investigation  Construct  a rhombus  with  TA  as  the  length  of  a side  and  Z.  T as 
one  of  the  acute  angles.  Construct  the  two  diagonals.  Notice  anything  special? 

16.  Sketch  the  locus  of  points  on  the  coordinate  plane  in  which  the  sum  of  the 
V- coordinate  and  the  y- coordinate  is  9. 

17.  Construction  Bisect  the  missing  angle  of  this  triangle.  How  can  you  do  it  without 
re-creating  the  third  angle? 

18.  Technology  Is  it  possible  for  the  midpoints  of  the  three  altitudes  of  a triangle  to 
be  collinear?  Investigate  by  using  geometry  software.  Write  a paragraph 
describing  your  findings. 

19.  Sketch  the  section  formed  when  the  plane  slices  the  cube  as  shown. 

20.  Use  your  geometry  tools  to  draw  rhombus  RHOM  so  that  HO  = 6.0  cm  and 
mLR  = 120°. 


21.  Use  your  geometry  tools  to  draw  kite  KYTE  so  that  KY  = YT  =4.8  cm,  diagonal 
YE  = 6.4  cm,  and  m LY  = 80°. 
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For  Exercises  22-26,  complete  each  geometric  construction  and  name  it. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

The  Puzzle  Lock 

This  mysterious  pattern  is  a lock  that  must  be  solved  like  a puzzle.  Here  are  the  rules: 
►-You  must  make  eight  moves  in  the  proper  sequence. 

►^  To  make  each  move  (except  the  last),  you  place  a gold  coin  onto  an  empty  circle,  then 
slide  it  along  a diagonal  to  another  empty  circle. 

►-  You  must  place  the  first  coin  onto  circle  1,  then  slide  it  to  either  circle  4 or  circle  6. 
►-You  must  place  the  last  coin  onto  circle  5. 

►-  You  do  not  slide  the  last  coin. 


Solve  the  puzzle.  Copy  and  complete  the  table  to 
show  your  solution. 


Coin  movomorts 


Coin 

on 

Slid  to 

Hirst 

I 

— > 

SeizotiJ 

— > 

ThirU 

Hourth 

— > 

rifih 

— > 

Sc^'crrh 

Eighth 

5 
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The  universe  may  be  as 
great  as  they  say,  but  it 
wouldn’t  be  missed  if  it 
didn’t  exist. 

PIET  HEIN 


— u 

You  will  need 


construction  tools 
geometry  software 


(optional) 


Step  1 


Step  2 
Step  3 


The  Centroid 


In  the  previous  lesson  you  discovered  that  the  three  angle  bisectors  are  concurrent, 
the  three  perpendicular  bisectors  of  the  sides  are  concurrent,  and  the  three  altitudes 
in  a triangle  are  concurrent.  You  also  discovered  the  properties  of  the  incenter  and 
the  circumcenter.  In  this  lesson  you  will  investigate  the  medians 
of  a triangle. 

“FTT 

[►You  may  choose  to  do  the  first  investigation  using  the  Dynamic  Geometry 
Exploration  The  Centroid  atwww.keymath.com/DG  keymath.com/DG 


Th^^^t  aiigje  IjistM-lcsrs 
(inccntcr) 


Th  dtitudcs 
(urthoccnTcr) 


Thr:c  pcrpcniikuUr  hisccforj 
(circum  center) 


Tliree  medians 
? 


Investigation  1 

Are  Medians  Concurrent? 


Each  person  in  your  group  should  draw  a different  triangle  for 
this  investigation.  Make  sure  you  have  at  least  one  acute  triangle, 
one  obtuse  triangle,  and  one  right  triangle  in  your  group. 

On  a sheet  of  patty  paper,  draw  as  large  a scalene  triangle 
as  possible  and  label  it  CNR,  as  shown  at  right.  Locate  the 
midpoints  of  the  three  sides.  Construct  the  medians  and 
concplete  the  conjecture. 


Median  Concurrency  Conjecture 

C-14 

The  three  medians  of  a triangle  . 

The  point  of  concurrency  of  the  three  medians  is  the  centroid. 


Label  the  three  medians  CT , NO,  and  RE.  Label  the  centroid  D. 

Use  your  compass  or  another  sheet  of  patty  paper  to 
investigate  whether  there  is  anything  special  about  the 
centroid.  Is  the  centroid  equidistant  from  the  three  vertices? 
Lromthe  three  sides?  Is  the  centroid  the  midpoint  of 
each  median? 
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step  4 


Step  5 


The  centroid  divides  a median  into  two  segments.  Focus  on 
one  median.  Use  your  patty  paper  or  concpass  to  compare 
the  length  of  the  longer  segment  to  the  length  of  the 
shorter  segment  and  find  the  ratio. 

Find  the  ratios  of  the  lengths  of  the  segment  parts  for  the  other 
two  medians.  Do  you  get  the  same  ratio  for  each  median? 

Compare  your  results  with  the  results  of  others.  State  your 
discovery  as  a conjecture,  and  add  it  to  your  conjecture  list. 

Centroid  Conjecture 


C .£  N 


C-15 


The  centroid  of  a triangle  divides  each  median  into  two  parts  so  that  the 
distance  from  the  centroid  to  the  vertex  is  the  distance  from  the  centroid 
to  the  midpoint  of  the  opposite  side. 


In  earlier  lessons  you  discovered  that  the  midpoint  of  a segment  is  the  balance  point 
or  center  of  gravity.  You  also  saw  that  when  a set  of  segments  is  arranged  into  a 
triangle,  the  line  through  each  midpoint  of  a side  and  the  opposite  vertex  can  act  as  a 
line  of  balance  for  the  triangle.  Can  you  then  balance  a triangle  on  a median?  Let’s 
take  a look. 


— ^ 

You  will  need 

* cardboard 

• a straightedge  step  1 


Investigation  2 

Baiancing  Act 

Use  your  patty  paper  from  Investigation  1 for  this  investigation.  If  you  used 
geometry  software,  print  out  your  triangle  with  medians. 

Place  your  patty  paper  or  printout  from  the  previous  investigation  on  a piece  of 
mat  board  or  cardboard.  With  a sharp  pencil  tip  or  compass  tip,  mark  the  three 
vertices,  the  three  midpoints,  and  the  centroid  on  the  board. 


Step  2 


Draw  the  triangle  and  medians  on  the  cardboard.  Cut  out  the  cardboard 
triangle. 


Step  3 


Try  balancing  the  triangle  on  one  of  the  three  medians  by  placing  the  median  on 
the  edge  of  a ruler.  If  you  are  successful,  what  does  that  incply  about  the  areas  of 
the  two  triangles  formed  by  one  median?  Try  balancing  the  triangle  on  another 
median.  Will  it  balance  on  each  of  the  three  medians? 


Step  4 


Is  there  a single  point  where  you  can  balance  the  triangle? 
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If  you  have  found  the  balancing  point  for  the  triangle,  you  have  found  its  center  of 
gravity.  State  your  discovery  as  a conjecture,  and  add  it  to  your  conjecture  list. 


Center  of  Gravity  Conjecture 

The  ?,  of  a triangle  is  the  center  of  gravity  of  the  triangular  region. 


The  triangle  balances  on  each  median 
and  the  centroid  is  on  each  median, 
so  the  triangle  balances  on  the 
centroid.  As  long  as  the  weight  of 
the  cardboard  is  distributed 
evenly  throughout  the  triangle, 
you  can  balance  any  triangle  at 
its  centroid.  For  this  reason,  the 
centroid  is  a very  useful  point 
of  concurrency,  especially  in 
physics. 


You  have  discovered  special 
properties  of  three  of  the  four  points 
of  concurrency — the  incenter,  the 
circumcenter,  and  the  centroid.  The 
incenter  is  the  center  of  an  inscribed 
circle,  the  circumcenter  is  the  center 
of  a circumscribed  circle,  and  the 
centroid  is  the  center  of  gravity. 

You  can  learn  more  about  the 
orthocenter  in  the  project  Is  There 
More  to  the  Orthocenter? 


ScEence 

CONNECTION 

In  physics,  the  center  of  gravity  of  an  object 
is  an  imaginary  point  where  the  total  weight 
is  concentrated.  The  eenter  of  gravity  of  a 
tennis  ball,  for  example,  would  be  in  the 
hollow  part,  not  in  the  aetual  material  of  the 
ball.  The  idea  is  useful  in  designing 
structures  as  complicated  as  bridges  or  as 
simple  as  furniture.  Where  is  the  center  of 
gravity  of  the  human  body? 
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Exercises 


ftni  will  iiewl 


1.  Birdy  McFly  is  designing  a large 
triangular  hang  glider.  She  needs  to 
locate  the  center  of  gravity  for  her 
glider.  Which  point  does  she  need  to 
locate?  Birdy  wishes  to  decorate  her 
glider  with  the  largest  possible  circle 
within  her  large  triangular  hang  glider. 
Which  point  of  concurrency  does  she  need 
to  locate? 


In  Exercises  2-4,  use  your  new  conjectures  to  find 
each  length. 


for  Esoerdsei  5 amd  6 
— for  7 


2.  Point  M is  the  centroid.  : . 3.  Point  G is  the  centroid. 


4.  Point  Z is  the  centroid. 


5.  Construction  Construct  an  equilateral  triangle,  then  construct  angle  bisectors  from 
two  vertices,  medians  from  two  vertices,  and  altitudes  from  two  vertices.  What  can 
you  conclude? 

6.  Construction  On  patty  paper,  draw  a large  isosceles  triangle  with  an  acute  vertex  angle 
that  measures  less  than  40°.  Copy  it  onto  three  other  pieces  of  patty  paper.  Construct 
the  centroid  on  one  patty  paper,  the  incenter  on  a second,  the  circumcenter  on  a 

third,  and  the  orthocenter  on  a fourth.  Record  the  results  of  all  four  pieces  of  patty 
paper  on  one  piece  of  patty  paper.  What  do  you  notice  about  the  four  points  of 
concurrency?  What  is  the  order  of  the  four  points  of  concurrency  from  the  vertex 
to  the  opposite  side  in  an  acute  isosceles  triangle? 

7.  Technoiogy  Use  geometry  software  to  construct  a large  isosceles  acute  triangle. 
Construct  the  four  points  of  concurrency.  Hide  all  constructions  except  for  the 
points  of  concurrency.  Label  them.  Drag  until  it  has  an  obtuse  vertex  angle. 

Now  what  is  the  order  of  the  four  points  of  concurrency  from  the  vertex  angle 
to  the  opposite  side?  When  did  the  order  change?  Do  the  four  points  ever 
become  one? 
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8.  Mini-Investigation  Where  do  you  think  the  center  of  gravity  is  located  on  a square?  A 
rectangle?  A rhombus?  In  each  case  the  center  of  gravity  is  not  that  difficult  to  find, 
but  what  about  an  ordinary  quadrilateral?  Experiment  to  discover  a method  for 
finding  the  center  of  gravity  for  a quadrilateral  by  geometric  construction.  Test  your 
method  on  a large  cardboard  quadrilateral. 


Review 

9.  Sally  Solar  is  the  director  of  Lunar  Planning  for  Galileo  Station  on  the  moon.  She 
has  been  asked  to  locate  the  new  food  production  facility  so  that  it  is  equidistant 
from  the  three  main  lunar  housing  developments.  Which  point  of  concurrency  does 
she  need  to  locate? 


10.  Construct  circle  O.  Place  an  arbitrary  point  P within  the  circle.  Construct  the  longest 
chord  passing  through  P.  Construct  the  shortest  chord  passing  through  P.  How  are 
they  related? 

11.  A billiard  ball  is  hit  so  that  it  travels  a distance  equal  to 
AB  but  bounces  off  the  cushion  at  point  C.  Copy  the 
figure,  and  sketch  where  the  ball  will  rest. 

12.  Application  In  alkyne  molecules  all  the  bonds  are  single 
bonds  except  one  triple  bond  between  two  carbon  atoms. 

The  first  three  alkynes  are  modeled  below.  The  dash  (-) 
between  letters  represents  single  bonds.  The  triple  dash  (=) 
between  letters  represents  a triple  bond. 

H 

I I 

li-C=C-M  : -CEC-C-  H-C-CEC 

I I 

H 

Fthync  Fropync  Butync 

(CH,)  (C,H,)  (C,H,) 

Sketch  the  alkyne  with  eight  carbons  in  the  chain.  What  is  the  general  rule  for 
alkynes  (C^H?)?  In  other  words,  if  there  are  n carbon  atoms  (C),  how  many 
hydrogen  atoms  (H)  are  in  the  alkyne? 
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13.  When  plane  figure  A is  rotated  about  the  line,  it  produces  the  solid  figure  B.  What  is 
the  plane  figure  that  produces  the  solid  figure  D? 


A B C D 


14.  Copy  the  diagram  below.  Use  your  Vertical  Angles  Conjecture  and  Parallel  Lines 
Conjecture  to  calculate  each  lettered  angle  measure. 


15.  A brother  and  a sister  have  inherited  a large 
triangular  plot  of  land.  The  will  states  that  the 
property  is  to  be  divided  along  the  altitude  from 
the  northernmost  point  of  the  property.  However, 
the  property  is  covered  with  quicksand  at  the 
northern  vertex.  The  will  states  that  the  heir  who 
figures  out  how  to  draw  the  altitude  without  using 
the  northern  vertex  point  gets  to  choose  his  or  her 
parcel  first.  How  can  the  heirs  construct  the 
altitude?  Is  this  a fair  way  to  divide  the  land?  Why 
or  why  not?  " 


16.  At  the  college  dorm  open  house,  each  of  the 

20  dorm  members  invites  two  guests.  How  many  greetings 

are  possible  if  you  do  not  count  dorm  members  greeting  each  other?  h 


c>e 


IMPROVING  YOUR  REASONING  SKILLS 

The  Deuler^^  Dilemfnci 

In  the  game  of  bridge,  the  dealer  deals  52  cards  in  a clockwise  direction  among  four 
players.  You  are  playing  a game  in  which  you  are  the  dealer.  You  deal  the  cards,  starting 
with  the  player  on  your  left.  However,  in  the  middle  of  dealing,  you  stop  to  answer  the 
phone.  When  you  return,  no  one  can  remember  where  the  last  card  was  dealt.  (And,  of 
course,  no  cards  have  been  touched.)  Without  counting  the  number  of  cards  in  anyone’s 
hand  or  the  number  of  cards  yet  to  be  dealt,  how  can  you  rapidly  finish  dealing,  giving 
each  player  exactly  the  same  cards  she  or  he  would  have  received  if  you  hadn’t  been 
interrupted? 
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□ 

keymath.com 


You  will  need 

♦ patty  paper 

• geometry  software 

(optional)  step  1 

Step  2 

Step  3 


Activity 

Three  Out  of  Four 


You  are  going  to  look  for  a 
relationship  among  the  points  of 
concurrency. 


In  the  previous  lessons  you  discovered  the  four  points  of  concurrency: 
circumcenter,  incenter,  orthocenter,  and  centroid. 

In  this  activity  you  will  discover  how 
these  points  relate  to  a special  line, 

the  Euler  line. 


The  Euler  line  is  named  after  the  Swiss 
mathematician  Leonhard  Euler 
(1707-1783),  who  proved  that  three 
points  of  concurrency  are  collinear. 


You  may  choose  to  do  this  activity  using 

the  Dynamic  Geometry  Exploration  The 
Euler  Line  atwww.keymath.com/DG 


Draw  a scalene  triangle  and  have  each  person  in  your  group  trace  the  same 
triangle  on  a separate  piece  of  patty  paper. 

Have  each  group  member  construct  with  patty  paper  a different  point  of  the 
four  points  of  concurrency  for  the  triangle. 

Record  the  group’s  results  by  tracing  and  labeling  all  four  points  of  concurrency 
on  one  of  the  four  pieces  of  patty  paper.  What  do  you  notice?  Compare  your 
group  results  with  the  results  of  other  groups  near  you.  State  your  discovery  as 
a conjecture. 


Euler  Line  Conjecture 

The  J_,  and  J_  are  the  three  points  of  concurrency  that  always  lie  on  a 
line. 
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The  three  special  points  that  lie  on  the  Euler  line  determine  a segment  called  the  Euler 
segment.  The  point  of  concurrency  between  the  two  endpoints  of  the  Euler  segment 
divides  the  segment  into  two  smaller  segments  whose  lengths  have  an  exact  ratio. 


Step  4 


With  a compass  or  patty  paper,  compare  the  lengths  of  the  two  parts  of  the 
Euler  segment.  What  is  the  ratio?  Compare  your  group’s  results  with  the  results 
of  other  groups  and  state  your  conjecture. 


I Euler  Segment  Conjecture 

The  JL  divides  the  Euler  segment  into  two  parts  so  that  the  smaller  part  is 


Step  5 


Use  your  conjectures  to  solve  this  problem 

AC  is  an  Euler  segment  containing  three  points 
of  concurrency,  A,  B,  C,  so  that  AB  > BC. 
AC=2Am.AB=±.  BC=J-. 


IS  THERE  MORE  TO  THE  ORTHOCENTER? 

At  this  point  you  may  still  wonder  what’s  special  about  the  orthocenter.  It  does 
lie  on  the  Euler  line.  Is  there  anything  else  surprising  or  special  about  it? 

Use  geometry  software  to  investigate  the  orthocenter.  Construct  a triangle  ABC 
and  its  orthocenter  O,  Drag  a vertex  of  the  triangle  around.  Where  does  the 
orthocenter  lie  in  an  acute  triangle?  An  obtuse  triangle?  A right  triangle? 

Hide  the  altitudes.  Draw  segments  from  each  vertex  to  the  orthocenter  shown. 
Now  find  the  orthocenter  of  each  of  the  three  new  triangles  formed.  What 
happens? 

Experiment  dragging  the  different  points,  and 
observe  the  relationships  among  the  four 
orthocenters. 

Write  a paragraph  about  your  findings, 
concluding  with  a conjecture  about  the 
orthocenter.  Your  project  should  include 

► Your  observations  about  the  orthocenter, 
with  drawings. 

►-  Answers  to  all  the  questions  above. 

►-  A conjecture  stating  what’s  special  about 
the  orthocenter. 


The  Geometer’s  Sketchpad 
was  used  to  create 
this  diagram  and  to  hide 
the  unnecessary  lines. 


Using  Sketchpad,  you  can 
quickly  construct  triangles 
and  their  points  of 
concurrency.  Once  you 
make  a conjecture,  you 
can  drag  to  change  the 
shape  of  the  triangle  to 
see  whether  your 
conjecture  is  true. 


c 


J 
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CHAPTER 


REVIEW 


In  Chapter  1,  you  defined  many  terms  that  help  establish  the 
building  blocks  of  geometry.  In  Chapter  2,  you  learned  and 
practiced  inductive  reasoning  skills.  With  the  construction  skills 
you  learned  in  this  chapter,  you  performed  investigations  that  lay 
the  foundation  for  geometry. 

The  investigation  section  of  your  notebook  should  be  a detailed 
report  of  the  mathematics  you’ve  already  done.  Beginning  in 
Chapter  1 and  continuing  in  this  chapter,  you  summarized  your 
work  in  the  definition  list  and  the  conjecture  list.  Before  you  begin 
the  review  exercises,  make  sure  your  conjecture  list  is  complete. 
Do  you  understand  each  conjecture?  Can  you  draw  a clear 
diagram  that  demonstrates  your  understanding  of  each  definition 
and  conjecture?  Can  you  explain  them  to  others?  Can  you  use 
them  to  solve  geometry  problems? 


Exercises 

For  Exercises  1-10,  identify  the  statement  as  true  or  false.  For  each  false 
statement,  explain  why  it  is  false  or  sketch  a counterexample. 


You  w\\\  neod 


Ibr  19-2* 


1.  In  a geometric  construction,  you  use  a protractor  and  a ruler. 


2.  A diagonal  is  a line  segment  in  a polygon  that  connects  any  two  vertices. 


3.  A trapezoid  is  a quadrilateral  with  exactly  one  pair  of 
parallel  sides. 

4.  A square  is  a rhombus  with  all  angles  congruent. 

5.  If  a point  is  equidistant  from  the  endpoints  of  a 
segment,  then  it  must  be  the  midpoint  of  the  segment. 

6.  The  set  of  all  the  points  in  the  plane  that  are  a given 
distance  from  a line  segment  is  a pair  of  lines  parallel 
to  the  given  segment. 

7.  It  is  not  possible  for  a trapezoid  to  have  three 
congruent  sides. 

8.  The  incenter  of  a triangle  is  the  point  of  intersection 
of  the  three  angle  bisectors. 

9.  The  orthocenter  of  a triangle  is  the  point  of 
intersection  of  the  three  altitudes. 


10.  The  incenter,  the  centroid,  and  the  orthocenter  are 
always  inside  the  triangle. 


The  Principles  of  Perspective,  Italian,  ca.  1780. 
Victoria  and  Albert  Museum,  London,  Great  Britain. 
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For  Exercises  1 1-18,  match  each  geometric  construction  with  one  of  the  figures  below. 


11.  Construction  of  a midsegment 

13.  Construction  of  a centroid  in  a triangle 

15.  Construction  of  an  orthocenter  in  a triangle 

17.  Construction  of  an  equilateral  triangle 

A. 


D. 


12.  Construction  of  an  altitude 
14.  Construction  of  an  incenter 
16.  Construction  of  a circumcenter 

18.  Construction  of  an  angle  bisector 


Construction  For  Exercises  19-24,  perform  a construction  with  compass  and  straightedge 
or  with  patty  paper.  Choose  the  method  for  each  problem,  but  do  not  mix  the  tools  in 
any  one  problem  In  other  words,  play  each  construction  game  fairly. 

19.  Draw  an  angle  and  construct  a duplicate  of  it. 

20.  Draw  a line  segment  and  construct  its  perpendicular  bisector. 
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21.  Draw  a line  and  a point  not  on  the  line.  Construct  a perpendicular  to  the  line 
through  the  point. 

22.  Draw  an  angle  and  bisect  it. 


23.  Construct  an  angle  that  measures  22.5°. 

24.  Draw  a line  and  a point  not  on  the  line.  Construct  a second  line  so  that  it  passes 
through  the  point  and  is  parallel  to  the  first  line. 

25.  Brad  and  Janet  are  building  a home  for  their  pet  hamsters,  Riff  and  Raff,  in  the 
shape  of  a triangular  prism  Which  point  of  concurrency  in  the  triangular  base  do 
they  need  to  locate  in  order  to  construct  the  largest  possible  circular  entrance? 


26.  Adventurer  Dakota  Davis  has  a map  that 
once  showed  the  location  of  a large  bag  of 
gold.  Unfortunately,  the  part  of  the  map  that 
showed  the  precise  location  of  the  gold  has 
burned  away.  Dakota  visits  the  area  shown 
on  the  map  anyway,  hoping  to  find  clues.  To 
his  surprise,  he  finds  three  headstones  with 
geometric  symbols  on  them 

The  clues  lead  him  to  think  that  the  treasure 
is  buried  at  a point  equidistant  from  the 
three  stones.  If  Dakota’s  theory  is  correct, 
how  should  he  go  about  locating  the  point 
where  the  bag  of  gold  might  be  buried? 


X 

y 

I. 


Construction  For  Exercises  27-32,  use  the  given 
segments  and  angles  to  construct  each  figure. 

The  lowercase  letter  above  each  segment 
represents  the  length  of  the  segment. 


27.  A ABC  given  Z.  A,  Z.  C,  and  AC  = z 

28.  A segment  with  length  2y  + x — 

29.  A PQR  with  PQ  = 3x,  QR=  4x,  and  PR= 

30.  Isosceles  triangle  ABD  given  Z.  A,  and 
AB  BD=2y 


C 


31.  Quadrilateral  ABFD  with  m Z.  A=  m Z.  B,  AD=  BE=  y,  and  AB=  4x 

32.  Right  triangle  TRI  with  hypotenuse  TI,  TR  = x,  and  R1  = y,  and 
a square  on  TI , with  TI  as  one  side 
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Mixed  review 


Tell  whether  each  symbol  in  Exercises  33-36  has  reflectional  symmetry,  rotational  symmetry, 
neither,  or  both.  (The  symbols  are  used  in  meteorology  to  show  weather  conditions.) 


For  Exercises  37-40,  match  the  term  with  its  construction. 

37.  Centroid  38.  Circumcenter  39.  Incenter  40.  Orthocenter 


For  Exercises  41-54,  identify  the  statement  as  true  or  false.  For  each  false  statement, 

explain  why  it  is  false  or  sketch  a counterexanple. 

41.  An  isosceles  right  triangle  is  a triangle  with  an  angle  measuring  90°  and  no  two 
sides  congruent. 

42.  If  two  parallel  lines  are  cut  by  a transversal,  then  the  alternate  interior  angles 
are  congruent. 

43.  An  altitude  of  a triangle  must  be  inside  the  triangle. 

44.  The  orthocenter  of  a triangle  is  the  point  of  intersection  of  the  three  perpendicular 
bisectors  of  the  sides. 

45.  If  two  lines  are  parallel  to  the  same  line,  then  they  are  parallel  to  each  other. 

46.  If  the  sum  of  the  measure  of  two  angles  is  180°,  then  the  two  angles  are 
vertical  angles. 

47.  Any  two  consecutive  sides  of  a kite  are  congruent. 

48.  If  a polygon  has  two  pairs  of  parallel  sides,  then  it  is  a parallelogram 

49.  The  measure  of  an  arc  is  equal  to  one  half  the  measure  of  its  central  angle. 

50.  If  TR  is  a median  of  A TIE  and  point  D is  the  centroid,  then  TD  = 3DR. 

51.  The  shortest  chord  of  a circle  is  the  radius  of  a circle. 

52.  An  obtuse  triangle  is  a triangle  that  has  one  angle  with  measure  greater  than  90°. 
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53.  Inductive  reasoning  is  the  process  of  showing  that  certain  statements  follow  logically 
from  accepted  truths. 


54. 

55. 


There  are  exactly  three  true  statements  in  Exercises  41-54. 


In  the  diagram,  p\\  q. 

a.  Name  a pair  of  corresponding  angles. 

b.  Name  a pair  of  alternate  exterior  angles. 

c.  If  m Z.  3 = 42°,  what  is  m L 6? 


In  Exercises  56  and  57,  use  inductive  reasoning  to  find  the  next  number  or  shape  in  the 
pattern. 


56.  100,97,91,82,70 


57. 


58.  Consider  the  statement  “If  the  month  is  October,  then  the  month  has  31  days.” 

a.  Is  the  statement  true? 

b.  Write  the  converse  of  this  statement. 

c.  Is  the  converse  true?  ' 

59.  Eind  the  point  on  the  cushion  at  which  a pool  player  C 

should  aim  so  that  the  white  ball  will  hit  the  cushion 

and  pass  over  point  Q. 


Eor  Exercises  60  and  61,  find  the  function  rule  for  the 
sequence.  Then  find  the  20th  term 


62.  Developing  Proof  Calculate  each  lettered  angle  measure.  Explain  how  you  determined 
the  measures  c and/. 
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63.  Draw  a scalene  triangle  ABC.  Use  a 
straightedge  and  compass  to  construct 
the  incenter  of  A ABC. 


64.  Developing  Proof  What’s  wrong  with  this  picture? 


65.  What  is  the  minimum  number  of  regions  that  are  formed  by  100  distinct  lines  in  a 
plane?  What  is  the  maximum  number  of  regions  formed  by  100  lines  in  the  plane? 


What  YouVi*  l_parni*d 
PERFORMANCE  ASSESSMENT 

The  subject  of  this  chapter  was  the  tools  of  geometry,  so  assessing  what  you’ve 
learned  really  means  assessing  what  you  can  do  with  those  tools.  Can  you  do  all  the 
constructions  you  learned  in  this  chapter?  Can  you  show  how  you  arrived  at  each 
conjecture?  Demonstrating  that  you  can  do  tasks  like  these  is  sometimes  called 

performance  assessment. 

Look  over  the  constructions  in  the  Chapter  Review.  Practice  doing  any  of  the 
constructions  that  you’re  not  absolutely  sure  of.  Can  you  do  each  construction 
using  either  compass  and  straightedge  or  patty  paper?  Look  over  your  conjecture 
list.  Can  you  perform  all  the  investigations  that  led  to  these  conjectures? 

Let  a friend,  classmate,  teacher,  or  family  member  choose  one  construction  and  one 
investigation  for  you  to  demonstrate.  Do  every  step  from  start  to  finish,  and  explain 
what  you’re  doing. 


ORGANIZE  YOUR  NOTEBOOK 

^ Your  notebook  should  have  an  investigation  section,  a definition  list,  and  a 
conjecture  list.  Review  the  contents  of  these  sections.  Make  sure  they  are 
complete,  correct,  and  well  organized. 

► Write  a one-page  chapter  summary  from  your  notes. 


WRITE  IN  YOUR  JOURNAL  How  does  the  way  you  are  learning  geometry — doing 
constructions,  looking  for  patterns,  and  making  conjectures — compare  to  the  way 
you’ ve  learned  math  in  the  past? 


UPDATE  YOUR  PORTFOLIO  Choose  a construction  problem  from  this  chapter  that 
you  found  particularly  interesting  and/or  challenging.  Describe  each  step,  including 
how  you  figured  out  how  to  move  on  to  the  next  step.  Add  this  to  your  portfolio. 
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CHAPTER 


Discovering  and 
Proving  Triangle 
Properties 


Is  it  possible  to  make  a representation  of 
recognizable  figures  that  has  no  background? 
M.  C.  ESCHER 

Symmetry  Drawing  E1 03,  M.  C.  Escher,  1959 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 

All  rights  reserved. 


OBJECTIVES 


In  this  chapter  you  will 

• learn  why  triangles  are  so 
useful  in  structures 

• discover  relationships 
between  the  sides  and 
angles  of  triangles 

• learn  about  the  conditions 
that  guarantee  that  two 
triangles  are  congruent 
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Teaching  is  the  art  of 
assisting  discovery. 
ALBERT  VAN  DOREN 


Triangle  Sum  Conjecture 

T riangles  have  certain  properties  that 
make  them  useful  in  all  kinds  of 
structures,  from  bridges  to  high-rise 
buildings.  One  such  property  of 
triangles  is  their  rigidity.  If  you  build 
shelves  like  the  first  set  shown  at  right, 
they  will  sway.  But  if  you  nail  another 
board  at  the  diagonal  as  in  the  second 
set,  creating  a triangle,  you  will  have 
rigid  shelves. 

Another  application  of  triangles  is  a 
procedure  used  in  surveying  called 
triangulation.  This  procedure  allows  surveyors  to  locate  points  or  positions  on  a 
map  by  measuring  angles  and  distances  and  creating  a network  of  triangles. 
Triangulation  is  based  on  an  important  property  of  plane  geometry  that  you  will 
discover  in  this  lesson. 


pn  Investigation 
kJr'  The  Triangle  Sum 


You  will  n#«dl 

• a protractor 

• a straightedge 

• scissors 

• patty  paper 

Step  1 
Step  2 


Step  3 


There  are  an  endless  variety  of  triangles  that  you  can 
draw,  with  different  shapes  and  angle  measures.  Do 
their  angle  measures  have  anything  in  common?  Start 
by  drawing  different  kinds  of  triangles.  Make  sure  your 
group  has  at  least  one  acute  and  one  obtuse  triangle. 

Measure  the  three  angles  of  each  triangle  as 
accurately  as  possible  with  your  protractor. 


Find  the  sum  of  the  measures  of  the  three  angles  in 
each  triangle.  Compare  results  with  others 
in  your  group.  Does  everyone  get  about 
the  same  result?  What  is  it? 


Check  the  sum  another  way.  Write 
the  letters  a,  b,  and  c in  the 
interiors  of  the  three  angles  of 
one  of  the  triangles,  and 
carefully  cut  out  the  triangle. 
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step  4 


Tear  off  the  three  angles.  Arrange  them  so  that  their  vertices  meet  at  a point. 
How  does  this  arrangement  show  the  sum  of  the  angle  measures? 


[■ 


{ 


I? 


Step  5 


Compare  results  with  others  in  your  group.  State  your  observations  as  a 
conjecture. 


Triangle  Sum  Conjecture 

The  sum  of  the  measures  of  the  angles  in  every  triangle  is  _L. 


Developing  Proof  The  investigation  may  have  convinced  you  that  the  Triangle  Sum 
Conjecture  is  true,  but  can  you  explain  why  it  is  true  for  every  triangle? 

As  a group,  explain  why  the  Triangle  Sum  Conjecture  is  true  by  writing  a 
paragraph  proof,  a deductive  argument  that  uses  written  sentences  to  support  its 
claims  with  reasons. 

Another  reasoning  strategy  you  might  use  is  to  add  an  auxiliary  line,  an  extra 
line  or  segment  that  helps  with  a proof.  Your  group  may  have  formed  an  auxiliary 
line  by  rearranging  the  angles  in  the  investigation.  If  you  rotated  £.A  and  / B and 
left  £ C pointing  up,  then  how  is  the  resulting  line  related  to  the  original  triangle? 
Draw  any  £ABC  and  draw  in  that  auxiliary  line. 

The  figure  at  right  includes  EC,  an  auxiliary  line 
parallel  to  side  AB.  Use  this  diagram  to  discuss 
these  questions  with  your  group. 

4 What  are  you  trying  to  prove? 

* What  is  the  relationship  among  £ 1,  £2, 
and  £3? 

« Why  was  the  auxiliary  line  drawn  to  be  parallel  to  one  of  the  sides? 

* What  other  congruencies  can  you  determine  from  the  diagram? 

Use  your  responses  to  these  questions  to  mark  your  diagram  Discuss  how  you  can 
use  the  information  you  have  to  prove  that  the  Triangle  Sum  Conjecture  is  true  for 
every  triangle.  As  a group,  write  a paragraph  proof.  When  you  are  satisfied  with 
your  group’s  proof,  compare  it  to  the  one  presented  on  the  next  page. 
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Paragraph  Proof:  The  Triangle  Sum  Conjecture 

Consider  Z.  1 and  Z.2  together  as  a single  angle  that  fornas  a linear  pair  with  Z.3.  By 
the  Linear  Pair  Conjecture,  their  measures  must  add  up  to  180°. 

mLl  + mZ.2  + mZ.3  = 180° 

AC  and  BC  form  transversals  between  parallel  lines 
EC  and  AB . By  the  Alternate  Interior  Angles 
Conjecture,  1 and  4 are  congruent  and  3 and 
5 are  congruent,  so  their  measures  are  equal. 

mLl = mLA 

mL3  = mL5 

Substitute  m Z.4  for  m Z.  1,  and  m Z.5  for  m Z.3  in  the  first  equation  above. 
mZ.4+  mZ.2+  mZ.5  = 180° 

Therefore,  the  measures  of  the  angles  in  a triangle  add  up  to  180°.  ■ 

So  far,  you  have  been  writing  deductive  arguments  to  explain  why  conjectures  are 
true.  The  paragraph  proof  format  puts  a little  more  emphasis  on  justifying  your 
reasons.  You  will  also  learn  about  another  proof  format  later  in  this  chapter. 

If  you  have  two  angles  of  a triangle,  you  can  use  the  Triangle  Sum  Conjecture  to 
construct  the  third  angle.  This  example  shows  one  way  to  do  this. 


EXAMPLE 


Given  Z.A  and  LN,  construct  Z.  A the  third 
angle  of  LAND. 


► Solution 


Label  Z.A  and  LN  as  Z.  1 and  Z.2 
respectively.  Draw  a line.  Duplicate  Z.  1 
opening  to  the  left  on  this  line.  Duplicate 
Z.2  opening  to  the  right  at  the  same  vertex 
on  this  line.  Because  the  measures  of  the  a 

three  angles  add  to  180°,  the  measure  of 
Z.3  is  equal  to  that  of  LD. 
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Exercises 

1.  Technology  Using  geometry  software,  construct  a triangle.  Use  the  software 
to  measure  the  three  angles  and  calculate  their  sum.  Drag  the  vertices  and 
describe  your  observations. 


You  will  need 


Geometry  itfftwm: 
— i ft)r  Effirdsfl  1 


k\ 


Use  the  Triangle  Sum  Conjecture  to  determine  each  lettered  angle  measure  in 
Exercises  2-5.  You  might  find  it  helpful  to  copy  the  diagrams  so  you  can  write  on  them 


5.  w = _L 


S.  a = ± 
b=  ? 
c=  r 
d = ± 


6.  Find  the  sum  of  the 
measures  of  the  marked 
angles.  . 


7.  Find  the  sum  of  the 
measures  of  the  marked 
angles.  ■ 


p= 
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In  Exercises  10-12,  use  what  you  know  to  construct  each  figure.  Use  only  a compass  and 
a straightedge. 


10. 

11. 

12. 


13. 


Construction 

Construction 

construct  Z.  G. 

Construction 

Construction 

constructions. 


Given  LA  and  LR  of  LARM,  construct  LM. 
In  LLEG,  mLE  = ruLG.  Given  LL, 

Given  £A,  LR,  and  side  AE  construct  LEAR. 
Repeat  Exercises  10-12  with  patty-paper 


14.  Deveioping  Proof  In  LMAS  below,  LM  is  a right  angle. 
Let’s  call  the  two  acute  angles,  LA  and  LS,  “wrong  angles.” 
Write  a paragraph  proof  or  use  algebra  to  show  that 
“two  wrongs  make  a right,”  at  least  for  angles  in  a 
right  triangle. 


A 


15.  Deveioping  Proof  In  your  own  words,  prove  the  Triangle  Sum  Conjecture.  What 
conjectures  must  we  accept  as  true  in  order  to  prove  it? 

16.  Use  your  ruler  and  protractor  to  draw  LPDQ  if  mLP  - 40°,  mLQ  - 55°,  and 
PD  = 1 cm  How  can  the  Triangle  Sum  Conjecture  make  this  easier  to  do? 

17.  Mini-investigation  Suppose  two  angles  of  one  triangle  have  the  same  measures  as 
two  angles  of  another  triangle.  What  can  you  conclude  about  the  third  pair  of 
angles? 

Draw  a triangle  on  your  notebook  paper.  Create  a second  triangle  on  patty  paper 
by  tracing  two  of  the  angles  of  your  original  triangle,  but  make  the  side  between 
your  new  angles  longer  than  the  corresponding  side  in  the  original  triangle.  How 
do  the  third  angles  in  the  two  triangles  compare? 

Conjecture:  If  two  angles  of  one  triangle  are  equal  in  measure  to  two  angles 
of  another  triangle,  then  the  third  angles  of  the  triangles  _L . (Third  Angle 
Conjecture) 
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18. 


19. 


Developing  Proof  Use  the  Triangle  Sum  Conjecture  and  the  figures  at  right 
to  write  a paragraph  proof  explaining  why  the  Third  Angle  Conjecture 
is  true.  ' 

Developing  Proof  Write  a paragraph  proof,  or  use  algebra,  to  explain  why 
each  angle  of  an  equiangular  triangle  measures  60°. 


^ Review 

yj 


In  Exercises  20-24,  tell  whether  the  statement  is  true  or  false.  For  each 
false  statement,  explain  why  it  is  false  or  sketch  a counterexample. 


20.  If  two  sides  in  one  triangle  are  congruent  to  two  sides  in  another  triangle,  then  the 
two  triangles  are  congruent. 

21.  If  two  angles  in  one  triangle  are  congruent  to  two  angles  in  another  triangle,  then 
the  two  triangles  are  congruent. 

22.  If  a side  and  an  angle  in  one  triangle  are  congruent  to  a side  and  an  angle  in 
another  triangle,  then  the  two  triangles  are  congruent. 


23.  If  three  angles  in  one  triangle  are  congruent  to  three  angles  in  another 
triangle,  then  the  two  triangles  are  congruent. 


24.  If  three  sides  in  one  triangle  are  congruent  to  three  sides  in 
another  triangle,  then  the  two  triangles  are  congruent. 


25.  What  is  the  number  of  stories  in  the  tallest  house 
you  can  build  with  two  52-card  decks? 

How  many  cards  would  it  take? 


One  story  [2  cards] 


Two  stofies  (7  cards) 


Three  stories  [IS  cards) 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Dissecting  a Hexagon  I 

Trace  this  regular  hexagon  twice. 

1.  Divide  one  hexagon  into  four  congruent  trapezoids. 

2.  Divide  the  other  hexagon  into  eight  congruent  parts. 

What  shape  is  each  part? 
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Imagination  is  built  upon 
knowledge. 

ELIZABETH  STUART  PHELPS 


Properties  of  Isosceles 
Triangles 

Recall  from  Chapter  1 that  an  isosceles  triangle  is  a triangle  with  at  least  two 
congruent  sides.  In  an  isosceles  triangle,  the  angle  between  the  two  congruent 
sides  is  called  the  vertex  angle,  and  the  other  two  angles  are  called  the  base  angles. 
The  side  between  the  two  base  angles  is  called  the  base  of  the  isosceles  triangle. 
The  other  two  sides  are  called  the  legs. 


The  famous  Transamerica 
Buildirg  in  Sar  Francisco 
contains  many  isosceles 
triangles. 


Vertex:  single 


In  this  lesson  you’ll  discover  some  properties  of  isosceles  triangles. 


The  Roll 

Hall  Fame  mrJi 
Wuseutn  strueiure 
IS  a pyramid 
eonta  lining  many 
triarigles  th^t  are 
isosceles  flitd 
equilateral. 


Architecture 

CONNECTION 

The  Rock  and  Roll  Hall  of  Fame  and  Museum  in  Cleveland,  Ohio,  is  a dynamic 
structure.  Its  design  reflects  the  innovative  music  that  it  honors.  The  front  part 
of  the  museum  is  a large  glass  pyramid,  divided  into  small  triangular  windows. 
The  pyramid  structure  rests  on  a rectangular  tower  and  a circular  theater 
that  looks  like  a performance  drum.  Architect  I.  M.  Pei  (b  1917)  used 
geometric  shapes  to  capture  the  resonance  of  rock  and  roll  musical  chords. 
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Y(hi  will  n-eed 

• patty  paper 

• a straightedge 

• a protractor 


Investigation  1 

Base  Angles  in  an  Isosceles  Triangle 


Let’s  examine  the  angles  of  an  isosceles  triangle.  Each  person  in  your  group  should 
draw  a different  angle  for  this  investigation.  Your  group  should  have  at  least  one 
acute  angle  and  one  obtuse  angle. 


Step  1 
Step  2 
Step  3 

Step  4 

Step  5 


Draw  an  angle  on  patty  paper.  Label  it  Z.  C.  This  angle  will  be  the  vertex  angle  of 
your  isosceles  triangle. 

Place  a point  A on  one  ray.  Fold  your  patty  paper  so  that  the  two  rays  match  up. 
Trace  point  A onto  the  other  ray. 

Label  the  point  on  the  other  ray  point  B.  Draw  AB.  You  have  constructed  an 
isosceles  triangle.  Explain  how  you  know  it  is  isosceles.  Name  the  base  and  the 
base  angles. 

Use  your  protractor  to  conpare  the  measures  of  the  base  angles.  What 
relationship  do  you  notice?  How  can  you  fold  the  paper  to  confirm  your 
conclusion? 

Conpare  results  in  your  group.  Was  the  relationship  you  noticed  the  same  for 
each  isosceles  triangle?  State  your  observations  as  your  next  conjecture. 


Isosceles  Triangle  Conjecture 

C-1S 

P If  a triangle  is  isosceles,  then  1.. 

1 

Equilateral  triangles  have  at  least  two  congruent  sides,  so  they  fit  the  definition  of 
isosceles  triangles.  That  means  any  properties  you  discover  for  isosceles  triangles 
will  also  apply  to  equilateral  triangles.  How  does  the  Isosceles  Triangle  Conjecture 
apply  to  equilateral  triangles? 


You  can  switch  the  “if’  and  “then”  parts  of  the  Isosceles  Triangle  Conjecture  to 
obtain  the  converse  of  the  conjecture.  Is  the  converse  of  the  Isosceles  Triangle 
Conjecture  true?  Let’s  investigate. 
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Pi 


You  will  n«4di 

• a compass 

• a straightedge 


Step  1 


Step  2 
Step  3 


Step  4 


Investigation  2 

Is  the  Converse  True? 

Suppose  a triangle  has  two  congruent  angles.  Must  the  triangle  be  isosceles? 


A 


Stcr  I 


A 


Draw  a segment  and  label  it^.  Draw  an  acute  angle 
at  point  v4.  This  angle  will  be  a base  angle.  (Why  can’t 
you  draw  an  obtuse  angle  as  a base  angle?) 

Copy  LA  at  point  B on  the  same  side  of  AB  Label 
the  intersection  of  the  two  rays  point  C. 

Use  your  conpass  to  conpare  the  lengths  of  sides  AC 
and  BC.  What  relationship  do  you  notice?  How  can 
you  use  patty  paper  to  confirm  your  conclusion? 

Conpare  results  in  your  group.  State  your  observation 
as  your  next  conjecture. 

Converse  of  the  Isosceles  Triangle  Conjecture 


C-1^ 


If  a triangle  has  two  congruent  angles,  then_L  .. 


Exercises 


iTFt'fiH'ti  1^1 


For  Exercises  1-6,  use  your  new  conjectures  to  find  the  missing  measures. 


You  will  need 


far  EariiseilS-l? 


1.  niLH=± 


2.  mLG  = ± 


3.  mlOLE  = ± 


r 
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11.  The  Islamic  design  below  right  is  based  on  the  star  decagon  construction  shown 
below  left.  The  ten  angles  surrounding  the  center  are  all  congruent.  Find  the  lettered 
angle  measures.  How  many  triangles  are  not  isosceles? 
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12.  Study  the  triangles  in  the  software  constructions  below.  Each  triangle  has  one  vertex  at 
the  center  of  the  circle,  and  two  vertices  on  the  circle. 


a.  Are  the  triangles  all  isosceles? 
Write  a paragraph  proof 
explaining  why  or  why  not. 

b.  If  the  vertex  at  the  center  of 
the  first  circle  has  an  angle 
measure  of  60°,  find  the 
measures  of  the  other  two 
angles  in  that  triangle. 


keymath.com/DG 


[^For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry 
Exploration  Triangles  in  a Circle  at  www.keymath.com/DG  .-*] 


^ Review 

In  Exercises  13  and  14,  complete  the  statement  of  congruence  from  the  information 
given.  Remember  to  write  the  statement  so  that  corresponding  parts  are  in  order. 


In  Exercises  15  and  16,  use  a conpass  or  patty  paper,  and  a straightedge, 
to  construct  a triangle  that  is  not  congruent  to  the  given  triangle,  but  has  the  given 
parts  congruent.  The  symbol  means  “not  congruent  to. 


15.  Construction  Construct  A^C  = ^DEF 
with  LA  = LD,  LB  = LE,  and 
LC  = LF.  ^ 


16.  Construction  Construc^GHK  = LMNP 
with  HK  = AP,  GH  = MN,  and 
LG  = LM.  k 


P 


17.  Construction  With  a straightedge  and  patty  paper,  construct  an  angle  that 
measures  105°. 

In  Exercises  18-21,  determine  whether  each  pair  of  lines  through  the  points  below  is 
parallel,  perpendicular,  or  neither. 

41,3)  P(6,0)  C(4,3)  P(l,  -2)  P(-3,8)  P(-4,  1)  G(-l,  6)  A(4,  -4) 

18.  AB  and  CD  ^ 19.  m and  20.  AD  and  OI  21.  DE  and 
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22.  Using  the  preceding  coordinate  points,  is  FGCD  a trapezoid,  a parallelogram,  or 
neither? 

23.  Picture  the  isosceles  triangle  below  toppling  side  over  side  to  the  right  along  the 
line.  Copy  the  triangle  and  line  onto  your  paper,  then  construct  the  path  of  point  P 
through  two  cycles.  Where  on  the  number  line  will  the  vertex  point  land? 


7^  14 


For  Exercises  24  and  25,  use  the  ordered  pair  rule  shown  to  relocate  each  of  the  vertices 
of  the  given  triangle.  Connect  the  three  new  points  to  create  a new  triangle.  Is  the  new 
triangle  congruent  to  the  original  one?  Describe  how  the  new  triangle  has  changed 
position  from  the  original. 


24.  (x,y)^  (x+  5,  y-  3)  2 


y 


25.  (x,  y)  ->  (x,  -y) 


y 


{ 

-1,5) 

Z: 

■A 


IMPROVING  YOUR  REASONING  SKILLS 

Hundreds  Puzzle 

Fill  in  the  blanks  of  each  equation  below.  All  nine  digits — 1 through  9 — must  be  used,  in 


order!  You  may  use  any  combination  of  signs  for  the  four  basic  operations  ( +,  -,  *,  -^), 
parentheses,  decimal  points,  exponents,  factorial  signs,  and  square  root  symbols,  and  you 
may  place  the  digits  next  to  each  other  to  create  two-digit  or  three-digit  numbers. 


Exan^le:  1 + 2(3  + 4.5)  + 67  + 8 + 9 = 100 


1. 

2. 

3. 


V 


4. 

5. 


l+2  + 3-4  + 5 + 6 + ± + 9=100 
1 +2  + 3+4  + 5+±=  100 
l+2  + 3.4.5/6  + ±=100 
(-1  -iL)  75  + 6 + 7 + 89  = 100 
1+23 -4 + ± + 9 = 100 
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Using  Your  Algebra  Skills  4 


VLGE 


USING  YOUR  ALGEBRA  SKILLS  4 * USING 


Solving  Equations 


In  this  chapter  you  may  have  already  been  solving  some  problems  by  setting  up  and 
solving  an  equation.  An  equation  is  a statement  that  two  expressions  are  equal.  The 
solution  to  an  equation  is  the  value  (or  values)  of  the  variable  that  makes  the 
equation  true.  The  solution  to  the  equation  2x  + 3 = 1 1 is  x = 4.  You  can  check  this 
by  substituting  4 for  x to  see  that  2(4)  + 3 = 1 1 is  a true  equation. 

While  there  are  many  properties  of  real  numbers  and  properties  of  equality,  here 
are  some  of  the  main  properties  that  help  you  solve  equations. 


Distributive  Property 


a{b  + c)  = a-  b + a-c 

This  property  allows  you  to  sinplify  equations  by  separating  the  terms  within 
parentheses. 

3(5x-  7)=  15x-  21 

Combining  iike  terms 

ax  + bx  = {a  + b)x 

This  process,  based  on  the  distributive  property,  allows  you  to  simplify  one 
side  of  an  equation  by  adding  the  coefficients  of  expressions  with  the  same 
variable. 

-4y  + 9j;  = ( -4  + 9)y  = 5y 


Properties  of  Equaiity 

Given  a = b,  for  any  number  c, 

Addition  property  Muitipiication  property 

a + c = b + c ac  = be 

Subtraction  property  Division  property 

a - c = b-  c (providisd  c ^ 0) 

These  properties  allow  you  to  perform  the  same  operation  on  both  sides  of 
an  equation. 

Substitution  property 

If  a = b,  then  a can  be  replaced  with  b in  any  equation. 

This  property  allows  you  to  check  your  solution  to  an  equation  by  replacing 
each  variable  with  its  value.  Substitution  is  also  used  to  solve  some  equations 
and  in  writing  proofs. 
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EXAMPLE  A 
► Solution 


EXAMPLES 
► Solution 


Solve  4x  + 8 = 

-4(2x-  7) + 4. 

4x 

+ 

8 =- 

■4(2x  - 7)  + 2x 

The  original  equation. 

4x 

+ 

8=  - 

■8x  + 28  + 2x 

Distribute. 

4x 

+ 

8=  - 

■6x  + 28 

Combine  like  terms. 

lOx 

+ 

8 = 

28 

Add  6x  to  both  sides. 

lOx 

20 

Subtraet  8 from  both  sides. 

X 

= 

2 

Divide  both  sides  by  1 0. 

The  solution  is  x 

= 2. 

Check  that  the  solution  makes  the  original  equation  true. 

4(2)  + 8-  ~4[2(2)  ~ 7]  + 2(2)  Substitute  2 forx. 

9 

4(2)  + 8-  “4[  -3]  + 4 Simplify  following  the  order 

of  operations. 

8 + 8=  12+4 

16  =16  The  solution  eheeks. 

When  an  equation  contains  fractions  or  rational  expressions,  it  is  sometimes 
easiest  to  “clear”  them  by  multiplying  both  sides  of  the  equation  by  a common 
denominator. 


o 1 X 1 

Solve  -=r  =~ — T- 
2 D 4 


The  denominators  are  2,  5,  and  4.  The  least  common  denominator  is  20. 


5 


20(')  - 2o(3'  - ‘) 


2Qx  _ 60x 

2 S” 


20 

4 


lOx  = 12x  - 5 

2x  = -5 
X = 2.5 

Check  the  solution. 

^ X 3(2.5)  _ I 


1.25  i 1.5  -0.25 


The  original  equation. 

Multiply  both  sides  by  20. 

Distribute. 

Reduee  the  fraetions.  Now  solve  as  you  did 
in  Example  A 

Subtraet  12x  from  both  sides. 

Divide  both  sides  by  ~2. 

Substitute  2.5  for  x. 

Simplify  following  the  order  of  operations. 


1.25  =1.25 


© 2008  Key  Curriculum  Press 


USING  YOUR  ALGEBRA  SKILLS  4 Solving  Equations  213 
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4a3-^:jLUl:1Thli;ii^  || 


Exercises 


In  Exercises  1-2,  state  whether  each  equation  is  true  or  false. 

1.  2(4  +5)  =13  2.  2 + [3(  -4)  - 4]  = 2(-4  - 3) 


In  Exercises  3-5,  determine  whether  the  value  given  for  the  variable  is  a solution  to 
the  equation. 

3.  x-8  = 2;jc  = 6 4.  4(3^  - 1)  = -40; j = -3  “ I = = 4 

In  Exercises  6-13,  solve  the  equation  and  check  your  solution. 

6.  6x  - 3 = 39  7.  3y  - 7 = 5y  + 1 8.  6x  - 4(3x  + 8)  = 16 

9.  7 - 3(2x  - 5)  = 1 - X 10.  5{n  - 2)  - \An  = - - {5  - An) 

1 _ J_  _ 1 1 = I ^ -i 

fi  10  15*  r 6 r ^^-4  3 6 

14.  A proportion  is  a statement  of  equality  between  two  ratios.  For  example,  ^ = | is 
a proportion. 

a.  Solve  the  proportion  above  by  clearing  the  fractions,  as  in  Exanple  B. 

b.  You  may  have  previously  learned  that  you  can  solve  a proportion  by  “cross 
multiplying.”  If  so,  use  this  method  to  solve  the  proportion  above,  and  conpare 
this  method  to  the  one  you  used  in  part  a. 

15.  Try  solving  2(3x  + 1)  = 6x  + 3.  Explain  what  happens.  What  is  the  solution? 


16.  Below  is  Camella’s  work  solving  an  equation.  Camella  says,  “The  solution  is  zero.”  Is 
she  correct?  Explain. 


2x  + 2(x  - 1)  = 4(x  - 3)  + 10 
2x  + 2x  - 2 = 4x  - 12  + 10 
4x  - 2 = 4x  - 2 
4x  = 4x 

0 =0 


Original  equation. 

Distribute. 

Combine  like  terms. 

Add  2 to  both  sides. 

Subtract  4x  from  both  sides. 


17.  A golden  triangle  is  an  isosceles  triangle  with  many  special  properties.  One  of  them  is 
the  measure  of  either  of  its  base  angles  is  twice  the  measure  of  its  vertex  angle.  Sketch 
a golden  triangle  with  variables  representing  the  angles.  Apply  previous  conjectures  to 
write  an  equation.  Then  solve  it  to  determine  the  measure  of  each  angle. 


The  dlcigonali  of  a regular  pentagor^  form  many  different  golden  triangles. 
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Readers  are  plentiful, 
thinkers  are  rare. 
HARRIET  MARTINEAU 


Dr5vvbifldg«  ever  the 
Chicago  River  in 
ChkagOn  llHinoh 


Triangle  Inequalities 

How  long  must  each  side  of  this  drawbridge  be  so  that  the  bridge  spans  the  river 
when  both  sides  come  down? 


The  sum  of  the  lengths  of  the  two  parts  of  the  drawbridge  must  be  equal  to  or 
greater  than  the  distance  across  the  waterway.  Triangles  have  similar  requirements. 

You  can  build  a triangle  using  one  blue  rod,  one  green  rod,  and  one  red  rod.  Could 
you  still  build  a triangle  if  you  used  a yellow  rod  instead  of  the  green  rod?  Why  or 
why  not?  Could  you  form  a triangle  with  two  yellow  rods  and  one  green  rod?  What 
if  you  used  two  green  rods  and  one  yellow  rod? 


How  can  you  determine  which  sets  of  three  rods  can  be  arranged  into  triangles  and 
which  can’t?  How  do  the  measures  of  the  angles  in  the  triangle  relate  to  the  lengths 
of  the  rods?  How  is  measure  of  the  exterior  angle  formed  by  the  yellow  and  blue 
rods  in  the  triangle  above  related  to  the  measures  of  the  angles  inside  the  triangle? 
In  this  lesson  you  will  investigate  these  questions. 
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Vou  will 

• a compass 

• a straightedge 


Step  1 


Step  2 


Investigation  1 

What  Is  the  Shortest  Path 

from  A to  B7 


Each  person  in  your  group  should  do  each  construction.  Concpare  results  when 
you  finish. 


Construct  a triangle  with  each  set  of  segments  as  sides. 

Given: 

c 7\ 

A T 

€ 

Construct:  isCAT 
Given: 

i- 

S Ti 

7 ?! 

Construct:  £^FSH 


T 


You  should  have  been  able  to  construct  hCAT,  but  not  £^FSH.  Why?  Discuss 
your  results  with  others.  State  your  observations  as  your  next  conjecture. 


Triangie  Inequaiity  Conjecture 

The  sum  of  the  lengths  of  any  two  sides  of  a triangle  is  _L  the  length  of  the 
third  side. 


The  Triangle  Inequality  Conjecture  relates  the  lengths  of  the  three  sides  of  a 
triangle.  You  can  also  think  of  it  in  another  way:  The  shortest  path  between  two 
points  is  along  the  segment  connecting  them  In  other  words,  the  path  from  A to  C 
to  B can’t  be  shorter  than  the  path  from  A to  B. 


AJ^  3 c m 
V'  -I-  I j'i  = 3.5  cm 

A ^ 0 H .1 


An  5 cm 
. i:  + I = 3J  cm 


C 




AH  3 cm 
■li  + = ji  cm 


C 


[►  For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration  The  Triangle 
keymath.com/DG  Inequality  at  www.keymath.com/DG  ,«) 
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® Investigation  2 

Where  Are  the  Largest  and  Smallest  Angles? 


Yiou  will  firmed 

• a ruler 

• a protractor 


Each  person  should  draw  a different  scalene  triangle  for 
this  investigation.  Some  group  members  should  draw 
acute  triangles,  and  some  should  draw  obtuse  triangles. 


Step  1 


Step  2 
Step  3 


Measure  the  angles  in  your  triangle.  Label  the  angle 
with  greatest  measure  LL,  the  angle  with  second 
greatest  measure  Z.M,  and  the  smallest  angle  LS. 

Measure  the  three  sides.  Label  the  longest  side  I,  the 
second  longest  side  m,  and  the  shortest  side  5-. 

Which  side  is  opposite  LUl  LMl  LSI 


Discuss  your  results  with  others.  Write  a conjecture  that  states  where  the  largest  and 
smallest  angles  are  in  a triangle,  in  relation  to  the  longest  and  shortest  sides. 


Side-Angle  Inequality  Conjecture 

In  a triangle,  if  one  side  is  longer  than  another  side,  then  the  angle  opposite 
the  longer  side  is  _L. 


H:(ter]oi 

single 


Adjic-ent 
interior  anjjjlc 


kcinGtc  Interior iingitH 


So  far  in  this  chapter,  you  have  studied  interior  angles  of  triangles. 
Triangles  also  have  exterior  angles.  If  you  extend  one  side  of  a 
triangle  beyond  its  vertex,  then  you  have  constructed  an  exterior 
angle  at  that  vertex. 

Each  exterior  angle  of  a triangle  has  an  adjacent  interior  angle 
and  a pair  of  remote  interior  angles.  The  remote  interior  angles 
are  the  two  angles  in  the  triangle  that  do  not  share  a vertex  with 
the  exterior  angle. 


Investigation  3 

Exterior  Angles  of  a Triangle 


VoH  will  n-eed 

• a straightedge 

• patty  paper 

Step  1 


Each  person  should  draw  a different  scalene  triangle  for 
this  investigation.  Some  group  members  should  draw 
acute  triangles,  and  some  should  draw  obtuse  triangles. 

On  your  paper,  draw  a scalene  triangle,  LABC. 
Extend  AB  beyond  point  B and  label  a point  D 
outside  the  triangle  on  AB  . Label  the  angles  as 
shown. 
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step  2 
Step  3 
Step  4 


Copy  the  two  remote  interior  angles,  LA  and  L C,  onto 
patty  paper  to  show  their  sum 

How  does  the  sum  of  a and  c compare  with  xl  Use  your 
patty  paper  from  Step  2 to  compare. 

Discuss  your  results  with  your  group.  State  your 
observations  as  a conjecture. 


Triangle  Exterior  Angle  Conjecture 

The  measure  of  an  exterior  angle  of  a triangle  _L  . 


■ I Developing  Proof  The  investigation  may  have  convinced  you  that  the  Triangle  Exterior 
Angle  Conjecture  is  true,  but  can  you  explain  why  it  is  true  for  every  triangle? 

As  a group,  discuss  how  to  prove  the  Triangle  Exterior  Angle  Conjecture.  Use 
reasoning  strategies  such  as  draw  a labeled  diagram,  represent  a situation 
algebraically,  and  apply  previous  conjectures.  Start  by  making  a diagram  and  listing 
the  relationships  you  already  know  among  the  angles  in  the  diagram,  then  plan  out 
the  logic  of  your  proof. 


Exercises 


You  will  write  the  paragraph  proof  of  the  Triangle  Exterior  Angle  Conjecture  in 
Exercise  17.« 


XfiSE 


In  Exercises  1-4,  determine  whether  it  is  possible  to  draw  a triangle  with  sides  having 
the  given  measures.  If  possible,  write  yes.  If  not  possible,  write  no  and  make  a sketch 
demonstrating  why  it  is  not  possible. 


1.  3 cm,  4 cm,  5 cm  2.  4 m,  5 m,  9 m 3.  5 ft,  6 ft,  12  ft  4.  3.5  cm,  4.5  cm,  7 cm 

In  Exercises  5-10,  use  your  new  conjectures  to  arrange  the  unknown  measures  in  order 
from  greatest  to  least. 


11.  If  54  and  48  are  the  lengths  of  two  sides  of  a triangle,  what  is  the  range  of  possible 
values  for  the  length  of  the  third  side?  Y 
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12.  Developing  Proof  What’ s wrong  with  this 
picture?  Explain. 


13.  Developing  Proof  What’s  wrong  with  this 
picture?  Explain. 


In  Exercises  14-16,  use  one  of  your  new  conjectures  to  find  the  missing  measures. 


16.  X = ± 


17.  Developing  Proof  Use  the  Triangle  Sum  Conjecture  to  explain 
why  the  Triangle  Exterior  Angle  Conjecture  is  true.  Use  the 
figure  at  right. 

18.  Read  the  Recreation  Connection  below.  If  you  want  to  know 
the  perpendicular  distance  from  a landmark  to  the  path  of 
your  boat,  what  should  be  the  measurement  of  your  bow  angle 
when  you  begin  recording? 


w 


Recreation 

CONNECTION 

Geometry  is  used  quite  often  in  sailing.  For  example,  to  find  the  distance 
between  the  boat  and  a landmark  on  shore,  sailors  use  a rule  called  doubling 
the  angle  on  the  bow.  The  rule  says,  measure  the  angle  on  the  bow  (the  angle 
formed  by  your  path  and  your  line  of  sight  to  the  landmark,  also  called  your 
bearing)  at  point  A.  Check  your  bearing  until,  at  point  B,  the  bearing  is  double 
the  reading  at  point  A.  The  distance  traveled  from  A to  B is  also  the  distance 
from  the  landmark  to  your  new  position. 

r 
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^ Review 


In  Exercises  19  and  20,  calculate  each  lettered  angle  measure. 


In  Exercises  22-24,  conplete  the  statement  of  congruence. 

22.  L.BAR  =A  ± h 23.  i^FAR  = A ± 


24.  HG  = HJ 
GHEJ=  A± 


G 


RANDOM  TRIANGLES 

Imagine  you  cut  a 20cm  straw  in  two  randomly  selected  places  anywhere  along 
its  length.  What  is  the  probability  that  the  three  pieces  will  form  a triangle?  How 
do  the  locations  of  the  cuts  affect  whether  or  not  the  pieces  will  form  a triangle? 

Explore  this  situation  by  cutting  a straw  in  different  ways,  or  use  geometry 
software  to  model  different  possibilities.  Based  on  your  informal  exploration, 
predict  the  probability  of  the  pieces  forming  a triangle. 

Now  generate  a large  number  of  randomly  chosen  lengths  to  simulate  the  cutting 
of  the  straw.  Analyze  the  results  and  calculate  the  probability  based  on  your  data. 

How  close  was  your  prediction? 

Your  project  should  include 

!►  Your  prediction  and  an  explanation  of  how  you  arrived  at  it. 

► Your  randomly  generated  data. 

► An  analysis  of  the  results  and  your  calculated  probability. 

► An  explanation  of  how  the  location  of  the  cuts  affects  the  chances  of  a triangle 
being  formed. 

s / 


Fcritiwitf  lyi 

■fell  cafi  use  Fittiofn  to 
rn^n^  ^ of 

r.dikJ(^ 

U|l 

towewywjiiaft^afid 
enter  fonrnias  to  Mkulatfl 
quantities  bdserl  on  your 
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The  person  who  knows  how 
will  always  have  a job;  the 
person  who  knows  why  will 
always  be  that  person’s  boss. 
ANONYMOUS 


Are  There  Congruence 
Shortcuts? 

A building  contractor  has  just  assembled 
two  massive  triangular  trusses  to 
support  the  roof  of  a recreation  hall. 

Before  the  crane  hoists  them  into 
place,  the  contractor  needs  to  verify 
that  the  two  triangular  trusses  are 
identical.  Must  the  contractor 
measure  and  conpare  all  six  parts  of 
both  triangles? 

You  learned  from  the  Third  Angle 
Conjecture  that  if  there  is  a pair  of 
angles  congruent  in  each  of  two 
triangles,  then  the  third  angles  must 
be  congruent.  But  will  this  guarantee  that  the  trusses  are  the  same  size?  You 
probably  need  to  also  know  something  about  the  sides  in  order  to  be  sure  that 
two  triangles  are  congruent.  Recall  from  earlier  exercises  thsit  fewer  than  three 
parts  of  one  triangle  can  be  congruent  to  corresponding  parts  of  another  triangle, 
without  the  triangles  being  congruent. 


So  let’s  begin  looking  for  congruence  shortcuts  by  conparing  three  parts  of  each 
triangle.  There  are  six  different  ways  that  the  three  corresponding  parts  of  two 
triangles  may  be  congruent.  They  are  diagrammed  below.  Some  of  these  will  be 
congruence  shortcuts,  and  some  will  not. 


Side-Side-Side  (SSS)  Side- Angie-Side  (SAS)  Angie-Side- Angie  (ASA) 


■['hree  pairs  of  coiigi  uem  sidei 


'IWo  pairs  of  congruent  sidci 
and  one  pair  ofcongi  uem 
angles  (iiiiglesbefwe-en  the 
p.^ir5  of  sides) 


[Wo  pairs  of  congruent  i^iigles 
and  one  pair  of  congruent 
sides  (sides  befween  the  pairs 
of  angles) 


Side- Angie- Angie  (SAA)  Side-Side-Angie  (SSA) 


Angie- Angie- Angie  (AAA) 


Two  pairs  of  congrue-tit  angles 
and  otic  pair  of  cungruent 
^ides  (ildes not  between  the 
pjir.s  of  angles’! 


Twn  pairs  ut  congruent  sides 
and  one  pair  ot  congruent 
angles  (anglei  not  between 
tKe  fNiiis:  ol  sides) 


Three  pair^  of  congruent  angles 


You  will  investigate  three  of  these  cases  in  this  lesson  and  the  other  three  in  the 
next  lesson  to  discover  which  of  these  six  possible  cases  turn  out  to  be  congruence 
shortcuts  and  which  do  not. 
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— t 

VdU  will  ne#dl 

• a compass  or 
patty  paper 

* a straightedge 

Step  1 


Step  2 


Step  3 


Career 

CONNECTION 

Congruence  is  very  important 
in  design  and  manufacturing. 
Modern  assembly-line 
production  relies  on  identical, 
or  congruent,  parts  that  are 
interchangeable,  hr  the 
assembly  of  an  automobile,  for 
example,  the  same  part  needs 
to  fit  into  each  car  coming 
down  the  assembly  line. 


Investigation  1 

Is  SSS  a Congruence  Shortcut? 

First  you  will  investigate  the  Side-  .y.  /V  .l  :\  j / ^ 

Side-Side  (SSS)  case.  If  the  three  sides  T / 

of  one  triangle  are  congruent  to  the 

three  sides  of  another,  must  the  two  triangles  be  congruent? 

Construct  a triangle  from  the 
three  parts  shown.  Be  sure  you 
match  up  the  endpoints  labeled 
with  the  same  letter.  If  you  need 
help  with  this  construction,  see 
page  170,  Exanple  A. 

Conpare  your  triangle  with  the  triangles  made  by  others  in  your  group.  (One 
way  to  conpare  them  is  to  place  the  triangles  on  top  of  each  other  and  see  if 
they  coincide.)  Is  it  possible  to  construct  different  triangles  from  the  same  three 
parts,  or  will  all  the  triangles  be  congruent? 

You  are  now  ready  to  conplete  the  conjecture  for  the  SSS  case. 


SSS  Congruence  Conjecture 

If  the  three  sides  of  one  triangle  are  congruent  to  the  three  sides  of  another 
triangle,  then  . 


An  angle  that  is  included  between  two  sides 
of  a triangle  is  called  an  included  angle,  as 
shown  in  the  diagram  at  right.  You  will 
investigate  this  case  next. 
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You  will 


* a compass  or 
patty  paper 

• a straightedge 


Invprtigatlnn  2 

Is  SAS  a Congruence  Shortcut? 


Next  you  will  consider  the  Side- Angle-  i*- J^\  i.  ‘ ^ J_ 

Side  (SAS)  case.  If  two  sides  and  the  k k ^ ■ X“ 

included  angle  of  one  triangle  are 

congruent  to  two  sides  and  the  included  angle  of  another,  must  the  triangles 
be  congruent? 


Step  1 


Step  2 


Construct  a triangle  from  the  three 
parts  shown.  Be  sure  you  match  up  the 
endpoints  labeled  with  the  same  letter.  If 
you  need  help  with  this  construction,  see 
page  171,  Exercise  2. 

Corrpare  your  triangle  with  the 
triangles  made  by  others  in  your 
group.  Is  it  possible  to  construct  different 
triangles  from  the  same  three  parts,  or  will  all  the  triangles  be  congruent? 


Step  3 


You  are  now  ready  to  conplete  the  conjecture  for  the  SAS  case. 


SAS  Congruence  Conjecture 

If  two  sides  and  the  included  angle  of  one  triangle  are  congruent  to  two  sides 
and  the  included  angle  of  another  triangle,  then  J_. 


Invprtigation  3 

Is  SSA  a Congruence  Shortcut? 


You  will  riteed 


* a compass  or 
patty  paper 

• a straightedge 


Step  1 


Step  2 


Finally  you  will  consider  the  Side-  7-  ^ ? 

Side-Angle  (SSA)  case.  If  two  sides  ''  ^ ‘ 

and  a non-included  angle  of  one 

triangle  are  congruent  to  the  corresponding  two  sides  and  non-included  angle  of 
another,  must  the  triangles  be  congruent? 

Construct  a triangle  from  the  three  parts  ^ 

shown.  Be  sure  you  match  up  the  T Li 

endpoints  labeled  with  the  same  letter.  If  : i 

you  need  help  with  this  construction,  see  \ 

page  172,  Exercise  5.  V 

Conpare  your  triangle  with  the  triangles  made  by 

others  in  your  group.  Is  it  possible  to  construct  different  triangles  from  the  same 
three  parts,  or  will  all  the  triangles  be  congruent? 


Step  3 


If  two  sides  and  a non-included  angle  of  one  triangle  are  congruent  to  the 
corresponding  two  sides  and  non-included  angle  of  another  triangle,  do  the  two 
triangles  have  to  be  congruent?  Explain  why  or  show  a counter exarrple. 
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Exercises 


You  will  need 


I ih-  f'fiH'ti  1^1 


1.  The  picture  statement  below  represents  the  SSS  Triangle  Congruence 
Conjecture.  Explain  what  the  picture  statement  means. 

If  you  know  this:  then  you  also  know  this: 


for  ExBfosffi 
Mid  22 


2.  Create  a picture  statement  to  represent  the  SAS  Triangle  Congruence  Conjecture. 
Explain  what  the  picture  statement  means. 

3.  In  the  third  investigation  you  discovered  that  the  SSA  case  is  not  a triangle 
congruence  shortcut.  Sketch  a counterexanple  to  show  why. 

For  Exercises  4-9,  decide  whether  the  triangles  are  congruent,  and  name  the  congruence 
shortcut  you  used.  If  the  triangles  cannot  be  shown  to  be  congruent  as  labeled,  write 
“cannot  be  determined.” 


4.  Which  conjecture  tells  you 
lUJZ  = A/m? 


5.  Which  conjecture  tells  you  6.  Which  conjecture  tells  you 
flAFD  = AETO?  A cor  = AAPA? 


7.  Which  conjecture  tells  you 
ACAE  = ACEV? 


8.  Which  conjecture  tells  you 
ilKAP  = LAKQl 


9.  Fisa  midpoint.  Which 
conjecture  tells  you 

AAFB  = AEKV? 


A 


10.  The  perimeter  of  AAEC  is  180  m Is  CiABC  = AAE)E?  Which  conjecture  supports 
your  conclusion? 


h 


11.  Explain  why  the  boards  that  are  nailed 
diagonally  in  the  corners  of  this  wooden 
gate  make  the  gate  stronger  and  prevent  it 
from  changing  its  shape  under  stress. 
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Developing  Proo^  In  Exercises  12-17,  if  possible,  name  a triangle  congruent  to  the  given 
triangle  and  state  the  congruence  conjecture.  If  you  cannot  show  any  triangles  to  be 
congruent  from  the  information  given,  write  “cannot  be  determined”  and  explain  why. 


In  Exercises  18  and  19,  determine  whether  the  segments  or  triangles  in  the  coordinate 
plane  are  congruent  and  explain  your  reasoning. 


18.  i^SUN  = A±  ^ 19.  aDRO  = A± 


20.  NASA  scientists  using  a lunar  exploration  vehicle  (LEV) 
wish  to  determine  the  distance  across  the  deep  crater 
shown  at  right.  They  have  mapped  out  a path  for  the 
LEV  as  shown.  What  do  the  scientists  need  to  measure 
to  find  the  approximate  distance  across  the  crater? 

Explain  why. 

In  Exercises  21  and  22,  use  a corrpass  and  straightedge,  or 
patty  paper,  to  perform  these  constructions. 

21.  Construction  Draw  a triangle.  Use  the  SSS  Congruence 
Conjecture  to  construct  a second  triangle  congruent  to 

the  first. 

22.  Construction  Draw  a triangle.  Use  the  SAS  Congruence 
Conjecture  to  construct  a second  triangle  congruent  to 

the  first. 
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^ Review 

23.  Developing  Proof  Copy  the  figure.  Calculate  the  measure  of  each  lettered  angle. 
Explain  how  you  determined  measures  h and  i-. 


24.  If  two  sides  of  a triangle  measure  8 cm  and  1 1 cm,  what  is  the  range  of  values  for 
the  length  of  the  third  side? 

25.  How  many  “elbow,”  “T,”  and  “cross”  pieces  do  you  need  to  build  a 20-by-20  grid? 
Start  with  the  smaller  grids  shown  below.  Copy  and  conplete  the  table. 

Elbow : 

T;  T 


26.  Solve  each  equation  for  y. 

a.  2y  - 5(8  - y)  = 2 b.  Z _ i = >"  + 3 c.  3x  + = 8 

2 3 4 

27.  Isosceles  right  triangle  ABC  has  vertices  with  coordinates  A(  -8,  2),  B(  -5,  -3),  and 
C(0,  0).  Find  the  coordinates  of  the  orthocenter. 


Side  length 

1 

2 

3 

4 

... 

n 

20 

Elbows 

i 

-t 

Ts 

0 

0 

1 

IMPROVING  YOUR  REASONING  SKILLS 


Container  Problem  I 

You  have  a small  cylindrical  measuring  glass  with  a maximum 
capacity  of  250  mL.  All  the  marks  have  worn  off  except  the 
150  mL  and  50  mL  marks.  You  also  have  a large  unmarked 
container.  It  is  possible  to  fill  the  large  container  with  exactly 
350  mL.  How?  What  is  the  fewest  number  of  steps  required  to 
obtain  350  mL? 
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There  is  no  more  a math 
mind,  than  there  is  a history 
or  an  English  mind. 

GLORIA  STEINEM 


QP 

Ybu  will  need 

• a compass  or 
patty  paper 

* a straightedge 


Step  1 


Step  2 


Step  3 


Are  There  Other 
Congruence  Shortcuts? 

In  the  last  lesson,  you  discovered  that  there  are  six  ways 
that  three  parts  of  two  triangles  can  be  the  same.  You 
found  that  SSS  and  SAS  both  lead  to  the  congruence  of  the 
two  triangles,  but  that  SSA  does  not.  In  this  lesson  you  will 
investigate  the  other  three  cases. 

A side  that  is  included  between  two  angles  of  a triangle  is 
called  an  included  side,  as  shown  in  the  diagram  at  right. 

You  will  investigate  this  case  next. 

Investigation  1 

Is  ASA  a Congruence  Shortcut? 

First  you  will  consider  the  Angle- Side-  |^-  / " v^ 

Angle  (ASA)  case.  If  two  angles  and  A . 

the  included  side  of  one  triangle  are 

congruent  to  two  angles  and  the  included  side  of  another,  must  the  triangles  be 
congruent? 

Construct  a triangle  from  the  three  parts 
shown.  Be  sure  you  match  up  the  angles 
with  the  endpoints  labeled  with  the  same 
letter.  If  you  need  help  with  this 
construction,  see  page  171,  Exercise  3. 

Compare  your  triangle  with  the  triangles 
made  by  others  in  your  group.  Is  it 
possible  to  construct  different  triangles  from  the  same  three  parts,  or  will  all  the 
triangles  be  congruent? 

You  are  now  ready  to  complete  the  conjecture  for  the  ASA  case. 


ASA  Congruence  Conjecture 

If  two  angles  and  the  included  side  of  one  triangle  are  congruent  to  two 
angles  and  the  included  side  of  another  triangle,  then  _L  . 


In  Lesson  4. 1 , you  learned  that  if  you  are  given  two  angles  of  a triangle,  you  can 
construct  the  third  angle  using  the  Triangle  Sum  Conjecture. 
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— w 

Vou  will 

♦ a compass  or 
patty  paper 

♦ a straightedge 


[nvestigation  2 

Is  SAA  a Congruence  Shortcut? 


Next  you  will  consider  the  Side- 
Angle- Angle  (SAA)  case.  If  two  angles 
and  a non-included  side  of  one 


X 


then 


\ 


triangle  are  congruent  to  the  corresponding  two  angles  and  non-included  side  of 
another,  must  the  triangles  be  congruent? 


Step  1 Construct  a triangle  from  the 

three  parts  shown.  Be  sure  you 
match  up  the  angles  with  the 
endpoints  labeled  with  the  same 
letter.  If  you  need  help  with  this 
construction,  see  page  204, 

Exercise  12. 

Step  2 Compare  your  triangle  with  the 
triangles  made  by  others  in  your 

group.  Is  it  possible  to  construct  different  triangles  from  the  same  three  parts,  or 
will  all  the  triangles  be  congruent? 

Step  3 You  are  now  ready  to  complete  the  conjecture  for  the  SAA  case. 


SAA  Congruence  Conjecture  ^ 

If  two  angles  and  a non-included  side  of  one  triangle  are  congruent  to  the 
corresponding  two  angles  and  non-included  side  of  another  triangle,  then  i . 


— I? 

Yitu  will 

* a compass  or 
patty  paper 

♦ a straightedge 


Investigation  3 

Is  AAA  a Congruence  Shortcut? 

Finally  you  will  investigate  the  Angle- 
Angle- Angle  (AAA)  case.  If  the  three  ^ 

angles  of  one  triangle  are  congruent 

to  the  three  angles  of  another,  must  the  triangles  be  congruent? 


then 


Step  1 


Step  2 


Step  3 


Construct  a triangle  from  the  three  parts 
shown.  If  you  need  help  with  this 
construction,  see  page  170,  Exancple  B. 

Conepare  your  triangle  with  the  triangles 
made  by  others  in  your  group.  Is  it  possible 
to  construct  different  triangles  from  the  same  three  parts, 
or  will  all  the  triangles  be  congruent? 

If  the  three  angles  of  one  triangle  are  congruent  to  the  three 
angles  of  another  triangle,  do  the  two  triangles  have  to  be 
congruent?  Explain  why  or  show  a counterexanple. 


R 
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In  Investigation  2 you  found  the  SAA  Congruence  Conjecture  inductively.  You  can 
also  derive  it  deductively  from  the  ASA  Congruence  Conjecture. 


EXAMPLE 


► Solution 


Exercises 


A X 

In  triangles  andYK, 

AA  = iLX  = and 
BC  = YZ. Is  i:iABC=  iiXYZl 
Explain  your  answer  in  a paragraph. 

X 

Two  angles  in  one  triangle  are 
congruent  to  two  angles  in  another. 

The  Third  Angle  Conjecture  says 
that  C = Z.  So  you  now  have 
two  angles  and  the  included  side  of  one  triangle  congruent  to  two  angles  and  the 
included  side  of  another.  By  the  ASA  Congruence  Conjecture,  llABC  = lXXYZ. 


You  will  need 


1.  The  picture  statement  below  represents  the  ASA  Triangle  Congruence 
Conjecture.  Explain  what  the  picture  statement  means. 


for  Eseraws  20-ZI 
and 


If  you  know  this:  then  you  also  know  this: 


2.  Create  a picture  statement  to  represent  the  SAA  Triangle  Congruence  Conjecture. 
Explain  what  the  picture  statement  means. 

3.  In  the  third  investigation  you  discovered  that  the  AAA  case  is  not  a triangle 
congruence  shortcut.  Sketch  a counterexample  to  show  why. 

Eor  Exercises  4-9,  determine  whether  the  triangles  are  congruent,  and  name  the 
congruence  shortcut.  If  the  triangles  cannot  be  shown  to  be  congruent,  write 
“cannot  be  determined.” 
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Developing  Proof  In  Exercises  10-17,  if  possible,  name  a triangle  congruent  to  the  triangle 
given  and  state  the  congruence  conjecture.  If  you  cannot  show  any  triangles  to  be 
congruent  from  the  information  given,  write  “cannot  be  determined”  and  explain  why. 


10.  = AJL 


13.  PO  = PR 

APOE  = A± 
A SON  = A± 


o 


16. 


aBLA  = A±  Jt 


18.  The  perimeter  of  Ci^ABC  is  138  cm  and 
BC\\  Zl^.IsA^C  = Which 

conjecture  supports  your  conclusion? 


E 


19.  Use  slope  properties  to  show  AB  X BQ 

CD  IDA,  Sind BC\\ DA,  i\ABC  = A X- Why? 


In  Exercises  20-22,  use  a concpass  or  patty  paper,  and  a straightedge,  to  perform 

each  construction. 

20.  Construction  Draw  a triangle.  Use  the  ASA  Congruence  Conjecture  to  construct  a 
second  triangle  congruent  to  the  first.  Write  a paragraph  to  justify  your  steps. 

21.  Construction  Draw  a triangle.  Use  the  SAA  Congruence  Conjecture  to  construct  a 
second  triangle  congruent  to  the  first.  Write  a paragraph  to  justify  your  method. 

22.  Construction  Construct  two  triangles  that  are  not  congruent,  even  though  the  three 
angles  of  one  triangle  are  congruent  to  the  three  angles  of  the  other.  h 
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1^  Review 

23.  Construction  Using  only  a conpass  and  a straightedge,  construct  an  isosceles  triangle 
with  a vertex  angle  that  measures  135°. 

24.  If  n concurrent  lines  divide  the  plane  into  250  parts  then  n = J_- 

25.  “If  the  two  diagonals  of  a quadrilateral  are  perpendicular,  then  the  quadrilateral  is  a 
rhombus.”  Explain  why  this  statement  is  true  or  sketch  a counter exancple. 

26.  Construction  Construct  an  isosceles  right  triangle  with  KM  as  one  of  the  legs.  How 
many  noncongruent  triangles  can  you  construct?  Why? 


K M 

27.  Sketch  five  lines  in  a plane  that  intersect  in  exactly  five  points.  Now  do  this  in  a 
different  way. 

28.  Appiication  Scientists  use  seismograms  and  triangulation  to  pinpoint  the  epicenter  of 
an  earthquake. 

a.  Data  recorded  for  one  quake  show  that  the  epicenter  is  480  km  from  Eureka, 
California;  720  km  from  Elko,  Nevada;  and  640  km  from  Las  Vegas,  Nevada.  Trace 
the  locations  of  these  three  towns  and  use  the  scale  and  your  construction  tools 

to  find  the  location  of  the  epicenter. 

b.  Is  it  necessary  to  have  seismogram  information  from  three  towns?  Would  two 
towns  suffice?  Explain. 


✓ 

IMPROVING  YOUR  ALGEBRA  SKILLS 

Algebraic  Sequences  I 


cX! 


Eind  the  next  two  terms  of  each  algebraic  sequence. 

X + 3y,  2x  3x  + 4y,  5x  + 5y,  8x  + 9y,  13x  + UyJ_  , _L 
X + ly,  2x  +2y,  Ax  - 2y,  8x  - 8j,  16x  - \2y,  32x  - ipyj__  , J_ 


J 
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I Web  Links 

1^  Kevrn^th.coiH| 


nks  I 

ith^co^ 


4.6 


The  job  of  the  younger 
generation  is  to  find 
solutions  to  the  solutions 
found  by  the 
older  generation. 
ANONYMOUS 


Corresponding  Parts  of 
Congruent  Triangles 

In  Lessons  4.4  and  4.5,  you  discovered  four  shortcuts  for  showing  that  two 
triangles  are  congruent — SSS,  SAS,  ASA,  and  SAA.  The  definition  of  congruent 
triangles  states  that  if  two  triangles  are  congruent,  then  the  corresponding  parts  of 

those  congruent  triangles  are  congruent.  WeTl  use  the  letters  CPCTC  to  refer  to  the 
definition.  Let’s  see  how  you  can  use  congruent  triangles  and  CPCTC. 


EXAMPLE  A 


Is  AD  = BC  in  the  figure  above?  Use  a deductive  argument  to  explain  why  they 
must  be  congruent. 


► Solution 


Here  is  one  possible  explanation:  Z.  1 = Z.2  because  they  are  vertical  angles. 
And  it  is  given  that  AM  = BM  and  Z.A  = Z.5.  So,  by  ASA,  ljAMD  = liBMC. 
Because  the  triangles  are  congruent,  AD  = BC  by  CPCTC. 


If  you  use  a congruence  shortcut  to  show  that  two  triangles  are  congruent,  then 
you  can  use  CPCTC  to  show  that  any  of  their  corresponding  parts  are  congruent. 

When  you  are  trying  to  prove  that  triangles  are  congruent,  it  can  be  hard  to  keep 
track  of  what  you  know.  Mark  all  the  information  on  the  figure.  If  the  triangles  are 
hard  to  see,  you  can  use  different  colors  or  redraw  them  separately. 


EXAMPLE  B 


Is  AE  = BD  ? Write  a paragraph  proof  explaining  why. 


► Solution 


The  triangles  you  can  use  to  show  congruence  are  ihAiBD  and  ihBAE.  You  can 
separate  or  color  them  to  see  them  more  clearly. 


Coloi-codcd 
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You  can  see  that  the  two  triangles  have  two  pairs  of  congruent  angles  and  they 
share  a side. 


Paragraph  Proof:  Show  that  = BD, 

In  ihABD  and  ihBAE,  LD  = LE  and  LB  = LA.  Also,  = BA  because  they 
are  the  same  segment.  So  LABD  = LBAE  by  SAA.  By  CPCTC,  AE  = BD . ■ 


Exercises- 


iTF^T^rti  1^1 


You  will  need 


yv^ 


Developing  Proof  For  Exercises  1-9,  copy  the  figures  onto  your  paper  and  mark 
them  with  the  given  information.  Answer  the  question  about  segment  or  angle 
congruence.  If  your  answer  is  yes,  write  a paragraph  proof  explaining  why.  Remember 
to  use  your  reasoning  strategies,  especially  apply  previous  conjectures  and  add  an 
auxiliary  line.  If  there  is  not  enough  information  to  prove  congruence,  write  “cannot  be 
determined,”  otherwise  state  which  congruence  shortcut  you  used. 


(WUrnfftTfliTT  fQOfj 

forEHrcises  16  and  17 


1.  LA  = LQ 
LAm  =J^CBD 
l^AB  = CBl  - 


2.  CN^  W^LC  = LW 
lsRN  = ON^ 


3.  CS^HR_J.l  = L2 
Is  CR=HS  2 


4.  LS  = LI,  LG  = L^ 
T is  the  midpoint  of  SI. 
Is^  = M?  h 


7.  BT  = EU,BU  = ET 
l^LB  = LEl  h 


5.  EO  = ER,  UO  = UR 
lsLO  = LR7  h 


I' 


8.  HALE  is  a parallelogram 
IsM  = ^? 

//  A 


6.  MN  = MA,ME=MR 
Is  LE  = LRl 


9.  LD  = LC,  LO^Lj^ 
LG  = LT.IsTA  = G02 


G 
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For  Exercises  10  and  11,  you  can  use  the  right  angles  and  the  lengths  of  horizontal  and 
vertical  segments  shown  on  the  grid.  Answer  the  question  about  segment  or  angle 
congruence.  If  your  answer  is  yes,  explain  why. 


10.  Is  FR  = GTl  Why? 


11.  Is  LOND  = LOCRl  Why? 


12.  In  Chapter  3,  you  used  inductive  reasoning 
to  discover  how  to  duplicate  an  angle  using 
a conpass  and  straightedge.  Now  you  have 
the  skills  to  explain  why  the  construction 
works  using  deductive  reasoning.  The 
construction  is  shown  at  right.  Write  a 
paragraph  proof  explaining  why  it  works. 


^ Review 


In  Exercises  13-15,  conplete  each  statement.  If  the  figure  does  not  give  you  enough 
information  to  show  that  the  triangles  are  congruent,  write  “cannot  be  determined.” 


13.  AM  is  a median. 
ACAM  = A JL 


15.  U is  the  midpoint  of  both 
FE  m\dLT,iMJLF  = A_L 


16.  Construction  Draw  a triangle.  Use  the  SAS  Congruence  Conjecture  to  construct  a 
second  triangle  congruent  to  the  first. 


17.  Construction  Construct  two  triangles  that  are 
not  congruent,  even  though  two  sides  and  a 

non-included  angle  of  one  triangle  are 
congruent  to  two  sides  and  a corresponding 
non-included  angle  of  the  other  triangle.  ^ 

18.  Deveioping  Proof  Copy  the  figure.  Calculate  the 
measure  of  each  lettered  angle.  Explain  how 

you  determined  the  measures  / and  m. 
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19. 


20. 


21. 


According  to  math  legend,  the  Greek  mathematician 
Thales  (ca.  625-547  B.C.E.)  could  tell  how  far  out  to 
sea  a ship  was  by  using  congruent  triangles.  First,  he 
marked  off  a long  segment  in  the  sand.  Then,  from 
each  endpoint  of  the  segment,  he  drew  the  angle  to 
the  ship.  He  then  remeasured  the  two  angles  on  the 
other  side  of  the  segment  away  from  the  shore.  The 
point  where  the  rays  of  these  two  angles  crossed 
located  the  ship.  What  congruence  conjecture  was 
Thales  using?  Explain. 

Isosceles  right  triangle  ABC  has  vertices  A(-  8,2), 
B{-  5,  - 3),  and  C(0,  0).  Find  the  coordinates  of 
the  circumcenter. 


The  SSS  Congruence  Conjecture  explains  why 
triangles  are  rigid  structures  though  other  polygons 
are  not.  By  adding  one  “struf  ’ (diagonal)  to  a 
quadrilateral  you  create  a quadrilateral  that  consists  of  two  triangles,  and  that  makes 
it  rigid.  What  is  the  minimum  number  of  struts  needed  to  make  a pentagon  rigid? 

A hexagon?  A dodecagon?  What  is  the  minimum  number  of  struts  needed  to  make 
other  polygons  rigid?  Conplete  the  table  and  make  your  conjecture. 


A <1?  Ci  OO 


Number  of  sides 

3 

4 

3 

6 

7 

... 

]2 

... 

a 

Number  of  struts  needed 
to  make  polygon  rigid 

... 

22.  Line  I is  parallel  to  AB  If  P moves  to 
the  right  along  £,  which  of  the  following 
always  decreases? 

A.  The  distance  PC 

B.  The  distance  from  C to  AH 

C.  The  ratio# 


23.  Find  the  lengths  v and  y. 
Each  angle  is  a right  angle. 


[►  For  an  interactive  version  of  this  diagram,  see  the  r— 

Dynamic  Geometry  Exploration  Changing  Triangle  L_ 

at  www.ke^mathjioM^  . ’•]  keymath.com/DG 
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POLYA’S  PROBLEM 


George  Polya  (1887-1985)  was  a mathematician  who  specialized 
in  problem-solving  methods.  He  taught  mathematics  and  problem 
solving  at  Stanford  University  for  many  years,  and  wrote  the  book 
How  to  Solve  It. 

He  posed  this  problem  to  his  students:  Into  how  many  parts  will 
five  random  planes  divide  space? 


I plane 


nlanes 


Your  project  is  to  solve  this  problem.  Here  are  some 
of  Polya’s  problem-solving  strategies  to  help  you. 

1.  Understand  the  problem.  Draw  a figure  or  build 
a model.  Can  you  restate  the  problem  in  your 
own  words? 

2.  Break  down  the  problem.  Have  you  done  any  sinpler 
problems  that  are  like  this  one? 


I line 


2 lilies 


3 lines 


I p[»int  1 pEnntf  3 pnintH 

3.  Check  your  answer.  Can  you  find  the  answer  in  a different  way  to  show  that  it  is 
correct  ? (The  answer,  by  the  way,  is  not  32!) 

Your  project  should  include 
w All  drawings  and  models  you  made  or  used. 

^ A description  of  the  strategies  you  tried  and  how  well  each  one  worked. 

^ Your  answer,  and  why  you  think  it’s  correct. 

For  more  information  on  Polya’s  Problem,  go  to  www.keymath.com/DG  t 
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If  you  can  only  find  it,  there 
is  a reason  for  everything. 
TRADITIONAL  SAYING 

EXAMPLE  A 


► Solution 


Career 

CONNECTION 


■ [t  . 
uiii- 1 n 

IliII-  ILLil]L-CLim{i  . 


t \‘V'ritL'  < Wrili; 

imjuHw-ltnt  ; niiji^Mf-lLil-lini;  ,■ 


CoKnpuE^r  pmgprtmnitra  use- 
[-1  n-5^rjmnii  isg  snil 

dctaiJcd  pJaiis  tc  dc&i^n 
ccmputci  sciftware/iiiey  cift-cn 
use  llDViTt:liarEs  ly  plRii  i.tic 
ii) 


Flowchart  Thinking 

Y ou  have  been  making  many  discoveries  about  triangles.  As  you  try  to  explain 
why  the  new  conjectures  are  true,  you  build  upon  definitions  and  conjectures  you 
made  before. 

So  far,  you  have  written  your  explanations  as  deductive  arguments  or  paragraph 
proofs.  First,  we’ll  look  at  a diagram  and  explain  why  two  angles  must  be  congruent, 
by  writing  a paragraph  proof,  in  Example  A.  Then  we’ll  look  at  a different  tool  for 
writing  proofs,  and  use  that  tool  to  write  the  same  proof,  in  Example  B. 

In  the  figure  at  right,  EC  = AC  and 
ER=AR.l^  Z.A  = LE  ? If  so,  give  a 
logical  argument  to  explain  why  they 
are  congruent. 


First,  mark  the  given  information  on  the 
figure.  Then  consider  whether  LA  is 
congruent  to  LE.  It  looks  as  if  there  are  two 
congruent  triangles,  so  use  the  reasoning 
strategy  of  applying  previous  conjectures  to 
explain  why. 

Paragraph  Proof:  Show  that  LA  = LE. 

EC  = AC  and  ER  = .^bec^se  that 
information  is  given.  RC  = RC  because  it 
is  the  same  segment,  and  any  segment  is 
congruent  to  itself.  So,  hCRE  = iSCRA 
by  the  SSS  Congruence  Conjecture. 

If  LCRE  = LCRA,  then  liA  = LE 
byCPCTC.  ■ 

Were  you  able  to  follow  the  logical  steps  in  Example  A?  Sometimes  a logical 
argument  or  a proof  is  long  and  complex,  and  a paragraph  might  not  be  the 
clearest  way  to  present  all  the  steps.  A flowchart  is  a visual  way  to  organize  all  the 
steps  in  a complicated  procedure  in  proper  order.  Arrows  connect  the  boxes  to 
show  how  facts  lead  to  conclusions. 

Flowcharts  make  your  logic  visible  so  that  others  can  follow  your  reasoning.  To 
present  your  reasoning  in  flowchart  form,  create  a flowchart  proof.  Place  each 
statement  in  a box.  Write  the  logical  reason  for  each  statement  beneath  its  box. 

For  exanple,  you  would  write  ''RC  = 7?C,because  it  is  the  same  segment,”  as 

Same  s^meiit 
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Here  is  the  same  logical  argument  that  you  created  in  Exanple  A in  flowchart 
proof  format. 


EXAMPLE  B 


In  the  figure  below,  EC  = AC  and  ER  = AR  . Is  LE  = LA  ? If  so,  write  a 
flowchart  proof  to  explain  why. 


A 


► Solution 


First,  restate  the  given  information  clearly.  It  helps  to  mark  the  given  information 
on  the  figure.  Then  state  what  you  are  trying  to  show. 


Given:  AU.  = hr 

Show:  CH  = CA 
Flowchart  Proof 


In  a flowchart  proof,  the  arrows  show 
how  the  logical  argument  flows  from 
the  information  that  is  given  to  the 
conclusion  that  you  are  trying  to 
prove.  Drawing  an  arrow  is  like  saying 
“therefore.”  You  can  draw  flowcharts 
top  to  bottom  or  left  to  right. 

Concpare  the  paragraph  proof  in 
Example  A with  the  flowchart  proof 
in  Exarrple  B.  What  similarities  and 
differences  are  there?  What  are  the 
advantages  of  each  format? 


Is  this  ctmtraptiori  like  a ^lowctiart  proof? 
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Developing  Proof  In  Chapter  3,  you  learned  how  to  construct  the  bisector  of  an  angle 
using  a compass  and  straightedge.  Now  you  have  the  skills  to  explain  why  the 
construction  works,  using  deductive  reasoning.  As 
a group,  create  a flowchart  proof  that  explains  why 
the  construction  method  works. 

Given:  LABC  with^A  = BC and  CD  = AD 
Show:  BD  is  the  angle  bisector  of  LABC 

When  you  are  satisfied  with  your  group’s  proof, 
discuss  how  it  is  similar  and  different  fromExarrple  B.B 


Exercises 

1 . Developing  Proof  Copy  the  flowchart.  Provide  each  missing  reason  or  statement  in 
the  proof. 

Given: 

LE  = LU 

Show:  MS  = OS 


Fiowchart  Proof 


* SE  ~ su  ! 


\ 

— ^ ^ A ? ^ A ? — ► .US- SO 

■ / ASA  Conyriitnce  - 

^ I a <L2  i 

I 

2.  Developing  Proof  Copy  the  fiowchart.  Provide  each  missing  reason  or  statement  in 
the  proof. 

Given:  I is  the  midpoint  of  CM 
I is  the  midpoint  of  BL 

Show:  a=MB 

■Vf 


Flowchart  Proof 

* l m L Jpo  i nt  ut  CM  | 

— ► ^ a sm 

\ 

Given 

]>cfiTiition 
of  rmidpoiTit 

^ / i&nud|:ioiii[  ol  BL  | 

^ IL- IB 

— A J_-A  ± JL 

? 

? 

^ ± CPCTC 

* Al  = A2 

1 ^ 

? 


© 2008  Key  Curriculum  Press 


LESSON  4. 7FIOWC hart  Thinking 


239 


Developing  Proof  In  Exercises  3-5,  an  auxiliary  line  segment  has  been  added  to  the  figure. 


3.  Complete  this  fiowchart  proof  of  the  Isosceles  Triangle  Conjecture.  Given  that  the 
triangle  is  isosceles,  show  that  the  base  angles  are  congruent. 

Given:  iA^EWis  isosceles,  with~WW  =EN  and  median 

Show:  LW  = LE 
Flowchart  Proof 


1 ’ NS  IS  d medidn 

^ NS  ss  NS 

Given  | 

Ikme  segment 

1 ^ S'\Sd.  niidpaint 

— 

* IVS  SE 

L>etiiiifion 
of  median 

Deliiiition 
of  midpoint 

^ e 

\VN=  NE 


4.  Complete  this  fiowchart  proof  of  the  Converse  of  the  Isosceles  Triangle  Conjecture. 

Given: ^EW  with/ W = JLE 
NS  is  an  angle  bisector 

Show:  -^-NEW  is  an  isosceles  triangle 

Flowchart  Proof 


' bTSiiati 
Givfi]! 


l!)cHniHon  of 


^ jN'S  - NS 


/ 


= A_L 


WN  = NE 


7 ANEWh 


5.  Conplete  the  fiowchart  proof.  What  does  this  proof  tell  you  about  parallelograms? 

Given:  M II  ^ f 


SEWNA 

Show:M=  ^ 
Flowchart  Proof  T 


SA  NE 

J 


^3  = ^4 


AIA  ConjcHiturc 


\ ' 


N 


^ S£  N/1 


* ? 


^ SN  - SN 


■ A A ± 


l7' 


Same  H cement 
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7. 


Developing  Proof  Recreate  your  flowchart  proof  from  the  developing  proof  activity  on 
page  239  and  write  a paragraph  proof  explaining  why  the  angle  bisector 
construction  works. 

C 


Suppose  you  saw  this  step  in  a proof:  Construct  angle  bisector  CD 
to  the  midpoint  of  side  AB  in  ^ABC.  What’ s wrong  with  that 
step?  Explain. 


Review 


8.  Developing  Proof  Which  segment  is  the  9.  Developing  Proof  What’s  wrong  with  this 

shortest?  Explain.  . picture?  Explain. 


Developing  Proof  Eor  Exercises  10-12,  name  the  congruent  triangles  and  explain  why 
the  triangles  are  congruent.  If  you  cannot  show  that  they  are  congruent,  write  “cannot 
be  determined.” 


13.  Copy  the  figure  below.  Calculate  the  measure  of  each  lettered  angle. 


14.  Developing  Proof  Which  point  of  concurrency  is  equidistant  from  all  three  vertices? 
Explain  why.  Which  point  of  concurrency  is  equidistant  from  all  three  sides? 

Explain  why.  . 
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15.  Samantha  is  standing  at  the  bank  of  a stream,  wondering  how  wide  the  stream  is. 
Remembering  her  geometry  conjectures,  she  kneels  down  and  holds  her  fishing  pole 
perpendicular  to  the  ground  in  front  of  her.  She  adjusts  her  hand  on  the  pole  so  that 
she  can  see  the  opposite  bank  of  the  stream  along  her  line  of  sight  through  her 
hand.  She  then  turns,  keeping  a firm  grip  on  the  pole,  and  uses  the  same  line  of 
sight  to  spot  a boulder  on  her  side  of  the  stream.  She  measures  the  distance  to  the 
boulder  and  concludes  that  this  equals  the  distance  across  the  stream.  What  triangle 
congruence  shortcut  is  Samantha  using?  Explain. 


16.  What  is  the  probability  of  randomly  selecting  one  of  the  shortest  diagonals  from  all 
the  diagonals  in  a regular  decagon? 


17.  Sketch  the  solid  shown  with  the  red 
and  green  cubes  removed. 


18.  Sketch  the  new  location  of  rectangle  BOXY 
after  it  has  been  rotated  90°clockwise  about 
the  origin. 


IMPROVING  YOUR  REASONING  SKILLS 

Pick  a Card 

Nine  cards  are  arranged  in  a 3 -by- 3 array.  Every  jack  borders  on  a king  and  on  a queen. 
Every  king  borders  on  an  ace.  Every  queen  borders  on  a king  and  on  an  ace.  (The  cards 
border  each  other  edge-to-edge,  but  not  corner- to-corner.)  There  are  at  least  two  aces, 
two  kings,  two  queens,  and  two  jacks.  Which  card  is  in  the  center  position  of  the 
3-by-3  array? 
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IWeb  Links 

Keyin-ath.cDml 

1 1 

L E S 1 

5 0 N ^ 

4.8 

The  right  angle  from 
which  to  approach  any 
problem  is  the  try  angle. 

ANONYMOUS 


Proving  Special  Triangle 
Conjectures 

T his  boathouse  is  a remarkably  symmetric  structure  with  its  isosceles  triangle  roof 
and  the  identical  doors  on  each  side.  The  rhombus- shaped  attic  window  is  centered 
on  the  line  of  symmetry  of  this  face  of  the  building.  What  might  this  building 
reveal  about  the  special  properties  of  the  line  of  symmetry  in  an  isosceles  triangle? 


□ 

keymath.com/DG 


In  this  lesson  you  will  investigate  a special  segment  in  isosceles  triangles. 

In  the  exercises,  you  will  prove  your  conjectures. 

First,  consider  a scalene  triangle.  In  A ARC,  CD  is  altitude  to  the 
base  AR  , CE  is  the  angle  bisector  of  LACR , and  CF  is  the  median 
to  the  base  AR  . From  this  exanple  it  is  clear  that  the  angle 
bisector,  the  altitude,  and  the  median  can  all  be 
different  line  segments.  Is  this  true  for  all 
triangles?  Can  two  of  these  ever  be  the 
same  segment?  Can  they  all  be  the 
same  segment?  Let’s  investigate. 


1^-For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
The  Symmetry  Line  in  an  Isosceles  Triangle  atwww.keymath.com/DG 
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Vou  will  n^dl 

* a compass 

• a straightedge 


[IB  / 

H-f  The  Symmetry  Line  in  an 
Isosceles  Triangle 

Each  person  in  your  group  should  draw  a different  isosceles  triangle  for 
this  investigation. 


Step  1 
Step  2 

Step  3 

Step  4 
Step  5 


Construct  a large  isosceles  triangle  on  a sheet  of 
paper.  Label  HARK,  with the  vertex  angle. 

Construct  angle  bisector  KD  with  point  D onAR  . 
Do  A ADK  and  A RDK  look  congruent?  If  they  are 
congruent,  then  KD  is  a line  of  symmetry. 

With  your  conpass,  compare  AD  and  RD . Is  D 
the  midpoint  oiAR  ? If  D is  the  midpoint,  then 
what  type  of  special  segment  is  KD  ? 


K 


Conpare  A ADK  and  A RDK  Do  they  have  equal 

measures?  Are  they  supplementary?  What  conclusion  can  you  make? 


Conpare  your  conjectures  with  the  results  of  other  students.  Now  combine  the 
two  conjectures  from  Steps  3 and  4 into  one. 


Vertex  Angle  Bisector  Conjecture 

In  an  isosceles  triangle,  the  bisector  of  the  vertex  angle  is  also  J?  and  J_ 


Developing  Proof  In  the  investigation  you  discovered  that  the  symmetry  of  an 
isosceles  triangle  yields  a number  of  special  properties.  Can  you  explain  w/zy  this  is 
true  for  all  isosceles  triangles? 

As  a group,  discuss  how  you  would  prove  the  Vertex  Angle  Bisector  Conjecture.  Use 
the  reasoning  strategy  of  drawing  a labeled  diagram  and  marking  what  you  know. 

You  will  finish  proving  this  conjecture  in  Exercises  4-6.  ■ 

The  properties  you  just  discovered  for  isosceles  triangles  also  apply  to  equilateral 
triangles.  Equilateral  triangles  are  also  isosceles,  although  isosceles  triangles  are  not 
necessarily  equilateral. 

You  have  probably  noticed  the  following  property  of  equilateral  triangles:  When 
you  construct  an  equilateral  triangle,  each  angle  measures  60°.  If  each  angle 
measures  60°,  then  all  three  angles  are  congruent.  So,  if  a triangle  is  equilateral, 
then  it  is  equiangular.  This  is  called  the  Equilateral  Triangle  Conjecture. 

If  we  agree  that  the  Isosceles  Triangle  Conjecture  is  true,  we  can  write  the 
paragraph  proof  on  the  next  page. 
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Paragraph  Proof:  The  Equilateral  Triangle  Conjecture 

We  need  to  show  that  AB  = AC  - BC,  then  h ABC  is  equiangular.  By  the 
Isosceles  Triangle  Conjecture, 

If  AB  = AC,  then  mLB  = mLC. 

^ A,,  then 

If  AB  = BC,  then  mL  A = ml.  C. 
c c 

If  mL  A - mL  C and  mLB  - mL  C,  then  mLA  = mLB  - mL  C.&nbspSo,  £\  ABC 
is  equiangular. 

c c 

11' ,,  and  ^ , t fien  . ■ 


The  converse  of  the  Equilateral  Triangle  Conjecture  is  called  the  Equiangular 
Triangle  Conjecture,  and  it  states:  If  a triangle  is  equiangular,  then  it  is  equilateral.  Is 
this  true?  Yes,  and  the  proof  is  almost  identical  to  the  proof  above,  except  that  you 
use  the  converse  of  the  Isosceles  Triangle  Conjecture.  So,  if  the  Equilateral  Triangle 
Conjecture  and  the  Equiangular  Triangle  Conjecture  are  both  true,  then  we  can 
combine  them  Conplete  the  conjecture  below  and  add  it  to  your  conjecture  list. 


Equilateral/Equiangular  Triangle  Conjecture 


Every  equilateral  triangle  is_L,  and,  conversely,  every  equiangular  triangle 


The  Equilateral/Equiangular  Triangle  Conjecture  is  a 
biconditional  conjecture:  Both  the  statement  and  its 
converse  are  true.  A triangle  is  equilateral  if  and  only  if  it  is 
equiangular.  One  condition  cannot  be  true  unless  the  other  is 
also  true. 


You  will  need 


In  Exercises  1-3,  LABC  is  isosceles  with  AC  = BC 


1.  Perimeter  A ABC  - 48 
AC=  18 
AD=  ? 


c 


2.  mLABC=  72° 
mLADC 
mLACD  =_L 


yT''  ^ fmj/i 


3.  mL  CAB  = 45° 
mL  ACD  =d. 
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Developing  Proof  In  Exercises  4-6,  copy  the  flowchart.  Supply  the  missing  statement  and 
reasons  in  the  proofs  of  Conjectures  A,  B,  and  C shown  below.  These  three  conjectures 
are  all  part  of  the  Vertex  Angle  Bisector  Conjecture. 

4.  Complete  the  flowchart  proof  for  Conjecture  A. 

Conjecture  A:  The  bisector  of  the  vertex  angle  in  an  isosceles  triangle 
divides  the  isosceles  triangle  into  two  congruent  triangles. 

Given:  A ABC  is  isosceles 

AC  = BC,  and  CT>is  the  bisector  of  Z.  C 

Show:  AADC=  ABDC 

Flowchart  Proof 

Uefinitioii  of 
ingle  b Sector 

AABC  is  isQsc-el-es 
wirh  .4C  = BC 

Given 

■’  CD  - CD 

segment 


\ 

^ ^ A/ 


’ Cf>  h rhe  biscefor  of  C C 
Given 


5. 


Complete  the  flowchart  proof  for  Conjecture  B. 

Conjecture  B:  The  bisector  of  the  vertex  angle  in  an  isosceles  triangle 
is  also  the  altitude  to  the  base. 

Given:  iiABC  is  isosceles 

AC  = BC  and  CD  bisects  Z.C 

Show:  CD  is  an  altitude 


A D U 


Flowchart  Proof 


Definition  of 
altitude 
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6.  Create  a flowchart  proof  for  Conjecture  C. 

Conjecture  C:  The  bisector  of  the  vertex  angle  in  an  isosceles  triangle 
is  also  the  median  to  the  base. 

Given:  ihABC  is  isosceles  with  AC  = BC 
CD  is  the  bisector  oi  LC 

Show:  CD  is  a median 


7. 


Developing  Proof  In  the  figure  at  right,  C.ABC,  the  plumb  level  is  isosceles.  A 
weight,  called  the  plumb  bob,  hangs  from  a string  attached  at  point  C^If 
you  place  the  level  on  a surface  and  the  string  is  perpendicular  to  AiB  , 
then  the  surface  you  are  testing  is  level.  To  tell  whether  the  string  is 
perpendicular  to  AB , check  whether  it  passes  through  the 
midpoint  of  AB,  Create  a flow-chart  proof  to  show  that  if  D 
is  the  midpoint  of  AB,  then  CD  is  perpendicular  to  AB, 


Given:  C:,ABC  is  isosceles  withv4C=  BC 
D is  the  midpoint  of  AB 


History 


Show:  CD  LAB 


CONNECTION 


8.  Developing  Proof  is  equilateral.  Is  hTIE  equilateral?  Explain. 


s 


Builders  in  ancient  Egypt  used 
a tool  called  a plumb  level  in 
building  the  great  pyramids. 
With  a plumb  level,  you  can 
use  the  basic  properties  of 
isosceles  triangles  to 
determine  whether  a surface 
is  level. 


9.  Developing  Proof  Write  a paragraph  proof  of  the  Isosceles  Triangle  Conjecture. 

10.  Developing  Proof  Write  a paragraph  proof  of  the  Equiangular  Triangle  Conjecture. 

11.  Construction  Use  conpass  and  straightedge  to  construct  a 30°  angle. 


^ Review 

12.  Trace  the  figure  below.  Calculate  the  measure  of  each  lettered  angle. 


13.  How  many  minutes  after  3:00  will  the  hands  of  a clock  overlap? 
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14.  Find  the  equation  of  the  line  through  point  C that  is  parallel  to  side  AB  in  -^ABC. 
The  vertices  are  A(l,  3),  B(4,  -2),  and  C(6,  6).  Write  your  answer  in  slope-intercept 
form , y ^ mx  + b. 

15.  Sixty  concurrent  lines  in  a plane  divide  the  plane  into  how  many  regions?  h 


16.  If  two  vertices  of  a triangle  have  coordinates  ^(1,3)  and  B(l,  3),  find  the 
coordinates  of  point  C so  that  iiABC  is  a right  triangle.  Can  you  find  any  other 
points  that  would  create  a right  triangle? 

17.  Application  Hugo  hears  the  sound  of  fireworks  three 
seconds  after  he  sees  the  flash.  Duane  hears  the  sound 
five  seconds  after  he  sees  the  flash.  Hugo  and  Duane  are 
1 .5  km  apart.  They  know  the  flash  was  somewhere  to  the 
north.  They  also  know  that  a flash  can  be  seen  almost 
instantly,  but  sound  travels  340  m/s.  Do  Hugo  and 
Duane  have  enough  information  to  locate  the  site  of  the 
fireworks?  Make  a sketch  and  label  all  the  distances  that 
they  know  or  can  calculate. 


18.  Application  In  an  earlier  exercise,  you  found  the  rule  for  the  family  of 
hydrocarbons  called  alkanes,  or  paraffins.  These  contain  a straight  chain  of 
carbons.  Alkanes  can  also  form  rings  of  carbon  atoms.  These  molecules  are 
called  cycloparaffins.  The  first  three  cycloparaffins  are  shown  below.  Sketch 
the  molecule  cycloheptane.  Write  the  general  rule  for  cycloparaffins  (C^H?).  i,; 


I I 


>1  I i:  H H 

Cydoprop«inc  Cyclobuitdne  Cydo  pentane 


IMPROVING  YOUR  ALGEBRA  SKILLS 
Number  Tricks 

Try  this  number  trick. 

Double  the  number  of  the  month  you  were  born.  Subtract  1 6 from  your  answer.  Multiply 
your  result  by  5,  then  add  100  to  your  answer.  Subtract  20  from  your  result,  then  | 

multiply  by  10.  Finally,  add  the  day  of  the  month  you  were  born  to  your  answer.  The 
number  you  end  up  with  shows  the  month  and  day  you  were  born!  For  exanple,  if  you 
were  born  March  15th,  your  answer  will  be  3 15.  If  you  were  born  December  7th,  your 
answer  will  be  1207. 

Number  tricks  almost  always  involve  algebra.  Use  algebra  to  explain  why  the  trick  works. 

— — ■■  - ^ 
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Napoleon’s 
Theorem 

In  this  exploration  you’ll  learn  about  a discovery 
attributed  to  French  Enperor  Napoleon  Bonaparte 
(1769-1821).  Napoleon  was  extremely  interested 
in  mathematics.  This  discovery,  called  Napoleon’s 
Theorem,  uses  equilateral  triangles  constructed  on 

the  sides  of  any  triangle.  Napoleon  by  the 

Fret^ch  palnur  Anne-Loul^ 
Glrodet  (1767-1824^ 


Step  1 


Activity 


Step  2 


Step  3 


Step  4 


Napoleon  Triangles 

Open  a new  Sketchpad  sketch.  Draw  LABC. 


Follow  the  Procedure  Note  to  create  a custom 
tool  that  constructs  an  equilateral  triangle  and 
its  centroid  given  the  endpoints  of  any  segment. 


Use  your  custom  tool  on  BC  and  CA  . 

If  an  equilateral  triangle  falls  inside  your 
triangle,  undo  and  try  again,  selecting 
the  two  endpoints  in  reverse  order. 

Connect  the  centroids  of  the  equilateral 
triangles.  Triangle  GQL  is  called  the 
outer  Napoleon  triangle  of  i^ABC. 

Drag  the  vertices  and  the  sides  of 
■^ABC  and  observe  what  happens. 


1.  Construct  an  equilateral 
triangle  on  AB. 

2.  Construct  the  centroid  of  the 
equilateral  triangle. 

3.  Hide  any  medians  or 
midpoints  that  you 
constructed  for  the  centroid. 

4.  Select  all  three  vertices,  all 
three  sides,  and  the  centroid 
of  the  equilateral  triangle. 

5.  Turn  your  new  construction 
into  a custom  tool  by 
choosing  Create  New  Tool 
from  the  Custom  Tools  menu. 
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step  5 


What  can  you  say  about  the  outer  Napoleon  triangle?  Write  what  you  think 
Napoleon  discovered  in  his  theorem 


Here  are  some  extensions  to  this  theorem  for  you  to  explore. 

Step  6 Construct  segments  connecting  each  vertex  of  your  original  triangle  with  the 

vertex  of  the  equilateral  triangle  on  the  opposite  side.  What  do  you  notice  about 
these  three  segments?  (This  discovery  was  made  by  M.  C.  Escher.) 

Step  7 Construct  the  inner  Napoleon  triangle  by  reflecting  each  centroid  across  its 
corresponding  side  in  the  original  triangle.  Measure  the  areas  of  the  original 
triangle  and  of  the  outer  and  inner  Napoleon  triangles.  How  do  these  areas 
conpare? 


LINES  AND  ISOSCELES  TRIANGLES 


In  this  example,  the  lines  y = 3x  + 3 and  y = - 3x  + 3 contain 
the  sides  of  an  isosceles  triangle  whose  base  is  on  the  x-axis  and 
whose  line  of  symmetry  is  they-axis.  The  window  shown  is 
{ -4.7,  4.7,  1, -3.1,  3.1,  1}. 

1.  Find  other  pairs  of  lines  that  form  isosceles  triangles  whose 
bases  are  on  the  x-axis  and  whose  lines  of  symmetry  are  the  y-axis. 

2.  Find  pairs  of  lines  that  form  isosceles  triangles  whose  bases  are  on  the  y-axis  and 
whose  lines  of  symmetry  are  the  x-axis. 

3.  A line  y = mx  + b contains  one  side  of  an  isosceles  triangle  whose  base  is  on  the 
x-axis  and  whose  line  of  symmetry  is  they-axis.  What  is  the  equation  of  the  line 

containing  the  other  side?  Now  suppose  the  line  y = mx  + b contains  one  side  of 
an  isosceles  triangle  whose  base  is  on  the  y-axis  and  whose  line  of  symmetry  is  the 
x-axis.  What  is  the  equation  of  the  line  containing  the  other  side? 

4.  Graph  the  lines  y = 2x  - 2,y  = + F y = andy  = - x.  Describe  the  figure  that 

the  lines  form  Find  other  sets  of  lines  that  form  figures  like  this  one. 

Explore  the  questions  above  and  summarize  your  findings.  Your  project  should  include 
►-  Your  answers  to  the  questions  above. 

A description  of  the  patterns  you  found. 

► Equations  and  graphs  that  are  clearly  labeled. 
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CHAPTER 

A. 

REVIEW 


fc- 


In  this  chapter  you  made  many  conjectures  about  triangles.  You 
discovered  some  basic  properties  of  isosceles  and  equilateral 
triangles.  You  learned  different  ways  to  show  that  two  triangles  are 
congruent.  Do  you  remember  them  all?  Triangle  congruence 
shortcuts  are  an  important  idea  in  geometry.  You  can  use  them  to 
explain  why  your  constructions  work.  In  later  chapters,  you  will  use 
your  triangle  conjectures  to  investigate  properties  of  other 
polygons. 

You  also  practiced  reading  and  writing  flowchart  proofs.  Can  you 
sketch  a diagram  illustrating  each  conjecture  you  made  in  this 
chapter?  Check  your  conjecture  list  to  make  sure  it  is  up  to  date. 
Make  sure  you  have  a clear  diagram  illustrating  each  conjecture. 


Exercises 


► i. 


Why  are  triangles  so  useful  in  structures,  such  as  the  church  described  in 
the  Architecture  Connection  below? 


You  will  need 

. fofjstrwtiiDfl 

and 


2.  The  first  conjecture  of  this  chapter  is  probably  the  most  important  so  far. 

What  is  it?  Why  do  you  think  it  is  so  important? 

3.  What  special  properties  do  isosceles  triangles  have? 

4.  What  does  the  statement  “The  shortest  distance  between  two  points  is  the  straight 
line  between  them”  have  to  do  with  the  Triangle  Inequality  Conjecture? 


5.  What  information  do  you  need  in  order  to  determine  that  two  triangles  are 
congruent?  That  is,  what  are  the  four  congruence  shortcuts? 


6.  Explain  why  SSA  is  not  a congruence  shortcut. 

Architecture 

CONNECTION 

American  architect 
MiaMorgan  (1872-1957) 
designed  many  noteworthy 
buildings,  including  Hearst 
Castle  in  central  California. 

She  often  used  triangular 
trusses  made  of  redwood  and 
exposed  beams  for  strength 
and  openness,  as  in  this 
church  in  Berkeley,  California, 
which  is  now  the  Julia  Morgan 
Center  for  the  Arts.  Which 
congruence  shortcut  ensures 
that  the  triangular  trusses  are 
rigid? 
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Developing  Proof  For  Exercises  7-24,  if  possible,  name  the  congruent  triangles.  State  the 
conjecture  or  definition  that  supports  the  congruence  statement.  If  you  cannot  show  the 
triangles  to  be  congruent  from  the  information  given,  write  “cannot  be  determined.” 


15.  Polygon  is 

a regular  hexagon. 
AACN  ^ A J_ 
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25.  Developing  Proof  What’s  wrong  with  this  picture?  26.  Developing  Proof  What’s  wrong  with  this  pictu 


27.  Quadrilateral  CAMP  has  been  divided  into 
three  triangles.  Use  the  angle  measures 
provided  to  determine  the  longest  and 
shortest  segments. 


28.  The  measure  of  an  angle  formed  by  the 

bisectors  of  two  angles  in  a triangle,  as  shown 
below,  is  100°.  What  is  angle  measure  xl 


Developing  Proof  In  Exercises  29  and  30,  decide  whether  there  is  enough  information  to 
prove  congruence.  If  there  is,  write  a proof.  If  not,  explain  what  is  missing. 


29.  In  the  figure  below,  RE  = AE,  Z.5  = Z.  T, 
and  ^ERL  = LEAL . Is  SA  = TO  ? 


30.  In  the  figure  below,  LA  = LM,  AE  1 ER, 
and  MR  1 ER.  Is  LERD  isosceles? 


31.  The  measure  of  an  angle  formed  by  altitudes 
from  two  vertices  of  a triangle,  as  shown  below, 
is  132°.  What  is  angle  measure  xl 


32.  Connecting  the  legs  of  the  chair  at  their  midpoints, 
as  shown,  guarantees  that  the  seat  is  parallel  to 
the  floor.  Explain  why. 
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For  Exercises  33  and  34,  use  the  segments  and  the  angles  below.  Use  either 
or  a compass  and  a straightedge.  The  lowercase  letter  above  each  segment  r 
length  of  the  segment. 


33.  Construction  Construct  ihPAL  given  Z.P,  £.A , and  AL  = y. 

34.  Construction  Construct  two  triangles  Ij^PES  that  are  not  congruent  to  each  ot 
given  Z.P,  PB  = z,  and  SB  = x. 

35.  Deveioping  Proof  In  the  figure  at  right , is  P/  1 1 RE  ? Complete  the  flowchart 
proof  or  explain  why  they  are  not  parallel. 

Given:  M is  the  midpoint  of  both  TE  and  IR 
Show:  ^11^ 

Flowchart  Proof 


36.  At  the  beginning  of  the  chapter,  you  learned  that 
triangles  make  structures  more  stable.  Let’s  revisit 
the  shelves  from  Lesson  4.1.  Explain  how  the  SSS 
congruence  shortcut  guarantees  that  the  shelves  on 
the  right  will  retain  their  shape,  and  why  the 
shelves  on  the  left  wobble. 

37.  Construction  Use  patty  paper  or  compass  and  straightedge 
to  construct  a 75°  angle.  Explain  your  method. 
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38.  If  mL  CAD  > mL  CBD,  arrange  the  six  unknown  angle  measures 
in  order  from  least  to  greatest. 


Take  another  look 

1.  Explore  the  Triangle  Sum  Conjecture  on  a sphere  or  a globe. 
Can  you  draw  a triangle  that  has  two  or  more  obtuse  angles? 
Three  right  angles?  Write  an  illustrated  report  of  your  findings. 


2.  Investigate  the  Isosceles  Triangle  Conjecture  and 
the  Equilateral/Equiangular  Triangle  Conjecture 
on  a sphere.  Write  an  illustrated  report  of  your 
findings. 

3.  A friend  claims  that  if  the  measure  of  one  acute 
angle  of  a triangle  is  half  the  measure  of  another 
acute  angle  of  the  triangle,  then  the  triangle  can 
be  divided  into  two  isosceles  triangles.  Try  this 
with  a computer  or  other  tools.  Describe  your 
method  and  explain  why  it  works. 

4.  A friend  claims  that  if  one  exterior  angle  has 
twice  the  measure  of  one  of  the  remote  interior 
angles,  then  the  triangle  is  isosceles.  Use  a 
geometry  software  program  or  other  tools  to 
investigate  this  claim  Describe  your  findings. 


A 

The  section  that  follows,  Take  Another  Look, 
gives  you  a chance  to  extend,  communicate, 
(hand  assess  your  understanding  of  the  work 
you  did  in  the  investigations  in  this  chapter. 
Sometimes  it  will  lead  to  new,  related 
^discoveries. 


5.  Is  there  a conjecture  (similar  to  the  Triangle  Exterior  Angle  Conjecture)  that  you 
can  make  about  exterior  and  remote  interior  angles  of  a convex  quadrilateral? 
Experiment.  Write  about  your  findings. 

6.  Is  there  a conjecture  you  can  make  about  inequalities  among  the  sums  of;  the  lengths 
of  sides  and/or  diagonals  of  a quadrilateral?  Experiment.  Write  about  your  findings. 


7.  Developing  Proof  In  Chapter  3,  you  discovered  how  to  construct  the  perpendicular 
bisector  of  a segment.  Perform  this  construction.  Now  use  what  you’ve  learned  about 
congruence  shortcuts  to  explain  why  this  construction  method  works. 
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8.  Developing  Proof  In  Chapter  3,  you  discovered  how  to  construct  a perpendicular 
through  a point  on  a line.  Perform  this  construction.  Use  a congruence  shortcut 

to  explain  why  the  construction  works. 

9.  Is  there  a conjecture  similar  to  the  SSS  Congruence  Conjecture  that  you  can  make 
about  congruence  between  quadrilaterals?  For  example,  is  SSSS  a shortcut  for 
quadrilateral  congruence?  Or,  if  three  sides  and  a diagonal  of  one  quadrilateral  are 
congruent  to  the  corresponding  three  sides  and  diagonal  of  another  quadrilateral, 
must  the  two  quadrilaterals  be  congruent  (SSSD)?  Investigate.  Write  a paragraph 
explaining  how  your  conjectures  follow  from  the  triangle  congruence  conjectures 
you’ve  learned. 


WKat  Ydu^v#  Learned 

WRITE  TEST  ITEMS 


It’ s one  thing  to  be  able  to  do  a math  problem  It’ s another  to  be  able  to  make  one 
up.  If  you  were  writing  a test  for  this  chapter,  what  would  it  include? 

Start  by  having  a group  discussion  to  identify  the  key  ideas  in  each  lesson  of  the 
chapter.  Then  divide  the  lessons  among  group  members,  and  have  each  group 
member  write  a problem  for  each  lesson  assigned  to  them  Try  to  create  a mix  of 
problems  in  your  group,  from  simple  one- step  exercises  that  require  you  to  recall 
facts  to  more  complex,  multi  step  problems  that  require  more  thinking.  An  exarrple 
of  a simple  problem  might  be  finding  a missing  angle  measure  in  a triangle. 

A more  complex  problem  could  be  a flowchart  for  a logical  argument,  or  a word 
problem  that  requires  using  geometry  to  model  a real-world  situation. 

Share  your  problems  with  your  group  members  and  try  out  one  another’s 
problems.  Then  discuss  the  problems  in  your  group:  Were  they  representative  of 
the  content  of  the  chapter?  Were  some  too  hard  or  too  easy?  Writing  your  own 
problems  is  an  excellent  way  to  assess  and  review  what  you’ve  learned.  Maybe 
you  can  even  persuade  your  teacher  to  use  one  of  your  items  on  a real  test! 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  to  be  sure  it  is  corrplete  and 
well  organized.  Write  a one-page  chapter  summary  based  on  your  notes. 

WRITE  IN  YOUR  JOURNALWrite  a paragraph  or  two  about  something  you  did  in 
this  class  that  gave  you  a great  sense  of  accomplishment.  What  did  you  learn  from 
it?  What  about  the  work  makes  you  proud? 


UPDATE  YOUR  PORTFOLIO  Choose  a piece  of  work  from  this  chapter  to  add  to 
your  portfolio.  Document  the  work,  explaining  what  it  is  and  why  you  chose  it. 

PERFORMANCE  ASSESSMENTWhile  a classmate,  a friend,  a family  member,  or  your 
teacher  observes,  perform  an  investigation  from  this  chapter.  Explain  each  step, 
including  how  you  arrived  at  the  conjecture. 
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CHAPTER 


Discovering  and 
Proving  Poiygon 
Properties 


The  mathematicians  may  well  nod  their  heads 

in  a friendly  and  interested  manner — / still  am  a 

tinkerer  to  them.  And  the  “artistic” ones  are  primarily 

irritated.  Still,  maybe  Tm  on  the  right  track  if  I 

experience  more  Joy  from  my  own  little  images 

than  from  the  most  beautiful  camera  in  the  world . . 

Still  Life  and  Street,  M.  C.  Escher,  1 967-1 968 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 

All  rights  reserved. 


OBJECTIVES 

In  this  chapter  you  will 

• study  properties  of  convex 
polygons 

• discover  relationships 
among  their  angles,  sides, 
and  diagonals 

• learn  about  real-world 
applications  of  special 
polygons 
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L E S S O N J 


5.1 


/ find  that  the  harder  I work, 
the  more  luck  I seem 
to  have. 

THOMAS  JEFFERSON 


Polygon  Sum  Conjecture 


T here  are  many  kinds  of  triangles,  but 
in  Chapter  4,  you  discovered  that  the 
sum  of  their  angle  measures  is  always 
180°.  In  this  lesson  you’ 11  investigate 
the  sum  of  the  angle  measures  in 
convex  quadrilaterals, 
pentagons,  and  other 
polygons.  Then 
you’ll  look  for  a 
pattern  in  the  sum 
of  the  angle  measures 
in  any  polygon. 


Investigation 
Is  There  a Polygon  Sum  Formula? 


You  will 
• protractor 


For  this  investigation  each  person  in  your  group  should  draw  a different  version  of 
the  same  polygon.  For  example,  if  your  group  is  investigating  hexagons,  try  to  think 
of  different  ways  you  could  draw  a hexagon. 


Step  1 
Step  2 

Step  3 


Draw  the  polygon.  Carefully  measure  all  the  interior  angles,  then  find  the  sum. 

Share  your  results  with  your  group.  If  you  measured  carefully,  you  should  all 
have  the  same  sum!  If  your  answers  aren’t  exactly  the  same,  find  the  average. 

Copy  the  table  below.  Repeat  Steps  1 and  2 with  different  polygons,  or  share 
results  with  other  groups.  Complete  the  table. 


Number  af  side*  af  p^lygcm 

3 

5 

6 

7 

& 

... 

rj 

Sum  af  meiisure*  af  angles 

... 

You  can  now  make  some  conjectures. 

Quadrilateral  Sum  Conjecture 

The  sum  of  the  measures  of  the  four  interior  angles  of  any  quadrilateral  is  _L . 

Pentagon  Sum  Conjecture 

The  sum  of  the  measures  of  the  five  interior  angles  of  any  pentagon  is  _L. 
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If  a polygon  has  n sides,  it  is  called  an  n-gon. 


Step  4 


Look  for  a pattern  in  the  completed  table.  Write  a general  formula  for  the  sum  of 
the  angle  measures  of  a polygon  in  terms  of  the  number  of  sides,  n. 


Step  5 


Draw  all  the  diagonals  from  one  vertex  of  your 
polygon.  How  many  triangles  do  the  diagonals 
create?  How  many  triangles  do  the  diagonals 
create  in  the  dodecagon  at  right?  Try  some 
other  polygons.  How  do  the  number  of 
triangles  relate  to  nl 

State  your  observations  as  a conjecture. 


Polygon  Sum  Conjecture 

The  sum  of  the  measures  of  the  n interior  angles  of  an  n-gon  is  _L 


Number  ntf  ddes 

7 

9 

10 

] 1 

20 

m 

Sum  cif  of  angles 

2.  What  is  the  measure  of  each  angle  of  an  equiangular  pentagon?  An  equiangular 
hexagon?  Complete  the  table. 


Number  of  sides  of 
equi^nguUr  polygon 

6 

7 

S 

9 

10 

12 

16 

100 

Measure  of  each  engle 
of  eguEangular  polygon 

In  Exercises  3-8,  use  your  conjectures  to  calculate  the  measure  of  each  lettered  angle, 
3.  a = '<  4.  b = L 5.  e = L 


f-1- 
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9.  Deve/op/ng  Proof  What’s  wrong  10.  Developing  Proof  What" s 
with  this  picture?  wrong  with  this  picture? 


11.  Three  regular  polygons  meet 
at  point  A . How  many  sides 
does  the  largest  polygon  have? 


12.  Developing  Proof  Trace  the 
figure  at  right.  Calculate  each 
lettered  angle  measure.  Explain 
how  you  determined  the 
measures  of  angles  d,  e,  and/. 


13.  How  many  sides  does  a 
polygon  have  if  the  sum  of  its 
angle  measures  is  2700°? 

14.  How  many  sides  does  an 
equiangular  polygon  have  if 
each  interior  angle  measures 
156°? 


15. 


Archaeologist  Ertha  Diggs  has  uncovered  a piece 
of  a ceramic  plate.  She  measures  it  and  finds 
that  each  side  has  the  same  length  and  each 
angle  has  the  same  measure. 

She  conjectures  that  the  original  plate  was 
the  shape  of  a regular  polygon.  She  knows 
that  if  the  original  plate  was  a regular 
16-gon,  it  was  probably  a ceremonial  dish 
from  the  third  century.  If  it  was  a regular 
18-gon,  it  was  probably  a palace  dinner 
plate  from  the  twelfth  century. 

If  each  angle  measures  160°,  from  what 
century  did  the  plate  likely  originate? 
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16.  Application  You  need  to  build  a window  frame  for  an  octagonal 
window  like  this  one.  To  make  the  frame,  you’ll  cut  identical 
trapezoidal  pieces.  What  are  the  measures  of  the  angles  of  the 
trapezoids?  Explain  how  you  found  these  measures. 

17.  Developing  Proof  Restate  your  proof  of  the  Quadrilateral  Sum 
Conjecture  from  the  developing  proof  activity  on  page  259.  Then  use 
this  diagram  to  show  another  way  to  prove  the  same  conjecture,  h 


^ Review 


18.  This  figure  is  a detail  of  one  vertex  of  the  tiling  at  the  beginning  of 
this  lesson.  Find  the  missing  angle  measure  x 

19.  Technology  Use  geometry  software  to  construct  a quadrilateral  and 
locate  the  midpoints  of  its  four  sides.  Construct  segments 

connecting  the  midpoints  of  opposite  sides.  Construct  the  point  of  intersection  of 
the  two  segments.  Drag  a vertex  or  a side  so  that  the  quadrilateral  becomes  concave. 
Observe  these  segments  and  make  a conjecture. 

20.  Line  £ is  parallel  to  AB As  P moves  to  the  right  along  £ which 
of  these  measures  will  always  increase? 

A.  The  distance  PA  B.  The  perimeter  of  LAPP 

C.  The  measure  of  LAPP  D.  The  measure  of  LAPP 

21.  Draw  a counterexancple  to  show  that  this  statement  is  false:  If  a 
triangle  is  isosceles,  then  its  base  angles  are  not  concplementary. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Net  Puzzle 

The  clear  cube  shown  has  the  letters  DOT  printed 
on  one  face.  When  a light  is  shined  on  that  face, 
the  image  of  DOT  appears  on  the  opposite  face. 
The  image  of  DOT  on  the  opposite  face  is  then 
painted.  Copy  the  net  of  the  cube  and  sketch  the 
painted  image  of  the  word,  DOT,  on  the 
correct  square  and  in  the  correct  position. 




DOI 
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If  someone  had  told  me  I 
would  be  Pope  someday,  I 
would  have  studied  harder. 
POPE  JOHN  PAUL  I 


Exterior  Angles 
a Polygon 

In  Lesson  5.1,  you  discovered  a formula  for 
the  sum  of  the  measures  of  the  interior 
angles  of  any  convex  polygon.  In  this  lesson 
you  will  discover  a formula  for  the  sum  of 
the  measures  of  the  exterior  angles  of  a 
convex  polygon. 


known  Tor  hor 
partld  potion  In  iho  Dada 
Wovemeni;,  (awnran  artist 
Hannah  Hoch  (lS09-l?7e? 
iMlntod  iv[\ergir\g  Ordit  In 
the  Cubist  style.  Do  you  se^ 
any  exitmples  of  exterior 
angles  In  the  painting^ 


Investigation 

Is  There  an  Exterior  Angle  Sum? 


You  will  rieedl 

* a Straightedge 

♦ a protractor 


Let’ s use  some  inductive  and  deductive  reasoning  to  find  the  exterior  angle 
measures  in  a polygon. 

Each  person  in  your  group  should  draw  the  same  kind  of  polygon  for  Steps  1-5. 


Step  1 
Step  2 

Step  3 
Step  4 

Step  5 


Draw  a large  polygon.  Extend  its  sides  to  form  a set  of  exterior  angles. 

Measure  all  the  interior  angles  of  the  polygon  except  one.  Use  the  Polygon  Sum 
Conjecture  to  calculate  the  measure  of  the  remaining  interior  angle.  Check  your 
answer  using  your  protractor. 

Use  the  Linear  Pair  Conjecture  to  calculate  the  measure  of  each  exterior  angle. 

Calculate  the  sum  of  the  measures  of  the  exterior  angles.  Share  your  results  with 
your  group  members. 

Repeat  Steps  \-A  with  different  kinds  of  polygons,  or  share  results  with  other 
groups.  Make  a table  to  keep  track  of  the  number  of  sides  and  the  sum  of  the 
exterior  angle  measures  for  each  kind  of  polygon.  Eind  a formula  for  the  sum  of 
the  measures  of  a polygon’s  exterior  angles. 
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Exterior  Angle  Sum  Conjecture 

For  any  polygon,  the  sum  of  the  measures  of  a set  of  exterior  angles  is  _L 


keymath.com/DG 


[►  For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
The  Exterior  Angle  Sum  of  a Polygon  at  www.keymath.com/DG  . 


Step  6 
Step  7 


Step  8 


Study  the  software  construction  above.  Explain  how  it  demonstrates  the  Exterior 
Angle  Sum  Conjecture. 

Using  the  Polygon  Sum  Conjecture,  write  a formula  for  the  measure  of  each 
interior  angle  in  an  equiangular  polygon. 

Using  the  Exterior  Angle  Sum  Conjecture,  write  the  formula  for  the  measure  of 
each  exterior  angle  in  an  equiangular  polygon. 


Step  9 


Using  your  results  from  Step  8,  you  can  write  the  formula  for  an  interior  angle  of  an 
equiangular  polygon  a different  way.  How  do  you  find  the  measure  of  an  interior 
angle  if  you  know  the  measure  of  its  exterior  angle?  Complete  the  next  conjecture. 


r 

1 

Equiangular  Polygon  Conjecture 

You  can  find  the  measure  of  each  interior  angle  of  an  equiangular  n-gon  by 
using  either  of  these  formulas:  or  _L  . |j 

, Exercises 

rlaS.^iir-rfin't' nil  || 

1.  What  is  the  sum  of  the  measures  of  the  exterior  angles  of  a decagon? 

2.  What  is  the  measure  of  an  exterior  angle  of  an  equiangular  pentagon? 
An  equiangular  hexagon? 
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3.  How  many  sides  does  a regular  polygon  have  if  each  exterior  angle  measures  24°  ? 

4.  How  many  sides  does  a polygon  have  if  the  sum  of  its  interior  angle  measures 
is  7380°? 

In  Exercises  5-10,  use  your  new  conjectures  to  calculate  the  measure  of  each  lettered  angle. 


7 ? 


12.  Is  there  a maximum  number  of  obtuse  exterior  angles  that  any  polygon  can  have? 
If  so,  what  is  the  maximum?  If  not,  why  not?  Is  there  a minimum  number  of  acute 
interior  angles  that  any  polygon  must  have?  If  so,  what  is  the  minimum?  If  not, 
why  not?  . 


Review 

13.  Developing  Proof  Prove  the  Pentagon  Sum 
Conjecture  using  either  method  discussed 
in  the  last  lesson.  Use  whichever  diagram 
at  right  corresponds  with  your  method.  If 
you  need  help,  see  page  261,  Exercise  17. 


.%■ 
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Technology 

CONNECTION 


The  aperture  of  a camera  is  an  opening  shaped  like  a regular  polygon 
surrounded  by  thin  sheets  that  form  a set  of  exterior  angles.  These  sheets  move 
together  or  apart  to  close  or  open  the  aperture,  limiting  the  amount  of  light 
passing  through  the  camera’s  lens.  How  does  the  sequence  of  closing  apertures 
shown  below  demonstrate  the  Exterior  Angle  Sum  Conjecture?  Does  the 
number  of  sides  make  a difference  in  the  opening  and  closing  of  the  aperture? 


14.  Name  the  regular  polygons  that  appear  in 
the  tiling  below.  Find  the  measures  of  the 
angles  that  surround  point  A in  the  tiling. 


16.  Developing  Proof  LRAC  = LDCA, 

^ =AR,  AC \\m.  Is  AD  = ^lWhyl 


R D 


15.  Name  the  regular  polygons  that  appear  in  the 
tiling  below.  Find  the  measures  of  the  angles 
that  surround  any  vertex  point  in  the  tiling. 


17.  Developing  Proof  DT  = RT,  DA=  RA. 

Is  LD  = LRl  Why?  . 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Dissecting  a Hexagon  II 

Make  six  copies  of  the  hexagon  at  right  by  tracing  it  onto  your 
paper.  Find  six  different  ways  to  divide  a hexagon  into  twelve 
identical  parts. 


M) 
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CLfJ 


Star  Polygons 


If  you  arrange  a set  of  points  roughly  around  a 
circle  or  an  oval,  and  then  you  connect  each 
point  to  the  next  with  segments,  you  should  get  a 
convex  polygon  like  the  one  at  right.  What  do 
you  get  if  you  connect  every  second  point  with 
segments?  You  get  a star  polygon  like  the  ones 
shown  in  the  activity  below. 

In  this  activity  you’ll  investigate  the  angle 
measure  sums  of  star  polygons. 


Step  1 
Step  2 
Step  3 

Step  4 

Step  5 


Draw  five  points  A through  in  a circular  path,  clockwise. 

Connect  every  second  point,  to  get  AC  , CE,  EB,  BD,  and  DA . 

Measure  the  five  angles  A through  E at  the  star  points.  Use  the  calculator  to  find 
the  sum  of  the  angle  measures. 

Drag  each  vertex  of  the  star  and  observe  what  happens  to  the  angle  measures 
and  the  calculated  sum  Does  the  sum  change?  What  is  the  sum? 

Copy  the  table  on  the  next  page.  Use  the  Polygon  Sum  Conjecture  to  complete 
the  first  column.  Then  enter  the  angle  sum  for  the  5-pointed  star. 
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Step  6 


Step  7 


Step  8 


Step  9 


Step  10 


Repeat  Steps  1-5  for  a 6-pointed  star.  Enter  the  angle  sum  in  the  table. 
Complete  the  column  for  each  n-pointed  star  with  every  second  point 
connected. 

What  happens  if  you  connect  every  third  point  to  form  a star?  What  would  be 
the  sum  of  the  angle  measures  in  this  star?  Complete  the  table  column  for  every 
third  point. 

Use  what  you  have  learned  to  complete  the  table.  What  patterns  do  you  notice? 
Write  the  rules  for  n-pointed  stars. 


Af^^Ie  nisflscire  slC^r>ls  bv  haw  the  psirrts  ar-e 

erf 

star  porfvts 

pofm 

ifd  paint 

tvary 
4tr>  poinT 

Evarv 

paint 

5 

o 

☆ 

o 

llD" 

1 

This  blanket  by  Teresa  Arcbuleta- 
Sagel  is  Citkd  Afy  EJue  VcrZ/c/o- 
Heaven.  Are  these  star  polygons? 
Why? 


Let’ s explore  Step  4 a little  further.  Can  you  drag  the  vertices  of  each  star 
polygon  to  make  it  convex?  Describe  the  steps  for  turning  each  one  into  a 
convex  polygon,  and  then  back  into  a star  polygon  again,  in  the  fewest 
steps  possible. 

In  Step  9,  how  did  the  sum 
of  the  angle  measure  change 
when  a polygon  became 
convex?  When  did  it  change? 
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Imagination  is  the  highest 
kite  we  fly. 

LAUREN  BACALL 


Kite  and  T rapezoid 
Properties 

Recall  that  a kite  is  a quadrilateral  with 
exactly  two  distinct  pairs  of  congruent 
consecutive  sides. 

If  you  construct  two  different  isosceles 
triangles  on  opposite  sides  of  a common 
base  and  then  remove  the  base,  you  have 
constructed  a kite.  In  an  isosceles  triangle, 
the  vertex  angle  is  the  angle  between  the 
two  congruent  sides.  Therefore,  let’s  call 
the  two  angles  between  each  pair  of 
congruent  sides  of  a kite  the  vertex  angles 
of  the  kite.  Let’s  call  the  other  pair  the  nonvertex  angles. 


Noaverle*-!: 


Verier 


!►  For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
Properties  of  Kites  at  www.keymath.com/DG  . 


keymath.com/DG 


A kite  also  has  one  line  of  reflectional  symmetry,  just  like  an  isosceles  triangle.  You 
can  use  this  property  to  discover  other  properties  of  kites.  Let’s  investigate. 


Invertigatbn  1 

What  Are  Some  Properties  of  Kites? 


Ifou  will  tie€d 

• patty  paper 

* a straightedge  3^gp  i 


In  this  investigation  you  will  look  at  angles  and  diagonals  in  a kite  to  see  what 
special  properties  they  have. 

On  patty  paper,  draw  two  connected  segments  of  different  lengths,  as  shown. 
Fold  through  the  endpoints  and  trace  the  two  segments  on  the  back  of  the 
patty  paper. 


Step  2 


Compare  the  size  of  each  pair  of 
opposite  angles  in  your  kite  by  folding 
an  angle  onto  the  opposite  angle.  Are 
the  vertex  angles  congruent?  Are  the 
nonvertex  angles  congruent?  Share 
your  observations  with  others  near 
you  and  complete  the  conjecture. 


Step  I 


Step  2 
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Kite  Angles  Conjecture 

The  J_  angles  of  a kite  are  _L . 


Step  3 


Draw  the  diagonals.  How  are  the  diagonals  related?  Share 
your  observations  with  others  in  your  group  and  concplete 
the  conjecture. 


Kite  Diagonals  Conjecture 

C-35 

^ The  diagonals  of  a kite  are  _L . 

What  else  seenas  to  be  true  about  the  diagonals  of  kites? 

Step  4 Compare  the  lengths  of  the  segments  on  both  diagonals.  Does  either  diagonal 
bisect  the  other?  Share  your  observations  with  others  near  you.  Copy  and 
concplete  the  conjecture. 

[f  |c 

LI  Kite  Diagonal  Bisector  Conjecture  >- 

The  diagonal  connecting  the  vertex  angles  of  a kite  is  the  _Lof  the 
n other  diagonal. 


Step  5 


Fold  along  both  diagonals.  Does 
either  diagonal  bisect  any  angles? 
Share  your  observations  with 
others  and  complete  the 
conjecture. 


LI  Kite  Angle  Bisector  Conjecture 

The  JL  angles  of  a kite  are  J by  a . 


angles 


You  will  prove  the  Kite  Diagonal  Bisector  Conjecture  and  the  Kite 
Angle  Bisector  Conjecture  as  exercises  after  this  lesson. 

Let’s  move  on  to  trapezoids.  Recall  that  a trapezoid  is  a quadrilateral 
with  exactly  one  pair  of  parallel  sides. 

In  a trapezoid  the  parallel  sides  are  called  bases.  A pair  of  angles  that 
share  a base  as  a common  side  are  called  base  angles. 

In  the  next  investigation  you  will  discover  some  properties  of  trapezoids. 
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Science 

CONNECTION 

A trapezium  is  a quadrilateral  with  no  two  sides  parallel. 
The  words  trapezoid  and  trapezium  come  from  the  Greek 
word  trapeza,  meaning  table. 

There  are  bones  in  your  wrists 
that  anatomists  call  trapezoid 
and  trapezium  because  of  their 
geometric  shapes. 


— u 

You  will  n^d 


• a double-edged 
straightedge 

* a protractor 

♦ a compass 


Investigatron  2 

What  Are  Some  Properties  of  Trapezoids? 


This  is  a view  inside 
a deflating  hot-air 
balloon.  Notice  the 
trapezoidal  panels 
that  make  up  the 
balloon. 


Step  1 


Step  2 


step  3 


Use  the  two  edges  of  your  straightedge  to  draw  parallel  segments  of  unequal 
length.  Draw  two  nonparallel  sides  connecting  them  to  make  a trapezoid. 

Use  your  protractor  to  find  the  sum  of  the 
measures  of  each  pair  of  consecutive  angles 
between  the  parallel  bases.  What  do  you  notice 
about  this  sum?  Share  your  observations  with 
your  group. 

Copy  and  complete  the  conjecture. 


Trapezoid  Consecutive  Angies  Conjecture 

The  consecutive  angles  between  the  bases  of  a trapezoid  are  J_ 


Recall  from  Chapter  3 that  a trapezoid  whose  two 
nonparallel  sides  are  the  same  length  is  called  an 
isosceles  trapezoid.  Next,  you  will  discover  a few 
properties  of  isosceles  trapezoids. 
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Like  kites,  isosceles  trapezoids  have  one  line  of  reflectional  symmetry.  Through 
what  points  does  the  line  of  symmetry  pass? 


Step  4 


Step  5 


Step  6 


Use  both  edges  of  your  straightedge  to  draw  parallel  lines.  Using  your  compass, 
construct  two  congruent,  nonparallel  segments.  Connect  the  four  segments  to 
make  an  isosceles  trapezoid. 

Measure  each  pair  of  base  angles.  What  do  you 
notice  about  the  pair  of  base  angles  in  each 
trapezoid?  Compare  your  observations  with 
others  near  you. 

Copy  and  complete  the  conjecture. 


Ccutiparc. 

Compare. 


Isosceles  Trapezoid  Conjecture 

The  base  angles  of  an  isosceles  trapezoid  are  _L  . 


What  other  parts  of  an  isosceles  trapezoid  are  congruent?  Let’s  continue. 

Step  7 Draw  both  diagonals.  Compare  their  lengths. 

Share  your  observations  with  others  near  you. 

Step  8 Copy  and  complete  the  conjecture. 


Isosceles  Trapezoid  Diagonals  Conjecture 

The  diagonals  of  an  isosceles  trapezoid  are  _L  . 


I lb-  1^1 


Developing  Proof  As  a group,  write  a flowchart 
proof  that  shows  how  the  Isosceles  Trapezoid 
Diagonals  Conjecture  follows  logically  from 
the  Isosceles  Trapezoid  Conjecture.  Use  the 
diagram  at  right  and  a method  for  making 
the  triangles  easier  to  see.  If  you  need  help, 
see  page  232,  Example  BM  p 


A 


Exercises 

Use  your  new  conjectures  to  find  the  missing  measures. 


You  will  need 

rS,\  rmrfj 

- forExeicisK  14-16 
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perimeter  = 85cm 


3i7  cm 


7.  ARTP  is  an  isosceles  trapezoid  with  RA  = PT. 
Find  w,  X,  and  y.  '/ 


8.  FLYE  is  a kite  with  FL  = LY.  Find  w,  x,  and  y. 
1. 


9.  Copy  and  complete  the  flowchart  to  show  how  the  Kite  Angle  Bisector  Conjecture 
follows  logically  from  one  of  the  triangle  congruence  conjectures.  y 

Given:  Kite  BENY with^  = M,EN  = m 
Show:  BN  bisects  LB 
BN  bisects  LN 

Flowchart  Proof 


BE^BY 


Given 

^ EN  = YN 
Given 


ABEN 


s X |p+-j  ^ £ I ^ X ^11 J 


_L  Coiigmence 
dnirtcul. 


-Land 

DeHnititm  of 
angle  liLHector 


^Same  sqiment 


10.  Write  a paragraph  proof  or  flowchart  proof  of  the  Kite  Diagonal  Bisector 
Conjecture.  Either  show  how  it  follows  logically  from  the  Kite  Angle  Bisector 
Conjecture  that  you  just  proved,  or  how  it  follows  logically  from  the  Converse  of 
the  Perpendicular  Bisector  Conjecture. 

11.  Sketch  and  label  kite  KITE  with  vertex  angles  LK  and  L T and  K1  > TE.  Which 
angles  are  congruent? 
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12.  Sketch  and  label  trapezoid  QUIZ  with  one  base  QU.  What  is  the  other  base?  Name 
the  two  pairs  of  base  angles. 

13.  Sketch  and  label  isosceles  trapezoid  SHOW  with  one  base  SH  . What  is  the  other 
base?  Name  the  two  pairs  of  base  angles.  Name  the  two  sides  of  equal  length. 

In  Exercises  14-16,  use  the  properties  of  kites  and  trapezoids  to  construct  each  figure. 
You  may  use  either  patty  paper  or  a compass  and  a straightedge. 

14.  Construction  Construct  kite  BENF  given  sides  BE  and  EN  and  diagonal  BN . How 
many  different  kites  are  possible? 

n j:  7:  n 

ii  N 


16.  Construction  Construct  a trapezoid  BONE  with  50  II  NE . How  many  different 
trapezoids  can  you  construct? 


JJ  o 


Architecture 

CQNNECTION 

The  Romans  used  the  classical  arch  design  in  bridges,  aqueducts,  and 
buildings  in  the  early  centuries  of  the  Common  Era.  The  classical  semicircular 
arch  is  really  half  of  a regular  polygon  built  with  wedge-shaped  blocks  whose 
faces  are  isosceles  trapezoids.  Each  block  supports  the  blocks  surrounding  it. 


.^hutmeiic 


Span 


17.  Application  The  inner  edge  of  the  arch  in  the  diagram  above 
right  is  half  of  a regular  18-gon.  Calculate  the  measures  of  all 
the  angles  in  the  nine  isosceles  trapezoids  making  up  the 
arch.  Then  use  your  geometry  tools  to  accurately  draw  a nine- 
stone  arch  like  the  one  shown. 


This  carton  is  shaped  lil;je  an  isosceles 
tiapezold  bbdc  like  the  vousscirs  used 
in  the  arch  above. 
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18.  The  figure  below  shows  the  path  of  light  through  a trapezoidal  prism  and  how  an 
image  is  inverted.  For  the  prism  to  work  as  shown,  the  trapezoid  must  be  isosceles, 
LAGF  must  be  congruent  to  LBHE,  and  GF  must  be  congruent  to  EH . Show  that  if 
these  conditions  are  met,  then  AG  will  be  congruent  to  BH . ' 


Science 

CONNECTION 

The  magnifying  lenses  of  binoculars  invert  the  objects  you  view  through  them, 
so  trapezoidal  prisms  are  used  to  flip  the  inverted  images  right-side-up  again. 


^ Review 

19.  Developing  Proof  Trace  the  figure  below.  Calculate  the  measure  of  each  lettered  angle. 
Explain  how  you  determined  measures  e and  g. 


IMPROVING  YOUR  REASONING  SKILLS 

How  Did  the  Farmer  Get  to  the  Other  Side? 

A farmer  was  taking  her  pet  rabbit,  a basket  of  prize- winning  baby  carrots,  and  her 
small — but  hungry — rabbit- chasing  dog  to  town.  She  came  to  a river  and  realized  she 
had  a problem  The  little  boat  she  found  tied  to  the  pier  was  big  enough  to  carry  only 
herself  and  one  of  the  three  possessions.  She  couldn’t  leave  her  dog  on  the  bank  with  the 
little  rabbit  (the  dog  would  frighten  the  poor  rabbit),  and  she  couldn’t  leave  the  rabbit 
alone  with  the  carrots  (the  rabbit  would  eat  all  the  carrots).  But  she  still  had  to  figure 
out  how  to  cross  the  river  safely  with  one  possession  at  a time.  How  could  she  move 
back  and  forth  across  the  river  to  get  the  three  possessions  safely  to  the  other  side? 
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Research  is  formalized 
curiosity.  It  is  poking  and 
prying  with  a purpose. 
ZORA  NEALE  HURSTON 


m 


You  will  n«ed 

* patty  paper 
+ a straightedge 


Properties 
of  Midsegments 


As  you  learned  in  Chapter  3,  the  segment 
connecting  the  midpoints  of  two  sides  of  a 
triangle  is  a midsegment  of  the  triangle.  The 
segment  connecting  the  midpoints  of  the  two 
nonparallel  sides  of  a trapezoid  is  also  called 
the  midsegment  of  the  trapezoid. 

In  this  lesson  you  will  discover  special 
properties  of  midsegments. 

Investigation  1 


Triangle  Midsegment  Properties 


In  this  investigation  you  will  discover  two  properties  of  triangle  midsegments.  Each 
person  in  your  group  can  investigate  a different  triangle. 


/X 


Step  1 

Step  2 
Step  3 


Step  L Step  2 Step  3 

Draw  a triangle  on  a piece  of  patty  paper.  Pinch  the  patty  paper  to  locate  midpoints 
of  the  sides.  Draw  the  midsegments.  You  should  now  have  four  small  triangles. 

Place  a second  piece  of  patty  paper  over  the  first  and  copy  one  of  the  four  triangles. 

Compare  all  four  triangles  by  sliding  the  copy  of  one  small  triangle  over  the 
other  three  triangles.  Compare  your  results  with  the  results  of  your  group.  Copy 
and  concplete  the  conjecture. 

Three  Midsegments  Conjecture 

The  three  midsegments  of  a triangle  divide  it  into  _L  • 


Step  4 


Mark  all  the  congruent  angles  on  the  original  patty  paper 
If  you  find  it  too  cluttered,  redraw  the  original  triangle 
on  regular  paper  with  just  one  midsegment,  as  in  the 
diagram  at  right,  and  then  mark  all  the  congruent 
angles.  Using  the  Corresponding  Angles 
Conjecture  or  its  converse,  what  conclusions 
can  you  make  about  a midsegment  and  the 
large  triangle’s  third  side? 


Third  iidc 
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step  5 


Compare  the  length  of  the  midsegment  to  the  large  triangle’s  third  side.  How  do 
they  relate?  Copy  and  complete  the  conjecture. 


Triangle  Midsegment  Conjecture 

A midsegment  of  a triangle  is  JL  to  the  third  side  and  JL  the  length  of  _C . 


In  the  next  investigation  you  will  discover  two  properties  of  the  midsegment  of 
a trapezoid. 


Inve<tigatifln  1 

Trapezoid  Midsegment  Properties 


Vbu  1^11 1 need 

• patty  paper 

* a straightedge 


Each  person  in  your  group  can  investigate  a different  trapezoid.  Make  sure  you 
draw  the  two  bases  perfectly  parallel. 


Step  1 
Step  2 
Step  3 
Step  4 


Sitep  L Stq>  2 Step  3 

Draw  a small  trapezoid  on  the  left  side  of  a piece  of  patty  paper.  Pinch  the  paper 
to  locate  the  midpoints  of  the  nonparallel  sides.  Draw  the  midsegment. 

Label  the  angles  as  shown.  Place  a second  piece  of  patty  paper  over  the  first  and 
copy  the  trapezoid  and  its  midsegment. 

Conpare  the  trapezoid’s  base  angles  with  the  corresponding  angles  at  the 
midsegment  by  sliding  the  copy  up  over  the  original. 

Are  the  corresponding  angles  congruent?  What  can  you  conclude  about  the 
midsegment  and  the  bases?  Compare  your  results  with  the  results  of  other 
students. 


The  midsegment  of  a triangle  is  half  the  length  of  the  third  side.  How  does  the 
length  of  the  midsegment  of  a trapezoid  compare  to  the  lengths  of  the  two  bases? 
Let’s  investigate. 


Step  5 
Step  6 


On  the  original  trapezoid,  extend  the  longer  base  to  the  right  by  at  least  the 
length  of  the  shorter  base. 

Slide  the  second  patty  paper  under  the  first.  Show  the  sum  of  the  lengths  of  the 
two  bases  by  marking  a point  on  the  extension  of  the  longer  base. 
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Step  7 


Step  S 


Step  6 


-fkim— -4 


Step  7 


Step  8 


How  many  times  does  the  midsegment  fit  onto  the  segment  representing  the 
sum  of  the  lengths  of  the  two  bases?  What  do  you  notice  about  the  length  of  the 
midsegment  and  the  sum  of  the  lengths  of  the  two  bases? 

Combine  your  conclusions  from  Steps  4 and  7 and  complete  this  conjecture. 


Trapezoid  Midsegment  Conjecture 

The  midsegment  of  a trapezoid  is  _L  to  the  bases  and  is  equal  in  length  to  J_ 


What  happens  if  one  base  of  the  trapezoid  shrinks  to  a point?  Then  the  trapezoid 
collapses  into  a triangle,  the  midsegment  of  the  trapezoid  becomes  a midsegment 
of  the  triangle,  and  the  Trapezoid  Midsegment  Conjecture  becomes  the  Triangle 
Midsegment  Conjecture.  Do  both  of  your  midsegment  conjectures  work  for  the 
last  figure? 


For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
keymath.com/DG  Properties  of  the  Midsegment  of  a Trapezoid  atwww.kevmath.com/DG  . <\ 


You  will  need 

I - ' ^ -Coijueri^e]^ 

for  Lteicises  9 and  IS 


Exercises 


2.  What  is  the  perimeter  3.  x = L 4.  z = ? 

of  hTOPl  y = ± 


© 2008  Key  Curriculum  Press 


LESSON  5.4  Properties  of  Midsegments  277 


8.  Developing  Proof  Copy  and  conplete  the  flowchart  to  show  that  LN 1 1 RD. 

Given:  Midsegment  LN  in  i\FOA 
Midsegment  RD  in  l\IOA 

Show:  LNWRD 
Flowchart  Proof 


9.  Construction  When  you  connected  the  midpoints  of  the  three  sides  of  a triangle  in 
Investigation  1,  you  created  four  congruent  triangles.  Draw  a quadrilateral  on  patty 
paper  and  pinch  the  paper  to  locate  the  midpoints  of  the  four  sides.  Connect  the 
midpoints  to  form  a quadrilateral.  What  special  type  of  quadrilateral  do  you  get 
when  you  connect  the  midpoints?  Use  the  Triangle  Midsegment  Conjecture  to 
explain  your  answer. 


10.  Deep  in  a tropical  rain  forest,  archaeologist 
Ertha  Diggs  and  her  assistant  researchers 
have  uncovered  a square-based  truncated 
pyramid  (a  square  pyramid  with  the  top 
part  removed).  The  four  lateral  faces  are 
isosceles  trapezoids.  A line  of  darker 
mortar  runs  along  the  midsegment  of  each 
lateral  face.  Ertha  and  her  co-workers  make 
some  measurements  and  find  that  one  of 
these  midsegments  measures  41  meters,  and 
each  bottom  base  measures  52  meters. 

Now  that  they  have  this  information,  Ertha 
and  her  team  can  calculate  the  length  of 
the  top  base  without  having  to  climb  up 
and  measure  it.  Can  you?  What  is  the 
length  of  the  top  edge?  How  do  you  know? 
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11.  Ladie  and  Casey  pride  themselves  on  their  estimation 
skills  and  take  turns  estimating  distances.  Casey  claims 
that  two  large  redwood  trees  visible  from  where  they 
are  sitting  are  1 80  feet  apart,  and  Ladie  says  they  are 
275  feet  apart. 

The  problem  is,  they  can’t  measure  the  distance  to  see  ♦ 

whose  estimate  is  better,  because  their  cabin  is  located 

between  the  trees.  All  of  a sudden,  Ladie  recalls  her  geometry:  “Oh  yeah,  the 

Triangle  Midsegment  Conjecture!”  She  collects  a tape  measure,  a hammer,  and  some 

wooden  stakes.  What  is  she  going  to  do? 


Review 

12.  The  40-by-60-by-80  cm  sealed  rectangular  container 
shown  at  right  is  resting  on  its  largest  face.  It  is  filled 
with  a liquid  to  a height  of  30  cm.  Sketch  the  container 
resting  on  its  smallest  face.  Show  the  height  of  the 
liquid  in  this  new  position.  Explain  your  method. 


13.  Developing  Proof  Write  the  converse  of  this  statement:  If  exactly  one  diagonal  bisects  a 
pair  of  opposite  angles  of  a quadrilateral,  then  the  quadrilateral  is  a kite.  Is  the 
converse  true?  Is  the  original  statement  true?  If  either  conjecture  is  not  true,  sketch  a 
counterexanple. 

14.  Developing  Proof  Trace  the  figure  below.  Calculate  the  measure  of  each  lettered  angle. 
Explain  how  you  determined  the  measures  h and  k. 


15.  CART  is  an  isosceles  trapezoid.  What  are 
the  coordinates  of  point  T ? 


16.  HRSE  is  a kite.  What  are  the  coordinates 
of  point  R1 


t 

30  c m 

i 
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17.  Find  the  coordinates  of  midpoints  E and  Z.  Show  that  the  slope  of 
the  line  containing  midsegment  EZ  is  equal  to  the  slope  of  the  line 
containing  FT. 

18.  Construction  Use  the  kite  properties  you  discovered  in  Lesson  5.3  to 
construct  kite  ERNK  given  diagonals  RK  and  EN  and  side  NK  . Is 
there  only  one  solution? 

R 


N S 


K 


BUILDING  AN  ARCH 

In  this  project  you’ll  design  and  build  your  own  Roman  arch. 


I lurneshcH;  Arch  Basket  Arch 


Tudor  Aiirh 


Arches  can  have  a 
simple  semicircular 
shape,  or  a pointed 
'"broken  arch"  shape. 


Lancet  Arch 


In  arch  construction,  a wooden  support 
holds  the  voussoirs  in  place  until  the 
keystone  is  placed  (see  arch  diagram  on 
page  273).  It’s  said  that  when  the 
Romans  made  an  arch,  they  would  make 
the  architect  stand  under  it  while  the 
wooden  support  was  removed.  That  was 
one  way  to  be  sure  architects  carefully 
designed  arches  that  wouldn’t  fall! 

What  size  arch  would  you  like  to  build? 
Decide  the  dimensions  of  the  opening, 
the  thickness  of  the  arch,  and  the 
number  of  voussoirs.  Decide  on  the 
materials  you  will  use.  You  should  have 
your  trapezoid  and  your  materials 
approved  by  your  group  or  your  teacher 
before  you  begin  construction. 

Your  project  should  include 

1^  A scale  diagram  that  shows  the  exact 
size  and  angle  of  the  voussoirs  and  the 
keystone. 

► A template  for  your  voussoirs. 

► Your  arch. 


Ttie  arches  In  this  Romani aqueducLabove  the  Gard  River  in 
Fra  nee,  are  typical  otf  arches  you  can  find  thr-nughouf  regions 
that  were  once  part  Pf  die  Roman  Empire.  An  arch  can  carry  a 
lot  of  weight,  yet  it  also  provides  an  opening. The  abutments 
on  die  sides  of  the  arch  keep  the  arch  from  spreading  out  and 
falling  down. 


n 

h 

a 

h 

£ 

a 
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5.5 


If  there  is  an  opinion,  facts 
will  be  found  to  support  it. 
JUDY  SPROLES 


Properties  of 
Parallelograms 

In  this  lesson  you  will  discover  some  special  properties  of  parallelograms. 

A parallelogram  is  a quadrilateral  whose  opposite  sides  are  parallel. 

Rhombuses,  rectangles,  and  squares  all  fit  this  definition  as  well.  Therefore,  any 
properties  you  discover  for  parallelograms  will  also  apply  to  these  other  shapes. 
However,  to  be  sure  that  your  conjectures  will  apply  to  any  parallelogram,  you 
should  investigate  parallelograms  that  don’t  have  any  other  special  properties  such 
as  right  angles,  all  congruent  angles,  or  all  congruent  sides. 


Investigation 
Four  Parallelogram 


Properties 


You  M^ill  need 

+ graph  paper 

* patty  paper  or  a 
compass 

* a double-edged 
straightedge 

* a protractor 


First  you’ll  create  a parallelogram 


Step  l 


Step  2 


Step  1 Using  the  lines  on  a piece  of  graph  paper  as  a guide,  draw  a pair  of  parallel  lines 
that  are  at  least  6 cm  apart.  Using  the  parallel  edges  of  your  double-edged 
straightedge,  make  a parallelogram  Label  your  parallelogram 

Step  2 Let’s  look  at  the  opposite  angles.  Measure  the  angles  of  parallelogram  LOFE. 
Conpare  a pair  of  opposite  angles  using  patty  paper  or  your  protractor. 


Compare  results  with  your  group.  Copy  and  conplete  the  conjecture. 


Parallelogram  Opposite  Angles  Conjecture 

The  opposite  angles  of  a parallelogram  are  . 


Two  angles  that  share  a common  side  in  a polygon  are  consecutive  angles.  In 
parallelogram  LOVE,  LLOV  and  ^EVO  are  a pair  of  consecutive  angles.  The 
consecutive  angles  of  a parallelogram  are  also  related. 

Step  3 Find  the  sum  of  the  measures  of  each  pair  of  consecutive  angles  in 
parallelogram  LOVE. 
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Share  your  observations  with  your  group.  Copy  and  conplete  the  conjecture. 


Parallelogram  Consecutive  Angles  Conjecture 

The  consecutive  angles  of  a parallelogram  are  _?_  . 


Step  4 Describe  how  to  use  the  two  conjectures  you  just  made  to  find  all  the  angles  of  a 
parallelogram  with  only  one  angle  measure  given. 

Step  5 Next  let’s  look  at  the  opposite  sides  of  a parallelogram  With  your  compass  or 
patty  paper,  conpare  the  lengths  of  the  opposite  sides  of  the  parallelogram 
you  made. 

Share  your  results  with  your  group.  Copy  and  complete  the  conjecture. 

C-46 

Parallelogram  Opposite  Sides  Conjecture 

The  opposite  sides  of  a parallelogram  areJL  . 


Step  6 


Step  7 


Finally,  let’s  consider  the  diagonals  of  a parallelogram  Construct  the  diagonals 
LV  and  EO,  as  shown  below.  Label  the  point  where  the  two  diagonals  intersect 
point  M. 

Measure  LM  and  VM.  What  can  you  conclude 
about  point  Ml  Is  this  conclusion  also  true  for 
diagonal  EOl  How  do  the  diagonals  relate? 

Share  your  results  with  your  group.  Copy  and 
conplete  the  conjecture. 

Parallelogram  Diagonals  Conjecture 

The  diagonals  of  a parallelogram..  ? . 


g 

keymath.com/DG 


[►  For  an  interactive  version  of  this  investigation,  see  the  Dynamic  Geometry  Exploration  Properties 
of  Parallelograms  at  www.keymath.com/DG  . ^| 


Parallelograms  are  used  in  vector  diagrams,  which  have 
many  applications  in  science.  A vector 
has  both  magnitude  and  direction. 

Vectors  describe  quantities  in  physics,  such 
as  velocity,  acceleration,  and  force.  You 
can  represent  a vector  by  drawing  an 
arrow.  The  length  and  direction  of  the 
arrow  represent  the  magnitude  and 
direction  of  the  vector.  For  exanple,  a 
velocity  vector  tells  you  an  airplane’s 
speed  and  direction.  The  lengths  of 
vectors  in  a diagram  are  proportional  to 
the  quantities  they  represent. 


/ 


veldCLty  : 


5&0  mi/h 


Wind 

wldLity  = fiO  miyh 
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keymath.com/DG 


Exercises 


In  many  physics  problems,  you  combine  vector  quantities  acting  on  the  same  object. 
For  example,  the  wind  current  and  engine  thrust  vectors  determine  the  velocity  of  an 
airplane.  The  resultant  vector  of  these  vectors  is  a single  vector 
that  has  the  same  effect.  It  can 
also  be  called  a vector  sum. 

To  find  a resultant  vector, 
make  a parallelogram 
with  the  vectors  as  sides. 

The  resultant  vector  is  the 
diagonal  of  the 
parallelogram  from 
the  two  vectors’  tails  to 
the  opposite  vertex. 


Vector  represents 
engine  wloHiitp. 


In  the  diagram  at  right,  the 
resultant  vector  shows  that 
the  wind  will  speed  up  the 
plane,  and  will  also  blow  it 
slightly  off  course. 


The  resLillant  vector 
repre^enr^Tlie  aanal 
spcx'd  and  dircclion 
of  the  plane. 


Vecror  V^.  represenTs 
wind  velocity. 


[p-  For  an  interactive  version  of  this  diagram,  see  the  Dynamic  Geometry  Exploration 
Resultant  Vector  at  www.keymath.com/DG 

tTht'tiiaJ  || 


% 


You  will  need 


Use  your  new  conjectures  in  the  following  exercises. 
In  Exercises  1-6,  each  figure  is  a parallelogram. 


for  [jteicises  7 and  S 


1.  c =_? 

d = ? 


!^4.  cm 


4.  VF  = 36  m 
EF  = 24  m 
FI  = 42  m 


What  is  the  perimeter 
ofAATT? 


2.  a - ? 
b = 1 


5.  What  is  the  perimeter? 


7.  Construction  Given  side  LA,  side  AS,  and  LL,  construct 
parallelogram  LAST. 


L yt 


A 


3.  g =_? 
h = 7 


f =JL 
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8.  Construction  Given  side  and  diagonals  DO  and  Pi?,  construct  parallelogram  h 


D P 

n o 

y R 


In  Exercises  9 and  10,  copy  the  vector  diagram  and  draw  the  resultant  vector. 


1 1 . Find  the  coordinates  of  point  M in  parallelogram  PPAM.  k 

12.  Draw  a quadrilateral.  Make  a copy  of  it.  Draw  a diagonal  in 
the  first  quadrilateral.  Draw  the  other  diagonal  in  the  duplicate 
quadrilateral.  Cut  each  quadrilateral  into  two  triangles  along 
the  diagonals.  Arrange  the  four  triangles  into  a parallelogram 
Make  a sketch  showing  how  you  did  it. 


13. 


Developing  Proof  Copy  and  corrplete  the  flowchart  to  show  how 
the  Parallelogram  Diagonals  Conjecture  follows  logically  from 
other  conjectures. 

Given:  LEAN  is  a parallelogram 


Show:  EN  and  LA  bisect  each  other 


Flowchart  Proof 


CRngment 
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U- 


Inner  wheel  traces  ?\  smaller 
circle,  so  Ll  must  be  lu  rned 
at  a gre-jcer  an^e. 


Center  of 
''s  turnimj  circle 

:::m 


Fr^m  y.ale 


rpm  y.aie  v 

1^ 


O 


j 


Tie  rod-' 
Trapezoid  linkage  <top  view] 


Technology 

CONNECTION 

Quadrilateral  linkages  are  used  in  meehanieal  design,  roboties,  the  automotive 
industry,  and  toy  making.  In  ears,  they  are  used  to  turn  eaeh  front  wheel  the 
right  amount  for  a smooth  turn. 


14.  Study  the  sewing  box  pictured  here.  Sketch  the  box  as  viewed 
from  the  side,  and  explain  why  a parallelogram  linkage  is  used. 


^ Review 


15.  Find  the  measures  of  the  lettered  angles 
in  this  tiling  of  regular  polygons. 


16.  Trace  the  figure  below.  Calculate  the  measure 
of  each  lettered  angle. 


17.  Find  X and  y.  Explain. 


18.  What  is  the  measure  of  each  angle  in  the 
isosceles  trapezoid  face  of  a voussoir  in  this 
15-stone  arch? 
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19.  Developing  Proof  Is  -^XYW  ^ A WYZ  ? 20.  Sketch  the  section  formed  when  this  pyramid 

Explain.  is  sliced  by  the  plane. 


21.  Developing  Proof  Construct  two  segments  that  bisect  each  other.  Connect  their 
endpoints.  What  type  of  quadrilateral  is  this?  Draw  a diagram  and  explain  why. 

22.  Developing  Proof  Construct  two  intersecting  circles.  Connect  the  two  centers  and  the 
two  points  of  intersection  to  forma  quadrilateral.  What  type  of  quadrilateral  is  this? 
Draw  a diagram  and  explain  why. 


DRAWING  REGULAR  POLYGONS 

Y ou  can  draw  a regular  polygon’s  central  angle  by  extending 
segments  from  the  center  of  &the  polygon  to  its  consecutive  vertices. 

For  example,  the  measure  of  each  central  angle  of  a hexagon  is  60°. 

Using  central  angles,  you  can  draw  regular  polygons  on  a graphing 
calculator.  This  is  done  with  parametric  equations,  which  give  the 
X-  and  y-coordinates  of  a point  in  terms  of  a third  variable,  or 
parameter,  t. 

Set  your  calculator’s  mode  to  degrees  and  parametric.  Set  a friendly 
window  with  anx-range  of  -4.7  to  4.7  and  a y-range  of  -3.1  to 
3.1.  Set  a f-range  of  0 to  360,  and  f-step  of  60.  Enter  the  equations 
X = 3 cos  t and  y = 3 sin  t,  and  graph  them  You  should  get 
a hexagon. 

The  equations  you  graphed  are  actually  the  parametric  equations 
for  a circle.  By  using  a f-step  of  60  for  r- values  from  0 to  360, 
you  tell  the  calculator  to  compute  only  six  points  for  the  circle. 

1.  Choose  different  f-steps  to  draw  different  regular  polygons.  Find  the  measure  of  each 
central  angle  for  at  least  three  different  n-gons. 

2.  What  happens  to  the  measure  of  each  central  angle  as  you  draw  polygons  with  more 
and  more  sides? 

3.  Experiment  with  rotating  your  polygons  by  choosing  different  t-win  and  t-rmx 
values.  For  exanple,  set  a Grange  of -45  to  315,  and  then  draw  a square. 

4.  Explain  how  to  draw  star  polygons  on  your  calculator  (see  p.  266). 

Your  project  should  include 

► Your  answers  to  at  least  three  of  the  questions  above. 

► A summary  of  your  findings. 
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VLGEBRA 


Using  Your  Algebra  Skills  5 


ING  YOUR  ALGEBRA  SKILLS  5 ^ USING 


Writing  Linear  Equations 


A linear  equation  is  an  equation  whose  graph  is  a straight  line.  Linear  equations 
are  useful  in  science,  business,  and  many  otW  areas.  For  exarrple,  the  linear 
equation  /=  32  +t;C  gives  the  rule  for  converting  a temperature  from  degrees 

If 

Celsius,  c,  to  degrees  Fahrenheit , /.  The  numbers  32  and  ^ 
determine  the  graph  of  the  equation. 

Understanding  how  the  numbers  in  a linear  equation 
determine  the  graph  can  help  you  write  a linear  equation 
based  on  information  about  a graph. 

The  y-coordinate  at  which  a graph  crosses  the  y-axis  is  called 
they-intercept.  The  measure  of  steepness  is  called  the  slope. 
Below  are  the  graphs  of  four  equations.  The  table  gives  the 
equation,  slope,  and  y-intercept  for  each  graph.  How  do  the 
numbers  in  each  equation  relate  to  the  slope  and  y-intercept? 


Equaticin 

Sl&p« 

j^inlerctpt 

7=2  + 

3 

2 

/=  2x-  ] 

2 

-L 

y ■ — 3x  4 4 

-3 

4 

1 

1 

3 

2 

-5 

In  each  case,  the  slope  of  the  line  is  the  coefficient  of  x in  the  equation.  The 
y-intercept  is  the  constant  that  is  added  to  the  x term. 

In  your  algebra  class,  you  may  have  learned  about  one  of  these  forms  of  a 
linear  equation  in  slope-intercept  form: 

y = mx  + b,  where  m is  the  slope  and  b is  the  y-intercept 
y = a + bx,  where  is  the  y-intercept  and  Z?  is  the  slope 
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The  only  difference  between  these  two  forms  is  the  order  of  the  x term  and  the 
constant  term  For  exanple,  the  equation  of  a line  with  slope  -3  and  y-intercept  1 
can  be  written  as  y = ~3x  + 1 or  y = 1 ~3x. 

Let’s  look  at  a few  exanples  that  show  how  you  can  apply  what  you  have  learned 
about  the  relationship  between  a linear  equation  and  its  graph. 


EXAMPLE  A 
► Solution 


EXAMPLE  B 


► Solution 


EXAMPLE  C 


► Solution 


Find  the  equation  of  AB  from  its  graph. 

AB  has  y- intercept -2  and  slope  so 
the  equation  is 


Given  points  C(4,  6)  and  D(  -2,  3),  find  the 
equation  of  CD . 


Calculate  the  slope, 

slope  of  ^ 


1 


Substitute  the  slope  into  the  slope-intercept  form  of 
the  line,  y = mx  + b. 

y = + b 


Use  either  given  point,  say  (4,  6),  to  form  an  equation  with  one  variable  and  solve. 

6 = y(4)  + 


6 =2  + b 
4 =b 


Thus,  the  equation  for  Q)  is  y = + 4. 


Find  the  equation  of  the  perpendicular 
bisector  of  the  segment  with  endpoints 
(2,  9)  and  (-4,  -3). 


The  perpendicular  bisector  passes 
through  the  midpoint  of  the  segment. 

2 + ( 4)  ^ 

2 ~ 1 


X = 


9 + (-3) 

y 2 


= t=^ 


midpoint  is  ( -1,  3) 
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ALGEBRA  SKILLS  5 ■ USING  YOUR  ALGEBRA  SKILLS  5 • USING  YOUR  ALGEBRA  SKILLS  S * USING 


Calculate  the  slope  of  the  segment. 


The  slope  of  the  perpendicular  bisector  is  the  opposite  reciprocal  of  the  slope  of 
the  segment 


To  find  the  y-intercept  of  the  perpendicular  bisector,  either  use  the  method  in 
Exanple  B or  the  slope  formula.  The  slope  between  any  point  (x,  y)  on  the 


y ^ _l 

X -(-!)“  2 

Solve  this  equation  for  y to  find  the  equation  of  the  perpendicular  bisector. 

x + \ ~ 1 


slope  of  perpendicular  bisector  -=  — 2 


perpendicular  bisector  and  the  calculated  midpoint  (-1,3)  must  be  “2^ 


2(>^  - 3)  = 2 


2y  — 6 = —X  — 


2y  = -JL-  + 5 


y- 


In  Exercises  1-3,  graph  each  linear  equation. 


3.  2y  - 3x  = 12 


Write  an  equation  for  each  line  in  Exercises  4 and  5. 


4. 


5. 


y 


■X 


In  Exercises  6-8,  write  an  equation  for  the  line  through 
each  pair  of  points. 


6.  (1,2),  (3,  4) 


7.  (1,2),  (3,  -4) 


8.  (-1,  -2),  (-6,  -4) 
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9.  The  math  club  is  ordering  printed  T-shirts  to  sell  for  a hindraiser.  The  T-shirt  conpany 
charges  $80  for  the  set-up  fee  and  $4  for  each  printed  T-shirt.  Using  x for  the  number 
of  shirts  the  club  orders,  write  an  equation  for  the  total  cost  of  the  T-shirts. 

10.  Write  an  equation  for  the  line  with  slope  -3  that  passes  through  the  midpoint  of 
the  segment  with  endpoints  (3,  4)  and  (11,6). 

11.  Write  an  equation  for  the  line  that  is  perpendicular  to  the  line  y = 4x  + 5 and  that 
passes  through  the  point  (0,  -3). 

For  Exercises  12-14,  the  coordinates  of  the  vertices  of  iSWHY  are  W(0,  0),  F^(8,  3), 

and  7(2,  9). 

12.  Find  the  equation  of  13.  Find  the  equation  of  the  14.  Find  the  equation  of 

the  line  containing  perpendicular  bisector  the  line  containing 

median  WO  . of  side  HY.  altitude  HT. 


IMPROVING  YOUR  REASONING  SKILLS 

Lunar  Lockout 

The  goal  of  this  puzzle  is  to  move  the  red  piece  into  the  center  square.  All  of  the  pieces 
move  according  to  these  two  rules: 


^ A piece  can  move  only  horizontally  or  vertically,  not  diagonally. 

K A piece  continues  to  move  until  its  path  is  blocked  by  another  piece. 

A piece  can’t  move  in  a direction  where  there  is  no  other  piece  to 
block  its  path.  In  the  board  at  right,  for  exanple,  you  can  move  the 
blue  piece  up  until  it  is  stopped  by  the  red  piece,  but  you  can’t  move 
it  in  any  other  direction.  One  possible  solution  to  this  puzzle  is  this 
sequence  of  moves:  green  right,  green  up,  red  down,  red  left. 

Try  the  puzzles  below. 


• 

• 

■ 

o 

• 

0 

o 

o 

□ 

■ 

• 

# 

• 

• 

o 

■ 

o 

• 

o 

o 

L 

□ 

ITiszle  IntiH'inediiH-e  Advantct!  Puzzle 

Find  links  to  online  versions  of  Lunar  Lockout  and  other  games  and  puzzles  by 
ThinkFun™  at  www.kevmath.com/DG  .. 
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You  must  know  a great  deal 
about  a subject  to  know 
how  little  is  known  about  it. 
LEO  ROSTEN 


— ^ 

Yoy  will  rt<eed 

* patty  paper 

* a double-edged 
straightedge 


Step  1 


Step  2 


Step  3 


Properties  of  Special 
Parallelograms 

T he  legs  of  the  lifting  platforms  shown  at 
right  form  rhombuses.  Can  you  visualize 
how  this  lift  would  work  differently  if  the 
legs  formed  parallelograms  that  weren’t 
rhombuses? 

In  this  lesson  you  will  discover  some 
properties  of  rhombuses,  rectangles,  and 
squares.  What  you  discover  about  the 
diagonals  of  these  special  parallelograms 
will  help  you  understand  why  these  lifts 
work  the  way  they  do. 

Investigation  1 
What  Can  You  Draw 
with  the  Double-Edged  Straightedge? 

In  this  investigation  you  will  discover  the  special  parallelogram  that  you  can  draw 
using  just  the  parallel  edges  of  a straightedge. 


Step  I Step  2 Step  ^ 

On  a piece  of  patty  paper,  use  a double-edged  straightedge  to  draw  two  pairs  of 
parallel  lines  that  intersect  each  other. 

Assuming  that  the  two  edges  of  your  straightedge  are  parallel,  you  have  drawn  a 
parallelogram  Place  a second  patty  paper  over  the  first  and  copy  one  of  the 
sides  of  the  parallelogram 

Conpare  the  length  of  the  side  on  the  second  patty  paper  with  the  lengths  of 
the  other  three  sides  of  the  parallelogram  How  do  they  compare?  Share  your 
results  with  your  group.  Copy  and  complete  the  conjecture. 

Double-Edged  Straightedge  Conjecture 

If  two  parallel  lines  are  intersected  by  a second  pair  of  parallel  lines  that  are 
the  same  distance  apart  as  the  first  pair,  then  the  parallelogram  formed  is  a _L. 
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Recall  that  a rhombus  is  a parallelogram  with  four  congruent  sides,  or  an 
equilateral  parallelogram  In  Chapter  3,  you  learned  how  to  construct  a rhombus 
using  a conpass  and  straightedge,  or  using  patty  paper.  Now  you  know  a quicker 
and  easier  way,  using  a double-edged  straightedge.  To  construct  a parallelogram 
that  is  not  a rhombus,  you  need  two  double-edged  staightedges  of  different  widths, 


Now  let’s  investigate  some  properties  of  rhombuses. 


Ybii  1^111  need 

* patty  paper 

* a straightedge 

* a protractor  (optional) 


Invertigation  1 

Do  Rhombus  Diagonals  Have  Special 
Properties? 


Step  1 


Step  I Step  1 

Draw  in  both  diagonals  of  the  rhombus  you  created  in  Investigation  I . 


Step  2 


Use  the  corner  of  a patty  paper  or  a protractor  to  measure  the  angles  formed  by 
the  intersection  of  the  two  diagonals.  Are  the  diagonals  perpendicular? 

Conpare  your  results  with  your  group.  Also,  recall  that  a rhombus  is  a 
parallelogram  and  that  the  diagonals  of  a parallelogram  bisect  each  other. 
Combine  these  two  ideas  into  your  next  conjecture. 


Rhombus  Diagonals  Conjecture 

The  diagonals  of  a rhombus  are  _L,  and  they  _L. 


Step  3 The  diagonals  and  the  sides  of  the  rhombus  form  two  angles  at  each  vertex. 

Fold  your  patty  paper  to  conpare  each  pair  of  angles.  What  do  you  observe? 
Conpare  your  results  with  your  group.  Copy  and  complete  the  conjecture. 

Rhombus  Angles  Conjecture  ' 

The  _L  of  a rhombus  _L  the  angles  of  the  rhombus. 
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So  far  you’ve  made  conjectures  about  a quadrilateral  with  four  congruent  sides. 
Now  let’s  look  at  quadrilaterals  with  four  congruent  angles.  What  special  properties 
do  they  have? 

Recall  that  a rectangle  is  a parallelogram  with  four 
congruent  angles,  or  an  equiangular  parallelogram 

Here  is  a thought  experiment.  Why  is  each  angle  of 
a rectangle  a right  angle?  The  Quadrilateral  Sum 
Conjecture  says  all  four  angles  add  up  to  360°. 

The  definition  of  a rectangle  says  they’re  congruent. 

So  each  angle  must  be  90°,  or  a right  angle. 


X' 

I Voui  will  need 
^ graph  paper 
• a compass 


Investigation  3 

Do  Rectangle  Diagonals  Have 
Properties? 


Special 


Now  let’s  look  at  the  diagonals  of  rectangles. 


SL£p  I 


Slip  2 


Step  1 Draw  a large  rectangle  using  the  lines  on  a piece  of  graph  paper  as  a guide. 

Step  2 Draw  in  both  diagonals.  With  your  conpass,  conpare  the  lengths  of  the  two 

diagonals. 

Conpare  results  with  your  group.  In  addition,  recall  that  a rectangle  is  also  a 
parallelogram  So  its  diagonals  also  have  the  properties  of  a parallelogram’s 
diagonals.  Combine  these  ideas  to  conplete  the  conjecture. 


Rectangle  Diagonals  Conjecture 

The  diagonals  of  a rectangle  are  _L  and  _L  . 


Career 

CONNECTION 

A tailor  uses  a button  spacer  to  mark  the  locations  of  the  buttons.  The 
tool  opens  and  closes,  but  the  tips  always  remain  equally  spaced.  What 
quadrilateral  properties  make  this  tool  work  correctly? 
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What  happens  if  you  combine  the  properties  of  a rectangle  and  a rhombus?  We  call 
the  shape  a square,  and  you  can  think  of  it  as  a regular  quadrilateral.  So  you  can 
define  it  in  two  different  ways. 

A square  is  an  equiangular  rhombus. 

Or 

A square  is  an  equilateral  rectangle. 

A square  is  a parallelogram,  as  well  as  both  a rectangle  and  a 
rhombus.  Use  what  you  know  about  the  properties  of  these 
three  quadrilaterals  to  copy  and  conplete  this  conjecture. 


keymath.com/DG 


Exercises. 


Square  Diagonals  Conjecture 

The  diagonals  of  a square  are  _L  , _L,  and  _L. 


C-52 


[►  For  an  interactive  version  of  all  the  investigations  in  this  lesson,  see  the 

Dynamic  Geometry  Exploration  Properties  of  Special  Parallelogram  at  www.keymath.com/DG 

You  will  need 


Developing  Proof  For  Exercises  1-10,  state  whether  each  statement  is 
always  true,  sometimes  true,  or  never  true.  Use  sketches  or  explanations  to 
support  your  answers. 


^ 17-19, 


1.  The  diagonals  of  a parallelogram  are  congruent. 

2.  The  consecutive  angles  of  a rectangle  are  congruent  and 
supplementary. 

3.  The  diagonals  of  a rectangle  bisect  each  other. 

4.  The  diagonals  of  a rectangle  bisect  the  angles. 

5.  The  diagonals  of  a square  are  perpendicular  bisectors  of  each  other. 

6.  A rhombus  is  a square. 

7.  A square  is  a rectangle. 

8.  A diagonal  divides  a square  into  two  isosceles  right  triangles. 

9.  Opposite  angles  in  a parallelogram  are  congruent. 

10.  Consecutive  angles  in  a parallelogram  are  congruent. 

11.  WREK  is  a rectangle.  12.  PARE  is  a parallelogram  13. 

C??=10  y = J-  ■ 

WE=± 


SQRE  is  a square. 
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Developing  Proof  For  Exercises  14-16,  use  deductive  reasoning  to  explain  your  answers. 

14.  Is  DIAM  a rhombus?  Why?  15.  Is  BOXY  a rectangle?  Why?  16.  Is  TILE  a parallelogram?  Why? 


17.  Construction  Given  the  diagonal  LV,  construct  square  LOVE. 


f ^ 

l V 


19.  Construction  Given  side  and  diagonal  PE,  construct  rectangle  P/E^. 

■ * 

r a 

p J: 


20.  Developing  Proof  Write  the  converse  of  the  Rectangle  Diagonals  Conjecture.  Is  it  true? 
Prove  it  or  show  a counter exanple. 


21. 


22. 


To  make  sure  that  a room  is  rectangular,  builders  check  the  two  diagonals  of  the 
room  Explain  what  they  check  about  the  diagonals,  and  why  this  works. 


The  platforms  shown  at  the  beginning  of  this  lesson  lift  objects  straight 
up.  The  platform  also  stays  parallel  to  the  floor.  You  can  clearly  see 
rhombuses  in  the  picture,  but  you  can  also  visualize  the  frame  as  the 
diagonals  of  three  rectangles.  Explain  why  the  diagonals  of  a rectangle 
guarantee  this  vertical  movement. 
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23.  At  the  street  intersection  shown  at  right,  one  of  the  streets  is 
wider  than  the  other.  Do  the  crosswalks  form  a rhombus  or 
a parallelogram?  Explain.  What  would  have  to  be  true  about 
the  streets  if  the  crosswalks  formed  a rectangle?  A square? 

In  Exercises  24  and  25,  use  only  the  two  parallel  edges  of  your 
double-edged  straightedge.  You  may  not  fold  the  paper  or  use 
any  marks  on  the  straightedge. 

24.  Construction  Draw  an  angle  on  your  paper.  Use  your 
double-edged  straightedge  to  construct  the  bisector  of 
the  angle. 

25.  Construction  Draw  a segment  on  your  paper.  Use  your  double-edged  straightedge  to 
construct  the  perpendicular  bisector  of  the  segment.  / 


26.  Deveioping  Proof  Conplete  the  flowchart  proof  below  to  demonstrate 
logically  that  if  a quadrilateral  has  four  congruent  sides  then  it  is  a 
rhombus.  One  possible  proof  for  this  argument  has  been  started  for  you. 
Given:  Quadrilateral  QUAD  has  QU  = UA=  AD  = DQwith  diagonal  UD 
Show:  QUAD  is  a rhombus 
Flowchart  Proof 


['  QU^AD 
Givtii 


par^Oleloj'mm 

Dcrtn  itioii  oi' 
p^i-,4ldogi-.^rn 

+ 

I’  Q[;ADisa 

itiombLJs 


* QD-AU  £iQUD^i,ADU 

* i] * 

* QLflMP 

1 ? 

A?  a Z.4 

QD  11 AU 

■DU 


SaiTH^ 


UA-AD-L^ 


Converse  ol-  rkc 
Ku-alld  linc5 
Conjetture 


Given 


27.  Deveioping  Proof  In  the  last  exercise,  you  proved  that  if  the  four  sides  of  a 
quadrilateral  are  congruent,  then  the  quadrilateral  is  a rhombus.  So,  when  we 
defined  rhombus,  we  did  not  need  the  added  condition  of  it  being  a parallelogram 
We  only  needed  to  say  that  it  is  a quadrilateral  with  all  four  sides  congruent.  Is 
this  true  for  rectangles?  Your  conjecture  would  be,  “If  a quadrilateral  has  all  four 
angles  congruent,  it  must  be  a rectangle.”  Can  you  find  a counterexample  that 
proves  it  false? 


If  not,  prove  this  conjecture  by  showing  that 
ABCD  in  the  diagram  at  right  is  a parallelogram 
Note  the  auxilliary  line.  " 


y 





C 
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Review 


28.  Trace  the  figure  below.  Calculate  the  measure  of  each  lettered  angle. 


29.  Find  the  coordinates  of  three  more  points  that  lie  on  the  line 
passing  through  the  points  (2,-1)  and  (-3,  4). 

30.  Write  the  equation  of  the  perpendicular  bisector  of  the  segment 
with  endpoints  (-12,  15)  and  (4,  -3). 

31.  ABC  has  vertices  A(0,  0),  B{~A,  -2),  and  C(8,  -8).  What  is 
the  equation  of  the  median  to  side  AB  ? 

32.  Construction  Oran  Boatwright  is  rowing  at  a 60°  angle  from  the 
upstream  direction  as  shown.  Use  a ruler  and  a protractor  to  draw 
the  vector  diagram  Draw  the  resultant  vector  and  measure  it  to 
find  his  actual  velocity  and  direction. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


A Puzzle  Quilt 

Fourth- grade  students  at  Public 
School  95,  the  Bronx,  New  York, 
made  the  puzzle  quilt  at  right  ^ 
with  the  help  of  artist  Paula 
Nadelstern.  Each  square  has  a 
twin  made  of  exactly  the  same 
shaped  pieces.  Only  the  colors,  ^ 
chosen  from  traditional  Amish 
colors,  are  different.  For  exanple, 
square  A1  is  the  twin  of  ^ 

square  B3.  Match  each  square 
with  its  twin. 
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L E S S O N J 


“For  instance”  is  not  a 
“proof.  ” 

JEWISH  SAYING 


Proving  Quadrilateral 
Properties 

Most  of  the  paragraph  proofs  and  flowchart  proofs  you  have  done  so  far  have 
been  set  up  for  you  to  conplete.  Creating  your  own  proofs  requires  good  reasoning 
strategies  and  planning.  One  excellent  reasoning  strategy  is  “thinking  backward.”  If 
you  know  where  you  are  headed  but  are  unsure  where  to  start,  start  at  the  end  of 
the  problem  and  work  your  way  back  to  the  beginning  one  step  at  a time. 

The  firefighter  below  asks  another  firefighter  to  turn  on  one  of  the  water  hydrants. 
But  which  one?  A mistake  could  mean  disaster — a nozzle  flying  around  loose 
under  all  that  pressure.  Which  hydrant  should  the  firefighter  turn  on? 


Did  you  “think  backward”  to  solve  the  puzzle?  Thinking  backward  is  a useful  reasoning 
strategy  to  use  when  you  write  proofs  which  you  may  have  already  been  using. 

To  help  plan  a proof  and  visualize  the  flow  of  reasoning,  you  can  make  a flowchart. 

As  you  think  backward  through  a proof,  you  draw  a flowchart  backward  to  show 
the  steps  in  your  thinking. 

Work  with  a partner  when  you  first  try  planning  your  geometry  proof  Think 
backward  to  make  your  plan:  Start  with  the  conclusion  and  reason  back  to  the 
given.  Let’s  look  at  an  exanple. 


EXAMPLE 


A concave  kite  is  sometimes  called  a dart. 


Given:  Dart  AD5C  with  AC  =BQ  AD  = BD 
Show:  CD  bisects  LACB 


► Solution 


Plan:  Begin  by  drawing  a diagram  and  marking  the  given  information  on  it. 
Next,  construct  your  proof  by  reasoning  backward  and  using  other  reasoning 
strategies.  Then  convert  this  reasoning  into  a flowchart.  Your  flowchart  should 
start  with  boxes  containing  the  given  information  and  end  with  what  you  are 
trying  to  demonstrate.  The  arrows  indicate  the  flow  of  your  logical  argument. 
Your  thinking  might  go  something  like  this: 
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“I  can  show  CD  is  the  bisector  of  LACB  if  I can  show  LACD  = LBCD. 


^ACD  -^  ^BCD 


CD  is  the  biseetor 


“I  can  show  LACD  = LBCD  if  they  are  corresponding  angles  in  congruent 
triangles.” 


“Can  I show  LADC  = LBDCl  Yes,  I can,  by  SSS,  because  it  is  given  that 
AC  = BC  and  AD  = BD,  and  CD  = CD  because  it  is  the  same  segment  in 
both  triangles.” 


AD^  RD 


\ 


BC 

I 1 ^ADC  ^ 

— ► 

^ACD^LRCD 

— ► 

CD  Lh  rht  IjiHCLtor 
rsf  ^ACB 

CD  - CD 


By  adding  the  reason  for  each  statement  below  each  box  in  your  flowchart,  you 
can  make  the  flowchart  into  a complete  flowchart  proof 


1*  AD=BD 
Given 

\ 

^ ^C“BC 

^ A^DC  = ABDC  — k- 

® AACD  = ABCD 

■ — ► ^ CD  istlicbi^cctoi- 

Given 

> SSS 

CPCTC 

oi'LACe 

CD  - CD 
Same  HcgmcnT 


Definition  of 
angle  bisector 


Some  students  prefer  to  write  their  proofs  in  a flowchart  format,  and  others 
prefer  to  write  out  the  proof  as  an  explanation  in  paragraph  form  By 
reversing  the  reasoning  in  your  plan,  you  can  make  the  plan  into  a conplete 
paragraph  proof 

“It  is  given  that  AC  = BC  and  AD  = BD.  CD  = because  it  is  the  same 
segment  in  both  triangles.  So,  LADC  = LBDC  by  the  SSS  Congruence 
Conjecture,  and  Z.ACO  = LBCD  by  the  definition  of  congruent  triangles 
(CPCTC).  Therefore,  by  the  definition  of  angle  bisectors,  CD  is  the 
bisector  of  LACB.  Q.E.D.” 


Language 

CONNECTION 

The  abbreviation  Q.E.D.  at  the  end  of  a proof  stands  for  the  Latin  phrase  quod 
erat  demonstrandum,  meaning  “which  was  to  be  demonstrated.”  This  is  a 
translation  of  the  Greek  phrase  that  Euclid  used  at  the  end  of  each  of  his 
proofs  in  the  Elements. 
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Investigatbn 

Finding  the  Square  Route 


Here  is  a puzzle  for  you  to  solve  that  has 
nothing  to  do  with  square  roots.  In  the 
puzzle  grid  at  right,  the  goal  is  to  find  a 
route — a path — that  starts  at  1 in  the  upper 
left  and  ends  at  100  in  the  lower  right 

You  can  move  to  an  adjacent  square 
horizontally,  vertically,  or  diagonally.  In 
order  to  move,  you  must  be  able  to  add, 
subtract,  multiply,  or  divide  the  number  in 
the  square  you  occupy  by  2 or  5 to  get  the 
number  in  the  new  square.  For  example,  if 
you  happen  to  be  in  square  1 1 , you  could 
move  to  square  9 by  subtracting  2,  or  to 
square  55  by  multiplying  by  5. 


i \ 

1 5 

f\^ 

to 

' z 

S 

22 

6 

28^ 

\ 

B 

14 

1 , 

\ 16 

17 

n 

\S 

so 

57 

_S 

160  ^ 

Step  1 
Step  2 


Using  this  puzzle’s  rule  for  moving,  explain  why  there  are  three  possible  first 
moves. 

Solve  the  puzzle — ^which  route  will  take  you  from  1 to  100?  Show  it  with  arrows. 


Step  3 


Think  about  any  problem-solving  strategies  that  were  particularly  helpful  for 
solving  this  puzzle.  How  can  these  strategies  help  you  in  developing  proofs? 


Exercises 


Developing  Proof  hi  Exercises  1-3,  each  conjecture  has  also  been  stated  as  a “given”  and  a 
“show.”  Any  necessary  auxiliary  lines  have  been  included.  Complete  a flowchart  proof  or 
write  a paragraph  proof 

1 . Prove  the  conjecture:  The  diagonal  of  a parallelogram  divides  the 
parallelogram  into  two  congruent  triangles. 

Given:  Parallelogram with  diagonal  SA 
Show:  £^SOA  = cAKS 

Flowchart  Proof 


22Z7' 


A\Pl 


W 3-  J_ 


\ 


r 
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2.  Prove  the  conjecture:  The  opposite  angles  of  a parallelogram  are  congruent 
Given:  Parallelogram^ATf/ with  diagonals  ^Tand  HA 
Show:  LHBA  = LATHdind  LBAT  = LTHB 

Flowchart  Proof 


* Pd-riAllelograitiiiAiK 
Vf  iih  dli^oiral  iff 

Given 


'I 


ConjetTurt  prove J in 
Rxcrcisc  ] 


I MT  sf  / rm 
CPGTC 


^ Pifidlelograiti  BATH 
vt  iih  duLgoiral  HA 


and  diagonal  WT 
Show:  WATR  is  a parallelogram 

Flowchart  Proof 


I ? = ? 


\ ^ 

►I^  Ai-SAJl 

r ' 


ZWJJAs  z.  X 

? 

f a quadrilateral  are  ft 

I ^ 

logram. 

and  WR=M", 

y\ 

W 

? 

^ J_  J_ 

4.  Developing  Proof  Write  a flowchart  proof  to  demonstrate  that 
quadrilateral  SOAP  is  a parallelogram 

Given:  Quadrilateral  50AP  with^P  II  OA  md  SP  =OA 
Show:  SOAP  is  a parallelogram 

5.  The  results  of  the  proof  in  Exercise  4 can  now  be  stated  as  a 
proved  conjecture.  Conplete  this  statement  beneath  your  proof: 

“If  one  pair  of  opposite  sides  of  a quadrilateral  are  both  parallel 
and  congruent,  then  the  quadrilateral  is  a _L.” 


Developing  Proof  For  Exercises  6-9,  prove  the  conjecture. 

6.  Conjecture:  The  diagonals  of  a rectangle  are  congruent. 
Given:  Rectangle  TOG/ with  diagonals  YG  and  07~ 
Show:  YG=  OT 
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7.  Conjecture:  If  the  diagonals  of  a parallelogram  are  congruent, 
then  the  parallelogram  is  a rectangle,  h 
Given:  Parallelogram^EAT?,  with  diagonals  =ER 
Show:  BEAR  is  a rectangle 


8.  Isosceles  Trapezoid  Conjecture:  The  base  angles  of  an 
isosceles  trapezoid  are  congruent 

Given:  Isosceles  trapezoid  PART  with  PA  II  PP,  PT  =AR, 
and  TZ  constructed  parallel  to 
Show:  LTPA  = LRAP 

9.  Isosceles  Trapezoid  Diagonals  Conjecture:  The  diagonals  of  an 
isosceles  trapezoid  are  congruent 

Given:  Isosceles  trapezoid  GTHR  with  GR  =TH and 
diagonals  GH  and  TR 
Show:  GH  = TR 


10.  You  have  discovered  that  triangles  are  rigid,  but  parallelograms 
are  not  This  property  shows  up  in  the  making  of  fabric,  which  has 
warp  threads  and  weft  threads.  Fabric  is  constructed  by  weaving 
thread  at  right  angles,  creating  a grid  of  rectangles.  What  happens 
when  you  pull  the  fabric  along  the  warp  or  weft?  What  happens 
when  you  pull  the  fabric  along  a diagonal  (the  bias)?  ' 


lhn?ads  (venitab 
y 

Wdt  threads 
(horizontal) 


^ Review 

11.  Find  the  measure  of  the  acute  angles 
in  the  4-pointed  star  in  the  Islamic 
tiling  shown  at  right.  The  polygons 
are  squares  and  regular  hexagons. 

Find  the  measure  of  the  acute  angles 
in  the  6-pointed  star  in  the  Islamic 
tiling  on  the  far  right.  The  6-pointed  star  design  is  created  by 
arranging  six  squares.  Are  the  angles  in  both  stars  the  same?  ^ 

12.  A contractor  tacked  one  end  of  a string  to  each  vertical  edge  of  a 
window.  He  then  handed  a protractor  to  his  apprentice  and  said, 
“Here,  find  out  if  the  vertical  edges  are  parallel.”  What  should  the 
apprentice  do?  Help  him 


13.  Find  the  equations  of  the  lines  containing  the  diagonals  of  rhombus 

with  vertices  P( -3,  3),  2(2,  3),  5( -1,  -1),  and/(-6,  -1). 

14.  Find  the  point  of  intersection  of  the  lines  y = ^.^-1  and  3v  - 4y  = 8. 
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15.  The  last  bus  stops  at  the  school  some  time  between  4:45  and  5:00.  What  is  the 

probability  that  you  will  miss  the  bus  if  you  arrive  at  the  bus  stop  at  4:50?  - 

16.  The  3 -by-9-by- 12-inch  clear  plastic  sealed  container  shown  is  resting  on  its 
smallest  face.  It  is  partially  filled  with  a liquid  to  a height  of  8 inches.  Sketch  the 
container  resting  on  its  middle-sized  face.  What  will  be  the  height  of  the  liquid 
in  the  container  in  this  position?  T 


JAPANESE  PUZZLE  QUILTS 

When  experienced  quilters  first  see  Japanese  puzzle 
quilts,  they  are  often  amazed  (or  puzzled?)  because  the 
straight  rows  of  blocks  so  common  to  block  quilts  do 
not  seem  to  exist.  The  sewing  lines  between  apparent 
blocks  seem  jagged.  At  first  glance,  Japanese  puzzle  quilts 
look  like  American  crazy  quilts  that  must  be  handsewn 
and  that  take  forever  to  make! 

However,  Japanese  puzzle  quilts  do  contain  straight  sewing 
lines.  Study  the  Japanese  puzzle  quilt  at  right.  Can  you 
find  the  basic  quilt  block?  What  shape  is  it? 

Msbry  Benson  deigned  this,  puzzle  quilt, 
The  puzzle  quilt  shown  Pitzzk  (1 W4) . Can  you  fl  nd  any 

above  is  made  of  blocks  rhombic  blocks  tl^at  are  the 
of  four  different-color  many  different  types  of  fabric  were  used? 

kites  sewn  into  rhombuses. 

The  rhombic  blocks  are  sewn  together  with  straight 
sewing  lines  as  shown  in  the  diagram  at  left. 

Now  for  your  project:  You  will  need  copies  of  the 
Japanese  puzzle  quilt  grid,  color  pencils  or  markers,  and 
color  paper  or  fabrics.  Plan,  design,  and  create  a Japanese 
puzzle  quilt  out  of  paper  or  fabric. 

1.  To  produce  the  zigzag  effect  of  a Japanese  puzzle  quilt,  you  need  to  avoid 
pseudoblocks  of  the  same  color  sharing  an  edge.  How  many  different  colors  or 
fabrics  do  you  need  in  order  to  make  a puzzle  quilt? 

2.  How  many  different  types  of  pre-sewn  rhombic  blocks  do  you  need  for  a four-color 
Japanese  puzzle  quilt?  What  if  you  want  no  two  pseudoblocks  of  the  same  color  to 
touch  at  either  an  edge  or  a vertex? 

3.  Can  you  create  a four-color  Japanese  puzzle  quilt  that  requires  more  than  four 
different  color  combinations  in  the  rhombic  blocks? 

Your  project  should  include 

► Your  answers  to  at  least  two  of  the  questions  above. 

► Your  Japanese  puzzle  quilt  made  of  paper  or  fabric. 


An  acUial  pn  lilcn;k 
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CHA 


Exercises 


> CHAPTER  5 REVIEW  ■ CHAPTER  5 REVIEW  ■ CHAPTER  5 REVIEW  - 


In  this  chapter  you  extended  your  knowledge  of  triangles  to  other 
polygons.  You  discovered  the  interior  and  exterior  angle  sums  for 
all  polygons.  You  investigated  the  midsegments  of  triangles  and 
trapezoids  and  the  properties  of  parallelograms.  You  learned  what 
distinguishes  various  quadrilaterals  and  what  properties  apply  to 
each  class  of  quadrilaterals. 

Along  the  way  you  practiced  proving  conjectures  with  flowcharts 
and  paragraph  proofs.  Be  sure  you’ve  added  the  new  conjectures  to 
your  list.  Include  diagrams  for  clarity. 

How  has  your  knowledge  of  triangles  helped  you  make  discoveries 
about  other  polygons? 


You  will  need 


1.  How  do  you  find  the  measure  of  one  exterior  angle  of  a regular 
polygon? 


f-W  EmmIsK  13-J4 


2.  How  can  you  find  the  number  of  sides  of  an  equiangular  polygon  by  measuring  one 
of  its  interior  angles?  By  measuring  one  of  its  exterior  angles? 

3.  How  do  you  construct  a rhombus  by  using  only  a ruler  or  double-edged 
straightedge? 

4.  How  do  you  bisect  an  angle  by  using  only  a ruler  or  double-edged  straightedge? 

5.  How  can  you  use  the  converse  of  the  Rectangle  Diagonals  Conjecture  to  determine 
if  the  corners  of  a room  are  right  angles? 

6.  How  can  you  use  the  Triangle  Midsegment  Conjecture  to  find  a distance  between 
two  points  that  you  can’t  measure  directly? 


7.  Find  V and  y. 


50" 

I 


10.  MS  is  a midsegment.  Find 
the  perimeter  of  MOIS. 


8.  The  perimeter  is  266  cm.  9.  Find  a and  c. 

Findx. 


CHAP 
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13.  Copy  and  conplete  the  table  below  by  placing  a yes  (to  mean  always)  or  a no  (to  mean 
not  always)  in  each  enpty  space.  Use  what  you  know  about  special  quadrilaterals. 


Kite 

Isosceles 

trapezoid 

Parallelogram 

Rhombus 

Rectangle 

Square 

Opposite  sid« 
are  p^r^llel 

Opposite 
Are  cdngruerkt 

Opposite 
are  congruent 

OiagonfllSi  bisect 
each  other 

Diagonals  are 
perpendicular 

Diagonals  are 
congruent 

No 

Exactly  one  line 
of  symmetry 

Yes 

Exactly  two  lines 
of  symmetry 

14. 


15. 


16. 


Application  A 2-inch-wide  frame  is  to  be  built  around  the 
regular  decagonal  window  shown.  At  what  angles  a and  b 
should  the  corners  of  each  piece  be  cut? 

Developing  Proof  Find  the  measure  of  each  lettered  angle. 
Explain  how  you  determined  measures  e,  f and  g. 


Archaeologist  Ertha  Diggs  has  uncovered  one  stone 
that  appears  to  be  a voussoir  from  a semicircular 
stone  arch.  On  each  isosceles  trapezoidal  face,  the 
obtuse  angles  measure  96°.  Assuming  all  the  stones 
were  identical,  how  many  stones  were  in  the 
original  arch? 
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17.  Kite  ABCD  has  vertices  A(-3,  -2),  5(2,  -2),  C(3,  1),  and  Z)(0,  2). 
Find  the  coordinates  of  the  point  of  intersection  of  the  diagonals. 


18. 


19. 


When  you  swing  left  to  right  on  a swing,  the  seat  stays  parallel  to 
the  ground.  Explain  why. 

Construction  The  tiling  of  congruent  pentagons  shown  below  is  created 
from  a honeycomb  grid  (tiling  of  regular  hexagons).  What  is  the 
measure  of  each  lettered  angle?  Re-create  the  design  with  compass 
and  straightedge. 


20.  Construction  An  airplane  is  heading  north  at  900  km/h.  However,  a 50  km/h  wind  is 
blowing  from  the  east.  Use  a ruler  and  a protractor  to  make  a scale  drawing  of  these 
vectors.  Measure  to  find  the  approximate  resultant  velocity,  both  speed  and  direction 
(measured  from  north). 


Consfracf/on  In  Exercises  21-24,  use  the  given  segments  and  angles  to  construct  each 
figure.  Use  either  patty  paper  or  a conpass  and  a straightedge.  The  small  letter  above 
each  segment  represents  the  length  of  the  segment. 


z 


21.  Construct  rhombus  SQRE 
with  SR  = y and  QE  = x. 

22.  Construct  kite  ELYR  given 
^E,  LL,  and  EL  = x. 

23.  Given  bases  LP  with  length  z I'  

and  EN  with  length  y,  nonparallel 

side  LA  with  length  x,  and  LL,  construct  trapezoid  PENL. 


24.  Given  LE,  ER  = x,  and  YD  = z,  construct  two  trapezoids  ERYD  that  are  not 
congruent  to  each  other. 
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25.  Three  regular  polygons  meet  at  point  B.  Only 
four  sides  of  the  third  polygon  are  visible. 
How  many  sides  does  this  polygon  have? 


26.  Findx. 


27.  Developing  Proof  Prove  the  conjecture:  The  diagonals  of  a rhombus  bisect  the  angles. 
Given:  Rhombus  DENI,  with  diagonal  DN 
Show:  Diagonal  DN  bisects  LD  and  LN 

Flowchart  Proof 


DF.Nl 
■A  rlic-mhui 


^ de-L 


\ 


^ NEsJ 

1 

^ Zl  = A ? 

^ DN'  bisects 

? 

AfP£  vmd  ALVt 

DN=J_ 


28.  Developing  Proof  Use  a labeled  diagram  to  prove  the  Parallelogram  Opposite  Sides 
Conjecture:  The  opposite  sides  of  a parallelogram  are  congruent. 


Take  another  look 

1.  Developing  Proof  Draw  several  polygons  that 
have  four  or  more  sides.  In  each,  draw  all  the 
diagonals  from  one  vertex.  Explain  how  the 
Polygon  Sum  Conjecture  follows  logically  from 
the  Triangle  Sum  Conjecture.  Does  the  Polygon 
Sum  Conjecture  apply  to  concave  polygons? 

2.  A triangle  on  a sphere  can  have  three  right 
angles.  Can  you  find  a “rectangle”  with  four 
right  angles  on  a sphere?  Investigate  the 
Polygon  Sum  Conjecture  on  a sphere.  Explain 
how  it  is  related  to  the  Triangle  Sum 
Conjecture  on  a sphere.  Be  sure  to  test  your 
conjecture  on  polygons  with  the  smallest  and 
largest  possible  angle  measures. 


The  smell,  precise  polygoniE  in  the  palming,  Boy  With  Birds 
(1953,  oil  on  canvas^,  by  Amefican  artist  David  C.  Driskell 
(b  I931  ^ give  it  a look  of  stained  glass. 
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3.  Developing  Proof  Draw  a polygon  and  one  set  of  its  exterior  angles.  Label  the  exterior 
angles.  Cut  out  the  exterior  angles  and  arrange  them  all  about  a point.  Explain  how 

this  activity  demonstrates  the  Exterior  Angle  Sum  Conjecture. 

4.  Is  the  Exterior  Angle  Sum  Conjecture  also  true  for  concave  polygons?  Are  the  kite 
conjectures  also  true  for  darts  (concave  kites)?  Choose  your  tools  and  investigate. 

5.  Investigate  exterior  angle  sums  for  polygons  on  a sphere.  Be  sure  to  test  polygons 
with  the  smallest  and  largest  angle  measures. 


Assessing  What  You'vg  Learned 

GIVING  A PRESENTATION 

Giving  a presentation  is  a powerM  way  to  demonstrate  your  understanding  of  a 
topic.  Presentation  skills  are  also  among  the  most  useful  skills  you  can  develop 
in  preparation  for  almost  any  career.  The  more  practice  you  can  get  in  school, 
the  better. 

Choose  a topic  to  present  to  your  class.  There  are  a number  of  things  you  can  do  to 
make  your  presentation  go  smoothly. 

► Work  with  a group.  Make  sure  your  group  presentation  involves  all  group 
members  so  that  it’s  clear  everyone  contributed  equally. 

► Choose  a topic  that  will  be  interesting  to  your  audience. 

► Prepare  thoroughly.  Make  an  outline  of  inportant  points  you  plan  to  cover. 
Prepare  visual  aids — like  posters,  models,  handouts,  and  overhead 
transparencies — ahead  of  time.  Rehearse  your  presentation. 

► Communicate  clearly.  Speak  up  loud  and  clear,  and  show  your  enthusiasm  about 
your  topic. 


ORGANIZE  YOUR  NOTEBOOK  Your  conjecture  list  should  be  growing  fast!  Review 
your  notebook  to  be  sure  it’s  complete  and  well  organized.  Write  a one-page 
chapter  summary. 


WRITE  IN  YOUR  JOURNAL  Write  an  imaginary  dialogue  between  your  teacher  and 
a parent  or  guardian  about  your  performance  and  progress  in  geometry. 


UPDATE  YOUR  PORTFOLIO  Choose  a piece  that  represents  your  best  work  from  this 
chapter  to  add  to  your  portfolio.  Explain  what  it  is  and  why  you  chose  it. 

PERFORMANCE  ASSESSMENT  While  a classmate,  a friend,  a family  member,  or  a 
teacher  observes,  carry  out  one  of  the  investigations  from  this  chapter.  Explain  what 
you’re  doing  at  each  step,  including  how  you  arrived  at  the  conjecture. 
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Discovering  and 
Proving  Circle 
Properties 
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/ am  the  only  one  who  can  judge 
how  far  I constantly  remain  below 
the  quality  I would  like  to  attain. 
M.C.ESCHER 

Curl-Up,  M.C.Escher,  1951 
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OBJECTIVES 

In  this  chapter  you  will 

» discover  properties  of 
tangent  lines 

* learn  relationships  among 
chords,  arcs,  and  angles 

* learn  howto  calculate  the 
length  of  an  arc 

* prove  circle  conjectures 
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Tangent  Properties 

Let’s  review  some  basic  terms  from  Chapter  1 before  you  begin  discovering  the 
properties  of  circles.  You  should  be  able  to  identify  the  terms  below. 

Match  the  figures  at  the  right  with  the  terms  at  the  left. 


Check  your  answers:  ( H'Ol  T6  TVS  T'Z  '0%  \VX) 


Can  you  find 
p^ifts  of  the 
vvaler  v/heel 
tliat  match  the 
circle  tenns 
above? 


Diaui/e  SpJash  Evidsnc^  part  of  modern 
Califwnia  artist  Gerril  Greve-s  Waief 
5&ie5.  uses  brushstrokes  to  pfoduce 
an  Impression  of  ooncenlric  ripples 
in  water. 


We  are,  all  of  us,  alone 
Though  not  uncommon 
In  our  singularity. 

Touching, 

We  become  tangent  to 
Circles  of  common  experience. 
Co-incident, 

Defining  in  collective  tangency 
Circles 

Reciprocal  in  their  subtle 
Redefinition  of  us. 

In  tangency 

We  are  never  less  alone. 

But  no  longer 
Only. 

GENE  MATTINGLY 


1.  Congruent  circles 

2.  Concentric  circles 

3.  Radius 

4.  Chord 

5.  Diameter 

6.  Tangent 

7.  Central  angle 

8.  Minor  arc 

9.  Major  arc 
10.  Semicircle 
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In  this  lesson  you  will  investigate  the  relationship  between  a tangent  line  to  a circle 
and  the  radius  of  the  circle,  and  between  two  tangent  segments  to  a common  point 
outside  the  circle. 


Rails  act  as  tangent  lines  to  the  wheels  of  a train.  Each  wheel  of  a train  theoretically 
touches  only  one  point  on  the  rail.  The  point  where  the  rail  and  the  wheel  meet  is  a 
point  of  tangency.  Why  can’t  a train  wheel  touch  more  than  one  point  at  a time  on 
the  rail?  How  is  the  radius  of 
the  wheel  to  the  point  of 
tangency  related  to  the  rail? 

Let’s  investigate. 


The  rail  is  targefit  to  the  wheels  of  the  train. 
The  penguins’  heads  are  targent  to*  each  othet. 


Investigation  1 
Going  Off  on  a Tangent 


You  will  reed 

* a compass 

* a straightedge 

Step  1 
Step  2 


In  this  investigation  you  will  discover  the  relationship  between 
a tangent  line  and  the  radius  drawn  to  the  point 
of  tangency. 

Construct  a large  circle.  Label  the  center  O. 

Using  your  straightedge,  draw  a line  that  appears  to  touch 
the  circle  at  only  one  point.  Label  the  point  T.  Construct 

or. 


step  3 
Step  4 


Use  your  protractor  to  measure  the  angles  at  T.  What  can  you  conclude  about 
the  radius  OT  and  the  tangent  line  at  T ? 

Share  your  results  with  your  group.  Then  copy  and  complete  the  conjecture. 


Tangent  Conjecture 

A tangent  to  a circle  JL.  the  radius  drawn  to  the  point  of  tangency. 
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Vou  will  need 

• a compass 

* a straightedge 


Technology 

CaNNECTIQN 

At  right  is  the  Mir  space  station  and  the  space 
shuttle  Atlantis  in  orbit  in  1995.  According  to  the 
United  States  Space  Command,  there  are  over  8,000 
objects  larger  than  a softball  circling  Earth  at 
speeds  of  over  18,000  miles  per  hour!  If  gravity 
were  suddenly  “turned  off’  somehow,  these  objects 
would  travel  off  into  space  on  a straight  line  tangent 
to  their  orbits,  and  not  continue  in  a curved  path. 


You  can  also  show  that  the  converse  of  the  Tangent  Conjecture  is  true.  If  you 
construct  a line  perpendicular  to  a radius  at  the  point  where  it  touches  the  circle, 
the  line  will  be  tangent  to  the  circle. 

The  Tangent  Conjecture  has  important  applications 
related  to  circular  motion.  For  exancple,  a satellite 
maintains  its  velocity  in  a direction  tangent  to  / 
its  circular  orbit.  This  velocity  vector  is  / 

perpendicular  to  the  force  of  gravity,  which  f 
keeps  the  satellite  in  orbit.  | 


Investigatron  2 
Tangent  Segments 


In  this  investigation  you  will  discover 
something  about  the  lengths  of  segments  tangent  to  a 
circle  from  a point  outside  the  circle. 


Step  1 


Construct  a circle.  Label  the  center  E. 


Step  2 


Choose  a point  outside  the  circle  and  label  it  N. 


Step  3 


Step  4 


Step  5 


Draw  two  lines  through  point  N tangent  to 
the  circle.  Mark  the  points  where  these  lines 
appear  to  touch  the  circle  and  label  them  A 
and  G. 

Use  your  concpass  to  conpare  segments  NA 
and  NG.  Segments  such  as  these  are  called 

tangent  segments. 


Share  your  results  with  your  group.  Copy  and  complete  the  conjecture. 


Tangent  Segments  Conjecture 

Tangent  segments  to  a circle  from  a point  outside  the  circle  are  J? 
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In  the  figure  at  right,  the  cei^ral  angle,  ^BOA , 
determines  the  minor  arc,  AB  .LBOA  is  said 
to  intercept  AB  because  the  arc  is  within 
the  angle.  The  measure  of  a minor  arc 
is  defined  as  the  measure  of  its  central 
angle,  so  mAB  = 40°.  The  measure  of  a 
major  arc  is  the  reflex  measure  of  ^BOA  , 
or  360°  minus  the  measure  of  the  minor  arc, 
so  mBCA  = 320°. 

Let’ s look  at  an  example  involving  arc  measures 
and  tangent  segments. 


Jnt-cTccptfd 


EXAMPLE 


► Solution 


In  the  figure  at  right , TA  and  TG 
are  both  tangent  to  circle  N.  If  the 
major  arc  formed  by  the  two 
tangents  measures  220°,  find  the 
measure  of  21 T. 

The  minor  arc  intercepted  by 
measures  360°  - 220°,  or  140°. 

Thus,  m^N  = 140°.  By  the 
Tangent  Conjecture,  both  21 A and 
21 G must  be  right  angles,  and  by  the 
Quadrilateral  Sum  Conjecture,  the 
sum  of  the  angles  in  TANG  is  360°. 

So,  m2ir  + 90°  + 140°  + 90°  = 360°,  which  means  thatm  21 T = 40°. 


Tangent  circles  are  two  circles  that  are  tangent  to  the  same  line  at  the  same  point. 
They  can  be  internally  tangent  or  externally  tangent,  as  shown. 


Externally  Tanyent  CLr:;LeH  1 nTern  u.1  iy  tangent  circles 


Exfrci.sfs 


RraGtipc 


1.  Rays  m and  n are  tangent 
to  circle  P.  w = 


2.  Rays  r and  are  tangent 
to  circle  Q.  x=  ? 


You  will  need 
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3.  Ray  k is  tangent  to  circle  R. 

y =JL 


4.  Line  t is  tangent  to  both 
tangent  circles,  z = ? 


5.  Quadrilateral  POST  is 
circunascribed  about  circle  Y. 

OR  = 13  in.  and  ST  = 12  in. 
Find  the  perimeter  of  POST. 


6.  Pam  participates  in  the  hammer-throw  event.  She  swings  a 16-lb 
ball  at  arm’s  length,  about  eye-level.  Then  she  releases  the  ball  at 
the  precise  moment  when  the  ball  will  travel  in  a straight  line 
toward  the  target  area.  Draw  an  overhead  view  that  shows  the 
ball’s  circular  path,  her  arms  at  the  moment  she  releases  it,  and 
the  ball’s  straight  path  toward  the  target  area. 

7.  Explain  how  you  could  use  only  a T-square,  like  the  one  shown, 
to  find  the  center  of  a Frisbee. 


Pam  Dukes  competes  In  the 
hamnmneir-lhrciw  event 


Construction  For  Exercises  8-12,  first  make  a sketch  of  what  you  are  trying  to  construct 
and  label  it.  Then  use  the  segments  below,  with  lengths  r,  s,  and  t. 

. - s > - i 


8.  Construct  a circle  with  radius  r.  Mark  a point  on  the  circle.  Construct  a tangent 
through  this  point. 

9.  Construct  a circle  with  radius  t.  Choose  three  points  on  the  circle  that  divide  it  into 
three  minor  arcs  and  label  points  X,  Y,  and  Z.  Construct  a triangle  that  is 
circumscribed  about  the  circle  and  tangent  at  points  X,  Y,  and  Z. 

10.  Construct  two  congruent,  externally  tangent  circles  with  radius  5-.  Then  construct  a 
third  circle  that  is  both  congruent  and  externally  tangent  to  the  two  circles. 

11.  Construct  two  internally  tangent  circles  with  radii  r and  t. 

12.  Construct  a third  circle  with  radius  5-  that  is  externally  tangent  to  both  the  circles 
you  constructed  in  Exercise  1 1 . 

13.  Technology  Use  geometry  software  to  construct  a circle.  Label  three  points  on  the 
circle  and  construct  tangents  through  them  Drag  the  three  points  and  write  your 
observations  about  where  the  tangent  lines  intersect  and  the  figures  they  form 
What  happens  if  two  of  the  three  points  are  on  opposite  ends  of  a diameter?  What 
happens  if  the  three  points  are  on  the  same  semicircle? 
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14.  Find  real-world  examples  (different  from  the  examples  shown  below)  of  two 
internally  tangent  circles  and  of  two  externally  tangent  circles.  Either  sketch  the 
examples  or  make  photocopies  from  a book  or  a magazine  for  your  notebook. 

This  aitrwQmkal 
dotif  in  Piragua.  CzKh 
RepuWk,  has  erne  p^ir 
Qf  internally  tan^nt 
ci  rdes.  What  other 
circle  relallonships  can 
yciij  find  in  the  ciock 
ptiQtO? 


15.  Construction  In  Taoist  philosophy,  all  things  are  governed  by  one  of  two  natural 
principles,  yin  and  yang.  Yin  represents  the  earth,  characterized  by  darkness, 
cold,  or  wetness.  Yang  represents  the  heavens,  characterized  by  light,  heat,  or 
dryness.  The  two  principles,  when  balanced,  combine  to  produce  the 
harmony  of  nature.  The  symbol  for  the  balance  of  yin  and  yang  is  shown  at 
right.  Construct  the  yin-and-yang  symbol.  Start  with  one  large  circle.  Then 
construct  two  circles  with  half  the  diameter  that  are  internally  tangent  to  the 
large  circle  and  externally  tangent  to  each  other.  Finally,  construct  small  circles 
that  are  concentric  to  the  two  inside  circles.  Shade  or  color  your  construction. 

16.  A satellite  in  geostationary  orbit  remains  above 
the  same  point  on  Earth’ s surface  even  as  Earth 
turns.  If  such  a satellite  has  a 30°  view  of  the 
equator,  what  percentage  of  the  equator  is 
observable  from  the  satellite? 


Astronomy 

CONNECTION 

Tangent  lines  can  help  you  locate  where  a solar 
eclipse  will  occur  on  the  surface  of  Earth.  The 
diagram  at  right  shows  how  rays  tangent  to  both  the 
sun  and  moon  will  determine  the  boundaries  of 
regions  that  experience  total  shadow,  called  the 
umbra,  and  partial  shadow,  called  the  penumbra. 

This  diagram  is  not  drawn  to  scale.  The  diameter  of 
the  sun  is  roughly  400  times  larger  than  that  of  the  moon, 
but  the  sun  is  also  about  400  times  farther  away  from  Earth 
than  the  moon,  making  them  appear  roughly  the  same  size  in 
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17.  Developing  Proof  TA  and  TB  are  tangent  to 
circle  O.  Wiat’s  wrong  with  this  picture? 


Review 

18.  Identify  each  quadrilateral  from  the  given  characteristics. 

a.  Diagonals  are  perpendicular  and  bisect  each  other. 

b.  Diagonals  are  congruent  and  bisect  each  other,  but  it  is  not  a square. 

c.  Only  one  diagonal  is  the  perpendicular  bisector  of  the  other  diagonal. 

d.  Diagonals  bisect  each  other. 

19.  A family  hikes  from  their  camp  on  a bearing  of  15°.  (A 
bearing  is  an  angle  measured  clockwise  from  the  north, 
so  a bearing  of  15°  is  15°  east  of  north.)  They  hike  6 km 
and  then  stop  for  a swim  in  a lake.  Then  they  continue 
their  hike  on  a new  bearing  of  1 17°.  After  another  9 km, 
they  meet  their  friends.  What  is  the  measure  of  the  angle 
between  the  path  they  took  to  arrive  at  the  lake  and  the 
path  they  took  to  leave  the  lake? 

20.  Construction  Use  a protractor  and  a centimeter  ruler  to 
make  a careful  drawing  of  the  route  the  family  in 
Exercise  20  traveled  to  meet  their  friends.  Let  1 cm 
represent  1 km  To  the  nearest  tenth  of  a kilometer,  how 
far  are  they  from  their  first  camp? 

21.  Explain  why  v equals  y.  22.  What  is  the  probability  of  randomly  selecting 

three  points  from  the  3 -by- 3 grid  below  that 
form  the  vertices  of  a right  triangle? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Colored  Cubes 


Sketch  the  solid  shown,  but  with  the  red  cubes  removed 
and  the  blue  cube  moved  to  cover  the  starred  face  of  the 
green  cube. 
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Chord  Properties 

In  the  last  lesson  you  discovered  some  properties  of  a tangent,  a line  that  intersects 
the  circle  only  once.  In  this  lesson  you  will  investigate  properties  of  a chord,  a line 
segment  whose  endpoints  lie  on  the  circle. 


You  will  do  foolish  things, 
but  do  them  with  enthusiasm. 
SIDONIE  GABRIELLA  COLETTE 


In  a person  with  correct  vision,  light  rays  from 
distant  objects  are  focused  to  a point  on  the 
retina.  If  the  eye  represents  a circle,  then  the  path 
of  the  light  from  the  lens  to  the  retina  represents 
a chord.  The  angle  formed  by  two  of  these  chords 
to  the  same  point  on  the  retina  represents  an 
inscribed  angle. 


First  you  will  define  two  types  of  angles  in  a circle. 


Step  1 


Step  2 


Invprtigatlnn  1 
Defining  Angies  in  a Circie 

Write  a good  definition  of  each  boldfaced  term  Discuss  your  definitions  with 
others  in  your  group.  Agree  on  a common  set  of  definitions  as  a class  and  add 
them  to  your  definition  list.  In  your  notebook,  draw  and  label  a figure  to  illustrate 
each  term 

Centrai  Angle 


£AOB , ^DOA , and  ^DOB  ^PQR , ^PQS , LRST , ^QST , and 

are  central  angles  of  circle  O . QSR  are  not  central  angles  of  circle  j 


LABC,  LBCD,  and  ACDE  are 
inscribed  angles. 


^PQR,  LSTU,  and  ./ VWare 
not  inscribed  angles. 
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Investigation  2 

Chords  and  Their  Central  Angles 


will  need 

♦ a compass 

• a straightedge 

• a protractor 

♦ patty  paper  step  1 
(optional) 


Next  you  will  discover  some  properties  of  chords  and 
central  angles.  You  will  also  see  a relationship  between 
chords  and  arcs. 


Construct  a large  circle.  Label  the  center  O . Construct 
two  congruent  chords  in  your  circle.  Label  the  chords 
AB  and  CD  , then  construct  radii  OA  , OB,  OC,  and  OD. 


Step  2 


With  your  protractor,  measure  jLBOA  and  ^ COD  . How  do  they  compare?  Share 
your  results  with  others  in  your  group.  Then  copy  and  complete  the  conjecture. 


Chord  Central  Angles  Conjecture 

If  two  chords  in  a circle  are  congruent,  then  they  determine  two  central 
angles  that  are  J_ 


Step  3 
Step  4 


How  can  you  fold  your  circle  construction  to  check 
the  conjecture? 

Recall  that  the  measure  of  an  arc  is  defined  as  the 
measure  of  its  central  angle.  If  two  central  angles  are 
congruent,  their  intercepted  arcs  must  be  congruent. 

Combine  this  fact  with  the  Chord  Central  Angles 
Conjecture  to  complete  the  next  conjecture. 

Chord  Arcs  Conjecture 

If  two  chords  in  a circle  are  congruent,  then  their  _2_  are  congruent. 


■’Pull  <ord?l  CNxi't  I meed 
XQ  c<>mstru^t  Itflrstr 
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VoLi  will  need 


Investigation  3 
Chords  and  the  Center 
of  the  Circle 


• a compass 

• a straightedge 

• patty  paper 

(optional)  Step  1 


In  this  investigation  you  will  discover  relationships  about  a 
chord  and  the  center  of  its  circle. 

Construct  a large  circle  and  naark  the  center.  Construct 
two  nonparallel  congruent  chords.  Then  construct  the 
perpendiculars  from  the  center  to  each  chord. 


Step  2 


How  does  the  perpendicular  from  the  center  of  a circle 

to  a chord  divide  the  chord?  Copy  and  concplete  the  conjecture. 


Perpendicular  to  a Chord  Conjecture 

The  perpendicular  from  the  center  of  a circle  to  a chord  is  the  of 
the  chord. 


Let’s  continue  this  investigation  to  discover  a relationship  between  the  length  of 
congruent  chords  and  their  distances  from  the  center  of  the  circle. 


Step  3 


Compare  the  distances  (measured  along  the  perpendicular)  from  the  center  to 
the  chords.  Are  the  results  the  same  if  you  change  the  size  of  the  circle  and  the 
length  of  the  chords?  State  your  observations  as  your  next  conjecture. 


Chord  Distance  to  Center  Conjecture 

Two  congruent  chords  in  a circle  are_2_  from  the  center  of  the  circle. 


Yam  will  need 


Invprtigatinn  4 
Perpendicular  Bisector 
of  a Chord 


* a compass 

* a straightedge 

* patty  paper 

(optional)  Step  1 


Next,  you  will  discover  a property  of  perpendicular 
bisectors  of  chords. 

Construct  a large  circle  and  mark  the  center.  Construct 
two  nonparallel  chords  that  are  not  diameters.  Then 
construct  the  perpendicular  bisector  of  each  chord  and 
extend  the  bisectors  until  they  intersect. 
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Step  2 What  do  you  notice  about  the  point  of  intersection?  Concpare  your  results  with 
the  results  of  others  near  you.  Copy  and  complete  the  conjecture. 

r.i 

Perpendicular  Bisector  of  a Chord  Conjecture 

The  perpendicular  bisector  of  a chord  JL . 


[►  For  interactive  versions  of  these  investigations,  see  the  Dynamic  Geometry  Exploration 
Chord  Properties  at  www.keymath.com/DG  . 

keymath.com/DG 


With  the  perpendicular  bisector  of  a chord,  you  can  find  the  center  of  any  circle, 
and  therefore  the  vertex  of  the  central  angle  to  any  arc.  All  you  have  to  do  is 
construct  the  perpendicular  bisectors  of  nonparallel  chords. 


Exercises 


Solve  Exercises  1-10.  State  which  conjectures  or  definitions  you  used. 


You  will  need 


, CmitfiKthaUNffs 
for  Effiicisft  16-19 


4.  AB  = CD 
PO  = 8 cm 
OQ  =± 


7.  AB  = 6 cm  OP  = 4 cm 
CD  = 8 cm  OQ  = 3 cm 
BD  = 6 cm 

What  is  the  perimeter  of 
OPBDQl 


5.  AP  is  a diameter.  Find 
mAC  dm&mLB. 


8.  mAC  = 130° 

Find  w,  X,  y,  and  z. 


6.  GMAisakite. 
Find  w,  X,  and  y. 


9.  X = J_ 


72“ 
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10.  AB  II  CO , mCV  = 66°  11. 

Find  X,  y,  and  z. 


Developing  Proof  What’s  wrong 
with  this  picture? 


12.  Developing  Proof  What’s  wron^ 
with  this  picture? 


13.  Draw  a circle  and  two  chords  of  unequal  length.  Which  is  closer  to  the  center  of  the 
circle,  the  longer  chord  or  the  shorter  chord?  Explain. 


14. 


15. 

16. 


Draw  two  circles  with  different  radii.  In  each  circle,  draw  a chord  so  that  the  chords 
have  the  same  length.  Draw  the  central  angle  determined  by  each  chord.  Which 
central  angle  is  larger?  Explain. 


Polygon  MNOP  is  a rectangle  inscribed  in  a circle  centered  at  the 
origin.  Find  the  coordinates  of  points  M,  N,  and  O. 

Construction  Construct  a triangle.  Using  the  sides  of  the  triangle  as 
chords,  construct  a circle  passing  through  all  three  vertices.  Explain. 
Why  does  this  seem  familiar? 


17.  Construction  Trace  a circle  onto  a blank  sheet  of  paper 
without  using  your  compass.  Locate  the  center  of  the  circle 
using  a compass  and  straightedge.  Trace  another  circle  onto 
patty  paper  and  find  the  center  by  folding. 

18.  Construction  Adventurer  Dakota  Davis  digs  up  a piece  of  a 
circular  ceramic  plate.  Suppose  he  believes  that  some 
ancient  plates  with  this  particular  design  have  a diameter  of 
15  cm  He  wants  to  calculate  the  diameter  of  the  original 
plate  to  see  if  the  piece  he  found  is  part  of  such  a plate. 

He  has  only  this  piece  of  the  circular  plate,  shown  at  right, 
to  make  his  calculations.  Trace  the  outer  edge  of  the  plate 
onto  a sheet  of  paper.  Help  him  find  the  diameter. 


19.  Construction  The  satellite  photo  at  right  shows  only  a portion 
of  a lunar  crater.  How  can  cartographers  use  the  photo  to 

find  its  center?  Trace  the  crater  and  locate  its  center.  Using 
the  scale  shown,  find  its  radius.  To  learn  more  about  satellite 
photos,  go  to  www.keymath.com/DG 
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20.  Developing  Proof  Complete  the  flowchart  proof  shown,  which  proves  that  if  two 
chords  of  a circle  are  congruent,  then  they  determine  two  congruent  central 
angles. 

Given:  Circle  O with  chords CD 
Show:  LAOB  = ^COD 


Flowchart  Proof 


CD 


P AO^CO 


A]]  radii  of  a circle 
arc  conj^mcnt 

iiO*  DO 


\ 

r 

y 


A A j. 


21.  Circle  O has  center  (0,  0)  and  passes  through  points  A(3,  4)  and 
5(4,  -3).  Find  an  equation  to  show  that  the  perpendicular  bisector 
of  AB  passes  through  the  center  of  the  circle.  Explain  your 
reasoning.  ^ 


^ Review 

22.  Developing  Proof  Identify  each  of  these  statements  as  true  or  false.  If  the  statement  is 
true,  explain  why.  If  it  is  false,  give  a counterexample. 

a.  If  the  diagonals  of  a quadrilateral  are  congruent,  but  only  one  is  the 
perpendicular  bisector  of  the  other,  then  the  quadrilateral  is  a kite. 

b.  If  the  quadrilateral  has  exactly  one  line  of  reflectional  symmetry,  then  the 
quadrilateral  is  a kite. 

c.  If  the  diagonals  of  a quadrilateral  are  congruent  and  bisect  each  other,  then 
it  is  a square. 

23.  Mini-Investigation  Use  what  you  learned  in  the  last  lesson  about  the  angle  formed  by  a 
tangent  and  a radius  to  find  the  missing  arc  measure  or  angle  measure  in  each 
diagram.  Examine  these  cases  to  find  a relationship  between  the  measure  of  the 

angle  formed  by  two  tangents  to  a circle,  ZP,  and  the  measure  of  the  intercepted  arc, 
AB.  Then  copy  and  complete  the  conjecture  below. 


Conjecture:  The  measure  of  the  angle  formed  by  two  intersecting  tangents 
to  a circle  is_L  (Intersecting  Tangents  Conjecture). 
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24.  Developing  Proof  Given  that  PA  and  PB  are  both 
tangent  to  circle  Q in  the  diagram  at  right , prove 
the  conjecture  you  made  in  the  last  exercise. 


25.  Rachel  and  Yulia  are  building  an  art  studio  above  their  back 
bedroom  There  will  be  doors  on  three  sides  leading  to  a small 
deck  that  surrounds  the  studio.  They  need  to  place  an  electrical 
junction  box  in  the  ceiling  of  the  studio  so  that  it  is  equidistant 
from  the  three  light  switches  shown  by  the  doors.  Copy  the 
diagram  of  the  room  and  find  the  location  of  the  junction  box.  (fc 

26.  What  will  the  units  digit  be  when  you  evaluate  3^^  ? Y 


27.  A small  light-wing  aircraft  has  made  an  emergency  landing  in  a remote  portion  of  a 
wildlife  refuge  and  is  sending  out  radio  signals  for  help.  Ranger  Station  Alpha  receives 
the  signal  on  a bearing  of  38°  and  Station  Beta  receives  the  signal  on  a bearing  of  312°. 
(Recall  that  a bearing  is  an  angle  measured  clockwise  from  the  north.)  Stations  Alpha 
and  Beta  are  8.2  miles  apart,  and  Station  Beta  is  on  a bearing  of  72°  from  Station 
Alpha.  Which  station  is  closer  to  the  downed  aircraft?  Explain  your  reasoning, 


28.  Consider  the  figure  at  right  with  line  £ AB . As  P moves 
from  left  to  right  along  line  £ , which  of  these  values  does 
not  remain  constant? 

A.  The  length  of  DC 

B.  The  distance  from/)  to  AB 

C.  The  ratio  DC  : AB 

D.  The  perimeter  of  & ABP 

E.  None  of  the  above 


IMPROVING  YOUR  ALGEBRA  SKILLS 

Algebraic  Sequences  II 

Find  the  next  two  terms  of  each  algebraic  pattern. 


1.  6x^y,  \5x^y^,  20x^y^,  ISx^,  J_  ,_L 


.3.  ,3 


..2.4 


2.  x\7x\2lxY,35xy,35xy,2lxy,  ± , JL 

3.  8v\  2SxY,  56xy,  70jcV , 56v^y^  28vV , JL  , JL 


,4  3 


,3.4 


,2  5 


4.  9x\  36xY,  Mxy,  126vy,  126jcV,  84xY, 


.A,3 


■5„4 


,A,5 


..3.6 
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f Student'""' 

IWeb  Links 

Ke-^inath.cDitlJ 

1 

LESSON 

6.3 

Arcs  and  Angles 

Many  arches  that  you  see  in  structures  are  semicircular,  but  Chinese  builders  long 
ago  discovered  that  arches  don’t  have  to  have  this  shape.  The  Zhaozhou  bridge, 
shown  below,  was  completed  in  605  C.E.  It  is  the  world’s  first  stone  arched  bridge  in 
the  shape  of  a minor  arc,  predating  other  minor-arc  arches  by  about  800  years. 


Learning  by  experience  is 
good,  but  in  the  case  of 
mushrooms  and  toadstools, 
hearsay  evidence  is  better. 
ANONYMOUS 


In  this  lesson  you’ll  discover  properties  of  arcs  and  the  angles  associated  with  them. 


Vby  will  need 

♦ a compass 

• a straightedge 

* a protractor 


Step  1 


Step  2 


Step  3 


[nvestigatiom  1 
Inscribed  Angle  Properties 

In  this  investigation  you  will  compare  an 
inscribed  angle  and  a central  angle, 
both  inscribed  in  the  same  arc.  Refer 
to  the  diagram  of  circle  O,  with 
central  angle  COR  and  inscribed 
angle  CAR. 

Measure  ^COR  with  your 
protractor  to  find  mCR  , the 
intercepted  arc.  Measure 
Z CAR  . How  does  mL  CAR 
compare  with  mCR^ 

Construct  a circle  of  your  own 
with  an  inscribed  angle.  Draw 
and  measure  the  central  angle 
that  intercepts  the  same  arc.  What 
is  the  measure  of  the  inscribed  angle? 

How  do  the  two  measures  conpare? 

Share  your  results  with  others  near  you.  Copy  and  conplete  the  conjecture. 


Inscribed  Angle  Conjecture 

The  measure  of  an  angle  inscribed  in  a circle  _L. 

I 
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step  2 

Step  3 
Step  4 


Investigation  2 

Inscribed  Angles  Intercepting  the  Same  Arc 


Next,  let’ s consider  two  inscribed  angles  that  intercept 
the  same  arc.  In  the  figure  at  right , LAQB  and  LAPB 
both  intercept  Angles  AQB  and  APB  are  both 
inscribed  in  APB. 

Construct  a large  circle.  Select  two  points  on  the 
circle.  Label  them  A and  B.  Select  a point  P on  the 
major  arc  and  construct  inscribed  angle  APB.  With 
your  protractor,  measure  LAPB. 

Select  another  point  Q on  APB  and  construct 
inscribed  angle  AQB.  Measure  LAQB. 

How  does  mLAQB  compare  with  mLAPBl 

Repeat  Steps  1-3  with  points  P and  Q selected  on 
minor  arc  AB.  Corrpare  results  with  your  group. 
Then  copy  and  corrplete  the  conjecture. 


Inscribed  Angles  Intercepting  Arcs  Conjecture 

Inscribed  angles  that  intercept  the  same  arc 


‘iw  wNI  need 


* a compass 

* a straightedge 

* a protractor  step 


Investigation  I 

Angles  Inscribed  in  a Semicircle 

Next,  you  will  investigate  a property  of  angles  inscribed 
in  semicircles.  This  will  lead  you  to  a third  important 
conjecture  about  inscribed  angles. 

Construct  a large  circle.  Construct  a diameter  A5. 
Inscribe  three  angles  in  the  same  semicircle.  Make 
sure  the  sides  of  each  angle  pass  through  A and  B. 


Step  2 


Measure  each  angle  with  your  protractor.  What  do  you  notice?  Conpare  your 
results  with  the  results  of  others  and  make  a conjecture. 


Angles  Inscribed  in  a Semicircle  Conjecture 

Angles  inscribed  in  a semicircle  ? . 


Now  you  will  discover  a property  of  the  angles  of  a quadrilateral  inscribed  in 
a circle. 
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You  will  need 

♦ a compass 

* a straightedge 

• a protractor 

Step  1 


Investigation  4 
Cyclic  Quadrilaterals 

A quadrilateral  inscribed  in  a circle  is  called  a 
cyclic  quadrilateral.  Each  of  its  angles  is  inscribed 
in  the  circle,  and  each  of  its  sides  is  a chord  of 
the  circle. 

Construct  a large  circle.  Construct  a cyclic 
quadrilateral  by  connecting  four  points  anywhere 
on  the  circle. 


Step  2 


Measure  each  of  the  four  inscribed  angles.  Write  the  measure  in  each  angle.  Look 
carefully  at  the  sums  of  various  angles.  Share  your  observations  with  students 
near  you.  Then  copy  and  conplete  the  conjecture. 


Cyclic  Quadrilateral  Conjecture 

The  J angles  of  a cyclic  quadrilateral  are  _L. 


L 


¥6u  will  n»d 

* patty  paper 

* a compass 

* a double-edged 
straightedge 


Investigation  5 
Arcs  by  Parallel  Lines 

Next,  you  will  investigate  arcs  formed  by  parallel 
lines  that  intersect  a circle. 

A line  that  intersects  a circle  in  two  points  is  called 
a secant.  A secant  contains  a chord  of  the  circle, 
and  passes  through  the  interior  of  a circle,  while  a 
tangent  line  does  not.  Note  that  a secant  is  a line 
while  a chord  is  a segment. 


Step  1 


On  a piece  of  patty  paper,  construct  a large  circle.  Lay  your  straightedge  across 
the  circle  so  that  its  parallel  edges  pass  through  the  circle.  Draw  secants  AB  and 
DC  along  both  edges  of  the  straightedge. 


Step  2 Told  your  patty  paper  to  conpare  AD  and  BC.  What 
can  you  say  about  AD  and^C  ? 

Step  3 Repeat  Steps  1 and  2,  using  either  lined  paper  or 
another  object  with  parallel  edges  to  construct 
different  parallel  secants.  Share  your  results  with  other 
students.  Then  copy  and  conplete  the  conjecture. 


Parallel  Lines  Intercepted  Arcs  Conjecture 

Parallel  lines  intercept  _L  arcs  on  a circle. 

1 
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Review  these  conjectures  and  ask  yourself  which  quadrilaterals  can  be  inscribed  in 
a circle.  Can  any  parallelogram  be  a cyclic  quadrilateral?  If  two  sides  of  a cyclic 
quadrilateral  are  parallel,  then  what  kind  of  quadrilateral  will  it  be? 


Exercises 


Use  your  new  conjectures  to  solve  Exercises  1-17. 


1. 


3. 


You  will  need 

■ — ■ fflf  Ewttises  ISarid  21 
fiwE»erfBe25 


5. 


d = ± 


e 


? 
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16.  Deve/op/ng  Proof  What’s  wrong  17.  /^ve/op/ng  Proof  Explain  why 
with  this  picture?  AC  = CE. 


18.  How  can  you  find  the  center  of  a circle,  using  only  the  corner  of  a piece  of  paper? 

19.  Technology  Chris  Chisholm,  a high  school  student  in  Whitmore,  California,  used 
the  Angles  Inscribed  in  a Semicircle  Conjecture  to  discover  a sinpler  way  to  find  the 
orthocenter  in  a triangle.  Chris  constructs  a circle  using  one  of  the  sides  of  the 
triangle  as  the  diameter,  then  immediately  finds  an  altitude  to  each  of  the 
triangle’s  other  two  sides.  Use  geometry  software  and  Chris’s  method  to  find  the 
orthocenter  of  a triangle.  Does  this  method  work  on  all  kinds  of  triangles? 

20.  Application  The  width  of  a view  that  can  be  captured  in  a 
photo  depends  on  the  camera’s  picture  angle.  Suppose  a 
photographer  takes  a photo  of  your  class  standing  in  one 
straight  row  with  a camera  that  has  a 46°picture  angle. 

Draw  a line  segment  to  represent  the  row.  Draw  a 46°angle 
on  a piece  of  patty  paper.  Locate  at  least  eight  different 
points  on  your  paper  where  a camera  could  be  positioned  to 
include  all  the  students,  filling  as  much  of  the  picture  as 
possible.  What  is  the  locus  of  all  such  camera  positions? 

What  conj  ecture  does  this  activity  illustrate? 

21.  Technology  Construct  a circle  and  a diameter.  Construct  a point  on  one  of  the 
semicircles,  and  construct  two  chords  from  it  to  the  endpoints  of  the  diameter  to 
create  a right  triangle.  Locate  the  midpoint  of  each  of  the  two  chords.  Predict,  then 
sketch  the  locus  of  the  two  midpoints  as  the  vertex  of  the  right  angle  is  moved 
around  the  circle,  finally,  use  your  computer  to  animate  the  point  on  the  circle  and 
trace  the  locus  of  the  two  midpoints.  What  do  you  get? 


328  CHAPTER  6 


Discovering  and  Proving  Circle  Properties 


© 2008  Key  Curriculum  Press 


23.  Circle  U passes  through  points  (3,  11),  (11,-1),  and  (-14,  4).  Find  the  coordinates 
of  its  center.  Explain  your  method. 


24.  Developing  Proof  Complete  the  flowchart  proof  or  write  a paragraph 
proof  of  the  Perpendicular  to  a Chord  Conjecture:  The  perpendicular 
from  the  center  of  a circle  to  a chord  is  the  bisector  of  the  chord. 
Given:  Circle  O with  chord  CA^adii  OCand  OD,  and  OR  1 CD 
Show:  OR  bisects  CD 
Flowchart  Proof 


f'  Of!  I CR 

^ ZOflCaild  ZOf!£>  — ► 

* jmZORC  - 90" 

^ ■'  rttZORC  - mjLORD 

? 

■ni-i  right  migle-s 

m^ORD  - 90° 

{AORC=AORD) 

^ OC^OD  — ^ AOCD is ^ !:  AOCi^»A_L  * 


25.  Construction  Use  your  construction  tools 
to  re-create  this  design  of  three  congruent 
circles,  all  tangent  to  each  other  and 
internally  tangent  to  a larger  circle. 


26.  Developing  Proof  What’s  wrong  with  this  picture? 


IMPROVING  YOUR  REASONING  SKILLS 

Think  Dinosaur 

If  the  letter  in  the  word  dinosaur  that  is  three  letters  after  the  word’s  second  vowel  is 
also  found  before  the  sixteenth  letter  of  the  alphabet,  then  print  the  word  dinosaur 
horizontally.  Otherwise,  print  the  word  dinosaur  vertically  and  cross  out  the  second 
letter  after  the  first  vowel. 
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Mistakes  are  a fact  of  life. 
It’s  the  response  to  the 
error  that  counts. 

NIKKI  GIOVANNI 


Proving  Circle  Conjectures 

In  the  previous  lesson  you  first  discovered  the  Inscribed  Angle  Conjecture:  The 
measure  of  an  angle  inscribed  in  a circle  equals  half  the  measure  of  its  intercepted  arc. 
You  then  discovered  four  other  conjectures  related  to  inscribed  angles.  In  this  lesson 
you  will  prove  that  all  four  of  these  conjectures  are  logical  consequences  of  the 
Inscribed  Angle  Conjecture. 

First  we  must  prove  the  Inscribed  Angle  Conjecture  itself,  but  how?  Let’s  use  our 
reasoning  strategies  to  make  a plan.  By  thinking  backward,  we  see  that  a central 
angle  gives  us  something  to  compare  an  inscribed  angle  with.  If  one  side  of  the 
inscribed  angle  is  a diameter,  then  we  can  form  a central  angle  by  adding  an 
auxiliary  line.  But  what  if  the  circle’s  center  is  not  on  the  inscribed  angle?  There  are 
three  possible  cases. 


Case  ] 


The  circle's  Lcnter 
i:^  Dll  theaii^le. 


Case  2 
The  center  is 
otnside  the  an^le. 


The  center  is 
inside  rheaji^ie. 


Let’s  break  the  problem  into  parts  and  consider  one  case  at  a time.  We’ll  start  with 
the  easiest  case  first. 


Case  1 : The  circle’s  center  is  on  the  inscribed  angle. 

This  proof  uses  the  variables  v,  y,  and  z to  represent  the 
measures  of  the  angles  as  shown  in  the  diagram  at  right. 

Given:  Circle  O with  inscribed  angle  ABC  on  diameter  BC 
Show:  mLABC  = ^ mAC 

Flowchart  Proof  of  Case  1 


AO  2E  BO 
All  radii  of  a circle 

i 


y = i 

Triangle  Exterior 
Angle  Co  iiiecl  are 


x-^  x = z 
2x  z 
X 


Substitute  tor  >^. 
Combine  like  term^. 
Divide  both  sides  bv  2. 


Z AAOBIs 

>1 

X y ^ 

Pm  perries-  of  Equ4iluy 

LHOStdcH 

Isosceles  Tiianj'lc 

^ x=  m2-ABC  1^ 

]>ftlniticin  of 
isosceles  triangle 

Conjecture 

Substitution 


DeliiilLionof 
aic  ineiLSULe 
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Developing  Proof  As  a group,  go  through  the  flowchart  proof  of  Case  1,  one  box  at 
-Vs  a time.  What  does  each  statement  mean?  How  does  it  relate  to  the  given  diagram? 

^ How  does  the  reason  below  the  box  support  the  statement?  How  do  the  arrows 

connect  the  flow  of  ideas?  Discuss  until  all  members  of  your  group  understand  the 
logic  of  the  proof.  ■ 

The  proof  of  Case  1 allows  us  now  to  prove  the  other  two  cases.  By  adding 
an  auxiliary  line,  we  can  use  the  proof  of  Case  1 to  show  that  the  measures  of  the 
inscribed  angles  that  do  contain  the  diameter  are  half  those  of  their  intercepted 
arcs.  The  proof  of  Case  2 also  requires  us  to  accept  angle  addition  and  arc 
addition,  or  that  the  measures  of  adjacent  angles  and  arcs  on  the  same  circle 
can  be  added. 

Case  2:  The  circle’s  center  is  outside  the  inscrihed  angle 

This  proof  uses  v,  y,  and  z to  represent  the  measures  of 
the  angles,  and  p and  q to  represent  the  measures  of 
the  arcs,  as  shown  in  the  diagram  at  right. 

Given:  Circle  O with  inscribed  angle  ABC  on  one  side 
of  diameter  BD 
Show:  mLABC  = \mAC 

Flowchart  Proof  of  Case  2 


^ + >■  = i 
Al^J^lc  Miiiitio 


y = J mhA 
Proof  of  Case  I 


y = iP 


vSubstitutioii 


z = ^mDC 


Proof  of  Cast  I 


/ 


^ i 1 

X + 2P  = + Ij) 

Substitute  lory  and  r. 

x + jp  = jp 

iJistiibiitcthc 

j:  = jij 

Subti  aiLt  Injmbotfi  siJeSu 

P m perlies  ol  Equil  IL  y 


.—,1  Suh-stituticin 

1 ■ p - = mDL 

x=mAABC 

I 7 I-..-  ^ 1 

Arc  addition 

Gii^'cn 

10 

i' 

SubsritLJtLcm 

Given 


Developing  Proof  As  a group,  go  through  the  flowchart  proof  of  Case  2,  as  you  did 
with  Case  1 , until  all  members  of  your  group  understand  the  logic  of  the  proof. 

Then  work  together  to  create  a flowchart  proof  for  Case  3,  similar  to  the  proof 
of  Case  2.  ■ 


Case  3:  The  circle’s  center  is  inside  the  inscrihed  angle. 


This  proof  uses  v,  y,  and  z to  represent  the 
measures  of  the  angles,  and  p and  q to  represent 
the  measures  of  the  arcs,  as  shown  in  the  diagram 
at  right. 

Given:  Circle  O with  inscribed  angle  ABC  whose 
sides  lie  on  either  side  of  diameter  BD 

Show:  mLABC  = ^ mAC 


A 
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Having  proved  all  three  cases,  we  have  now  proved  the  Inscribed  Angle  Conjecture. 
You  can  now  accept  it  as  true  to  write  proofs  of  other  conjectures  in  the  exercises. 


Exercises 


Developing  Proof  In  Exercises  1^,  the  four  conjectures  are  consequences  of 
the  Inscribed  Angle  Conjecture.  Prove  each  conjecture  by  writing  a 
paragraph  proof  or  a flowchart  proof.  Use  reasoning  strategies,  such  as 
think  backwards,  apply  previous  conjectures  and  definitions,  and  break  a 
problem  into  parts  to  develop  your  proofs. 

1.  Inscribed  angles  that  intercept  the  same  arc  are  congruent. 

Given:  Circle  O with  LACD  and  LABD  inscribed  'mACD 


Show:  LACD  = LABD 


2.  Angles  inscribed  in  a semicircle  are  right  angles. 

Given:  Circle  O with  diameter  A^^nd  LACB  inscribed  in 
semicircle  ACB 
Show:  LACB  is  a right  angle 


D 


3.  The  opposite  angles  of  a cyclic  quadrilateral  are  supplementary. 
Given:  Circle  O with  inscribed  quadrilateral  LICY 
Show:  LL  and  Z.C  are  supplementary 


4.  Parallel  lines  intercept  congruent  arcs  on  a circle. 
Given:  Circle  O with  chord  5Z)and  AB  1 1 CD 
Show:  BC  = DA 


Developing  Proof  For  Exercises  5-7,  determine  whether  each  conjecture  is  true  or  false.  If 
the  conjecture  is  false,  draw  a counterexample.  If  the  conjecture  is  true,  prove  it  by  writing 
either  a paragraph  or  flowchart  proof. 


5.  If  a parallelogram  is  inscribed  within  a circle,  then  the  parallelogram  is 
a rectangle. 

Given:  Circle  Y with  inscribed  parallelogram  GOLD 
Show:  GOLD  is  a rectangle 
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6.  If  a kite  is  inscribed  in  a circle,  then  one  of  the  diagonals  of  the  kite  is  a 
diameter  of  the  circle. 

Given:  BRDG  is  a kite  inscribed  in  a circle  with^i?  = RD,  BG  = DG. 
Show:  RG  is  a diameter. 

7.  If  a trapezoid  is  inscribed  within  a circle, 
then  the  trapezoid  is  isosceles. 

Given:  Circle  R with  inscribed  trapezoid 
GATE 

Show:  GATE  is  an  isosceles  trapezoid 

Review 


8.  Minhlnvestigation  Use  what  you  know  about  isosceles  triangles  and  the  angle  formed 
by  a tangent  and  a radius  to  find  the  missing  arc  measure  or  angle  measure  in  each 
diagram  Examine  these  cases  to  find  a relationship  between  the  measure  of  the 
angle  formed  by  a tangent  and  chord  at  the  point  of  tangency,  LABC,  and  the 
measure  of  the  intercepted  arc,  AB.  Then  copy  and  complete  the  conjecture  below. 


Conjecture:  The  measure  of  the  angle  formed  by  the  intersection  of 
a tangent  and  chord  at  the  point  of  tangency  is  J_ . (Tangent- Chord  Conjecture) 


9.  Developing  Proof  Given  circle  O with  chord  ABand  tangent 
BC  in  the  diagram  at  right,  prove  the  conjecture  you  made 
in  the  last  exercise. 

10.  For  each  of  the  statements  below,  choose  the  letter  for  the 
word  that  best  fits  (A  stands  for  always,  S for  sometimes, 
and  N for  never).  If  the  answer  is  S,  give  two  exarrples,  one 
showing  how  the  statement  can  be  true  and  one  showing  how 
the  statement  can  be  false. 

a.  An  equilateral  polygon  is  (A/S/N)  equiangular. 

b.  If  a triangle  is  a right  triangle,  then  the  acute  angles  are  (A/S/N)  complementary. 

c.  The  diagonals  of  a kite  are  (A/S/N)  perpendicular  bisectors  of  each  other. 

d.  A regular  polygon  (A/S/N)  has  both  refiectional  symmetry  and  rotational 
symmetry. 

e.  If  a polygon  has  rotational  symmetry,  then  it  (A/S/N)  has  more  than  one  line  of 
refiectional  symmetry. 
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Match  each  term  in  Exercises  1 1-19  with  one  of  the  figures  A-N. 


11.  Minor  arc 

A.  ^ 

B. 

12.  Major  arc 

C.  ^ 

D. 

13.  Semicircle 

E.  LDAC 

F. 

14.  Central  angle 

G.  CT 

H. 

15.  Inscribed  angle 

I.  ^ 

J. 

16.  Chord 

K. 

L. 

17.  Secant 

M.  AOCD 

N. 

18.  Tangent 

19.  Inscribed  triangle 

20.  Developing  Proof  Explain  why  a and  b are 

complementary. 


AB 

LCOD 

LACF 

AC 

BAD 

CD 

l^ACD 


21.  What  is  the  probability  of  randomly 
selecting  three  collinear  points  from  the 
points  in  the  3 -by- 3 grid  below?  C 


22.  Developing  Proof  Use  the  diagram  at  right  and  the  flowchart  below 
to  write  a paragraph  proof  explaining  why  two  congruent  chords 
in  a circle  are  equidistant  from  the  center  of  the  circle.  ' 

Given:  Circle  O with  PQ  = i?^nd  OT 1 PQ  and  OV 1 RS 
Show:  df=OV 


ur  I PQ 


OP^OR 


pQ^rS  " 


/QTQm<i/OVS 
rijrhr  angles 

[ OQ  -^  OS 

1 AOrQ  = AORS 

COTQ  ^OVS 


^2^  At 


\ 

/ 


AOTQ  - AOVi  aT~OV 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Rolling  Quarters 

One  of  two  quarters  remains  motionless  while 
the  other  rotates  around  it,  never  slipping  and 
always  tangent  to  it.  When  the  rotating  quarter 
has  concpleted  a turn  around  the  stationary 
quarter,  how  many  turns  has  it  made 
around  its  own  center  point?  Try  it! 
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No  human  investigations 
can  ever  be  called  true 
science  without  going 
through  mathematical 
tests. 

LEONARDO  DA  VINCI 


The  Circumference/ 
Diameter  Ratio 


T he  distance  around  a polygon  is  called  the  perimeter.  The  distance  around  a 
circle  is  called  the  circumference.  Here  is  a nice  visual  puzzle.  Which  is  greater, 
the  height  of  a tennis-ball  can  or  the  circumference  of  the  can?  The  height  is 
approximately  three  tennis-ball  diameters  tall.  The  diameter  of  the  can  is 
approximately  one  tennis-ball  diameter.  If  you  have  a tennis-ball  can  handy, 
try  it.  Wrap  a string  around  the  can  to  measure  its  circumference,  then  compare 
this  measurement  with  the  height  of  the  can.  Surprised? 


If  you  actually  compared  the  measurements,  you  discovered  that  the 
circumference  of  the  can  is  greater  than  three  diameters  of  the  can.  In  this 
lesson  you  are  going  to  discover  (or  perhaps  rediscover)  the  relationship 
between  the  diameter  and  the  circumference  of  every  circle.  Once  you 
know  this  relationship,  you  can  measure  a circle’s  diameter  and  calculate 
its  circumference. 

If  you  measure  the  circumference  and  diameter  of  a circle  and  divide  the 
circumference  by  the  diameter,  you  get  a number  slightly  larger  than  3. 

The  more  accurate  your  measurements,  the  closer  your  ratio  will  come  to  a 
special  number  called  it  (pi),  pronounced  “pie,”  like  the  dessert. 


History 

CONNECTION 

In  1 897,  the  Indiana  state  assembly  tried  to  legislate  the  value  of  7T.  The  vague 
language  of  the  state’s  House  Bill  No.  246,  which  became  known  as  the 
“Indiana  Pi  Bill,”  implies  several  different  incorrect  values  for  IT — 3.2,  3.232, 
3.236,  3.24,  and  4.  With  a unanimous  vote  of  67-0,  the  House  passed  the  bill  to 
the  state  senate,  where  it  was  postponed  indefinitely. 
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¥og  will  n^d 


* several  round 
objects(cans,  mugs, 
bike  wheel,  plates) 

* a meterstick  or 
metric  measuring 
tape 

* sewing  thread 
or  thin  string 


Investigation 
A Taste  of  Pi 

In  this  investigation  you 
will  find  an  approximate 
value  of  rr  by  measuring 
circular  objects  and 
calculating  the  ratio  of 
the  circumference  to  the 
diameter.  Let’ s see  how 
close  you  come  to  the 
actual  value  of  tt- 


Step  1 


Step  2 


Step  3 
Step  4 


Measure  the  circumference  of  each  round  object  by  wrapping  the  measuring 
tape,  or  string,  around  its  perimeter.  Then  measure  the  diameter  of  each  object 
with  the  meterstick  or  tape.  Record  each  measurement  to  the  nearest  millimeter 
(tenth  of  a centimeter). 

Make  a table  like  the  one  below  and  record  the  circumference  (C)  and  diameter 
(d)  measurements  for  each  round  object. 


Object 

CJriUfTif  erence  iO 

Ratio  ^ 

yJbeel 

Calculate  the  ratio  j for  each  object.  Record  the  answers  in  your  table. 
Calculate  the  average  of  your  ratios  of  ^ . 


Compare  your  average  with  the  averages  of  other  groups.  Are  the  jratios  close? 
You  should  now  be  convinced  that  the  ratio  ^ is  very  close  to  3 for  every  circle. 
We  define  t as  the  ratio  ^ . If  you  solve  this  formula  for  C,  you  get  a formula  for 
the  circumference  of  a circle  in  terms  of  the  diameter,  d.  The  diameter  is  twice  the 
radius  (J  = 2r),  so  you  can  also  get  a formula  for  the  circumference  in  terms  of 
the  radius,  r. 

Step  5 Copy  and  complete  the  conjecture. 

Circumference  Conjecture 

If  C is  the  circumference  and  d is  the  diameter  of  a circle,  then  there  is  a 
number  such  that  C = _L,  If  J = 2r  where  r is  the  radius,  then  C = 
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Mathematics 

CONNECTION 

The  number  IT  is  an  irrational  number — its  decimal  form  never  ends  and  the 
pattern  of  digits  does  not  repeat.  The  symbol  IT  is  a letter  of  the  Greek  alphabet. 
Perhaps  no  other  number  has  more  fascinated  mathematicians  throughout 
history.  Mathematicians  in  ancient  Egypt  used  J as  their  approximation  of 
circumference  to  diameter.  Early  Chinese  and  Hindu  mathematicians  used 
VIO . By  408  C.E.,  Chinese  mathematicians  were  using  . Today,  computers 
have  calculated  approximations  of  it  to  billions  of  decimd  places,  and  there  are 
websites  devoted  to  IT!  See  www.kevmath.com/PG 


Accurate  approximations  of  ?r  have  been  of  more  interest  intellectually  than 
practically.  Still,  what  would  a carpenter  say  if  you  asked  her  to  cut  a board  3 it  feet 
long?  Most  calculators  have  a ?r  button  that  gives  it  to  eight  or  ten  decimal  places. 
You  can  use  this  value  for  most  calculations,  then  round  your  answer  to  a specified 
decimal  place.  If  your  calculator  doesn’t  have  a it  button,  or  if  you  don’t  have  access 
to  a calculator,  use  the  value  3.14  for  tt.  If  you’re  asked  for  an  exact  answer  instead 
of  an  approximation,  state  your  answer  in  terms  of  tt  . 

How  do  you  use  the  Circumference  Conjecture?  Let’s  look  at  two  examples. 


EXAMPLE  A 


If  a circle  has  diameter  3.0  meters,  what  is  the  circumference?  Use  a calculator 
and  state  your  answer  to  the  nearest  0.1  meter. 


^ Solution 


C = itJ  Original  formula. 

C = ■JT(3.0)  Substitute  the  value  of  d. 

In  terms  of  it,  the  answer  is  3tf.  The  circumference 
is  about  9.4  meters. 


EXAMPLE  B I 


If  a circle  has  circumference  12 it  meters,  what  is  the  radius? 


► Solution 


C = 2tt  r Original  formula. 

12iT  = 2?T  r Substitute  the  value  of  C. 

r = 6 Solve. 


The  radius  is  6 meters. 


Exercises 

Use  the  Circumference  Conjecture  to  solve  Exercises  1-12.  In  Exercises  1-6, 
leave  your  answer  in  terms  of  it. 


You  will  need 


A lakiflirtiNr 

fw  Bierdses  7-10 


1.  If  C = 5tt  cm,  find  d. 
4.  If  J = 5.5  m,  find  C. 


2.  If  r = 5 cm,  find  C. 

5.  If  a circle  has  a diameter 
of  12  cm,  what  is  its 
circumference? 


3.  If  C = 24  m,  find  r. 

6.  If  a circle  has  a 

circumference  of  46 it  m, 
what  is  its  diameter? 
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In  Exercises  7-10,  use  a calculator.  Round  your  answer  to  the  nearest  0.1  unit.  Use  the 
symbol  to  show  that  your  answer  is  an  approximation. 


7.  If  J = 5 cm,  find  C. 

8.  If  r = 4 cm,  find  C. 

9.  If  C = 44  m,  find  r. 

10.  What’ s the  circumference 
of  a bicycle  wheel  with 
a 27-inch  diameter? 


11.  If  the  distance  from  the  center  of  a Ferris  wheel  to 
one  of  the  seats  is  approximately  90  feet,  what  is  the 
distance  traveled  by  a seated  person,  to  the  nearest 
foot,  in  one  revolution? 

12.  If  a circle  is  inscribed  in  a square  with  a perimeter 
of  24  cm,  what  is  the  circumference  of  the  circle? 

13.  If  a circle  with  a circumference  of  16;r  inches  is 
circumscribed  about  a square,  what  is  the  length 
of  a diagonal  of  the  square? 

14.  Each  year  a growing  tree  adds  a new  ring  to  its  cross 
section.  Some  years  the  ring  is  thicker  than  others. 

Why  do  you  suppose  this  happens? 

Suppose  the  average  thickness  of  growth  rings  in  the 
Flints  tones  National  Forest  is  0.5  cm  About  how 
old  is  “Old  Fred,”  a famous  tree  in  the  forest,  if  its 
circumference  measures  766  cm? 

Science 

CONNECTION 

Trees  can  live  hundreds  to  thousands  of  years,  and  we  can  determine  the 
age  of  one  tree  by  counting  its  growth  rings.  A pair  of  rings — a light  ring 
formed  in  the  spring  and  summer  and  a dark  one  formed  in  the  fall  and 
early  winter — represent  the  growth  for  one  year.  We  can  learn  a lot  about 
the  climate  of  a region  over  a period  of  years  by  studying  tree  growth  rings. 
This  study  is  called  dendroclimatology. 
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15.  Pool  contractor  Peter  Tileson  needs  to  determine  the  number 
of  1-inch  tiles  to  put  around  the  edge  of  a pool.  The  pool  is  a 
rectangle  with  two  semicircular  ends  as  shown.  How  many 
tiles  will  he  need? 


^ Review 

16.  Mini-Investigation  Use  what  you  know  about  inscribed  angles  and  exterior  angles  of  a 
triangle  to  find  the  missing  angle  measures  in  each  diagram  Examine  these  cases  to 
find  a relationship  between  the  measure  of  LAEN  and  the  measures  of  the  two 
intercepted  arcs,  AN  and  LG.  Then  copy  and  complete  the  conjecture  below. 


Conjecture:  The  measure  of  an  angle  formed  by  two  intersecting  chords  is  J_. 
(Intersecting  Chords  Conjecture) 

For  an  interactive  version  of  this  mini-investigation,  see  the  Dynamic  Geometry  Exploration 
Intersecting  Chords  at  www.Keymath.com/DG 


m 

keymath.com/DG 


17.  Developing  Proof  Given  circle  O with  chords  AGand  LN  in  the 
diagram  at  right,  prove  the  conjecture  you  made  in  the  last 
exercise.  Start  by  drawing  the  auxiliary  line  NG  A 

18.  Developing  Proof  Prove  the  conjecture:  If  two  circles  intersect  at 
two  points,  then  the  segment  connecting  the  centers  is  the 
perpendicular  bisector  of  the  common  chord,  the  segment 
connecting  the  points  of  intersection. 


Given:  Circle  M and  circle  S intersect  at  points  A and  T with 
radii  MA  = MLand  SA  = ST 
Show:  MS  is  the  perpendicular  bisector  of  AT 

Flowchart  Proof 


Givtn 
' I 


Givtn 
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19.  Trace  the  figure  below.  Calculate  the 
measure  of  each  lettered  angle. 


20.  What  is  the  probability  that  a flea  strolling  along 
the  circle  shown  below  will  stop  randomly  on 
either  AB  or  CD  ? (Because  you’re  probably  not 
an  expert  in  flea  behavior,  assume  the  flea  will 
stop  exactly  once.) 


A 


21.  Developing  Proof  Explain  why  m is 
parallel  to  n. 


22.  Assume  the  pattern  below  will  continue. 
Write  an  expression  for  the  perimeter  of  the 
tenth  shape  in  this  picture  pattern. 


NEEDLE  TOSS 

If  you  randomly  toss  a needle  on  lined  paper,  what  is  the  probability  that  the 
needle  will  land  on  one  or  more  lines?  What  is  the  probability  it  will  not  land  on 
any  lines?  The  length  of  the  needle  and  the  distance  between  the  lines  will  affect 
these  probabilities. 

Start  with  a toothpick  of  any  length  L as  your  “needle”  and  construct  parallel 
lines  a distance  L apart.  Write  your  predictions,  then  experiment.  Using  N as  the 
number  of  times  you  dropped  the  needle,  and  C as  the  number  of  times  the 
needle  crossed  the  line,  enter  your  results  into  the  expression  IN/C.  As  you  drop 
the  needle  more  and  more  times,  the  value  of  this  expression  seems  to  be  getting 
close  to  what  number? 


Fattiwinr^ 

Using  Fathofn,  can 
simulate  marry 
tuperimeiHiSeethe 
d^uistratlon  Buff-rm's 
Nedle  ifiN  comes  ivith 
Ttie 


Your  project  should  include 

► Your  predictions  and  data. 

► The  calculated  probabilities  and  your  prediction  of  the  theoretical  probability. 
^ Any  other  interesting  observations  or  conclusions. 
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6.6 


Around  the  World 

Many  application  problems  are  related  to  it.  Satellite  orbits,  the  wheels  of  a 
vehicle,  tree  trunks,  and  round  pizzas  are  just  a few  of  the  real-world  exanples  that 
involve  the  circumference  of  circles.  Here  is  a famous  exanple  from  literature. 


Love  is  like  tt  — natural, 
irrational,  and  very 
important. 

USA  HOFFMAN 


Literature 

CONNECTtON 

In  the  novel  Around  the  World  in  Eighty 
Days  (1873),  Jules  Verne  (1828-1905) 
reeounts  the  adventures  of  brave  Phileas 


Fogg  and  his  servant  Passerpartout. 

They  begin  their  journey  when  Phileas 
bets  his  friends  that  he  ean  make  a trip 
around  the  world  in  80  days.  Phileas ’s 
preeise  behavior,  sueh  as  monitoring  the 
temperature  of  his  shaving  water  or 
ealeulating  the  exaet  time  and  loeation 
of  his  points  of  travel,  refleets  Verne’s 
interest  in  the  teehnology  boom  of  the 
late  nineteenth  eentury.  His  studies  in  geology,  engineering,  and  astronomy  aid 
the  imaginative  themes  in  this  and  his  other  novels,  incXviWmg  A Journey  to  the 
Center  of  the  Earth  (1864)  and  Twenty  Thousand  Leagues  Under  the  Sea  (1870). 


EXAMPLE  If  the  diameter  of  Earth  is  8000  miles,  find  the  average  speed  in  miles  per 

hour  Phileas  Fogg  needs  to  circumnavigate  Earth  about  the  equator  in 
80  days. 


► Solution 


To  find  the  speed,  you  need  to  know  the  distance  and  the  time.  The  distance 
around  the  equator  is  equal  to  the  circumference  C of  a circle  with  a diameter  of 
8,000  miles. 


C = 7fd 

= iT(8,000) 

25,133 


The  equation  for  eireumferenee. 
Substitute  8,000  for  d. 

Round  to  nearest  mile. 


So,  Phileas  must  travel  25,133  miles  in  80  days.  To  find  the  speed  v in  mi/h,  you 
need  to  divide  distance  by  time  and  convert  days  into  hours. 


^ distance 
time 

25,133  mi  _ 1 day 
SO  days  ' 24  h 

=s  13  mi/h 


The  formula  for  speed,  or  veloeity. 

Substitute  values  and  eonvert  units  of  time. 
Evaluate  and  round  to  the  nearest  mile  per  hour. 


If  Earth’s  diameter  were  exactly  8,000  miles,  you  could  evaluate  and  get  an 

exact  answer  of  ~ in  terms  of 
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Exercises 


You  will  need 


I ih-  lTi>t>ti  1^1 


In  Exercises  1-6,  round  answers  to  the  nearest  unit  You  may  use  3.14  as  an 
approximate  value  of  it.  If  you  have  a tt  button  on  your  calculator,  use  that 
value  and  then  round  your  final  answer. 


O A (akuIatiHr 
■j  for  Eicerdsesl-a 


1.  A satellite  in  a nearly  circular  orbit  is  2000  km  above  Earth’s  surface.  The  radius  of 
Earth  is  approximately  6400  km.  If  the  satellite  conpletes  its  orbit  in  12  hours, 
calculate  the  speed  of  the  satellite  in  kilometers  per  hour.  > 

2.  Wilbur  Wrong  is  flying  his  remote- control  plane  in  a circle  with  a radius  of 

28  meters.  His  brother,  Orville  Wrong , clocks  the  plane  at  16  seconds  per  revolution. 
What  is  the  speed  of  the  plane?  Express  your  answer  in  meters  per  second.  The 
brothers  may  be  wrong,  but  you  could  be  right! 


3. 


4. 


5. 


If  the  fi'ont  tire  of  this  motorcycle  has  a 
diameter  of  50  cm  (0.5  m),  how  many 
revolutions  will  it  make  if  it  is  pushed  1 km 
to  the  nearest  gas  station?  In  other  words, 
how  many  circumferences  of  the  circle  are 
there  in  1000  meters? 


Here  is  a tiring  problem  The  diameter  of  a car  tire  is  approximately  60  cm  (0.6  m). 
The  warranty  is  good  for  70,000  km  About  how  many  revolutions  will  the  tire  make 
before  the  warranty  is  up?  More  than  a 
million?  A billion?  (1  km  = 1000  m) 


Goldi’s  Pizza  Palace  is  known  throughout 
the  city.  The  small  Baby  Bear  pizza  has  a 
6-inch  radius  and  sells  for  $9.75.  The 
savory  medium  Mama  Bear  pizza  sells  for 
$12.00  and  has  an  8-inch  radius.  The  large 
Papa  Bear  pizza  is  a hefty  20  inches  in  diameter  and  sells  for  $16.50.  The  edge  is 
stuffed  with  cheese,  and  it’s  the  best  part  of  a Goldi’s  pizza.  What  size  has  the  most 
pizza  edge  per  dollar?  What  is  the  circumference  of  this  pizza? 


6.  Felicia  is  a park  ranger,  and  she  gives 
school  tours  through  the  redwoods  in  a 
national  park.  Someone  in  every  tour 
asks,  “What  is  the  diameter  of  the  giant 
redwood  tree  near  the  park  entrance?” 

Felicia  knows  that  the  arm  span  of  each 
student  is  roughly  the  same  as  his  or  her 
height.  So  in  response,  Felicia  asks  a few 
students  to  arrange  themselves  around 
the  circular  base  of  the  tree  so  that  by 
hugging  the  tree  with  arms  outstretched, 
they  can  just  touch  fingertips  to 
fingertips.  She  then  asks  the  group  to 
calculate  the  diameter  of  the  tree. 


In  one  group,  four  students  with  heights  of  138  cm,  136  cm,  128  cm,  and  126  cm 
were  able  to  ring  the  tree.  What  is  the  approximate  diameter  of  the  redwood? 
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7.  Application  Zach  wants  a circular  table  so  that  12  chairs,  each  16  inches  wide,  can 
be  placed  around  it  with  at  least  8 inches  between  chairs.  What  should  be  the 
diameter  of  the  table?  Will  the  table  fit  in  a 12-by-14-foot  dining  room?  Explain. 


Calvin  and  Hobbes 


^1.  C^-.kT 

Kuoesit  ri'£Ti 


tfOT  Tit  ftyMl  IVt 
VH  -mt 

wt. 

TVS  W.W.’^ 
bWt  J^T 

F^EJti  M tvjw: 
’iHl  91  .ft 


by  Bill  Walters&n  1 


8.  A 45  rpm  record  has  a 7-inch  diameter  and  spins  at  45  revolutions 
per  minute.  A 33  rpm  record  has  a 12-inch  diameter  and  spins  at 
33  revolutions  per  minute.  Find  the  difference  in  speeds  of  a point  on 
the  edge  of  a 33  rpm  record  to  that  of  a point  on  the  edge  of  a 45  rpm 
record,  in  h/s.  V 


^ Review 


9. 


Minhinvestigation  Use  what  you  know 
about  inscribed  angles  and  exterior  ^ 
angles  of  a triangle  to  find  the 
missing  angle  measures  in  each 
diagram  Examine  these  cases  to  find 
a relationship  between  the  measure 
of  the  angle  formed  by  two 
intersecting  secants,  LECA , and  the 
measures  of  the  two  intercepted  arcs. 


yt^STS  = 7^' 


NTS  and  AE.  Then  copy  and 
complete  the  conjecture  below. 


Recreation 

- CONNECTION- 

Using  tinfoil  records,  Thomas 
Edison  (1847-1931)  invented 
the  phonograph,  the  first 
machine  to  play  back  recorded 
sound,  in  1877.  Commonly 
called  record  players,  they 
weren’t  widely  reproduced 
until  high-fidelity 
amplification  (hi-fi)  and 
advanced  speaker  systems 
came  along  in  the  1 930s.  In 
1948,  records  could  be  played 
at  slower  speeds  to  allow  more 
material  on  the  disc,  creating 
longer-playing  records  (LPs). 
When  compact  discs  became 
popular  in  the  early  1990s, 
most  record  companies 
stopped  making  LPs.  Some 
disc  jockeys  still  use  records 
instead  of  CDs. 


Conjecture:  The  measure  of  an  angle  formed  by  two  secants  that  intersect  outside  a 
circle  is  _L .(Intersecting  Secants  Conjecture) 


For  an  interactive  version  of  this  mini-investigation,  see  the  Dynamic  Geometry  Exploration 
Intersecting  Secants  at  www.keymath.com/DG 


keymath.com/DG 
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10.  Developing  Proof  Given  circle  O with  secants  ^S^and  NA 
in  the  diagram  below,  prove  the  conjecture  you  made  in 
the  last  exercise.  Start  by  drawing  auxiliary  line  SA  . . 


11.  Developing  Proof  Explain  why 
a equals  b. 


12.  As  P moves  from  A to  B along  the  semicircle  ATB,  which  of  these 
measures  constantly  increases? 

A.  The  perimeter  of  ihABP 

B.  The  distance  from/’  to  AB 

C.  mLABP 

D.  mLAPB 

U.  a=±  U.  b=± 


16.  A helicopter  has  three  blades  each  measuring  about 
26  feet.  What  is  the  speed  in  feet  per  second  at  the 
tips  of  the  blades  when  they  are  moving  at  400  rpm? 

17.  Two  sides  of  a triangle  are  24  cm  and  36  cm  Write 
an  inequality  that  represents  the  range  of  values  for 
the  third  side.  Explain  your  reasoning. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Picture  Patterns  I 

Draw  the  next  picture  in  each  pattern.  Then  write  the  rule  for  the  total  number  of 
squares  in  the  ^th  picture  of  the  pattern. 
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VLGEBRA 


Using  Your  Algebra  Skills  6 


ING  VOUR  ALGEBRA  SKILLS  6 


USING 


Solving  Systems  of 
Linear  Equations 


A system  of  equations  is  a set  of  two  or  more  equations  with  the  same  variables. 
The  solution  of  a system  is  the  set  of  values  that  makes  all  the  equations  in  the 
system  true.  For  exanple,  the  system  of  equations  below  has  solution  (2,  -3). 

Verify  this  by  substituting  2 for  x and  -3  for  y in  both  equations. 


fy=2x  7 
[y=  -lx  + 3 


Graphically,  the  solution  of  a system  is  the  point 
of  intersection  of  the  graphs  of  the  equations. 

You  can  estimate  the  solution  of  a system  by 
graphing  the  equations.  However,  the  point  of 
intersection  may  not  have  convenient  integer 
coordinates.  To  find  the  exact  solution,  you  can 
use  algebra.  Exanples  A and  B review  how  to  use 
the  substitution  and  elimination  methods  for 
solving  systems  of  equations. 


EXAMPLE  A I 


Solve  the  system 


|3/  - I2x  - 21 
\\2x  + - I 


► Solution 


You  could  use  either  method  to  solve  this  system  of  equations,  but  substitution 
may  be  the  most  direct.  If  you  solve  the  first  equation  for  y,  then  you  can 
substitute  the  resulting  expression  for  y into  the  second  equation.  Start  by  solving 
the  first  equation  for  y to  gety  = 4x  - 7.  Now,  substitute  the  expression  4x  - 7 
from  the  resulting  equation  for  y in  the  second  original  equation. 


12x  + 2y  = 1 
12x  + 2(4x-7)  = 1 


Second  original  equation. 
Substitute  4x  — 7 for  y. 
Solve  for  x. 


To  fmdy,  substitute  for  x in  either  original  equation. 


3y=l2\f}  -21 
y = -4 


Substitute  ^ for  x in  the  first  original  equation. 
Solve  for  y. 


The  solution  of  the  system  is  —4),  Verify  by  substituting  these  values  for  x 
andy  in  each  of  the  original  equations. 


EXAMPLE  B 


Solve  the  system 


l4Ch7  + 60b  = 40 
20Ofl  + m = 
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► Solution 


EXAMPLES 
► Solution 


The  way  these  equations  are  arranged,  the  variables  line  up.  So  elimination  is 
probably  the  most  direct  method  for  solving  this  system.  More  inportantly,  it 
would  be  difficult  to  solve  either  equation  for  either  variable.  Using  substitution 
would  involve  many  fractions. 

Solving  a system  by  elimination  involves  adding  or  subtracting  multiples  of  the 
equations  to  eliminate  one  of  the  variables.  To  solve  this  system,  first  multiply 
both  sides  of  the  second  equation  by  2 so  that  you  have  the  same  quantities  of 
variable  b. 

'I40f.!  + dOb  = 40  Il40^r  + 60b  = 40 

+ 30b  - 85  [40i}a  + 60b  = 170 

Now  subtract  the  second  equation  from  the  first  to  eliminate  b.  Then  solve  for  a. 

I40n  + dOb  = 40 

-[  4i)0a  6Db  ^ 170) 

-26i}a  rr  -130 

] 

a ^ ^ 

To  find  the  value  of  b,  substitute 
]4o(^j  + 60b  = 40 
b= 

The  solution  is  a = j and  b = - 


^for  a in  either  original  equation. 
Substitute^  for  a in  the  first  equation. 
Solve  for  b. 

1 


You  have  constructed  points  of  concurrency,  which  are  intersections  of  lines  in  a 
triangle.  You  can  also  find  these  on  a coordinate  plane.  Suppose  you  know  the 
coordinates  of  the  vertices  of  a triangle.  How  can  you  find  the  coordinates  of  the 
circumcenter?  You  can  graph  the  triangle,  construct  the  perpendicular  bisectors  of 
the  sides,  and  then  estimate  the  coordinates  of  the  point  of  concurrency.  However, 
to  find  the  exact  coordinates,  you  need  to  use  algebra.  Let’s  look  at  an  exanple. 


Find  the  coordinates  of  the  circumcenter  of 
AZ4PwithZ(0,  -4),Z(-4,  4),  and  7^(8,  8). 


To  find  the  coordinates  of  the  circumcenter, 
you  need  to  write  equations  for  the 
perpendicular  bisectors  of  two  of  the  sides  of 
the  triangle  and  then  find  the  point  where 
the  bisectors  intersect. 
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To  review  midpoint  see  pages 
36-37.  To  review  slope  see 
pages  135-136. 


To  review  slopes  of 
perpendicular  lines  see 
pages  167-168.  To  review  the 
slope-intercept  form  see 
pages  287-289. 


To  find  the  equation  for  the  perpendicular 
bisector  of  ZA,  first  find  the  midpoint  of 
ZA,  then  find  its  slope. 


Midpoint  of  Z.A  — 


1 

= (-2,  0) 


Slope  of  ^.A  ^ Q 


= -2 


The  slope  of  the  perpendicular  bisector  of  ZA  is  the  opposite  reciprocal  of  -2, 
or  ^ , and  it  passes  through  point  ( -2,  0).  Substituting  these  values  into  the 
slope-intercept  form  of  a line  and  solving  for  the  j-intercept  gives  the  equation 
of  the  perpendicular  bisector. 

y = mx 

0=^  (-2) 


You  can  use  the  same  technique  to 
find  the  equation  of  the  perpendicular 
bisector  of  ZP.  The  midpoint  of  ZP  is 
(4,  2),  and  the  slope  is  | .So  the  slope  of  the  perpendicular  bisector  of  ZP  is  ^ 
and  it  passes  through  the  point  (4,  2).  The  equation  of  the  perpendicular  bisector 
isy—  “y. 

Since  all  the  perpendicular  bisectors  intersect  at  the  same  point,  you  can  solve 
these  two  equations  to  find  that  point. 


y = . X + I Perpendicular  bisector  of  ZA. 

2 T4 

T ~ ^ 3 Perpendicular  bisector  of  ZP. 


The  circumcenter  is  f -y  1 • The 
steps  of  the  solution  are  left  as  an 
exercise.  You  can  verify  this  result 
by  finding  the  equation  of  the 
perpendicular  bisector  ofZP  and 
making  sure  that  these  values 
satisfy  it. 
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Exercises 


J^-^iih-lTi>t>fhil  |. 


► 


Solve  each  system  of  equations  algebraically. 

‘■1 

\y  = -2x  + 2 

f-4x  + 3y=  3 

3. 

1 

II 

K 

1 

[ Sx  + 2y  = 3 

2. 

II 

1 

[]5x-2y 

^•1 

II  II 

5. 

fx  + 3/  = 6 
\jx  + >■  = 2 

6.  ■ 

f2jL-  + >■  = S 
[y  = -2x  - 1 

7.  For  Exercises  4,  5,  and  6,  graph  the  system  of  equations  and  explain  how  the 
solution  relates  to  the  graph. 


8.  Solve  the  system  of  equations  in  Example  C to  show  that  the  answer  given  is  correct. 
Explain  why  you  need  to  use  only  two  perpendicular  bisectors,  not  three. 


9.  A snowboard  rental  conpany  offers  two  different  rental  plans. 
Plan  A offers  $4/h  for  the  rental  and  a $20  lift  ticket.  Plan  B 
offers  $7/h  for  the  rental  and  a free  lift  ticket. 

a.  Write  the  two  equations  that  represent  the  costs  for  the  two 
plans,  using  X for  the  number  of  hours.  Solve  for  x andy. 

b.  Graph  the  two  equations.  What  does  the  point  of 
intersection  represent? 

c.  Which  is  the  better  plan  if  you  intend  to  snowboard  for 

5 hours?  What  is  the  most  number  of  hours  of  snowboarding 
you  can  get  for  $50? 


10.  The  lines  y = 3+  -^x,  y = -].  x,  and  y = -\  x + 3 intersect  to  form  a triangle.  Find 
the  vertices  of  the  triangle. 

11.  The  vertices  of  parallelogram  ^CT)  are  A(2,  3),  5(8,  4),  C(10,  9),  and  D(4,  8). 

a.  Write  the  system  of  linear  equations  created  by  the  diagonals  oiABCD. 

b.  Solve  the  system  to  find  the  point  of  intersection  of  the  diagonals. 

c.  Calculate  the  midpoint  of  each  diagonal. 

d.  Explain  how  your  results  to  parts  b and  c confirm  the  Parallelogram  Diagonals 
Conjecture. 


12.  Triangle  RES  has  vertices  ^0,  0),  5(4,  -6),  and  5(8,  4).  Find  the  equation  of  the 
perpendicular  bisector  of  RE 


In  Exercises  13-15,  find  the  coordinates  of  the  circumcenter  of  each  triangle. 


13.  Triangle  TRM  with  vertices  T{  -2,  1),  5(4,  3),  andM(  -4,  -1) 

14.  Triangle  FGH  with  vertices  5(0,  -6),  G(3,  6),  and  //(12,  0) 

15.  Right  triangle  MAO  with  vertices  M( -4,  0),  A(0,  5),  and  0(10,  -3) 

16.  For  a right  triangle,  there  is  a shorter  method  for  finding  the  circumcenter.  What 
is  it?  Explain.  {Hint:  Graphing  your  work  may  help  you  recognize  the  method.) 
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6.7 


Some  people  transform 
the  sun  into  a yellow  spot, 
others  transform  a yellow 
spot  into  the  sun. 

PABLO  PICASSO 


Arc  Length 

Y ou  have  learned  that  the  measure  of  a minor  arc  is  equal  to  the  measure  of  its 
central  angle.  On  a clock,  the  measure  of  the  arc  from  12:00  to  4:00  is  equal  to  the 
measure  of  the  angle  formed  by  the  hour  and  minute  hands.  A circular  clock  is 
divided  into  12  equal  arcs,  so  the  measure  of  each  hour  is  , or  30°.  The  measure 

of  the  arc  from  12:00  to  4:00  is  four  times  30°,  or  120°. 

Notice  that  because  the  minute  hand  is  longer,  the  tip  of  the 
minute  hand  must  travel  farther  than  the  tip  of  the  hour 
hand  even  though  they  both  move  120°  from  12:00  to  4:00. 

So  the  arc  length  is  different  even  though  the  arc  measure  is 
the  same ! 

Let’s  take  another  look  at  the  arc  measure. 


EXAMPLE  A 


What  fraction  of  its  circle  is  each  arc? 


► Solution 


The  arc  is  one- third  of  the  circle 
because  ^ • 


Cultural 

CONNECTIONS^ 

This  modern  mosaic  shows  the  plan  of  an  ancient 
Mayan  observatory.  On  certain  days  of  the  year  light 
would  shine  through  openings,  indicating  the 
seasons.  This  sculpture  includes  blocks  of  marble 
carved  into  arcs  of  concentric  circles. 


In  part  a,  you  probably  “just  knew”  that  the  arc  is  one-fourth  of  the  circle 
because  you  have  seen  one-fourth  of  a circle  so  many  times.  Why  is  it 
one-fourth?  The  arc  measure  is  90°,  a 
full  circle  measures  360°,  and.]^^  = ^ 

The  arc  in  part  b is  half  of  the  circle 
because  = j . In  part  c,  you  may 
or  may  not  have  recognized  right  away 
that  the  arc  is  one- third  of  the  circle. 
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What  do  these  fractions  have  to  do  with  arc  length?  If  you  traveled  halfway  around 

a circle,  you’d  cover^  of  its  perimeter,  or  circumference.  If  you  went  a quarter  of 
^ 1 

the  way  around,  you’d  travel  4 of  its  circumference.  The  arc  length  is  some  fraction 
of  the  circumference  of  its  circle. 

The  measure  of  an  arc  is  calculated  in  units  of  degrees,  but  arc  length  is  calculated 
in  units  of  distance. 


; Investigatbn 
fir  Finding  the  Arcs 


Step  1 


In  this  investigation  you  will  find  a method  for  calculating  the  arc  length. 
For  AB,  CED,  and  GH,  find  what  fraction  of  the  circle  each  arc  is. 


Step  2 
Step  3 
Step  4 


Find  the  circumference  of  each  circle. 

Combine  the  results  of  Steps  1 and  2 to  find  the  length  of  each  arc. 

Share  your  ideas  for  finding  the  length  of  an  arc.  Generalize  this  method  for 
finding  the  length  of  any  arc,  and  state  it  as  a conjecture. 


^ Arc  Length  Conjecture 

The  length  of  an  arc  equals  the -L  . 

How  do  you  use  this  new  conjecture?  Let’s  look  at  a few  exancples. 


EXAMPLE  B 


If  the  radius  of  the  circle  is  24  cm  and  mLBTA  = 60°, 
what  is  the  length  of  AB  ? 


► Solution 


mLBTA  = 60°,  so  mAB  =120°  by  the  Inscribed  Angle 
Conjecture.  Then  ^ ^ , so  the  arc  length  is  J of  the 

circumference,  by  the  Arc  Length  Conjecture. 


arc  length  = \ C 

= 4(48 

Substitute  2^r  for  C,  where  r = 24. 
= 16iT  Simplify. 

The  arc  length  is  16ir  cm,  or  approximately  50.3  cm 
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EXAMPLE  C 


► Solution 


If  the  length  of  ROT  is  1 16ir  meters,  what  is  the  radius  of 
the  circle? 


mROT=  240°,  so  )?Oris  or^  of  the  circumference. 


II61T  c 

116it=^  (2Trr) 


Apply  the  Arc  Length  Conjecture. 
Substitute  2iTr  for  C. 


348  TT  = 4iTr 


Multiply  both  sides  by  3. 


87=  r 

The  radius  is  87  m. 


Divide  both  sides  by  4?r. 


Exercises 


You  will  need 


For  Exercises  1-8,  state  your  answers  in  terms  of 


|[LI|  A 

[p]  forEHnalses9-U 


(kiviflnrd'ipifT  tQoh 

iiH' 


for  EMerdsM  1 8 24 


6.  The  radius  is  9 m. 
Length  of  SO  is  _L  . 


7.  Length  of  7Y  is  12tt  in. 
The  diameter  is  _L  . 


8.  L£ngtl^fA7?  is  4017  cm. 

CA  1 1 RE-  The  radius  is  _L . ?■ 
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9.  A go-cart  racetrack  has  100-meter  straightaways  and  semicircular  ends  with 
diameters  of  40  meters.  Calculate  the  average  speed  in  meters  per  minute  of 
a go-cart  if  it  concpletes  4 laps  in  6 minutes.  Round  your  answer  to  the 
nearest  m/min. 

10.  Astronaut  Polly  Hedra  circles  Earth  every  90  minutes  in  a path  above  the  equator.  If 
the  diameter  of  Earth  is  approximately  8000  miles,  what  distance  along  the  equator 
will  she  pass  directly  over  while  eating  a quick  15-minute  lunch? 


11. 


12. 


Application  The  Library  of  Congress 
reading  room  has  desks  along  arcs  of 
concentric  circles.  If  an  arc  on  the  outermost 
circle  with  eight  desks  is  about  12  meters 
long  and  makes  up  ^^,of  the  circle,  how  far 
are  these  desks  from  the  center  of  the  circle? 
How  many  desks  would  fit  along  an  arc  with 
the  same  central  angle,  but  that  is  half  as  far 
from  the  center?  Explain. 


The  Library  of  Congress^  Washington,  D.C 


A Greek  mathematician  who  lived  in  the 
3rd  century  B.C.E.,  Eratosthenes,  devised  a 
clever  method  to  calculate  the  circumference 
of  Earth.  He  knew  that  the  distance  between 
Aswan  (then  called  Syene)  and  Alexandria 
was  5000  Greek  stadia  (a  stadium  was  a unit 
of  distance  at  that  time),  or  about  500  miles. 

At  noon  of  the  summer  solstice,  the  Sun  cast 
no  shadow  on  a vertical  pole  in  Syene,  but  at 
the  same  time  in  Alexandria  a vertical  pole 
did  cast  a shadow.  Eratosthenes  found  that 
the  angle  between  the  vertical  pole  and  the 
ray  from  the  tip  of  the  pole  to  the  end  of  the 
shadow  was  7.2°.  Eromthis  he  was  able  to 
calculate  the  ratio  of  the  distance  between 

the  two  cities  to  the  circumference  of  Earth.  Use  this  diagram  to  explain 
Eratosthenes’  method,  then  use  it  to  calculate  the  circumference  of  Earth  in  miles. 


50DD  scad  hi 


inn's  rays 



Review 

13.  Angular  velocity  is  a measure  of  the  rate  at 
which  an  object  revolves  around  an  axis,  and 
can  be  expressed  in  degrees  per  second. 
Suppose  a carousel  horse  completes  a 
revolution  in  20  seconds.  What  is  its  angular 
velocity?  Would  another  horse  on  the 
carousel  have  a different  angular  velocity? 
Why  or  why  not? 
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14.  Tangential  velocity  is  a measure  of  the  distance  an  object  travels  along  a circular 
path  in  a given  amount  of  time.  Like  speed,  it  can  be  expressed  in  meters  per 
second.  Suppose  two  carousel  horses  complete  a revolution  in  20  seconds.  The  horses 
are  8 mand  6 m from  the  center  of  the  carousel,  respectively.  What  are  the  tangential 
velocities  of  the  two  horses?  Round  your  answers  to  the  nearest  0.1  m/s.  Explain 
why  the  horses  have  equal  angular  velocities  but  different  tangential  velocities. 

15.  Mini-Investigation  Use  what  you  learned  about  the  angle  formed  by  a tangent  and  a 
chord  in  Lesson  6.4,  Exercise  8,  as  well  as  what  you  know  about  inscribed  angles 
and  exterior  angles  of  a triangle  to  find  the  missing  angle  measures  in  each  diagram 
Examine  these  cases  to  find  a relationship  between  the  measure  of  the  angle  formed 
by  a tangent  and  a secant  to  a circle,  LBPA  , and  the  measures  of  the  two  intercepted 
arcs,  AB  and  BC.  Then  copy  and  complete  the  conjecture  below. 


Conjecture:  The  measure  of  the  angle  formed  by  an  intersecting  tangent  and  secant 
to  a circle  is  _L  (Tangent-Secant  Conjecture) 


16. 


Developing  Proof  Given  circle  Q with  secant  PA  and  tangent  PB 
in  the  diagram  at  right,  prove  the  conjecture  you  made  in  the  last 
exercise.  Start  by  drawing  auxiliary  line  AB  *; 


17.  Calculate  the  measure  of  each  lettered  angle.  v 


CONNECTION 

The  traceries  surrounding  rose  windows  in  Gothic  cathedrals  were  constructed 
with  only  arcs  and  straight  lines.  The  photo  at  right  shows  arose  window  from 
Reims  cathedral,  which  was  built  in  the  13th  century  in  Reims,  a city  in 
northeastern  France.  The  overlaid  diagram  shows  its  constructions. 


18.  Construction  Read  the  Art  Connection  above.  Reproduce  the  constructions  shown 
with  your  concpass  and  straightedge  or  with  geometry  software. 
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19.  Find  the  measure  of  the  angle  formed  by  a clock’s  hands  at  10:20. 


20.  Circle  P is  centered  at  the  origin.  AT  is 
tangent  to  circle  P at  A(8,  15).  Find  the 
equation  of  AT. 


21.  PA  is  tangent  to  circle  Q.  The  line 
containing  chord  CB  passes  through  P. 
Find  mLP. 


22.  If  AP  = 16  cm,  find  the  sum  of  the  lengths  of  the  semicircular  bumps  for  each  case. 
If  the  pattern  continues,  what  would  be  the  sum  of  the  lengths  of  the  bumps  for 
Case  10? 


23.  How  many  different  3 -edge  routes  are  possible  fromP  to  G along 
the  wire  frame  shown?  ■ 

24.  Technology  Use  geometry  software  to  pick  any  three  points. 
Construct  an  arc  through  all  three  points.  (Can  it  be  done?) 

How  do  you  find  the  center  of  the  circle  that  passes  through 
all  three  points? 


RACETRACK  GEOMETRY 


If  you  had  to  start  and  finish  at  the  same  line  of  a racetrack, 
which  lane  would  you  choose?  The  inside  lane  has  an  obvious 
advantage.  For  a race  to  be  fair,  runners  in  the  outside  lanes 
must  be  given  head  starts,  as  shown  in  the  photo. 


Design  a four-lane  oval  track  with  straightaways  and 
semicircular  ends.  Show  start  and  finish  lines  so  that  an 
800-meter  race  can  be  run  fairly  in  all  four  lanes.  The 
semicircular  ends  must  have  inner  diameters  of  50  meters.  The 
distance  of  one  lap  in  the  inner  lane  must  be  800  meters. 


Your  project  should  contain 

► A detailed  drawing  with  labeled  lengths. 

► An  explanation  of  the  part  that  radius,  lane  width,  and 
straightaway  length  plays  in  the  design. 
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Intersecting  Lines  Through 
a Circle 


T his  chapter  had  five  mini-investigations  that  explored  the  relationships 
between  the  angles  and  arcs  formed  by  intersecting  lines  through  a circle.  Each 
mini-investigation  resulted  in  a conjecture. 

Lesson  6.2,  Exercise  23,  investigated  the  angle  formed  by  intersecting  tangents. 
Lesson  6.4,  Exercise  8,  investigated  the  angle  formed  by  the  intersection  of  a 
tangent  and  a chord. 

Lesson  6.5,  Exercise  16,  investigated  the  angle  formed  by  intersecting  chords. 
Lesson  6.6,  Exercise  9,  investigated  the  angle  formed  by  intersecting  secants. 
Lesson  6.7,  Exercise  15,  investigated  the  angle  formed  by  the  intersection  of  a 
secant  and  a tangent. 

You  will  use  Sketchpad  to  investigate  these  conjectures  and  how  they  are  related. 


Activity  1 

Exploring  Secants  and  Chords 


You  will  use  Sketchpad  to  investigate  intersecting  secants  and  chords.  Is  there  one 
unifying  relationship  that  can  explain  both  of  these  cases? 


Step  1 


Step  2 


Step  3 


Construct  a circle  with  center  A and  radius  point  B.  Move  point  B to  the  left  of 
point  A . 

Construct  points  C and  D on  the  circle,  and  point  E outside  the  circle.  Move 
point  C to  the  upper-left  portion  of  the  circle  and  point  D to  the  lower-left 
portion  of  the  circle.  Move  point  E to  the  right  of  the  circle. 

Construct  the  lines  CE  and  DE.  Construct  point  E where  DE  intersects  the  circle 
and  point  G where  CE  intersects  the  circle.  Your  sketch  should  now  look  similar 
to  the  diagram  below. 
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step  4 
Step  5 

Step  6 
Step  7 
Step  8 

Step  9 
Step  1 0 


Step  1 1 


Step  12 


Measure  Z.  CED,  the  angle  formed  by  the  intersecting  lines.  You  will  observe  this 
angle  throughout  the  rest  of  this  activity. 

Measure  CBD^  the  larger  arc  formed  by  the  intersecting  lines,  by  selecting 
points  C,  B,  D,  and  circle  A , in  order  , and  choosing  Arc  Angle  from  the 
Measure  menu. 

Measure  EG,  the  smaller  arc  formed  by  the  intersecting  lines,  by  selecting 
points  E,  G,  and  circle  A , in  order,  and  choosing  Arc  Angle  again. 

Investigate  what  happens  as  you  move  point  E about  the  screen.  Do  you  notice 
any  patterns  in  the  three  measured  values? 

What  happens  if  you  drag  point  E to  the  edge  of  the  circle?  What  happens  if  you 
drag  it  to  the  center  of  the  circle?  Which  conjectures  or  definitions  do  these  two 
cases  illustrate? 

Drag  point  E outside  the  circle  again 
and  to  the  right.  Choose  Calculate 
from  the  Measure  menu  to  find  the 
difference  between  the  measures  of 
the  arcs,  mCBD  - mEG. 

Drag  points  E,  C,  and  D and  look  for 
patterns.  What  is  the  relationship  between 

mL  CED  and  mCBD  - mEG?  Edit  the 
calculation  so  that  it  gives  the  value  of 

mLCED  and  complete  the  conjecture. 


nflZCED  = 25.77‘ 
rri£B5cjn©.AB»97.H' 
ffl  FGond^AB-^ie.eo 
m CBD  an3  AB-m  FG  nnQAB  -51.H 


Intersecting  Secants  Conjecture 


The  measure  of  an  angle  formed  by  two  secants  that  intersect  outside  a circle 


IS  _L. 


Drag  point  E inside  the  circle.  Consider  the  two  intersecting  chords,  CG  and  DE . 
Is  the  conjecture  for  intersecting  secants  also  true  for  intersecting  chords?  Create 
a new  calculation  that  gives  the  value  of  ml.  CED  and  complete  the  conjecture. 


Intersecting  Chords  Conjecture 

The  measure  of  an  angle  formed  by  two  intersecting  chords  is  _L. 


Drag  point  E outside  and  to  the  right 
of  the  circle.  Construct  CE,  and  then 
construct  iSCEE  by  selecting  the 
three  vertices  and  choosing 

Triangle  Interior  from  the  Construct 
menu.  How  are  LCED  and  LECG 
related  to  the  intercepted  arcs?  How 
are  they  related  to  L CEDI  Use  these 
relationships  to  explain  why  the 
Intersecting  Secants  Conjecture  is  true. 


mzlCED  ■27.70 
mCEDon0AJ0  = 11777' 
m FG  cfi£:  AB  - ^2. Id- 
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Step  13 


Step  14 


Drag  point  E inside  the  circle  and 
observe  what  happens  to  the  triangle. 

How  is  Z.  CED  related  to  hCEE  when 
point  £”  is  inside  the  circle?  Explain  why 
the  Intersecting  Chords  Conjecture  is 
different  from  the  Intersecting  Secants 
Conjecture. 

To  find  a universal  calculation  for  both 
intersecting  secants  and  intersecting 
chords,  choose  Preferences  from  the  Edit 
menu  and  change  the  Units  for  Angle  to 

directed  degrees.  Directed  degrees  are 
defined  as  positive  for  counterclockwise 
angle  or  arc  measures  and  negative  for 
clockwise  measures.  Drag  point  E in  and 
out  of  the  circle  to  see  if  the  calculation 
for  intersecting  secants  now  works  for 
intersecting  chords.  Can  you  explain 
why? 


These  tirdes  In  the  v^re  cre^^ted 
by  the  mtvj  blowlmg  blades  of  grasi. 


Activity  2 

Exploring  Tangents 

If  you  move  a secant  so  that  it  intersects  the  circle  at  only  one  point,  it  becomes  a 
tangent.  You  will  continue  to  use  the  sketch  from  the  previous  activity  to  investigate 
what  happens  when  the  secants  become  tangents. 

Step  1 Hide  CFand  the  triangle  interior  from  Activity  1.  Choose  Preferences  and  change 
the  Units  for  Angle  back  to  degrees. 

Step  2 Drag  point  E outside  and  to  the  right  of  the  circle.  Construct  AE  with  midpoint 
H.  Construct  circle  H with  radius  point  A.  Label  the  two  points  of  intersection  of 
the  circles  I and  J,  and  then  hide  circle  H,  AE,  and  midpoint  H. 

mZCED^23.05- 
mCBD-sn  SAB  =52.71^ 

Ti  ^ Q AB  - 
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Step  3 


Step  4 


Step  5 


Step  6 


Step  7 


Select  points  C and  I in  order.  Choose  Action  Buttons  from  the  Edit  menu,  click 
on  Movement  in  the  submenu,  and  press  OK  in  the  dialog  box.  Press  the  new 
Move  I button.  Does  the  calculation  for  intersecting  secants  still  work? 
Complete  the  conjecture. 

Tangent-Secant  Conjecture 

The  measure  of  an  angle  formed  by  an  intersecting  tangent  and  secant  to  a 
circle  is  _L. 


Repeat  the  process  in  the  last  step  to  create  a Move  J button  and  press  it  to  get 
two  tangents.  Check  that  the  calculation  for  intersecting  secants  still  works,  and 
then  look  for  a new  relationship.  How  is  ml.  CED  related  to  mFG?  Use  this 
relationship  to  complete  the  conjecture. 

Intersecting  Tangents  Conjecture 

The  measure  of  an  angle  formed  by  intersecting  tangents  to  a circle  is  _L. 


Construct  the  radii  from  A to  the  two  points  of  tangency.  Use  the  Quadrilateral 
Sum  Conjecture  and  the  Tangent  Conjecture  to  explain  why  the  Intersecting 
Tangents  Conjecture  is  true.  Then  use  your  algebra  skills  to  show  why  this 
relationship  is  equivalent  to  the  calculation  for  intersecting  secants. 

|MgvsC->l~| 

m6E5cjn0AB-S16.ni  J | 

ffl  FGdPi0AB=H9.eg 


Delete  the  radii.  Select  point  E and  circle  A,  and  choose  Merge  Point  To  Circle 
from  the  Edit  menu.  What  happens  to  the  measure  of  the  smaller  arc? 
Superincposing  points  D and  E forms  one  tangent  and  one  chord.  Drag  point  D 
toward  point  E while  observing  the  measures  of  CBD  and  L CED  and  complete 
the  conjecture. 

Tangent-Chord  Conjecture 

The  measure  of  an  angle  formed  by  the  intersection  of  a tangent  and  chord  at 
the  point  of  tangency  is  _L. 


As  an  extension,  explain  why  the  construction  in  Step  2 determines  the  points  of 
tangency  from  point  E to  circle  A. 
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CHAPTER 

A. 

REVIEW 


In  this  chapter  you  learned  some  new  circle  vocabulary  and  solved 
real-world  application  problems  involving  circles.  You  discovered 
the  relationship  between  a radius  and  a tangent  line.  You  discovered 
special  relationships  between  angles  and  their  intercepted  arcs.  And 
you  learned  about  the  special  ratio  rr  and  how  to  use  it  to  calculate 
the  circumference  of  a circle  and  the  length  of  an  arc. 


You  should  be  able  to  sketch  these  terms  from  memory:  chord, 
tangent,  central  angle,  inscribed  angle,  and  intercepted  arc.  And  you 
should  be  able  to  explain  the  difference  between  arc  measure  and 
arc  length. 


Exercises 


1.  What  do  you  think  is  the  most  incportant  or  useful  circle  property 
you  learned  in  this  chapter?  Why? 


2.  How  can  you  find  the  center  of  a circle  with  a compass  and  a 
straightedge?  With  patty  paper?  With  the  right-angled  corner  of  a 
carpenter’s  square? 


You  will  need 

fw  EMKises  2\-7A,  ^7, 
ani  70 

II  A 

fw  1 k 12r  ami  27-33 


3.  What  does  the  path  of  a satellite  have  to  do  with  the  Tangent  Conjecture? 

4.  Explain  the  difference  between  the  degree  measure  of  an  arc  and  its  arc  length. 


Solve  Exercises  5-19.  If  the  exercise  uses  the  “=”  sign,  answer  in  terms  of  If  the 
exercise  uses  the  sign,  give  your  answer  accurate  to  one  decimal  place. 
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1 


t Af 


1 AF 


14.  r = ^ ft.  The  length 
of  CD  is  JL. 


17.  Developing  Proof  Explain 
whyKEW  YL 


15.  Deve/op/ng  Proof  What’s 
wrong  with  this  picture? 


18.  Developing  Proof  Explain 
why  ^JIM  is  isosceles. 


Developing  Proof  What’s  wrong 
with  this  picture? 


19.  Developing  Proof  Explain  why 
ij:KIM  is  isosceles. 


16. 


20.  On  her  latest  archaeological  dig, 

Ertha  Diggs  has  unearthed  a portion 
of  a cylindrical  column.  All  she  has 
with  her  is  a pad  of  paper.  How  can 
she  use  it  to  locate  the  diameter  of 
the  column? 

21.  Construction  Construct  a scalene 
obtuse  triangle.  Construct  the 
circumscribed  circle. 

22.  Construction  Construct  a scalene  acute 
triangle.  Construct  the  inscribed 
circle. 


23.  Construction  Construct  a rectangle.  Is  it  possible  to  construct  the  circumscribed  circle, 
the  inscribed  circle,  neither,  or  both? 
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24. 

25. 

26. 
27. 


28. 


29. 


Construction  Construct  a rhombus.  Is  it  possible  to  construct  the  circumscribed 
circle,  the  inscribed  circle,  neither,  or  both? 

Find  the  equation  of  the  line  tangent  to  circle  S centered  at  (1,  1)  if  the  point 
of  tangency  is  (5,4). 

Find  the  center  of  the  circle  passing  through  the  points  (-7,  5),  (0,  6),  and 

(1,-1). 

Rashid  is  an  apprentice  on  a road  crew  for  a civil  engineer.  He  needs  to  find 
a trundle  wheel  similar  to  but  larger  than  the  one  shown  at  right.  If  each 
rotation  is  to  be  1 m,  what  should  be  the  diameter  of  the  trundle  wheel? 

Melanie  rides  the  merry-go-round  on  her  favorite  horse  on  the  outer  edge, 

8 meters  from  the  center  of  the  merry-go-round.  Her  sister.  Melody,  sits 
in  the  inner  ring  of  horses,  3 meters  in  from  Melanie.  In  10  minutes, 
they  go  around  30  times.  What  is  the  average  speed  of  each  sister? 


Read  the  Geography  Connection  below.  Given  that  the  polar  radius 
of  Earth  is  6357  kilometers  and  that  the  equatorial  radius  of  Earth 
is  6378  kilometers,  use  the  original  definition  to  calculate  one 
nautical  mile  near  a pole  and  one  nautical  mile  near  the  equator. 
Show  that  the  international  nautical  mile  is  between  both  values. 


Geography 

CONNECTION 

One  nautical  mile  was  originally  defined  to  be  the  length  of  one  minute 
of  arc  of  a great  circle  of  Earth.  (A  great  circle  is  the  intersection  of  the 
sphere  and  a plane  that  cuts  through  its  center.  There  are  60  minutes  of 
arc  in  each  degree.)  But  Earth  is  not  a perfect  sphere.  It  is  wider  at  the 
great  circle  of  the  equator  than  it  is  at  the  great  circle  through  the  poles. 
So  defined  as  one  minute  of  arc,  one  nautical  mile  could  take  on  a range 
of  values.  To  remedy  this,  an  international  nautical  mile  was  defined  as 
1.852  kilometers  (about  1.15  miles). 


30.  While  talking  to  his  friend  Tara  on  the  phone,  Dmitri 
sees  a lightning  flash,  and  5 seconds  later  he  hears 
thunder.  Two  seconds  after  that,  Tara,  who  lives  1 mile 
away,  hears  it.  Sound  travels  at  1 100  feet  per  second. 
Draw  and  label  a diagram  showing  the  possible 
locations  of  the  lightning  strike. 

31.  King  Arthur  wishes  to  seat  all  his  knights  at  a round 
table.  He  instructs  Merlin  to  design  and  create  an  oak 
table  large  enough  to  seat  100  people.  Each  knight  is 
to  have  2 ft  along  the  edge  of  the  table.  Help  Merlin 
calculate  the  diameter  of  the  table. 
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32.  If  the  circular  moat  should  have  been  a circle  of 
radius  10  meters  instead  of  radius  6 meters,  how 
much  greater  should  the  larger  moat’ s circumference 
have  been? 

33.  The  part  of  a circle  enclosed  by  a central  angle  and 
the  arc  it  intercepts  is  called  a sector.  The  sector  of 
a circle  shown  below  can  be  curled  into  a cone  by 
bringing  the  two  straight  45-cm  edges  together. 

What  will  be  the  diameter  of  the  base  of  the  cone? 


Mixed  review 


In  Exercises  34-56,  identify  the  statement  as  true  or 

false.  For  each  false  statement,  explain  why  it  is  false  or 

sketch  a counterexancple. 

34.  If  a triangle  has  two  angles  of  equal  measure,  then  the  third  angle  is  acute. 

35.  If  two  sides  of  a triangle  measure  45  cm  and  36  cm,  then  the  third  side  must  be 
greater  than  9 cm  and  less  than  81  cm 

36.  The  diagonals  of  a parallelogram  are  congruent. 

37.  The  measure  of  each  angle  of  a regular  dodecagon  is  150°. 

38.  The  perpendicular  bisector  of  a chord  of  a circle  passes  through  the  center  of 
the  circle. 

39.  If  CD  is  the  midsegment  of  trapezoid  PLYR  with  PL  one  of  the  bases,  then 
CD=  i(PL+  YR). 

40.  In  iiBOY,  BO  = 36  cm,  mLB  = 42°,  and  mLO=  28°.  In  AGPL,  GR  = 36  cm, 
mLR  = 28°,  and  mLL  = 110°.  Therefore,  LSOY  = ihGRL. 

41.  If  the  sum  of  the  measures  of  the  interior  angles  of  a polygon  is  less  than  1000°, 
then  the  polygon  has  fewer  than  seven  sides. 

42.  The  sum  of  the  measures  of  the  three  angles  of  an  obtuse  triangle  is  greater  than  the 
sum  of  the  measures  of  the  three  angles  of  an  acute  triangle. 

43.  The  sum  of  the  measures  of  one  set  of  exterior  angles  of  a polygon  is  always  less 
than  the  sum  of  the  measures  of  interior  angles. 


See  boolf.  for  image 
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44.  Both  pairs  of  base  angles  of  an  isosceles  trapezoid  are  supplementary. 

45.  If  the  base  angles  of  an  isosceles  triangle  each  measure  48°,  then  the  vertex  angle  has 
a measure  of  132°. 


46.  Inscribed  angles  that  intercept  the  same  arc  are  supplementary. 


47.  The  measure  of  an  inscribed  angle  in  a circle  is  equal 
to  the  measure  of  the  arc  it  intercepts. 

48.  The  diagonals  of  a rhombus  bisect  the  angles  of  the 
rhombus. 

49.  The  diagonals  of  a rectangle  are  perpendicular  bisectors 
of  each  other. 

50.  If  a triangle  has  two  angles  of  equal  measure,  then  the 
triangle  is  equilateral. 

51.  If  a quadrilateral  has  three  congruent  angles,  then  it  is  a 
rectangle. 

52.  In  two  different  circles,  arcs  with  the  same  measure  are 
congruent. 

53.  The  ratio  of  the  diameter  to  the  circumference  of  a 
circle  is  tt. 

54.  If  the  sum  of  the  lengths  of  two  consecutive  sides  of  a 
kite  is  48  cm,  then  the  perimeter  of  the  kite  is  96  cm 

55.  If  the  vertex  angles  of  a kite  measure  48°  and  36°,  then 
the  nonvertex  angles  each  measure  138°. 


The  conoenffic  circles  ir  the  sky  are  actually  a 
time  exposure  photograph  oF  the  movernent  ol 
the  stars  ir^  a riight. 


56.  All  but  seven  statements  in  Exercises  34-56  are  false. 


57.  Find  the  measure  of  each  lettered  angle  in  the  diagram  below. 
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Developing  Proof  In  Exercises  58-60,  from  the  information  given,  determine  which  triangles,  if  any,  are 
congruent.  State  the  congruence  conjecture  that  supports  your  congruence  statement. 


58.  STARY is  a regular  pentagon.  59.  FLYT  is  a kite. 


60.  PART  is  an  isosceles 
trapezoid. 


61.  Adventurer  Dakota  Davis  has  uncovered  a 
piece  of  triangular  tile  from  a mosaic.  A 
corner  is  broken  off.  Wishing  to  repair  the 
mosaic,  he  lays  the  broken  tile  piece  down 
on  paper  and  traces  the  straight  edges.  With 
a ruler  he  then  extends  the  unbroken  sides 
until  they  meet.  What  triangle  congruence 
shortcut  guarantees  that  the  tracing  reveals 
the  original  shape? 


62.  Circle  O has  a radius  of  24  inches.  Find  the 
measure  and  the  length  of  AC . 


63.  Developing  Proof  EC  and  ED  are  tangent  to 
the  circle,  and  AB  = CD.  Find  the  measure 
of  each  lettered  angle.  Explain. 


64.  Use  your  protractor  to  draw  and  label  a pair  of  supplementary  angles  that  is  not  a 
linear  pair. 

65.  Find  the  function  rule/(fz)  of  this  sequence  and  find  the  20th  term. 


1 

2 

5 

4 

S 

(j 

20 

m 

5 

] 

-3 

-15 

364  CHAPTER  6 Discovering  and  Proving  Circle  Properties 


© 2008  Key  Curriculum  Press 


I nr: 


nrn^  ^ r;: 


-rrp 


-7  r|2 


66.  The  design  at  right  shows  three  hares  joined  by  three  ears, 
although  each  hare  appears  to  have  two  ears  of  its  own. 

a.  Does  the  design  have  rotational  symmetry? 

b.  Does  the  design  have  reflectional  symmetry? 

67.  Construction  Construct  a rectangle  whose  length  is  twice 
its  width. 

68.  IfAB  = 15  cm,  C is  the  midpoint  oiAB,  D is  the 
midpoint  of  AU,  and  £”  is  the  midpoint  of  DC,  what 
is  the  length  of  EBl 

69.  Draw  the  next  shape  in  this  pattern. 


Prtrv.'i[e  PeifcHey.  C.-ilifotnis 

Ceramiyi.  Diana  Hall 


70.  Construction  Construct  any  triangle.  Then  construct  its  centroid. 


Take  another  look 

1.  Deveioping  Proof  Show  how  the  Tangent  Segments  Conjecture  follows  logically  from  the 
Tangent  Conjecture  and  the  converse  of  the  Angle  Bisector  Conjecture. 


2.  Deveioping  Proof  Investigate  the  quadrilateral  formed  by  two 
tangent  segments  to  a circle  and  the  two  radii  to  the  points  of 
tangency.  State  a conjecture.  Explain  why  your  conjecture  is  true, 
based  on  the  properties  of  radii  and  tangents. 

3.  Deveioping  Proof  State  the  Cyclic  Quadrilateral  Conjecture  in 
“if-then”  form  Then  state  the  converse  of  the  conjecture  in 
“if-then”  form  Is  the  converse  also  true? 


4.  Deveioping  Proof  A quadrilateral  that  can  be  inscribed  in  a circle  is  also  called  a cyclic 
quadrilateral.  Which  of  these  quadrilaterals  are  always  cyclic:  parallelograms,  kites, 
isosceles  trapezoids,  rhombuses,  rectangles,  or  squares?  Which  ones  are  never  cyclic? 
Explain  why  each  is  or  is  not  always  cyclic. 

5.  Use  graph  paper  or  a graphing  calculator  to  graph  the  data  collected  from  the 
investigation  in  Lesson  6.5.  Graph  the  diameter  on  the  x-axis  and  the  circumference 
on  the  y-axis.  What  is  the  slope  of  the  best-fit  line  through  the  data  points?  Does 
this  confirm  the  Circumference  Conjecture?  Explain. 
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6.  Construction  Construct  a tangent  to  a circle  from  a point  external  to  the  circle.  For 
this  to  be  a construction,  you  need  to  determine  the  precise  point  of  tangency  using 
your  construction  tools,  not  just  by  placing  your  ruler  on  the  point  and  circle  so 
that  it  appears  to  be  tangent.  (Hint:  Look  at  the  diagram  on  page  357.) 

7.  Developing  Proof  In  Lesson  6.6,  Exercise  10,  you  proved  the  Intersecting 
Secants  Conjecture  using  auxiliary  line  SA  and  the  Triangle  Exterior  Angle 
Conjecture.  Another  proof  uses  an  auxiliary  line  parallel  to  secant  SE 
through  point  A and  the  Parallel  Lines  Intercepted  Arcs  Conjecture. 

Write  this  proof. 


Assessing  What  You've  Learned 


With  the  different  assessment  methods  you’ve  used  so  far,  you  should  be  getting 
the  idea  that  assessment  means  more  than  a teacher  giving  you  a grade.  All  the 
methods  presented  so  far  could  be  described  as  self-assessment  techniques.  Many 
are  also  good  study  habits.  Being  aware  of  your  own  learning  and  progress  is  the 
best  way  to  stay  on  top  of  what  you’re  doing  and  to  achieve  the  best  results. 


WRITE  IN  YOUR  JOURNAL 

► You  may  be  at  or  near  the  end  of  your  school  year’s  first  semester.  Look 
back  over  the  first  semester  and  write  about  your  strengths  and  needs.  What 
grade  would  you  have  given  yourself  for  the  semester?  How  would  you  justify 
that  grade? 

► Set  new  goals  for  the  new  semester  or  for  the  remainder  of  the  year.  Write  them 
in  your  journal  and  compare  them  to  goals  you  set  at  the  beginning  of  the  year. 
How  have  your  goals  changed?  Why? 


ORGANIZE  YOUR  NOTEBOOKReview  your  notebook  and  conjectures  list  to  be  sure 
they  are  concplete  and  well  organized.  Write  a one-page  chapter  summary. 


UPDATE  YOUR  PORTFOLIO  Choose  a piece  of  work  from  this  chapter  to  add  to 
your  portfolio.  Document  the  work  according  to  your  teacher’s  instructions. 


PERFORMANCE  ASSESSMENT  While  a classmate,  a friend,  a family  member,  or  a 
teacher  observes,  carry  out  one  of  the  investigations  or  Take  Another  Look 
activities  from  this  chapter.  Explain  what  you’re  doing  at  each  step,  including  how 
you  arrived  at  the  conjecture. 


WRITE  TEST  ITEMS  Divide  the  lessons  from  this  chapter  among  group  members 
and  write  at  least  one  test  item  per  lesson.  Try  out  the  test  questions  written  by 
your  classmates  and  discuss  them 

GIVE  A PRESENTATION  Give  a presentation  on  an  investigation,  exploration.  Take 
Another  Look  project,  or  puzzle.  Work  with  your  group,  or  try  giving  a 
presentation  on  your  own. 
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Transformations 
and  Tessellations 


/ believe  that  producing 
pictures,  as  I do,  is  almost 
solely  a question  of  wanting  so 
very  much  to  do  it  well. 

M.  C.  ESCHER 

Magic  Mirror,  M.  C.  Escher,  1946 
©2002  Cordon  Art  B.  V -Baarn-Holland. 
All  rights  reserved. 


OBJECTIVES 

In  this  chapter  you  will 

*■  discover  some  basic 
properties  of 
transformations  and 
symmetry 

t-  learn  more  about 
symmetry  in  art  and 
nature 

• create  tessellations 
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Symmetry  is  one  idea 
by  which  man  through 
the  ages  has  tried  to 
comprehend  and  create 
order,  beauty,  and 
perfection. 

HERMANN  WEYL 


Each  li^ht  bulbh  an  linage 
eiyery  other  light  bulb. 


Transformations  and 
Symmetry 

By  moving  all  the  points  of  a geometric 
figure  according  to  certain  rules,  you  can 
create  an  image  of  the  original  figure. 

This  process  is  called  transformation. 

Each  point  on  the  original  figure 
corresponds  to  a point  on  its  image.  The 
image  of  point  A after  a transformation 
of  any  type  is  called  point  A'  (read  “A 
prime”)  , as  shown  in  the  transformation 
of  LABC  to  AA'  C'  on  the  facing  page. 

If  the  image  is  congruent  to  the  original 
figure,  the  process  is  called  rigid 
transformation,  or  isometry.  A transformation  that  does  not  preserve  the  size  and 
shape  is  called  or  nonrigid  transformation.  For  exanple,  if  an  image  is  reduced  or 
enlarged,  or  if  the  shape  changes,  its  transformation  is  nonrigid. 

Three  types  of  rigid  transformation  are  translation,  rotation,  and  reflection.  You 
have  been  doing  translations,  rotations,  and  reflections  in  your  patty-paper 
investigations  and  in  exercises  on  the  coordinate  plane,  using  {x,  y)  rules. 


llelleclioii 


Translation  is  the  simplest  type  of  isometry.  You  can  model  a translation 
by  tracing  a figure  onto  patty  paper,  then  sliding  it  along  a straight  path 
without  turning  it.  Notice  that  when  you  slide  the  figure,  all  points  move 
the  same  distance  along  parallel  paths  to  form  its  image.  That  is,  each 
point  in  the  image  is  equidistant  from  the  point  that  corresponds  to  it  in 
the  original  figure.  This  distance,  because  it  is  the  same  for  all  points,  is 
called  the  distance  of  the  translation.  A translation  also  has  a particular 
direction.  So  you  can  use  a translation  vector  to  describe  the  translation 
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■['raiislating  with  i>atty  i>a|Jeir 


You  can  model  a rotation  by  tracing  over  a figure,  then  putting  your  pencil  point 
on  a point  on  the  patty  paper  and  rotating  the  patty  paper  about  the  point. 


^-.Center  of 
rotiitioo 


k[jriiTiiig  ivitbi  piitry  piiper 
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Ydu  will  n^d 

♦ patty  paper 

* a straightedge 


oo^r  H ^,5g£fni  lonim"  a^-siu^rt  £ ii»jjboiq  Jsrit  ifrts^nosi  lo  e ai  noib-sIlbJi 
GCJ  ifikraibnsqiaq  loniifn  £ sgbs  9f±J  S3£lq  riaqisq  lo  Kajq  c oJno  aicigil  £ wj?ib 
bstisfisi  ^ri)  3-sa  lUvf  uoy  ^loiiirri  ^rl)  fti  srit  Je  jIoqI  boe  ^i^q^q  lijoif 
.fioil^sIhrilD  3nil  sdt  bsll£3  ai  bsofilq  ai  loiiim  srft  snsriw  anil  ^rlT  .sijjgil  sib  lo 


RcRcctinj^  with  patfy  p^3].>cl■ 


History 

CONNECTJON 

Leonardo  da  Vinci  (1452-1519,  Italy)  wrote  his 
scientific  discoveries  backward  so  that  others 
couldn’t  read  them  and  punish  him  for  his  research 
and  ideas.  His  knowledge  and  authority  in  almost 
every  subject  is  astonishing  even  today.  Scholars 
marvel  at  his  many  notebooks  containing  research 
into  anatomy,  mathematics,  architecture,  geology, 
meteorology,  machinery,  and  botany,  as  well  as  his 
art  masterpieces,  like  the  Mona  Lisa.  Notice  his  plans 
for  a helicopter  in  the  manuscript  at  right! 


Step  1 
Step  2 

Step  3 


Investigation 

The  Basic  Property  of  a Reflection 

In  this  investigation  you’ll  model  reflection  with  patty  paper  and  discover  an 
incportant  property  of  reflections. 

Draw  a polygon  and  a line  of  reflection  next  to  it  on  a piece  of  patty  paper. 

Fold  your  patty  paper  along  the  line  of  reflection  and  create  the  reflected  image 
of  your  polygon  by  tracing  it. 

Draw  segments  connecting  each  vertex  with  its  image  point.  What  do  you 
notice? 
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step  4 


Th&  le-trer  T has  refl&ctional 
synritrietry.  You  canteita 
figure  for  retlectional 
sytnnnetry  by  usiing  a mirror 
or  by  f-oiding  it. 


The  letter  2 has  2-fold 
rorartional  syminnetry.  When 
it  is  rorafted  ISO""  and  360^ 
about  a oenter  of  rotation, 
the  image  ooinddes  with 
the  original  figure. 
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Slep  I 2 Step  3 

Compare  your  results  with  those  of  your  group  members.  Copy  and  complete 
the  following  conjecture. 

Reflection  Line  Conjecture 

The  line  of  reflection  is  the  i of  every  segment  joining  a point  in  the  original 
figure  with  its  image. 


If  a figure  can  be  reflected  over  a line  in  such  a way  that  the  resulting  image 
coincides  with  the  original,  then  the  figure  has  reflectional  symmetry.  The 
reflection  line  is  called  the  fine  of  symmetry.  The  Navajo  rug  shown  below  has 
two  lines  of  symmetry. 


Navajo  rug  [two  lines  o^  symmetry) 


If  a figure  can  be  rotated  about  a point  in  such  a way  that  its  rotated  image 
coincides  with  the  original  figure  before  turning  a full  360°,  then  the  figure  has 
rotational  symmetry.  Of  course,  every  image  is  identical  to  the  original  figure  after 
a rotation  of  any  multiple  of  360°.  However,  we  don’t  call  a figure  symmetric  if  this 
is  the  only  kind  of  symmetry  it  has.  You  can  trace  a figure  to  test  it  for  rotational 
symmetry.  Place  the  copy  exactly  over  the  original,  put  your  pen  or  pencil  point  on 
the  center  to  hold  it  down,  and  rotate  the  copy.  Count  the  number  of  times  the 
copy  and  the  original  coincide  until  the  copy  is  back  in  its  original  position. 
Two-fold  rotational  symmetry  is  also  called  point  symmetry. 
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This  tile  pattern  has  both 
5-fold  rotatioral  symmelry 
and  5-fdd  reflectional 
symmetry. 


Some  polygons  have  no  symmetry  or  only  one  kind  of  symmetry.  Regular 
polygons,  however,  are  symmetric  in  many  ways.  A square,  for  example,  has 
4- fold  reflectional  symmetry  and  4-fold  rotational  symmetry. 
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Art 

CONNECTION 

Reflecting  and  rotating  a letter  can  produce 
an  unexpected  and  beautiful  design.  With  the 
aid  of  graphics  software,  a designer  can  do  this 
quickly  and  inexpensively.  For  more  information, 
go  to  www.keymath.com/DG.  This  design  was 
created  by  geometry  student  Michelle  Cotter. 


Exercises 


You  will  need 


In  Exercises  1-3,  say  whether  the  transformations  are  rigid  or  nonrigid. 
Explain  how  you  know. 


for  10 


In  Exercises  4-6,  copy  the  figure  onto  graph  or  square  dot  paper  and  perform  each 
transformation. 


4.  Reflect  the  figure  across  the 
line  of  reflection  , line  £ . 


/N 


/ 

\ 


+ 


5.  Rotate  the  figure  180°  about 
the  center  of  rotation,  point  P. 


6.  Translate  the  figure  by  the 
translation  vector. 


w 
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7.  An  ice  skater  gliding  in  one 
direction  creates  several  translation 
transfornaations.  Give  another 
real-world  example  of  translation. 

8.  An  ice  skater  twirling  about  a 
point  creates  several  rotation 
transformations.  Give  another 
real-world  example  of  rotation. 

In  Exercises  9-11,  perform  each 
transformation.  Attach  your  patty  paper 
to  your  homework. 

9.  Construction  Use  the  semicircular 
figure  and  its  reflected  image. 


a.  Copy  the  figure  and  its  reflected  image  onto  a 
piece  of  patty  paper.  Locate  the  line  of  reflection. 
Explain  your  method. 

b.  Copy  the  figure  and  its  reflected  image  onto  a 
sheet  of  paper.  Locate  the  line  of  reflection  using  a 
compass  and  straightedge.  Explain  your  method. 


10.  Construction  Use  the  rectangular  figure  and  the 
reflection  line  next  to  it. 

a.  Copy  the  figure  and  the  line  of  reflection  onto  a 
sheet  of  paper.  Use  a compass  and  straightedge  to 
construct  the  reflected  image.  Explain  your  method. 


b.  Copy  the  figure  and  the  line  of  reflection  onto  a ^ 

piece  of  patty  paper.  Eold  the  paper  and  trace  the 
figure  to  construct  the  reflected  image. 

11.  Trace  the  circular  figure  and  the  center  of  rotation,  P. 

Rotate  the  design  90°  clockwise  about  point  P.  Draw 
the  image  of  the  figure,  as  well  as  the  dotted  line. 


In  Exercises  12-14,  identify  the  type 
(or  types)  of  symmetry  in  each  design. 

12. 


Butterfly 


Hrrtong  textile  Law  The  Teimpie  BetPi  ijraefSan  Diego's  finst 

jynaigogijer  built  ir^  1^89 
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15.  All  of  the  woven  baskets  from  Botswana  shown  below  have  rotational  symmetry  and 
most  have  reflectional  symmetry.  Find  one  that  has  7-fold  symmetry.  Find  one  with 
9-fold  symmetry.  Which  basket  has  rotational  symmetry  but  not  reflectional 
symmetry?  What  type  of  rotational  symmetry  does  it  have? 


Cultural 

CONNECTION 

For  centuries,  women  in 
Botswana,  a country  in 
southern  Afriea,  have  been 
weaving  baskets  like  the  ones 
you  see  at  left,  to  earry  and 
store  food.  Eaeh  generation 
passes  on  the  tradition  of 
weaving  ehoice  shoots  from  the 
mokola  palm  and  dee  orating 
them  in  beautiful  geometrie 
patterns  with  natural  dyes.  In 
the  past  40  years,  international 
demand  for  the  baskets  by 
retailers  and  tourists  has  given 
eeonomie  stability  to  hundreds 
of  women  and  their  families. 


16.  Mini-Investigation  Copy  and  complete  the  table  below.  If 
necessary,  use  a mirror  to  locate  the  lines  of  symmetry  for 
each  of  the  regular  polygons.  To  find  the  number  of 
rotational  symmetries,  you  may  wish  to  trace  each  regular 
polygon  onto  patty  paper  and  rotate  it.  Then  copy  and 
complete  the  conjecture. 


Number  of  sidles  of 
regular  polygon 

3 

4 

5 

6 

7 

S 

J-J 

Number  of  reflectional 
symmetries 

4 

... 

Numther  of  rotational 
symmetries  360^ 

4 

A regular  polygon  of  n sides  has  reflectional  symmetries 
and  1_  rotational  symmetries. 


^ Review 

In  Exercises  17  and  18,  sketch  the  next  two  figures. 

i’-  CO,  DC,  E3,  R.  G0,  X.  x 
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A 

ro 

0 

a 

? 

? 

? 

h 

19.  Polygon  PQRS  is  a rectangle  inscribed  in  a circle  centered 
at  the  origin.  The  slope  of  PS  is  0.  Find  the  coordinates  of 
points  P,  Q , and  R in  terms  of  a and  b. 

20.  Use  a circular  object  to  trace  a large  minor  arc.  Using  either 
compass -and- straightedge  construction  or  patty-paper 
construction,  locate  a point  on  the  arc  equally  distant  from 
the  arc’s  endpoints.  Label  it  P. 


21.  If  the  circle  pattern  continues,  how  many 
total  circles  (shaded  and  unshaded)  will 
there  be  in  the  50th  figure?  How  many 
will  there  be  in  the  nth  figure? 


23.  Developing  Proof  What  you  see  in  a mirror  is 
actually  light  from  an  object  bouncing  off  the 
mirror  and  traveling  to  your  eye.  The  object’s 
image  seen  in  the  mirror  appears  as  if  it  were 
reflected  behind  the  mirror,  as  far  behind  the 
mirror  as  the  object  is  in  front  of  the  mirror. 

In  the  diagram  at  right,  assume  that  the 
mirror  is  perpendicular  to  the  ground.  Use 
the  fact  that  the  light’s  incoming  angle,  Z.  1,  is 
congruent  to  its  outgoing  angle,  Z.2,  to 
explain  why  BC  = CE. 


22.  Quadrilateral  SHOW  is  circumscribed  about 
circle  X WO  = U,  HM  = 4,  SW  = U,  and 
ST  = 5.  What  is  the  perimeter  of  SHOW  ? 


w 


IMPROVING  YOUR  ALGEBRA  SKILLS 


The  Difference  of  Squares 

17^-16^  = 33  25.5^-24.5^=50  34^-33^  = 67 

58^-57^=  115  62.1^-61.1^=  123.2  76^-75^=151 

Can  you  use  algebra  to  explain  why  you  can  just  add  the  two  base  numbers  to  get  the 
answer  ? (For  example,  17  -h  16  = 33.) 
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I Web  Links 

Kevmath.com 


L E S S O N J 


7.2 


“Why  it’s  a looking-glass 
book,  of  course!  And,  if 
I hold  it  up  to  the  glass, 
the  words  will  all  go  the 
right  way  again.  ” 

ALICE  IN  THROUGH  THE 
LOOKING-GLASS 
BY  LEWIS  CARROLL 


Properties  of  Isometries 

In  many  earlier  exercises,  you  used  ordered  pair  rules  to  transform  polygons 
on  a coordinate  plane  by  relocating  their  vertices.  For  any  point  on  a figure,  the 

ordered  pair  rule  (x,  y)  ^ (x  + h,  y + k)  results  in 


EXAMPLE  A 


Transform  the  polygon 
at  right  using  the  rule 
(x,y)  (x  + 2,y-3). 
Describe  the  type  and 
direction  of  the 
transformation,  and 
write  it  as  a vector. 


► Solution 


Apply  the  rule  to  each 
ordered  pair.  Every  point 
of  the  polygon  moves  right 
2 units  and  down  3 units. 
This  is  a translation  by  the 
vector  ^2,  ~3y 


x+2  melons  to 


So  the  ordered  pair  rule  (x,  y)  ^ (x  + h,  y + k)  results  in  a translation  by  the 
vector  /h,  where  h is  the  horizontal  component  of  the  vector  and  k is  the  vertical 
conponent  of  the  vector. 
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Investigation  1 

Transformations  on  a Coordinate  Piane 


You  will  need 

+ graph  paper 
* patty  paper 

Step  1 


Step  2 


Step  3 


In  this  investigation  you  will  discover  (or  rediscover)  how  four  ordered  pair  rules 
transform  a polygon.  Each  person  in  your  group  can  choose  a different  polygon  for 
this  investigation. 

On  graph  paper,  create  and  label  four  sets  of  coordinate  axes.  Draw  the  same 
polygon  in  the  same  position  in  a quadrant  of  each  of  the  four  graphs.  Write  one 
of  these  four  ordered  pair  rules  below  each  graph. 

a.  (x,  y)  ->  (-X,  y) 

b.  (x,  y)  ^ (x,  -y) 

c.  (x,  y)  ^ (-X,  -y) 

d.  (x,  (y,x) 

Use  the  ordered  pair  rule  you  assigned  to  each 
graph  to  relocate  the  vertices  of  your  polygon  and 
create  its  image. 

Use  patty  paper  to  see  if  your  transformation  is  a 
reflection,  translation,  or  rotation.  Conpare  your 
results  with  those  of  your  group  members. 

Conplete  the  conjecture.  Be  specific. 


U Coordinate  T ransf ormations  Conjecture 

c-m 

The  ordered  pair  rule  (x,  y) 

(-X,  y)  is  aL. 

The  ordered  pair  rule  (x,  y) 

(x,  -y)  is 

The  ordered  pair  rule  (x,  y) 

(-X,  -y)  is 

P The  ordered  pair  rule  (x,  y) 

{y,  x)  is  a^-  ^ 

Let’s  revisit  “poolroom  geometry.”  When  a ball  rolls  without  spin  into  a cushion,  the 
outgoing  angle  is  congruent  to  the  incoming  angle.  This  is  true  because  the 
outgoing  and  incoming  angles  are  reflections  of  each  other. 


» Investigation  2 

Finding  a Minimai  Path 


You  will  need 

* patty  paper 
+ a protractor 


In  Chapter  I , you  used  a protractor  to 
find  the  path  of  the  ball.  In  this 
investigation,  you’ll  discover  some 
other  properties  of  reflections  that 
have  many  applications  in  science  and 
engineering.  They  may  even  help  your 
pool  game! 
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step  1 
Step  2 

Step  3 


Step  4 
Step  5 

Step  6 


Draw  a segment,  representing  a pool  table  cushion,  near  the  center  of  a piece  of 
patty  paper.  Draw  two  points,  A and  B,  on  one  side  of  the  segment. 

Imagine  you  want  to  hit  a ball  at  point  A so  that  it  bounces  off  the  cushion  and 
hits  another  ball  at  point  B.  Use  your  protractor  and  trial  and  error  to  find  the 
point  C on  the  cushion  that  you  should  aim  for. 

Draw  ^Cand  CB  to  represent  the  ball’s  path. 


Skp  I 


Srep  2 


Sitfp  I 


Fold  your  patty  paper  to  draw  the  reflection  of  point  B across  the  line  segment. 


Label  the  image  points'. 
Unfold  the  paper  and  draw  a 

* 1 

If.  . 

segment  from  point  A to  point 

! 

I 

\//> 

B\  What  do  you  notice?  Does 

t 

iL^ 

point  C lie  on  segment  ? 

f 

A i 

How  does  the  path  from^  to  B' 

t 

I 

Ar  f 

compare  to  the  two-part  path 
from^  to  C to  B1 

r 

liter  ^ 

Step  3 

Can  you  draw  any  other  path  from  point  A to  the  cushion  to  point  B that  is 
shorter  than^C  + CB  ? Why  or  why  not?  The  shortest  path  from  points  to  the 
cushion  to  point  B is  called  the  imnimal  path.  Copy  and  conplete  the  conjecture. 

Minimal  Path  Conjecture 

If  points  A and  B are  on  one  side  of  line 

£ , then  the  minimal  path  from 

point  A to  line  1 to  point  B is  found  by 

? 

How  can  this  discovery  help  your  pool 
game?  Suppose  you  need  to  hit  a ball  at 
point  A into  the  cushion  so  that  it  will 
bounce  off  the  cushion  and  pass  through 
point  5.  To  what  point  on  the  cushion 
should  you  aim?  Visualize  point  B 
reflected  across  the  cushion.  Then  aim 
directly  at  the  reflected  image. 


f 
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Let’s  look  at  a miniature-golf 
exanple. 


EXAMPLE  B 


How  can  you  hit  the  ball  at  T 
around  the  corner  and  into  the 
hole  at  H in  one  shot? 


► Solution 


First,  try  to  get  a hole-in-one  with  a direct  shot  or  with  just  one  bounce  off  a 
wall.  For  one  bounce,  decide  which  wall  the  ball  should  hit.  Visualize  the  image 
of  the  hole  across  that  wall  and  aim  for  the  reflected  hole.  There  are  two 
possibilities. 


ir 


Cise  I 


In  both  cases  the  path  is  blocked.  It  looks  like  you  need  to  try  two  bounces. 
Visualize  a path  from  the  tee  hitting  two  walls  and  into  the  hole. 


Visualize  iIk  piuti. 

Now  you  can  work  backward.  Which  wall  will  the  ball  hit  last?  Reflect  the  hole 
across  that  wall  creating  image  H' . 


L->vtr  chis 
wsl  I. 


t 


jr 


T 
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Which  wall  will  the  ball  hit  before  it  approaches 
the  second  wall?  Reflect  the  image  of  the  hole 
H'  across  that  wall  creating  image  H”  (read 

double  prime”). 

Draw  the  path  from  the  tee  to  H”,  H',  and  H. 

Can  you  visualize  other  possible  paths  with  two 
bounces?  Three  bounces?  What  do  you  suppose 
is  the  minimal  path  from  T to  HI 


Exercises 


In  Exercises  1-5,  copy  the  figure  and  draw  the  image  according  to  the 
rule.  Identify  the  type  of  transformation. 


K 


You  will  need 


for  EKertiset  and  JO 


1.  (x,  y)  ^ (x  + 5 ,y)  2.  (x,  y)  (x,  -y)  3.  (x,  y)  {y,  x) 


4.  (x,y)^(8-x,3;) 


5.  (x,  y)  (-X,  -y) 


6.  Look  at  the  rules  in 

Exercises  1-5  that  produced 
reflections.  What  do  these 
rules  have  in  common?  How 
about  the  ones  that  produce 
rotations?  Translations?  For 
those  rules  that  produce 
translations,  give  the 
translation  vector. 
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In  Exercises  7 and  8,  conplete  the  ordered  pair  rule  that  transforms  the  black  triangle  to 
its  image,  the  red  triangle. 

7.  (x,y)  8.  (X,;;)  ^(±,±) 


y 


In  Exercises  9-1 1,  copy  the  position  of  each  ball  and 
hole  onto  patty  paper  and  draw  the  path  of  the  ball. 

9.  What  point  on  the  W cushion  can  a player  aim  for 
so  that  the  cue  ball  bounces  and  strikes  the  8-ball? 
What  point  can  a player  aim  for  on  the  S cushion? 


10. 


Starting  from  the  tee  (point  T),  what  point 
on  a wall  should  a player  aim  for  so  that  the 
golf  ball  bounces  off  the  wall  and  goes  into 
the  hole  at//? 

N 


11.  Starting  from  the  tee  (point  /),  plan  a shot 
so  that  the  golf  ball  goes  into  the  hole  at  H. 
Show  all  your  work. 


w 


/J 


12.  A new  freeway  is  being  built  near  the  two  towns  of 
Perry  and  Mason.  The  two  towns  want  to  build 
roads  to  one  junction  point  on  the  freeway.  (One 
of  the  roads  will  be  named  Della  Street.)  Locate 
the  junction  point  and  draw  the  minimal  path 
from  Perry  to  the  freeway  to  Mason.  How  do  you 
know  this  is  the  shortest  path? 


I 
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Review 


In  Exercises  13  and  14,  sketch  the  next  two  figures. 

13.  n.  S2.S3.M,  55, 


15.  The  word  DECODE  remains  unchanged  when  it  is  reflected  across  its  horizontal  line 
of  symmetry.  Find  another  such  word  with  at  least  five  letters. 

decode---^ 


16.  How  many  reflectional  symmetries  does  an  isosceles 
triangle  have? 

17.  How  many  reflectional  symmetries  does  a rhombus  have? 

18.  Write  what  is  actually  on  the  T-shirt  shown  at  right. 

19.  Construction  Construct  a kite  circumscribed  about  a circle. 

20.  Construction  Construct  a rhombus  circumscribed  about 
a circle. 

In  Exercises  21  and  22,  identify  each  statement  as  true  or  false. 

If  true,  explain  why.  If  false,  give  a counterexanple. 

21.  If  two  angles  of  a quadrilateral  are  right  angles,  then  it 
is  a rectangle. 


22.  If  the  diagonals  of  a quadrilateral  are  congruent,  then  it 
is  a rectangle. 


IJ>'  I bllandOI^/fi.f’undiCiiiOTn  Lr'uiaiy. 


IMPROVING  YOUR  REASONING  SKILLS 

Chew  on  This  for  a While 

If  the  third  letter  before  the  second  consonant  after  the  third  vowel  in  the  alphabet  is  in 
the  twenty- seventh  word  of  this  paragraph,  then  print  the  fifteenth  word  of  this  paragraph 
and  then  print  the  twenty-second  letter  of  the  alphabet  after  this  word.  Otherwise,  list 
three  uses  for  chewing  gum. 
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fStuSerit^^^l 
Web  Links 

1#  Kgyinath.cQml  | 

L E S S ON  } 

7.3 


There  are  things  which 
nobody  would  see  unless 
I photographed  them. 

DIANE  ARBUS 

EXAMPLE 


► Solution 


Compositions  of 
Transformations 


In  Lesson  7.2,  you  reflected  a point,  then 
reflected  it  again  to  find  the  path  of  a ball. 

When  you  apply  one  transformation  to  a 
figure  and  then  apply  another  transformation 
to  its  image,  the  resulting  transformation  is 
called  a con^sition  of  transformations. 

Let’s  look  at  an  exanple  of  a conposition  of 
two  translations. 

Triangle  ABC  with  vertices  A(-l,  0), 

B(4,  0),  and  C(2,  6)  is  first  translated  by 
the  rule  (x,  y)  ^ (x  - 6 , y - 5 ),  and  then 
its  image,  AA'  B'  C,  is  translated  by  the 
rule  (x,  y)  ^ (x  + 14  , y + 3 ). 

a.  What  single  translation  is  equivalent  to  the  conposition  of  these  two 
translations? 

b.  What  single  translation  brings  the  second  image,  tJC  B”  C'\  back  to  the 
position  of  the  original  triangle,  ilAiBC  ? 


Draw  LhABC  on  a set  of  axes  and  relocate  its  vertices  using  the  first  rule  to  get 
iiiA'  B'  C.  Then  relocate  the  vertices  of  AA'  B'  C using  the  second  rule  to 
get  AA"  B”  C. 


a.  Each  vertex  is  moved  left  6 then  right  14,  and  down  5 then  up  3.  So  the 
equivalent  single  translation  would  be  (x,  y)  ^ ( x - 6 + 14,  y - 5 + 3 ) 
or  (x,  y)  ^ ( X + 8,  y - 2 ).  You  can  also  write  this  as  a translation  by  ^8,  -2y 
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b.  Reversing  the  steps,  the  translation  by  ^-8,  2\  brings  the  second  image, 
C\  backto  aa5C. 

In  the  investigations  you  will  see  what  happens  when  you  conpose  reflections. 




You  wltl  need 
• patty  paper 


Investigatbit  1 

Reflections  across  Two  Parallel  Lines 

First,  consider  the  case  of  parallel  lines  of  reflection. 


Step  1 


Step  2 


Step  3 


Step  1 

Step  2 
Step  3 

Step  4 
Step  5 
Step  6 

Step  7 


On  a piece  of  patty  paper,  draw  a figure  and  a line  of  reflection  that  does  not 
intersect  it. 

Fold  to  reflect  your  figure  across  the  line  of  reflection  and  trace  the  image. 

On  your  patty  paper,  draw  a second  reflection  line  parallel  to  the  first  so  that  the 
image  is  between  the  two  parallel  reflection  lines. 

Fold  to  reflect  the  image  across  the  second  line  of 
reflection.  Turn  the  patty  paper  over  and  trace  the 
second  image. 

How  does  the  second  image  conpare  to  the  original 
figure?  Name  the  single  transformation  that  transforms  St^T 

the  original  to  the  second  image. 

Use  a conpass  or  patty  paper  to  measure  the  distance 
between  a point  in  the  original  figure  and  its  second 
image  point.  Conpare  this  distance  with  the  distance 
between  the  parallel  lines.  How  do  they  conpare? 

Conpare  your  findings  with  those  of  others  in  your 
group  and  state  your  conjecture.  Step  5 


Reflections  across  Parallel  Lines  Conjecture 

A conposition  of  two  reflections  across  two  parallel  lines  is  equivalent  to  a 
single  J . In  addition,  the  distance  fi'om  any  point  to  its  second  image  under 
the  two  reflections  is  _L  the  distance  between  the  parallel  lines. 


Is  a conposition  of  reflections  always  equivalent  to  a single  reflection?  If  you 
reverse  the  reflections  in  a different  order,  do  you  still  get  the  original  figure  back? 
Can  you  express  a rotation  as  a set  of  reflections? 
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Investigation  2 

Reflections  across  Two  Intersecting  Lines 


You  will  need 

+ patty  paper 
* a protractor 


Next,  you  will  explore  the  case  of  intersecting  lines  of  reflection. 


I Ste|j  2 


Step  1 

Step  2 
Step  3 

Step  4 


Step  5 

Step  6 
Step  7 
Step  8 


On  a piece  of  patty  paper,  draw  a figure  and  a reflection  line  that  does  not 
intersect  it. 


Fold  to  reflect  your  figure  across  the  line  and  trace  the  image. 


On  your  patty  paper,  draw  a second  reflection  line 
intersecting  the  first  so  that  the  image  is  in  an  acute 
angle  between  the  two  intersecting  reflection  lines. 

Fold  to  reflect  the  first  image  across  the  second  line 
and  trace  the  second  image. 


Step  4 


Step  5 


Step  6 


Step  7 


Draw  two  rays  that  start  at  the  point  of  intersection  of  the  two  intersecting 
lines  and  that  pass  through  corresponding  points  on  the  original  figure  and  its 
second  image. 


How  does  the  second  image  conpare  to  the  original  figure?  Name  the  single 
transformation  from  the  original  to  the  second  image. 

With  a protractor  or  patty  paper,  conpare  the  angle  created  in  Step  5 with  the  acute 
angle  formed  by  the  intersecting  reflection  lines.  How  do  the  angles  conpare? 

Conpare  findings  in  your  group  and  state  your  next  conjecture. 


Reflections  across  Intersecting  Lines  Conjecture  L— 

A conposition  of  two  reflections  across  a pair  of  intersecting  lines  is  equivalent 
to  a single  _L.  The  angle  of  _L  is_L  the  acute  angle  between  the  pair  of 
intersecting  reflection  lines. 
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There  are  many  other  ways  to  combine  transformations.  Combining  a translation 
with  a reflection  gives  a special  two-step  transformation  called  a glide  reflection.  A 
sequence  of  footsteps  is  a common  exanple  of  a glide  reflection.  You  will  explore  a 
few  other  exanples  of  glide  reflection  in  the  exercises  and  later  in  this  chapter. 


Glide-r&flKtlonal  symmetry 


Exercises 


1.  Name  the  single  translation  vector  that  can  replace  the  conposition  of  these  three 
translation  vectors:  ^2,  3^,  then  ^-5,  7^,  then  ^13,  Oy 


2.  Name  the  single  rotation  that  can  replace  the  conposition  of  these  three  rotations 
about  the  same  center  of  rotation:  45°,  then  50°,  then  85°.  What  if  the  centers  of 
rotation  differ?  Draw  a figure  and  try  it. 


3.  Lines  m and  n are  parallel  and  10  cm  apart. 

a.  Point  A is  6 cm  from  line  m and  1 6 cm  from  line  n.  Point  A is 
reflected  across  line  m,  and  then  its  image.  A' , is  reflected  across 
line  n to  create  a second  image,  point  A".  How  far  is  point  A 
from  point  A"  ? 

b.  What  if  A is  reflected  across  n,  and  then  its  image  is  reflected 
across  ml  Find  the  new  image  and  distance  from  A. 


Two  lines  m and  n intersect  at  point  P,  forming  a 40°  angle. 

a.  You  reflect  point  B across  line  m,  then  reflect  the  image  of  B across 
line  n.  What  angle  of  rotation  about  point  P rotates  the  second 
image  of  point  B back  to  its  original  position? 

b.  What  if  you  reflect  B first  across  n,  and  then  reflect  the  image  of  B 
across  ml  Find  the  angle  of  rotation  that  rotates  the  second  image 
back  to  the  original  position. 


5.  Copy  the  figure  and  LPAL  onto  patty  paper.  Reflect  the  figure 
across  AP.  Reflect  the  image  across  AL  What  is  the  equivalent 
rotation? 
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6.  Copy  the  figure  and  the  pair  of  parallel  lines 
onto  patty  paper.  Reflect  figure  across  PA . 
Reflect  the  image  across  RL.  What  is  the  length 
of  the  equivalent  translation  vector? 


7.  Copy  the  hexagonal  figure  and  its  translated 
image  onto  patty  paper.  Find  a pair  of 
parallel  reflection  lines  that  transform  the 
original  onto  the  image.  lJj 


8.  Copy  the  original  figure  and  its  rotated  image  onto  patty  paper.  Find  a pair  of 
intersecting  reflection  lines  that  transform  the  original  onto  the  image. 


9.  Copy  the  two  figures  below  onto  graph  paper.  Each  figure  is  the  glide-reflected 
image  of  the  other.  Continue  the  pattern  with  two  more  glide-reflected  figures. 


, V"  . 


10.  Have  you  noticed  that  some  letters  have  both  horizontal  and  vertical  symmetries? 
Have  you  also  noticed  that  all  the  letters  that  have  both  horizontal  and  vertical 
symmetries  also  have  point  symmetry?  Is  this  a coincidence?  Use  what  you  have 
learned  about  transformations  to  explain  why. 

11.  What  combination  of  transformations  changed  the  figure  into  the  image  as 
shown  below? 


H 
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Review 


In  Exercises  12  and  13,  sketch  the  next  two  figures. 


12. 


02 


u 

« 3 
90 


O 


00 


01 


? 

B B9. 


14.  If  you  draw  a figure  on  an  uninflated  balloon  and  then  blow  up  the  balloon, 
the  figure  will  undergo  a nonrigid  transformation.  Give  another  example  of 
a nonrigid  transformation. 

15.  List  two  objects  in  your  home  that  have  rotational  symmetry,  but  not 
reflectional  symmetry.  List  two  objects  in  your  classroom  that  have 
reflectional  symmetry,  but  not  rotational  symmetry. 

16.  Is  it  possible  for  a triangle  to  have  exactly  one  line  of  symmetry? 

Exactly  two?  Exactly  three?  Support  your  answers  with  sketches. 

17.  Draw  two  points  onto  a piece  of  paper  and  connect  them  with  a curve 
that  is  point  symmetric. 

18.  Study  these  two  exanples  of  matrix  addition,  and  then  use  your 
inductive  reasoning  skills  to  fill  in  the  missing  entries  in  a and  b. 


? 

? 

a. 


12  -7 

-14  0 

-5  M 
-12  20 


-S  -6 
II  9 


4 -13 

3 9 


ii]= 


■14 

0 


b. 


2 3 4 

7 6 5 

a b c 
ii  E f 


I 5 
-2  3 


-7 

0 


a 2b  3f 
-d  d-E  0 


3 S -3 
5 9 5 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

3-by-3  Inductive  Reasoning  Puzzle  I 


Sketch  the  figure  missing  in  the  lower-right 
corner  of  this  3-by-3  pattern. 


i— i 1— I 1 1 1 1 

1 1 1 

1 1 L 

1 .11 

C: 

■ ; ; ( 1 
_i 1 1—1 1 
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/ see  a certain  order  in  the 
universe  and  math  is  one 
way  of  making  it  visible. 


Tessellations  with 
Regular  Polygons 

Honeycombs  are  remarkably  geometric  structures.  The  hexagonal  cells  that  bees 
make  are  ideal  because  they  fit  together  perfectly  without  any  gaps.  The  regular 
hexagon  is  one  of  many  shapes  that  can  conpletely  cover  a plane  without  gaps  or 
overlaps.  Mathematicians  call  such  an  arrangement  of  shapes  a tessellation  or  a 
tiling.  A tiling  that  uses  only  one  shape  is  called  a monohedral  tessellation. 


The  hexagon  pattern  in  the  honeycomb  of  the  bee 
is  a teisellallon  of  regular  hexagons. 


MAY  SARTON 


You  can  find  tessellations  in  every  home.  Decorative  floor  tiles  have  tessellating 
patterns  of  squares.  Brick  walls,  fireplaces,  and  wooden  decks  often  display  creative 

tessellations  of  rectangles.  Where  do  you  see 
tessellations  every  day? 


Regular  equilateral  irianglei  <ombine  in  thli 

tiling  hfomth&  l7th-oenluryTot>&.apl  Pala<&  in  Istanbul  Turkey. 


You  already  know  that  squares  and  regular  hexagons  create  monohedral 
tessellations.  Because  each  regular  hexagon  can  be  divided  into  six  equilateral 
triangles,  we  can  logically  conclude  that  equilateral  triangles  also  create 
monohedral  tessellations.  Will  other  regular  polygons  tessellate?  Let’s  look  at 
this  question  logically. 

For  shapes  to  fill  the  plane  without  gaps  or  overlaps,  their  angles,  when  arranged 
around  a point,  must  have  measures  that  add  up  to  exactly  360°.  If  the  sum  is 
less  than  360°,  there  will  be  a gap.  If  the  sum  is  greater,  the  shapes  will  overlap. 
Six  60°  angles  from  six  equilateral  triangles  add  up  to  360°,  as  do  four  90°  angles 
from  four  squares  or  three  120°  angles  from  three  regular  hexagons.  What  about 
regular  pentagons?  Each  angle  in  a regular  pentagon  measures  108°,  and  360  is  not 
divisible  by  108.  So  regular  pentagons  cannot  be  arranged  around  a point  without 
overlapping  or  leaving  a gap.  What  about  regular  heptagons? 


Tlianylcs  5qn^ics  Hcpt^i^ons 
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— n 

You  will  n^d 

• a set  of  triangles, 
squares,  and  hexagons 
with  equal  side  lengths 

• pattern  blocks  (optional) 

• geometry  software 
(optional) 


In  any  regular  polygon  with  more  than  six  sides,  each  angle  has  a measure  greater 
than  120°,  so  no  more  than  two  angles  can  fit  about  a point  without  overlapping. 
So  the  only  regular  polygons  that  create  monohedral  tessellations  are  equilateral 
triangles,  squares,  and  regular  hexagons.  A monohedral  tessellation  of  congruent 
regular  polygons  is  called  a regular  tessellation. 

Tessellations  can  have  more  than  one  type  of 
shape.  You  may  have  seen  the  octagon- square 
combination  at  right.  In  this  tessellation,  two 
regular  octagons  and  a square  meet  at  each 
vertex.  Notice  that  you  can  put  your  pencil  on 
any  vertex  and  that  the  point  is  surrounded  by 
one  square  and  two  octagons.  So  you  can  call 
this  a 4.8.8  or  a 4.8^  tiling.  The  sequence  of 
numbers  gives  the  vertex  arrangement,  or 
numerical  name  for  the  tiling. 

When  the  same  combination  of  regular  polygons  (of  two  or  more  kinds)  meet 
in  the  same  order  at  each  vertex  of  a tessellation,  it  is  called  a semiregular 
tessellation.  Below  are  two  more  exanples  of  semiregular  tessellations. 


The  same  polygions  appear  in  the  SBma 
order  at  each  vertex:  sqLiare,  hexagon, 
dodecagon. 


The  same  polygons  appear  in  the  sanne 
eifder  at  each  vertew:  triangle,  dodecagon^ 
dedecagori. 


There  are  eight  different  semiregular  tessellations.  Three  of  them  are  shown  above. 
In  this  investigation,  you  will  look  for  the  other  five.  Fortunately,  the  remaining  five 
use  only  combinations  of  triangles,  squares,  and  hexagons. 


Investigation 

The  Semiregular  Tessellations 

Find  or  create  a set  of  regular  triangles,  squares,  and  hexagons  for  this  investigation. 
Then  work  with  your  group  to  find  the  remaining  five  of  the  eight  semiregular 
tessellations.  Remember,  the  same  combination  of  regular  polygons  must  meet  in 
the  same  order  at  each  vertex  for  the  tiling  to  be  semiregular.  Also  remember  to 
check  that  the  sum  of  the  measures  at  each  vertex  is  360°. 


A 
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Step  1 


Step  2 


Investigate  which  combinations  of  two  kinds  of  regular  polygons  you  can  use  to 
create  a semiregular  tessellation. 

Next,  investigate  which  combinations  of  three  kinds  of  regular  polygons  you  can 
use  to  create  a semiregular  tessellation. 


Step  3 


Summarize  your  findings  by  sketching  all  eight  semiregular  tessellations  and 
writing  their  vertex  arrangements  (numerical  names). 


The  three  regular  tessellations  and  the  eight  semiregular  tessellations  you  just  found 
are  called  the  Archimedean  tilings.  They  are  also  called  1 -uniform  tilings  because 
all  the  vertices  in  a tiling  are  identical. 


Mathematics 

CONNECTION 

Greek  mathematieian  and  inventor  Arehimedes 


(ea.  287-212  B.C.E.)  studied  the  relationship  between 
mathematies  and  art  with  tilings.  He  deseribed 
1 1 plane  tilings  made  up  of  regular  polygons, 
with  eaeh  vertex  being  the  same  type.  Plutareh 
(ea.  46-127  C.E.)  wrote  of  Arehimedes’  love  of 
geometry,  “. . . he  negleeted  to  eat  and  drink  and 

took  no  eare  of  his  person  that  he  was  often  earried  by  foree  to  the  baths,  and 
when  there  he  would  traee  geometrieal  figures  in  the  ashes  of  the  fire.” 


Often,  different  vertices  in  a tiling  do  not  have  the  same  vertex  arrangement. 
If  there  are  two  different  types  of  vertices,  the  tiling  is  called  2-uniform 
If  there  are  three  different  types  of  vertices,  the  tiling  is  called  3-uniform 
Two  exanples  are  shown  below. 


3.4.3.  L2  5. 12.]  2 


A 3-uniforin  rtsscLlalTLDn:  .1^.4^/  3^.4.3.4/4'^ 


There  are  20  different  2-uniform  tessellations  of  regular  polygons,  and  61  different 
3 -uniform  tilings.  The  number  of  4-uniform  tessellations  of  regular  polygons  is  still 
an  unsolved  problem 
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ARCHIMEDE 


Exercises 


You  will  need 


1.  Sketch  two  objects  or  designs  you  see  every  day  that  are  monohedral 
tessellations. 


LH 


k\  EwKiseill-M 


2.  List  two  objects  or  designs  outside  your  classroom  that  are  semiregular  tessellations. 

In  Exercises  3-5,  write  the  vertex  arrangement  for  each  semiregular  tessellation 
in  numbers. 


3. 


4. 


5. 


In  Exercises  6-8,  write  the  vertex  arrangement  for  each  2-uniform  tessellation 
in  numbers. 


9.  When  you  connect  the  center  of  each  triangle  across  the  common 
sides  of  the  tessellating  equilateral  triangles  at  right,  you  get  another 
tessellation.  This  new  tessellation  is  called  the  dual  of  the  original 
tessellation.  Notice  the  dual  of  the  equilateral  triangle  tessellation  is 
the  regular  hexagon  tessellation.  Every  regular  tessellation  of  regular 
polygons  has  a dual. 

a.  Draw  a regular  square  tessellation  and  make  its  dual.  What  is  the  dual? 


b.  Draw  a hexagon  tessellation  and  make  the  dual  of  it.  What  is  the  dual? 


c.  What  do  you  notice  about  the  duals? 


10.  You  can  make  dual  tessellations  of  semiregular  tessellations,  but  they 
may  not  be  tessellations  of  regular  polygons.  Try  it.  Sketch  the  dual  of 
the  4.8.8  tessellation,  shown  at  right.  Describe  the  dual. 

Technology  In  Exercises  I I-I4,  use  geometry  software,  tenplates  of  regular 
polygons,  or  pattern  blocks. 


11.  Sketch  and  color  the  3. 6. 3. 6 tessellation.  Continue  it  to  fill  an  entire 
sheet  of  paper. 


12.  Sketch  the  4.6.12  tessellation.  Color  it  so  it  has  reflectional  symmetry  but  not 
rotational  symmetry. 
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13.  Show  that  two  regular  pentagons  and  a regular  decagon  fit  about  a point,  but  that 
5.5.10  does  not  create  a semiregular  tessellation,  h 

14.  Create  the  tessellation  3.12.12/3.4.3.12.  Draw  your  design  onto  a full  sheet  of  paper. 
Color  your  design  to  highlight  its  symmetries. 


^ Review 


15.  Design  a logo  with  rotational  symmetry  for  Happy  Time  Ice-Cream 
Conpany.  Or  design  a logo  for  your  group  or  for  a made-up 
company. 

16.  Reflect  y =\  ~ 4 across  the  x-axis  and  find  the  equation  of  the 

image  line. 

17.  Words  like  MOM,  WOW,  TOOT,  and  OTTO  all  have  a vertical  line 
of  symmetry  when  you  write  them  in  capital  letters.  Find  another 
word  that  has  a vertical  line  of  symmetry. 


18. 


The  et  left  ctHmw  frH^m  a book  by 

Scott  Kim.  Not  or^ly  do«  tbe  design  spell  tlie  ^vord 
m/nrof,  It  does  so  ^vlth  mnlrrof  symmetry! 


Frisco  Fats  needs  to  sink  the  8-ball  into 
the  NW  corner  pocket,  but  he  seems 
trapped.  Can  he  hit  the  cue  ball  to  a 
point  on  the  N cushion  so  that  it 
bounces  out,  strikes  the  S cushion,  and 
taps  the  8-ball  into  the  corner  pocket? 
Copy  the  table  and  construct  the  path  of 
the  ball.  h 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Painted  Faces  I 

Suppose  some  unit  cubes  are  assembled  into  a large  cube,  then  some  of  the  faces  of  this 
large  cube  are  painted.  After  the  paint  dries,  the  large  cube  is  disassembled  into  the  unit 
cubes,  and  you  discover  that  32  of  these  have  no  paint  on  any  of  their  faces.  How  many 
faces  of  the  large  cube  were  painted? 
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The  most  uniquely 
personal  of  all  that  he 
knows  is  that  which  he 
has  discovered  for  himself. 
JEROME  BRUNER 


Tessellations  with 
Nonregular  Polygons 

In  Lesson  7.4,  you  tessellated  with  regular  polygons.  You  drew  both  regular  and 
semiregular  tessellations  with  them  What  about  tessellations  of  nonregular 
polygons?  For  exancple,  will  a scalene  triangle  tessellate?  Let’s  investigate. 


investigation  1 

Do  All  Triangles  Tessellate? 


Step  1 


Make  12  congruent  scalene  triangles  and  use 
them  to  try  to  create  a tessellation. 


Step  2 Look  at  the  angles  about  each  vertex  point. 
What  do  you  notice? 

Step  3 What  is  the  sum  of  the  measures  of  the  three 
angles  of  a triangle?  What  is  the  sum  of  the 
measures  of  the  angles  that  fit  around  each 
point?  Compare  your  results  with  the  results  of 
others  and  state  your  next  conjecture. 


Nirt« 

Making  Congruent 
Triangles 

1.  Stack  three  pieces  of  paper 
and  fold  them  in  half. 

2.  Draw  a scalene  triangle  on 
the  top  half-sheet  and  cut  it 
out,  cutting  through  all  six 
layers  to  get  six  congruent 
scalene  triangles. 

3.  Use  one  triangle  as  a 
template  and  repeat.  You 
now  have  12  congruent 
triangles. 

4.  Label  the  corresponding 
angles  of  each  triangle  a,  b, 
and  c,  as  shown. 


Tessellating  Triangles  Conjecture 

. ^ triangle  will  create  a monohedral  tessellation. 


You  have  seen  that  squares  and  rectangles  tile  the  plane.  Can  you  visualize  tiling 
with  parallelograms?  Will  any  quadrilateral  tessellate?  Let’s  investigate. 


394  CHAPTER  7 Transformations  and  Tessellations 


© 2008  Key  Curriculum  Press 


flnvprtigatlnn  2 

Do  All  Quadrilaterals  Tessellate? 


You  want  to  find  out  if  any  quadrilateral  can  tessellate,  so  you  should  not  choose  a 
special  quadrilateral  for  this  investigation. 


Step  1 
Step  2 


Cut  out  12  congruent  quadrilaterals.  Label  the  corresponding  angles  in  each 
quadrilateral  a,  b,  c,  and  d. 

Using  your  12  congruent  quadrilaterals,  try  to  create  a tessellation. 


Step  3 


Notice  the  angles  about  each  vertex  point.  How  naany  times  does  each  angle  of 
your  quadrilateral  fit  at  each  point?  What  is  the  sum  of  the  measures  of  the 
angles  of  a quadrilateral?  Compare  your  results  with  others.  State  a conjecture. 


Tessellating  Quadrilaterals  Conjecture 

^ quadrilateral  will  create  a monohedral  tessellation. 


A regular  pentagon  does  not  tessellate,  but  are  there  any  pentagons  that  tessellate? 
How  many? 


Mathematics 

CONNECTION 

In  1975,  when  Martin  Gardner  wrote  about  pentagonal  tessellations  in  Scientific 
American,  experts  thought  that  only  eight  kinds  of  pentagons  would  tessellate. 
Soon  another  type  was  found  by  Riehard  James  IE.  After  reading  about  this 
new  discovery,  Marjorie  Rice  began  her  own  investigations. 

With  no  formal  training  in  mathematics  beyond  high  school,  Marjorie  Rice 
investigated  the  tessellating  problem  and  discovered  four  more  types  of 
pentagons  that  tessellate.  Mathematics  professor  Doris  Schattschneider  of 
Moravian  College  verified  Rice’s  research  and  brought  it  to  the  attention  of  the 
mathematics  community.  Rice  had  indeed  discovered  what  professional 
mathematicians  had  been  unable  to  uncover! 

hi  1985,  Rolf  Stein,  a German 
graduate  student,  discovered  a 
fourteenth  type  of  tessellating 
pentagon.  Are  all  the  types  of 
convex  pentagons  that 
tessellate  now  known?  The 
problem  remains  unsolved. 

Shown  at  right  are 
Marjorie  Rice  (left)  and 
Dr.  Doris  Schattschneider. 


Type  1^.  (ligc^r^^d  in  Daxmbrr  1977 
n = il  = lA  A B = 

2C  A D= 

= f,  g + f = f/ 

0]ie  of  ihe  jjeni  agonal  [essellal  ioni  disLm'ened 
by  M^irjorie  Riot,  C^n^[  letters  Ttpnesent 
angle  measunes  m the  shaded  pentagon. 
Lowercase  letters  represent  lengths  of  sides. 


You  will  experiment  with  some  pentagon  tessellations  in  the  exercises. 
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You  will  need 


Exercises 


S®..  ^ 


1. 


Construction  The  beautiful  Cairo  street  tiling  shown  below  uses  equilateral 
pentagons.  One  pentagon  is  shown  below  left.  Use  a ruler  and  a protractor 
to  draw  the  equilateral  pentagon  on  poster  board  or  heavy  cardboard.  (For  an  added 
challenge,  you  can  try  to  construct  the  pentagon,  as  Egyptian  artisans  likely  would 
have  done.)  Cut  out  the  pentagon  and  tessellate  with  it.  Color  your  design. 


for  ExfiKisfi  1 


PoJtil:  M the  midpoint  of  rite  base. 


2.  At  right  is  Marjorie  Rice’s  first  pentagonal  tiling  discovery.  Another 
way  to  produce  a pentagonal  tessellation  is  to  make  the  dual  of  the 
tessellation  shown  in  Lesson  7.4,  Exercise  5.  Try  it.  .t 


3.  A tessellation  of  regular  hexagons 
can  be  used  to  create  a pentagonal 
tessellation  by  dividing  each 
hexagon  as  shown.  Create  this 
tessellation  and  color  it. 


discovery, 
FdTTuaT)r  1 97^ 

21-:  + B^2D  C - ^0^' 

■ c ■ 


Cultural 

^ CONNECTION^ 


Mats  called  tatami  are  used  as  a floor  covering  in  traditional  Japanese  homes. 
Tatami  is  made  from  rush,  a flowering  plant  with  soft  fibers,  and  has  health 
benefits,  such  as  removing  carbon  dioxide  and  regulating  humidity  and 
temperature.  When  arranging  tatami,  you  want  the  seams  to  form  T-shapes. 
You  avoid  arranging  four  at  one  vertex  forming  a cross  because  it 
is  difficult  to  get  a good  fit  within  a room  this  way.  You  also  want 
to  avoid  fault  lines — straight  seams  passing  all  the  way  through  a 
rectangular  arrangement — because  they  make  it  easier  for  the 
tatami  to  slip.  Room  sizes  are  often  given  in  tatami  numbers  (for 
example,  a 6-mat  room  or  an  8-mat  room). 
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4.  Can  a concave  quadrilateral  like  the  one  at  right  tile  the  plane?  Try  it. 
Create  your  own  concave  quadrilateral  and  try  to  create  a tessellation 
with  it.  Decorate  your  drawing. 

5.  Write  a paragraph  proof  explaining  why  you  can  use  any  triangle  to 
create  a monohedral  tiling. 


^ Review 


Refer  to  the  Cultural  Connection  on  page  396  for  Exercises  6 and  7. 


6.  Use  graph  paper  to  design  an  arrangement  of  tatami  for  a 10-mat  room  In  how 
many  different  ways  can  you  arrange  the  mats  so  that  there  are  no  places  where  four 
mats  meet  at  a point  (no  cross  patterns)?  Assume  that  the  mats  measure  3-by-6  feet 
and  that  each  room  must  be  at  least  9 feet  wide.  Show  all  your  solutions. 


7.  There  are  at  least  two  ways  to  arrange 
a 15 -mat  rectangle  with  no  fault  lines. 
One  is  shown.  Can  you  find  the  other? 


FhiuIl  ILn-f 


8.  Reflect  y = 2v  + 3 across  the  y-axis  and 
find  the  equation  of  the  image  line. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Picture  Patterns  II 


Draw  what  comes  next  1. 
in  each  picture  pattern. 


w 

O 

n 

n 

L 

rn 

□ 

□ 

2. 
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• 
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• 
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y 
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PENROSE  TILINGS 

W hen  British  scientist  Sir  Roger  Penrose  of  the  University  of  Oxford  is  not  at  work  on 
quantum  mechanics  or  relativity  theory,  he’s  inventing  mathematical  games.  Penrose  came 
up  with  a special  tiling  that  uses  two  shapes,  a kite  and  a dart.  The  tiles  must  be  placed  so 
that  each  vertex  with  a dot  always  touches  only  other  vertices  with  dots.  By  adding  this 
extra  requirement,  Penrose’s  tiles  make  a nonperiodic  tiling.  That  is,  as  you  tessellate,  the 
pattern  does  not  repeat  by  translations. 


tiling  at  ttie  Center  for 
Matl^rviatici  and  Computirvgr 
Cartelon  College^  Horttifieldr 
Minnesota 


Try  it.  Copy  the  two  tiles  shown  below — the  kite  and  the  dart  with  their  dots — onto 
patty  paper.  Use  the  patty-paper  tracing  to  make  two  cardboard  tiles.  Create  your 
own  unique  Penrose  tiling  and  color  it.  Or,  use  geometry  software  to  create  and  color 
your  design.  Then  answer  the  questions  below. 


1.  What  are  the  measures  of  each  angle  in  the  kite  and  the  dart? 

2.  Choose  at  least  three  vertices  in  your  design  and  give  the  vertex  arrangement  in 
terms  of  kites  and  darts.  How  many  different  combinations  of  kites  and  darts  can 
surround  a vertex  point? 

3.  Explore  how  the  dots  affect  the  tiling.  Why  are  the  dots  important? 

Your  project  should  include 

^ Your  colored  tessellation. 

► Your  answers  to  the  questions  above. 
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There  are  three  kinds  of 
people  in  this  world:  those 
who  make  things  happen, 
those  who  watch  things 
happen,  and  those  who 
wonder  what  happened. 
ANONYMOUS 


Tessellations  Using 
Only  Translations 

In  1936,  M.  C.  Escher  traveled  to  Spain  and  became  fascinated  with  the  tile 
patterns  of  the  Alhambra.  He  spent  days  sketching  the  tessellations  that  Islamic 
masters  had  used  to 
decorate  the  walls  and 
ceilings.  Some  of  his 
sketches  are  shown  at 
right.  Escher  wrote 
that  the  tessellations 
were  “the  richest 
source  of  inspiration” 
he  had  ever  tapped. 


Brickwork  AJhombfo,  M.  C.  Escher 
OZnoz  Cc+ilnn  An  (l:.v:-flri<s!jn-HrillrinLi  Al  <lr|hi^ 

Escher  spent  many  years  learning  how  to  use 
translations,  rotations,  and  glide  reflections  on  grids  of 
equilateral  triangles  and  parallelograms.  But  he  did  not 
limit  himself  to  pure  geometric  tessellations. 

The  four  steps  below  show  how  Escher  may  have  created 
his  Pegasus  tessellation,  shown  at  left.  Notice  how  a 
partial  outline  of  the  Pegasus  is  translated  from  one  side 
of  a square  to  another  to  complete  a single  tile  that  fits 
with  other  tiles  like  itself. 

You  can  use  steps  like  this  to  create  your  own  unique  tessellation.  Start  with  a 
tessellation  of  squares,  rectangles,  or  parallelograms,  and  try  translating  curves  on 
opposite  sides  of  the  tile.  It  may  take  a few  tries  to  get  a shape  that  looks  like  a 
person,  animal,  or  plant.  Use  your  imagination! 


SymiuJEtry  Drawing  E!OS,- 
M.C.  Escher,  I960 
■SJ0U2  Cordon  An  B.v.-Eaarn 
Holland.  AJI  rights  leserved. 
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You  can  also  use  the  translation  technique  with  regular  hexagons.  The  only 
difference  is  that  there  are  three  sets  of  opposite  sides  on  a hexagon.  So  you’ll  need 
to  draw  three  sets  of  curves  and  translate  them  to  opposite  sides.  The  six  steps 
below  show  how  student  Mark  Purcell  created  his  tessellation,  Monster  Mix. 


-V  ^ 

I 

I 

I 

vA/  vPb 

Step  1 Step  2 Step  5 


The  Escher  designs  and  the  student 
tessellations  in  this  lesson  took  a great 
deal  of  time  and  practice.  When  you 
create  your  own  tessellating  designs  of 
recognizable  shapes,  you’ll  appreciate  the 
need  for  this  practice!  For  more  about 
tessellations,  and  resources  to  help  you 
learn  how  to  make  them,  go  to 
www.kevmath.com/DG  . 


Mark  Pur-c&ll 


Exfroisfs 


In  Exercises  1-3,  copy  each  tessellating  shape  and  fill  it  in  so  that  it  becomes  a 
recognizable  figure. 
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In  Exercises  4-6,  identify  the  basic  tessellation  grid  (squares,  parallelograms,  or  regular 
hexagons)  that  each  geometry  student  used  to  create  each  translation  tessellation. 


Snorty  the  Pig,  Jonathar  E0rton 


In  Exercises  7 and  8,  copy  the  figure  and  the  grid  onto  patty  paper.  Create  a tessellation 
on  the  grid  with  the  figure. 


Now  it’s  your  turn.  In  Exercises  9 and  10,  create  a tessellation  of  recognizable  shapes 
using  the  translation  method  you  learned  in  this  lesson.  At  first,  you  will  probably  end 
up  with  shapes  that  look  like  amoebas  or  spilled  milk,  but  with  practice  and 
imagination,  you  will  get  recognizable  images.  Decorate  and  title  your  designs. 

9.  Use  squares  as  the  basic  structure. 

10.  Use  regular  hexagons  as  the  basic  structure. 


Review  | 

11.  The  route  of  a rancher  takes  him  from  the  house  at 
point  A to  the  south  fence,  then  over  to  the  east  fence, 
then  to  the  corral  at  point  B.  Copy  the  figure  at  right 
onto  patty  paper  and  locate  the  points  on  the  south 

and  east  fences  that  minimize  the  rancher’ s route.  ^ 

S 
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2 

12.  Reflect  y = j x 3 across  the  y-axis.  Write  an  equation  for  the  inaage.  How  does  it 
conpare  with  the  original  equation? 

13.  Give  the  vertex  arrangement  for  the  tessellation  at  right. 

14.  A helicopter  has  four  blades.  Each  blade  measures  about  28  feet  from 
the  center  of  rotation  to  the  tip.  What  is  the  speed  in  feet  per  second  at 
the  tips  of  the  blades  when  they  are  moving  at  440  rpm? 

15.  Developing  Proof  Identify  each  of  the  following  statements  as  true  or 
false.  If  true,  explain  why.  If  false,  give  a counterexancple  explaining 
why  it  is  false. 

a.  If  the  two  diagonals  of  a quadrilateral  are  congruent,  but  only  one  is  the 
perpendicular  bisector  of  the  other,  then  the  quadrilateral  is  a kite. 

b.  If  the  quadrilateral  has  exactly  one  line  of  reflectional  symmetry,  then  the 
quadrilateral  is  a kite. 

c.  If  the  diagonals  of  a quadrilateral  are  congruent  and  bisect  each  other,  then  it 
is  a square. 

d.  If  a trapezoid  is  cyclic,  then  it  is  isosceles. 


KALEIDOSCOPES 

You  have  probably  looked  through  kaleidoscopes  and  enjoyed 
their  beautiful  designs,  but  do  you  know  how  they  work?  For  a 
simple  kaleidoscope,  hinge  two  mirrors  with  tape,  place  a small 
object  or  photo  between  the  mirrors,  and  adjust  them  until 
you  see  four  objects  (the  original  and  three  images).  What  is 
the  angle  between  the  mirrors?  At  what  angle  should  you 
hold  the  mirrors  to  see  six  objects?  Eight  objects? 

The  British  physicist  Sir  David  Brewster  invented  the  tube 
kaleidoscope  in  1816.  Some  tube  kaleidoscopes  have  colored 
glass  or  plastic  pieces  that  tumble  around  in  their  end 
chambers.  Some  have  colored  liquid.  Others  have  only  a lens 
in  the  chamber — the  design  you  see  depends  on  where  you 
aim  it. 

Design  and  build  your  own  kaleidoscope  using  a plastic  or 
cardboard  cylinder  and  glass  or  plastic  as  reflecting  surfaces. 
Try  various  items  in  the  end  chamber. 

Your  project  should  include 

► Your  kaleidoscope  (pass  it  around!). 

► A report  with  diagrams  that  show  the  geometry  properties 
you  used,  a list  of  the  materials  and  tools  you  used,  and  a 
description  of  problems  you  had  and  how  you  solved  them 


Gla-ss 


Cardboard 
eye  piece 
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asked,  “What  is  your 
phone  number? 

"He  answered,  “I  don’t 
know,  but  I know 
where  to  find 
it  if  I need  it.  ” 

ALBERT  EINSTEIN 


X 


G 


O 


Tessellations  That 
Use  Rotations 


In  Lesson  7.6,  you  created  recognizable  shapes  by  translating  curves  from  opposite 
sides  of  a regular  hexagon  or  square.  In  tessellations  using  only  translations,  all  the 
figures  face  in  the  same  direction.  In  this  lesson  you  will  use  rotations  of  curves  on 
a grid  of  parallelograms,  equilateral  triangles,  or  regular  hexagons.  The  resulting 
tiles  will  fit  together  when 
you  rotate  them,  and  the 
designs  will  have  rotational 
symmetry  about  points  in 
the  tiling.  For  exancple,  in 
this  Escher  print,  each 
reptile  is  made  by  rotating 
three  different  curves  about 
three  alternating  vertices  of 
a regular  hexagon. 


Symnyetfy  DfGwing  £25,  M.  C.  Escher,  1939 

Cadon  Art  EL  V.-iiadrn-Hoferd.  All  rlght&  rMer^ed 


Step  I 


Step  2 


Step  1 
Step  2 
Step  3 
Step  4 
Step  5 
Step  6 


Connect  points  S and  / with  a curve. 

Rotate  curve  SI  about  point  / so  that  point  S rotates  to  coincide  with  point  X. 
Connect  points  G and  X with  a curve. 

Rotate  curve  GX about  point  G so  that  point  Xrotates  to  coincide  with  point  O. 
Create  curve  NO. 

Rotate  curve  NO  about  point  N so  that  point  O rotates  to  coincide  with  point  S. 
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Escher  worked  long  and  hard  to  adjust  each  curve  until  he  got  what  he  recognized 
as  a reptile.  When  you  are  working  on  your  own  design,  keep  in  mind  that  you  may 
have  to  redraw  your  curves  a few  times  until  something  you  recognize  appears. 


Escher  used  his  reptile  drawirg 
In  this  famous  lithograph.  Look 
dosely  -aC.  the  reptiles  in  die 
drawing.  Es-cher  loved  to>  play 
with  our  perceptions  of  reality! 
%jri^;  M C.  1 wj 

e'2002Coi(lon  Art  EV.-flaarn-Hdland. 
All  lar^hti 


Another  method  used  by  Escher  utilizes  rotations  on  an  equilateral  triangle  grid. 
Two  sides  of  each  equilateral  triangle  have  the  same  curve,  rotated  about  their 
common  point.  The  third  side  is  a curve  with  point  symmetry.  The  following 
steps  demonstrate  how  you  might  create  a tessellating  flying  fish  like  that  created 
by  Escher. 


F 


Srcp  I. 


Step  1 
Step  2 


Connect  points  F and  / with  a curve.  Then  rotate  the  curve  60°  clockwise  about 
point  / so  that  it  becomes  curve  IH. 

Eind  the  midpoint  S of  FH  and  draw  curve  SH. 


Step  3 


Rotate  curve  SH  180°  about  S to  produce  curve  FS.  Together  curve  FS  and 
curve  iS// become  the  point- symmetric  curve  FH. 
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With  a little  added  detail,  the  design  becomes  a flying  flsh. 


M.  C.  Eschar. 

■&2002  Coirlon  An  E.""  &vjin- 
HolL'inii.  All  rlnht'. 


Or,  with  just  a slight  variation  in  the  curves,  the 
resulting  shape  will  appear  more  like  a bird  than  a 
flying  flsh. 


Exercises 


In  Exercises  1 and  2,  identify  the  basic  grid  (equilateral  triangles  or  regular 
hexagons)  that  each  geometry  student  used  to  create  the  tessellation. 


You  will  need 

forEffiidse  13 


Snofres.  Jack  Chow 
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In  Exercises  3 and  4,  copy  the  figure  and  the  grid  onto  patty  paper.  Show  how  you  can 
use  other  pieces  of  patty  paper  to  tessellate  the  figure  on  the  grid. 


In  Exercises  5 and  6,  create  tessellation  designs  by  using  rotations.  You  will  need  patty 
paper,  tracing  paper,  or  clear  plastic,  and  grid  paper  or  isometric  dot  paper. 

5.  Create  a tessellating  design  of  recognizable  shapes  by  using  a grid  of  regular 
hexagons.  Decorate  and  color  your  art. 

6.  Create  a tessellating  design  of  recognizable  shapes  by  using  a grid  of  equilateral  or 
isosceles  triangles.  Decorate  and  color  your  art. 


Review 


7.  Study  these  knot  designs  by  Rinus  Roelofs.  Now  try 
creating  one  of  your  own.  Select  a tessellation.  Make  a 
copy  and  thicken  the  lines.  Make  two  copies  of  this 
thick-lined  tessellation.  Lay  one  of  them  on  top  of  the 
other  and  shift  it  slightly.  Trace  the  one  underneath  onto 
the  top  copy.  Erase  where  they  overlap.  Then  create  a 
knot  design  using  what  you  learned  in  Lesson  0.5. 


Dutch  artist  Rinus  Roelofs  {b  1954)  experlmerts  witfi  die  lines 
between  the  shapes  rather  than  Itioking  at  the  plane-tilling 
flgu  res.  In  these  paintings,  he  has  made  the  lires  thicker  and 
created  intricate  knot  designs. 


[Above)  JmpossjlfrJe  sJfi^rure 

[At  left)  InTerwiiven  Pattsfus-U,  structure  } 7 

Itinvy  Fkjdet’j/COi.iiK'iy  of  ihe  dnisl  S *2002  Afibt  Rigliti 
Society  New  Yoikfieeldiechi,  Aimterdarn. 
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For  Exercises  8-11,  identify  the  statement  as  true  or  false.  For  each  false  statement, 
explain  why  it  is  false  or  sketch  a counterexample. 

8.  If  the  diagonals  of  a quadrilateral  are  congruent,  the  quadrilateral  is  a parallelogram 

9.  If  the  diagonals  of  a quadrilateral  are  congruent  and  bisect  each  other,  the 
quadrilateral  is  a rectangle. 

10.  If  the  diagonals  of  a quadrilateral  are  perpendicular  and  bisect  each  other,  the 
quadrilateral  is  a rhombus. 

11.  If  the  diagonals  of  a quadrilateral  are  congruent  and  perpendicular,  the  quadrilateral 
is  a square. 

12.  Earth’s  radius  is  about  4000  miles.  Imagine  that  you  travel  from  the  equator  to  the 
South  Pole  by  a direct  route  along  the  surface.  Draw  a sketch  of  your  path.  How 
far  will  you  travel?  How  long  will  the  trip  take  if  you  travel  at  an  average  speed  of 
50  miles  per  hour? 

13.  Technology  Use  geometry  software  to  construct  a line  and  two  points  A and  B not  on 
the  line.  Reflect^  and  B over  the  line  and  connect  the  four  points  to  form  a trapezoid. 

a.  Explain  why  it  is  a trapezoid. 

b.  Is  it  an  isosceles  trapezoid?  Explain. 

c.  Choose  a random  point  C inside  the  trapezoid  and  connect  it  to  the  four  vertices 
with  segments.  Calculate  the  sum  of  the  distances  from  C to  the  four  vertices. 

Drag  point  C around.  Where  is  the  sum  of  the  distances  the  greatest?  The  least? 

14.  Study  these  two  examples  of  matrix  multiplication,  and  then  use  your  inductive 
reasoning  skills  to  fill  in  the  missing  entries  in  a and  b. 
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IMPROVING  YOUR  REASONING  SKILLS 

Logical  Liars 

Five  students  have  just  completed  a logic  contest.  To  confuse  the  school’s  reporter,  Lois 
Lang,  each  student  agreed  to  make  one  true  and  one  false  statement  to  her  when  she 
interviewed  them  Lois  was  clever  enough  to  figure  out  the  winner.  Are  you?  Here  are  the 
students’  statements. 


Frances:  Kai  was  second.  I was  fourth. 

Leyton:  I was  third.  Charles  was  last. 

Denise:  Kai  won.  I was  second. 

Kai:  Leyton  had  the  best  score.  I came  in  last. 

Charles:  I came  in  second.  Kai  was  third. 
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gurrptirj'''" 


Tessellating  with  the 
Conway  Criterion 

Y ou’ ve  discovered  that  you  can  tessellate  with  any  triangle,  any 
quadrilateral,  some  nonregular  pentagons,  and  regular  hexagons. 
The  Conway  criterion,  named  for  English  mathematician  John 
Horton  Conway  (b  1937),  describes  rules  for  tiles  that  will  always 
tessellate.  The  sides  of  a tile  satisfying  the  Conway  criterion  need 
not  be  straight,  but  they  must  have  certain  characteristics  that 
you’ll  discover  in  this  activity.  You’ll  use  Sketchpad  to  tessellate 
with  a Conw ay-criterion  hexagon,  and  then  you’ll  experiment 
with  special  cases. 


Activity 

Conway  Hexagons 


Step  1 
Step  2 

Step  3 

Step  4 
Step  5 
Step  6 

Step  7 
Step  8 


Construct  segment  AB  and  point  C not  on  AB  . 

Select  point  A and  point  C in  order,  and  choose 
Mark  Vector  from  the  Transform  menu. 

Select  AB  and  then  point  B,  and  choose 
Translate  from  the  Transform  menu.  You  now 
have  a pair  of  parallel,  congruent  sides. 

Construct  points  D and  E not  on  AB  or  CB[  and  then  construct 
AD,  DC,  BE,din&  EB’.  Do  you  think  this  hexagon  will  tessellate? 

Construct  midpoint  F of  AD  and 
midpoint  G of  BE. 

Select  the  vertices  of  the  hexagon  in 
consecutive  order,  and  choose  Hexagon 
Interior  from  the  Construct  menu. 

Double-click  point  G to  mark  it  as  a center. 

Select  the  polygon  interior  and  point  F,  and 
choose  Rotate  from  the  Transform  menu.  Rotate  the  objects 
180°.  Give  the  image  polygon  a different  color. 

Mark  vector  FF’ . Select  the  two  polygon  interiors  and  translate 
them  by  the  marked  vector.  You  should  now  have  a row  of 
polygons.  Drag  any  of  the  points.  How  do  the  polygons  fit 
together? 


c B- 
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Pi 


Step  9 


Step  10 


Call  the  polygons  from  left  to  right p\,p2,p3,  and  p4.  Polygon 
P3  is  the  translation  of  polygon pihy  the  vector  FF' . How  is 
polygon p3  related  to  polygon  P2I  How  is  polygon p2  related 
to  polygon  p\l  What  transformation  is  equivalent  to  the 
concposition  of  two  180°  rotations  about  two  different  centers? 

Mark  vector  AC.  Select  the  row  of  polygon  interiors  and 
translate  by  this  marked  vector.  Translate  again  one  or  two 
more  times.  Color  the  polygons  so  that  you  can  tell  them  apart. 


Step  1 1 


Step  12 

Step  13 

Step  14 
Step  15 


Not  all  hexagons  tessellate,  but  a conjecture  was  made  that  those 
with  one  pair  of  opposite  sides  congruent  and  parallel  do  tessellate. 
Drag  any  of  the  vertices.  What  do  you  think  of  this  conjecture?  The 
conjecture  is  called  the  Conway  criterion  for  hexagons. 

Drag  point  B on  top  of  points.  Now  what  kind  of  tessellating 
shape  do  you  have?  What  is  it  about  the  angles  of  this  shape 
that  guarantee  it  will  tessellate?  Is  the  Conway  criterion  needed 
to  guarantee  that  these  figures  tessellate? 

With  point  B still  on  top  of  point  A,  drag  point  E on  top  of 
points  B and  A.  Now  what  shape  do  you  have?  What  is  it  about 
the  angles  of  this  shape  that  guarantee  it  will  tessellate? 

Undo  so  that  you  have  a hexagon  again.  Make  the  hexagon  into 
a pentagon  that  will  tessellate.  Explain  what  you  did. 

Undo  so  that  you  have  a hexagon  again.  In  any  tessellation  the 
angle  measures  at  each  vertex  must  sum  to  360°.  Does  the 
Conway  criterion  guarantee  that  the  sum  of  the  angle  measures 
equals  360°?  Explain.  {Hint:  Construct  AC  and  BB\  and 
construct  an  auxiliary  line  parallel  to  BB’  through  point  E .) 
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The  young  do  not  know 
enough  to  be  prudent,  and 
therefore  they  attempt  the 
impossible,  and  achieve  it, 
generation  after  generation. 
PEARL  S.  BUCK 


Hws^mcjn,  M.  C Etch&r,  1946 
CM33  Cofdon  Art  fl  V.-Baaiik- 
Hdlafid  All  rights  resEiwd 


Tessellations  That  Use 
Glide  Reflections 


In  this  lesson  you  will  use  glide  reflections  to  create  tessellations.  In  Lesson  7.6, 
you  saw  Escher’s  translation  tessellation  of  the  winged  horse  Pegasus.  All  the  horses 
are  facing  in  the  same  direction.  In  the  drawings  below  and  below  left,  Escher  used 
glide  reflections  on  a grid  of  glide-reflected  kites  to  get  his  horsemen  facing  in 
opposite  directions. 


The  steps  below  show  how  you  c-an  make  a tessellating  design  similar  to  tsehcr’s 
[The  symbol  ^ indicates  a glide  rertection.) 


Step  ] 


H'orsemoiT  M.  C.  Escher 

O20D2  Conical  Ari;  ftV.-flaarii-HrJiMMi  All 


Step  4 
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In  the  tessellation  of  birds  below  left,  you  can  see  that  Escher  used  a grid  of 
squares.  You  can  use  the  same  procedure  on  a grid  of  any  type  of  glide-reflected 
parallelograms.  The  steps  below  show  how  you  might  create  a tessellation  of  birds 
or  fishes  on  a parallelogram  grid. 


flOSl  M.  C Es<h&r,  1567 
Cordon  Ari  E.V.-Eaam-Holland.  All  rights  reser'z&d. 


Exercises 


4a3.^:jLuL-1Tht'i;i^ 


In  Exercises  I and  2,  identify  the  basic  tessellation  grid  (kites  or 
parallelograms)  that  the  geometry  student  used  to  create  the  tessellation. 


4^ 

Step  2 


Stej>4 


You  will  need 


for  tKfiiciw  E 


Glide  flertectjon,  Alice  Chan 
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In  Exercises  3 and  4,  copy  the  figure  and  the  grid  onto  patty  paper.  Show  how  you  can 
use  other  patty  paper  to  tessellate  the  figure  on  the  grid. 


5.  Create  a glide-reflection  tiling  design  of  recognizable  shapes  by  using  a grid  of  kites. 
Decorate  and  color  your  art.  k 

6.  Create  a glide-reflection  tiling  design  of  recognizable  shapes  by  using  a grid  of 
parallelograms.  Decorate  and  color  your  art. 


^ Review 


7.  Find  the  coordinates  of  the  circumcenter  and  orthocenter  of  i^FAN  with  F(6,  0), 
v4(7,  7),and7V(3,9). 

8.  Construction  Construct  a circle  and  a chord  of  the  circle.  With  conpass  and 
straightedge,  construct  a second  chord  parallel  and  congruent  to  the  first  chord. 


9.  Remy’s  fi'iends  are  pulling  him  on  a sled. 
One  of  his  fi'iends  is  stronger  and  exerts 
more  force.  The  vectors  in  this  diagram 
represent  the  forces  his  two  fi'iends  exert 
on  him.  Copy  the  vectors,  conplete  the 
vector  parallelogram,  and  draw  the 
resultant  vector  force  on  his  sled. 


10.  The  green  prism  below  right  was  built  fi'om 
the  two  solids  below  left.  Copy  the  figure  on 
the  right  onto  isometric  dot  paper  and  shade 
in  one  of  the  two  pieces  to  show  how  the 
conplete  figure  was  created. 


IMPROVING  YOUR  ALGEBRA  SKILLS 

Fantasy  Functions 

Ifa°Z)  = /then3°2  = 3^  = 9, 
and  i^a^b  = a^  + b^ihs:n5^2  = 5^+2^  = 29. 
If8Ax=17°2,  findx. 
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Using  Your  Algebra  Skills  7 


vOUR  ALGEBRA  SKILLS  7 


USILiG 


Finding  Points  of 
Concurrency 


Suppose  you  know  the  coordinates  of  the  vertices  of  a triangle.  In  the  previous 
chapter,  you  saw  that  you  can  find  the  coordinates  of  the  circumcenter  by  writing 
equations  for  the  perpendicular  bisectors  of  two  of  the  sides  and  solving  the 
system  Similarly,  you  can  find  the  coordinates  of  the  orthocenter  by  finding 
equations  for  two  lines  containing  altitudes  ofthe  triangle  and  solving  the  system 


EXAMPLE  A 


► Solution 


Find  the  coordinates  of  the  orthocenter  of 
ihPDQ  with  7^(0,  -4),  D(-4,  4),  and 
2(8,  4). 


The  orthocenter  is  the  intersection  of  two 


= 0. 


altitudes  of  the  triangle.  An  altitude  passes 
through  a vertex  and  is  perpendicular  to  the 
opposite  side.  Because  DQ  is  horizontal,  the 
altitude  from  7^  to  DQ  must  be  a vertical  line. 
The  line  that  is  vertical  and  passes  through  P 


is 


the  line  x 


■X 


/ ^ 

For  a review  of  this  technique  y 

of  using  the  definition  of  slope 

to  write  an  equation,  see 

^xample  C on  pages  288-289.  ^ 


Next,  find  the  equation  of  the  line  containing  one  of  the  other  altitudes.  You  can 
find  the  equation  of  the  line  containing  the  altitude  from  Q to  DP  by  finding  the 

line  that  is  perpendicular  to  DP  and  that  passes  through  Q. 


The  slope  of  7)7^  is  p \y.  or -2. 

The  altitude  is  perpendicular  to  DP,  so 
the  slope  of  the  altitude  is  j,  the  opposite 
reciprocal  of  -2.  Using  the  definition  of 
slope  and  the  coordinates  of  Q,  the 
equation  of  the  dashed  line  is  ” "J  = 4. 

I ^ V 2 

Solving  for  y gives  y = as  the  equation 
of  the  line  containing  the  altitude. 


To  find  the  point  where  the  altitudes 
intersect,  solve  the  system  of  equations. 
You  already  know  x = 0.  If  you  substitute 
0 for  X into  y — you  gety  = 0.  So,  the 
orthocenter  is  (0,  0). 

You  can  verify  this  result  by  writing  the 
equation  of  the  line  containing  the  third 
altitude  and  making  sure  (0,  0)  satisfies  it. 


You  can  also  find  the  coordinates  of  the  centroid  of  a triangle  by  solving  a system 
of  two  lines  containing  medians.  However,  as  you  will  see  in  the  next  exanple, 
there  is  a more  efficient  method. 
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EXAMPLES 


Consider  ihABC  with^(  -5,  -3  ),  B{  3,  -5  ), 
and  C( -1,2). 

a.  Find  the  coordinates  of  the  centroid  of 
CiABC  by  writing  equations  for  two  lines 
containing  medians  and  finding  their  point 
of  intersection. 

b.  Find  the  mean  of  the  x-coordinates  and  the 
mean  of  the  y-coordinates  of  the  triangle’s 
vertices.  What  do  you  notice? 


► Solution 


The  centroid  is  the  intersection  of  two  medians  of  the  triangle.  A median  joins  a 
vertex  with  the  midpoint  of  the  opposite  side. 


a. 


The  midpoint  of^  is  j 

( -1,  -4  ).  The  coordinates  of  C are  ( -1,  2 ), 
so  the  line  that  goes  through  both  of  these 
points  is  the  vertical  line  x = -1.  Next,  find 
the  equation  of  the  line  containing  the 
median  from  A to  BC  . The  midpoint  of 
BC  is  or  ( L - The  slope 

_i  _ Ij  I 

from^  to  this  midpoint  is  - >or 

Using  the  definition  of  slope,  the  equation  of 
the  dashed  line  is  = \ , Solving  for  y gives y = ^ as  the  equation 

of  the  line  containing  the  median. 


Finally,  use  substitution  to  solve  this  system 

Equation  of  the  line  eontaining  the  median  fromv4  to  BC. 
Equation  of  the  line  eontaining  the  median  from  C to  AB. 


1 7 

/ = 4-^“4 


-1 


y = -2 


Substitute  -1  forx  in  the  first  equation. 
Simplify. 


The  centroid  is  ( -1,  -2  ).  You  can  verify  this 
result  by  writing  the  equation  for  the  third 
median  and  making  sure  ( -1,  -2  ) satisfies  it. 

b.  The  mean  of  the  x-coordinates  is 

j = -r  = ‘ 

The  mean  of  the  y-coordinates  is 

^ _ ^c-.  _ 

3 “ .1  “ 


Centroid 


Notice  that  these  means  give  you  the  coordinates  of  the  centroid:  ( -1,  -2  ). 


USING 
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You  can  generalize  the  findings  fromExanple  B to  all  triangles.  The  easiest  way  to 
find  the  coordinates  of  the  centroid  is  to  find  the  mean  of  the  vertex  coordinates. 


I Exercises 

In  Exercises  1 and  2,  use  -^RES  with  vertices  R(0,  0),  E(  4,  -6  ), 
andS(8,  4). 

1.  Find  the  equation  of  the  line  containing  the  median 
from  to  ES. 

2.  Find  the  equation  of  the  line  containing  the 
altitude  fromE'  to  RS. 

In  Exercises  3 and  4,  use  algebra  to  find  the  coordinates  of  the 
centroid  and  the  orthocenter  for  each  triangle. 


3.  Right  triangle  MNO  4.  Isosceles  triangle  CDE 


5.  Find  the  coordinates  of  the  centroid  of  the  triangle  formed  by  the  x-axis,  the  y-axis, 
and  the  line  12x  + 9y  = 36. 

6.  The  three  lines  8x  + 3y  = 12,  6y  - 7x  = 24,  and  x + 9y  + 33  = 0 intersect  to  form 
a triangle.  Find  the  coordinates  of  its  centroid. 

7.  Circle  P with  center  at  ( -6,  -6  ) and  circle  Q with 

center  at  ( 11,0)  have  a common  internal  tangent  AB. 

Find  the  coordinates  oiB  iiA  has  coordinates  ( -3,  -2  ). 
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How  is  your  memory?  In  this  chapter  you  learned  about  rigid 
transformations  in  the  plane — called  isometries — and  you  revisited 
the  principles  of  symmetry  that  you  first  learned  in  Chapter  0.  You 
applied  these  concepts  to  create  tessellations.  Can  you  name  the 
three  rigid  transformations?  Can  you  describe  how  to  conpose 
transformations  to  make  other  transformations?  How  can  you  use 
reflections  to  inprove  your  miniature-golf  game?  What  types  of 
symmetry  do  regular  polygons  have?  What  types  of  polygons  will 
tile  the  plane?  Review  this  chapter  to  be  sure  you  can  answer  these 
questions. 


Exercises 


ilFt'fiH'ti  i<i 


For  Exercises  1-12,  identify  each  statement  as  true  or  false.  For  each  false  statement, 
sketch  a counterexanple  or  explain  why  it  is  false. 


1. 

2. 

3. 

4. 


5. 


6. 


7. 


8. 

9. 


10. 


11. 

12. 


The  two  transformations  in  which  the  orientation  (the  order  of  points  as  you  move 
clockwise)  does  not  change  are  translation  and  rotation. 

The  two  transformations  in  which  the  image  has  the  opposite  orientation  from  the 
original  are  reflection  and  glide  reflection. 

A translation  by  ''  5,  12 ) followed  by  a translation  by  ( -8,  -6  is  equivalent  to  a 
single  translation  by  ( -3,  6!' . 

A rotation  of  140°  followed  by  a rotation  of  260°  about  the  same  point  is  equivalent 
to  a single  rotation  of  40°  about  that  point. 

A reflection  across  a line  followed  by  a second 
reflection  across  a parallel  line  that  is  12  cm  from  the 
first  is  equivalent  to  a translation  of  24  cm 

A regular  n-gon  has  n reflectional  symmetries  and 
n rotational  symmetries. 

The  only  three  regular  polygons  that  create 
monohedral  tessellations  are  equilateral  triangles, 
squares,  and  regular  pentagons. 

Any  triangle  can  create  a monohedral  tessellation. 

Any  quadrilateral  can  create  a monohedral  tessellation. 

No  pentagon  can  create  a monohedral  tessellation. 

No  hexagon  can  create  a monohedral  tessellation. 

There  are  at  least  three  times  as  many  true  statements 
as  false  statements  in  Exercises  1-12. 

KtT\g  by  l^inrie  Evans-  (1352- 19B7] 
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In  Exercises  13-15,  identify  the  type  or  types  of  symmetry,  including  the  number  of 
symmetries,  in  each  design.  For  Exercise  15,  describe  how  you  can  move  candles  on  the 
menorah  to  make  the  colors  symmetrical,  too. 


16.  The  fa9ade  of  Chartres  Cathedral  in  France 
does  not  have  reflectional  symmetry.  Why  not? 
Sketch  the  portion  of  the  fa9ade  that  does  have 
bilateral  symmetry. 


17.  Find  or  create  a logo  that  has  reflectional 
symmetry.  Sketch  the  logo  and  its  line  or  lines 
of  reflectional  symmetry. 

18.  Find  or  create  a logo  that  has  rotational 
symmetry,  but  not  reflectional  symmetry. 
Sketch  it. 


In  Exercises  19  and  20,  classify  the  tessellation  and  give  the  vertex  arrangement. 


19. 
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21.  Experiment  with  a mirror  to  find  the  smallest 

vertical  portion  ( y)  in  which  you  can  still  see  your 
full  height  (x).  How  does  y conpare  to  x7  Can  you 
explain,  with  the  help  of  a diagram  and  what  you 
know  about  reflections,  why  a “full-length  mirror 
need  not  be  as  tall  as  you? 


T 

>■ 

I 


22.  Miniature-golf  pro  Sandy  Trapp  wishes  to  inpress 
her  fans  with  a hole  in  one  on  the  very  first  try. 
How  should  she  hit  the  ball  at  T to  achieve  this 
feat?  Explain. 


In  Exercises  23-25,  identify  the  shape  of  the  tessellation 
grid  and  a possible  method  that  the  student  used  to 
create  each  tessellation. 


23. 


Ae/isjrr  Wmion,  Robert  B*ll 


Dovei  Serene  Tam 


Reter  Chua  and  Morika  Grant 


In  Exercises  26  and  27,  copy  the  figure  and  grid  onto  patty  paper.  Determine  whether  or 
not  you  can  use  the  figure  to  create  a tessellation  on  the  grid.  Explain  your  reasoning. 

26.  27. 
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28.  In  his  woodcut  Day  and  Night,  Escher  gradually  changes  the  shape  of  the  patches 
of  farmland  into  black  and  white  birds.  The  birds  are  flying  in  opposite  directions, 
so  they  appear  to  be  glide  reflections  of  each  other.  But  notice  that  the  tails  of  the 
white  birds  curve  down,  while  the  tails  of  the  black  birds  curve  up.  So,  on  closer 
inspection,  it’s  clear  that  this  is  not  a glide-reflection  tiling  at  all! 

When  two  birds  are  taken  together  as  one  tile  (a  2-motif  tile),  they  create  a 
translation  tessellation.  Use  patty  paper  to  find  the  2-motif  tile. 


(7Jid  M.  C.  Escher.  1 

02002  Cofdon  Art  fl.V.-Baam-HdIand  All  li^li  reservadl 


Take  another  look 


1.  Assuming  there  are  no  other  balls  on  a pool  table,  where  should  a player  aim  so  that  a 
randomly  placed  cue  ball  bounces  off  exactly  three  different  cushions  before  returning  to 
its  original  spot?  How  many  different  solutions  can  you  find? 

2.  There  are  20  different  2-uniform  tilings.  Seven  of  them 
are  shown  in  this  chapter:  on  page  391,  Exercises  6-8 
on  page  392,  Exercise  13  on  page  402,  Exercise  19  on 
page  417,  and  the  one  shown  here.  Use  pattern  blocks 
or  geometry  software  to  find  at  least  five  more 
2-uniform  tilings. 

3.  There  are  many  books  and  websites  devoted  to  the 
tessellation  art  of  M.  C.  Escher.  Make  copies  of  three 
different  Escher  tessellation  designs  not  found  in  this 
textbook.  One  should  be  a translation-type 
tessellation,  one  a rotation-type  tessellation,  and  one  a 
glide  reflection- type  tessellation.  Label  them  with  their 
tessellation  type  and  use  patty  paper  to  locate  the  unit  tessellation  shape  for  each  design. 
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4.  Matrices  can  be  used  to  translate  polygons  on  the  coordinate  plane. 
For  example,  to  translate  ihABC  by  the  vector  ( 3,  -2)  , you  can  add  a 
translation  matrix  to  a matrix  of  the  triangle’s  vertices.  The  result  is 
an  image  matrix  that  gives  the  coordinates  of  the  image’s  vertices. 


[triang^le  m^trk]  + [tmiislation  matrix]  ^ [imag^  matrixl 


4 -3  o' 

'333' 

' 1 03' 

3 1 5 

1 

-2  -2  -2 

1-13 

Pentagon  has  vertices  A(0,  0),  N{6,  0),  G(7,  3),  7(2,  7),  ^(0,  5). 

Translate  ANGIE  by  the  vector  (-5,  -3).  Show  the  matrix  addition  that  results  in 
the  image  matrix  for  pentagon  A'  N'  G'  F E\  and  verify  your  results  by  graphing  the 
original  pentagon  and  its  image,  either  on  paper  or  a graphing  calculator. 


5.  Matrices  can  also  be  used  to  reflect  or  rotate  polygons  on  the  coordinate 
plane.  For  exanple,  to  reflect  oABC  from  Exercise  4 across  the  y-axis,  you 

'l  o' 


can  multiply  the  triangle  matrix  by  the  transformation  matrix 


0 -T 


f ' 

0 

f 

3 0] 

4 3 o' 

1 0 

1 

1 3 

1 5] 

3 1 5^ 

^ X 

■ / 

y 


Multiply  the  triangle  matrix  for  ihABC  by  each  of  these  transformation 

matrices.  You  can  use  a graphing  calculator.  Graph  iiABC  and  its  image, 

ilA  B'  C,  on  the  same  coordinate  system  and  describe  the  resulting  transformation. 


']  o' 
-1. 

b. 

1 1 

0 — 

1 

— 0 

'0  -]' 
.1 

■ 1 

0 

_o 

e. 

'2  o' 

Assessing  What  YouVa  Learned 


UPDATE  YOUR  PORTFOLIO  Choose  one  of  the  tessellations  you  did  in  this  chapter 
and  add  it  to  your  portfolio.  Describe  why  you  chose  it  and  explain  the 
transformations  you  used  and  the  types  of  symmetry  it  has. 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  to  be  sure  it’s  conplete  and 
well  organized.  Are  all  the  types  of  transformation  and  symmetry  included  in  your 
definition  list  or  conjecture  list?  Write  a one-page  chapter  summary. 


WRITE  IN  YOUR  JOURNAL  This  chapter  emphasizes  applying  geometry  to  create 
art.  Write  about  connections  you  see  between  geometry  and  art.  Does  creating 
geometric  art  give  you  a greater  appreciation  for  either  art  or  geometry?  Explain. 


PERFORMANCE  ASSESSMENT  While  a classmate,  a friend,  a family  member,  or  a 
teacher  observes,  carry  out  one  of  the  investigations  from  this  chapter.  Explain  what 
you’re  doing  at  each  step,  including  how  you  arrive  at  the  conjecture. 

GIVE  A PRESENTATION  Give  a presentation  about  one  of  the  investigations  or 
projects  you  did  or  about  one  of  the  tessellations  you  created. 
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/ could  fill  an  entire  second  life  with 
working  on  my  prints. 

M.  C.  ESCHER 

Square  Limit,  M.  C.  Escher,  1964 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 
All  rights  reserved. 


OBJECTIVES 

In  this  chapter  you  will 

* discover  area  formulas  for 
rectangles,  parallelograms, 
triangles,  trapezoids,  kites, 
regular  polygons,  circles, 
and  other  shapes 

* use  area  formulas  to  solve 
problems 

* learn  how  to  find  the 
surface  areas  of  prisms, 
pyramids,  cylinders,  and 
cones 
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A little  learning  is  a 
dangerous  thing— almost 
as  dangerous  as  a lot  of 
ignorance. 

ANONYMOUS 
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Areas  of  Rectangles  and 
Parallelograms 

People  work  with  areas  in  many  occupations.  Carpenters  calculate  the  areas  of 
walls,  floors,  and  roofs  before  they  purchase  materials  for  construction.  Painters 
calculate  surface  areas  so  that  they  know  how  much  paint  to  buy  for  a job. 
Decorators  calculate  the  areas  of  floors  and  windows  to  know  how  much  carpeting 
and  drapery  they  will  need.  In  this  chapter  you  will  discover  formulas  for  finding 
the  areas  of  the  regions  within  triangles,  parallelograms,  trapezoids,  kites,  regular 
polygons,  and  circles. 


Tile  layers  reed  to 
find  floor  area  to 
determln&  how  many 
tlloi  to  buy. 


The  area  of  a plane  figure  is  the  measure  of  the  region  enclosed  by  the  figure.  You 
measure  the  area  of  a figure  by  counting  the  number  of  square  units  that  you  can 
arrange  to  fill  the  figure  completely. 


^ d 

Length:  1 unit  Arc^:  I square  unit 


You  probably  already  know  many  area  formulas.  Think  of  the  investigations  in  this 
chapter  as  physical  demonstrations  of  the  formulas  that  will  help  you  understand 
and  remember  them. 

It’s  easy  to  find  the  area  of  a rectangle. 


To  find  the  area  of  the  first  rectangle,  you  can  simply  count  squares.  To  find  the 
areas  of  the  other  rectangles,  you  could  draw  in  the  lines  and  count  the  squares,  but 
there’s  an  easier  method. 
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EXAMPLE  A 


► Solution 


Any  side  of  a rectangle  can  be 
called  a base.  A rectangle’s  height 
is  the  length  of  the  side  that  is 
perpendicular  to  the  base.  For  each 
pair  of  parallel  bases,  there  is  a 
corresponding  height. 


1 

t 

Height 



i 

h-Basp-H 

— Raw H 

If  we  call  the  bottom  side  of  each 
rectangle  in  the  figure  the  base, 

then  the  length  of  the  base  is  the  number  of  squares  in  each  row  and  the  height  is 
the  number  of  rows.  So  you  can  use  these  terms  to  state  a formula  for  the  area.  Add 
this  conjecture  to  your  list. 


■ Rectangle  Area  Conjecture 

The  area  of  a rectangle  is  given  by  the  formula  ^ , where  A is  the  area,  b is 
I the  length  of  the  base,  and  is  the  height  of  the  rectangle. 


The  area  formula  for  rectangles  can  help  you  find  the  areas  of  many  other  shapes. 


Find  the  area  of  this  shape. 


The  middle  section  is  a rectangle  with  an  area  of  4 ■ 8,  or  32  square  units. 

You  can  divide  the  remaining  pieces  into  right  triangles,  so  each  piece  is  actually 
half  a rectangle. 


The  area  of  the  figure  is 
32  + 3 + 5 + 9 + 3 = 52 
square  units. 

There  are  other  ways  to  find  the 
area  of  this  figure.  One  way  is  to 
find  the  area  of  an  8 -by- 9 
rectangle  and  subtract  the  areas 
of  four  right  triangles. 


1 

2 
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You  can  also  use  the  area  formula  for  a rectangle  to  find  the  area  formula  for 
a parallelogram 

Just  as  with  a rectangle,  any  side  of  a parallelogram  can  be  called  a base.  But  the 
height  of  a parallelogram  is  not  necessarily  the  length  of  a side.  An  altitude  is  any 
segment  from  one  side  of  a parallelogram  perpendicular  to  a line  through  the 
opposite  side.  The  length  of  the  altitude  is  the  height. 


The  altitude  can  be  inside  or  outside  the 
parallelogram  No  matter  where  you 
draw  the  altitude  to  a base,  its  height 
should  be  the  same,  because  the 
opposite  sides  are  parallel. 


Invertigatran 

Area  Formula  for  Parallelograms 


You  will  nood 


* heavy  paper  or 
cardboard 

* a straightedge 

* a compass 


Step  1 


Using  heavy  paper,  investigate  the  area  of  a parallelogram  Can  the  area 
rearranged  into  a more  familiar  shape?  Different  members  of  your  group 
investigate  different  parallelograms  so  you  can  be 
sure  your  formula  works  for  all  parallelograms. 

Construct  a parallelogram  on  a piece  of  heavy 
paper  or  cardboard.  From  the  vertex  of  the 
obtuse  angle  adjacent  to  the  base,  draw  an 
altitude  to  the  side  opposite  the  base.  Label 
the  parallelogram  as  shown. 


be 

should 


Step  2 


Cut  out  the  parallelogram  and  then  cut  along  the  altitude.  You  will  have  two 
pieces — a triangle  and  a trapezoid.  Try  arranging  the  two  pieces  into  other 
shapes  without  overlapping  them  Is  the  area  of  each  of  these  new  shapes  the 
same  as  the  area  of  the  original  parallelogram?  Why? 


Step  3 


Is  one  of  your  new  shapes  a rectangle?  Calculate  the  area  of  this  rectangle.  What 
is  the  area  of  the  original  parallelogram?  State  your  next  conjecture. 


Parallelogram  Area  Conjecture 

The  area  of  a parallelogram  is  given  by  the  formula _L , where  A is  the  area, 
Z?  is  the  length  of  the  base,  and  /z  is  the  height  of  the  parallelogram 
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] . [►  To  view  dynamically  how  the  area  of  a parallelogram  is  related  to  the  area  of  a rectangle,  see  tf 

— ^ Dynamic  Geometry  Exploration  Area  Formula  for  Parallelograms  at  www.keymath.com/DG  . 

keymath.com/DG 

If  the  dimensions  of  a figure  are  measured  in  inches,  feet,  or  yards,  the  area  is 
measured  in  in^  (square  inches),  ft^  (square  feet),  or  yd^  (square  yards).  If  the 
dimensions  are  measured  in  centimeters  or  meters,  the  area  is  measured  in 
cm^  (square  centimeters)  or  m^  (square  meters).  Let’s  look  at  an  example. 


EXAMPLE  B 


Find  the  height  of  a parallelogram  that  has  area  7.13  m^ 
and  base  length  2.3  m 


► Solution 


A = bh 


7.13  = (2.3)/z 
7.13 

h = 3A 


- h 


Write  the  formula. 
Substitute  the  known  values 
Solve  for  the  height. 

Divide. 


The  height  measures  3.1  m 


Exercises 


In  Exercises  1-6,  each  quadrilateral  is  a rectangle.  A represents  area  and  P represents 
perimeter.  Use  the  appropriate  unit  in  each  answer. 


1.  A=  ? 


2.  A=  r 


3.  A = 96  yd^ 
b^± 


12  m 

4.5  cm 

9.3  cm 

IQ  m 

12  yd 


4.  A = 273  cm2 
h=  ? 


5.  P = 40  ft 

A = JL 


7fl 


In  Exercises  7-9,  each  quadrilateral  is  a parallelogram. 
1.  A = ^ 


8.  A = 2508  cirf 
P^± 


6.  Shaded  area  = L 


m 


12  m 


1 1 m 


9.  Find  the  area  of  the 
shaded  region. 


44  cm  /4S  -cm 

b— 


H 


't 

7 lj. 

i 
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10.  Sketch  and  label  two  different  rectangles,  each  with  area  48  cm^. 
In  Exercises  1 1-13,  find  the  shaded  area  and  explain  your  method. 


14.  Sketch  and  label  two  different  parallelograms,  each  with 
area  64  cm^. 

15.  Draw  and  label  a figure  with  area  64  cm^  and  perimeter 
64  cm 

16.  The  photo  shows  a Japanese  police  kohan.  An  arch  forms 
part  of  the  roof  and  one  wall.  The  arch  is  made  from 
rectangular  panels  that  each  measure  1 mby  0.7  m.  The 
arch  is  1 1 panels  high  and  3 panels  wide.  What’ s the  total 
area  of  the  arch? 

Cultural 

CONNECTION 

Koban  is  Japanese  for  “mini- station,”  a small  police  station.  These  stations 
are  located  in  several  parts  of  a city,  and  officers  who  work  in  them  know  the 
surrounding  neighborhoods  and  people  well.  The  presence  of  kobans  in  Japan 
helps  reduce  crime  and  provides  communities  with  a sense  of  security. 


17.  What  is  the  total  area  of  the  four  walls  of  a rectangular  room  4 meters  long  by 
5.5  meters  wide  by  3 meters  high?  Ignore  all  doors  and  windows. 

18.  Application  Ernesto  plans  to  build  a pen  for  his  pet  iguana.  What  is  the  area  of  the 
largest  rectangular  pen  that  he  can  make  with  100  meters  of  fencing? 

19. 


20.  Application  Sarah  is  tiling  a wall  in  her 
bathroom  It  is  rectangular  and  measures 
4 feet  by  7 feet.  The  tiles  are  square  and 
measure  6 inches  on  each  side.  How  many 
tiles  does  Sarah  need? 


The  big  event  at  George  Washington  High  School’s  May  Eestival  each  year  is  the 
Cow  Drop  Contest.  A farmer  brings  his  well-fed  bovine  to  wander  the  football  field 
until — well,  you  get  the  picture.  Before  the  contest,  the  football  field,  which 
measures  53  yards  wide  by  100  yards  long, 
is  divided  into  square  yards.  School  clubs 
and  classes  may  purchase  square  yards. 

If  one  of  their  squares  is  where  the  first 
dropping  lands,  they  win  a pizza  party.  If 
the  math  club  purchases  10  squares,  what  is 
the  probability  that  the  club  will  win? 
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For  Exercises  21-23,  you  may  choose  to  use  grid  pages. 


21.  Find  the  area  of  quadrilateral  ABCD  with  vertices  A(0,  0),  B(6,  0),  C(14,  16), 
andZ)(8,  16). 

22.  Find  the  area  of  quadrilateral  EFGH  with  vertices  £”(0,  0),  F{  6,  -4), 

G(8,  0),  andF^(6,4). 


23.  Find  the  area  of  the  trapezoid  at  right. 


S cm  12  cm  2]  cm 


24.  Mini-Investigation  Suppose  you  measure  the  sides  of  a rectangle  to  calculate  its  area. 
Using  your  ruler,  you  find  that  the  base  of  the  rectangle  is  between  15.6  cm  and 
15.7  cm,  and  the  height  is  between  12.3  cm  and  12.4  cm 

a.  Find  the  smallest  possible  area  and  the  largest  possible  area. 

b.  What  do  you  think  is  a reasonable  value  for  the  actual  area  of  the  rectangle? 

c.  If  you  use  15.65  cm  for  the  base  and  12.35  cm  for  the  height,  the  calculated  area 
is  193.2775  cm^.  From  your  answers  to  part  a,  explain  why  the  last  four  digits  in 
this  calculation  are  not  considered  significant. 


Art 

- CONNECTION^ 

The  design  at  right  is  a quilt  design  called  the  Ohio  Star.  Traditional  quilt  block 
designs  range  from  a simple  nine-patch,  based  on  9 squares,  to  more 
complicated  designs  like  Jacob’s  Ladder  or  Underground  Railroad,  which  are 
based  on  16,  25,  or  even  36  squares.  Quiltmakers  need  to  calculate  the  total 
area  of  each  different  type  of  material  before  they  make  a complete  quilt. 


25.  Application  The  Ohio  Star  is  a 16-square  quilt  design.  Each  block  measures  12  inches 
by  12  inches.  One  block  is  shown  above.  Assume  you  will  need  an  additional  20%  of 
each  fabric  to  allow  for  seams  and  errors. 

a.  Calculate  the  sum  of  the  areas  of  all  the  red  patches,  the  sum  of  the  areas  of  all 
the  blue  patches,  and  the  area  of  the  yellow  patch  in  a single  block. 

b.  How  many  Ohio  Star  blocks  will  you  need  to  cover  an  area  that  measures 
72  inches  by  84  inches,  the  top  surface  area  of  a king-size  mattress? 

c.  How  much  fabric  of  each  color  will  you  need?  How  much 
fabric  will  you  need  for  a 15 -inch  border  to  extend 
beyond  the  edges  of  the  top  surface  of  the  mattress? 

26.  A right  triangle  with  sides  measuring  6 cm,  8 cm,  and  10  cm 
has  a square  constructed  on  each  of  its  three  sides,  as  shown. 

Compare  the  area  of  the  square  on  the  longest  side  to  the 
sum  of  the  areas  of  the  two  squares  on  the  two  shorter  sides. 
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► Review 

27.  Developing  Proof  Copy  the  figure  at  right.  Find  the 
lettered  angle  measures  and  arc  measures.  AB  and  AC 
are  tangents.  CD  is  a diameter.  Explain  how  you 
determined  the  measures  a and  b. 


28.  Given  AM  as  the  length  of  the  altitude  of  an  equilateral 
triangle,  construct  the  triangle. 

. 1+ t.w 


29.  Sketch  what  the  figure  at  right  looks  like  when  viewed  from  each 
of  these  directions. 

a.  Above  the  figure,  looking  straight  down 

b.  In  front  of  the  figure,  that  is,  looking  straight  at  the  red- shaded  side 

c.  The  side,  looking  at  the  blue- shaded  side 


RANDOM  RECTANGLES 

W hat  does  a typical  rectangle  look  like?  A randomly  generated  rectangle  could 
be  long  and  narrow,  or  square-like.  It  could  have  a large  perimeter,  but  a small 
area.  Or  it  could  have  a large  area,  but  a small  perimeter.  In  this  project  you  will 
randomly  generate  rectangles  and  study  their  characteristics  using  scatter  plots 
and  histograms. 

Your  project  should  include 

►-  A description  of  how  you  created  your  random  rectangles,  including  any 
constraints  you  used. 

► A scatter  plot  of  base  versus  height,  a perimeter  histogram,  an  area  histogram, 
and  a scatter  plot  of  area  versus  perimeter. 

► Any  other  studies  or  graphs  you  think  might  be  interesting. 

► Your  predictions  about  the  data  before  you  made  each  graph. 

► An  explanation  of  why  each  graph  looks  the  way  it  does. 


Fcrttiwiif  u 

You  can  use  Fathom  to 
generate  random  base  and 
height  values  from  0 to  10. 
Then  you  can  sort  them  by 
various  characteristics  and 
make  a wide  range  of 
interesting  graphs. 


You  can  also  use  a graphing  calculator  to  do  this  project. 


J 
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When  you  add  to  the  truth, 
you  subtract  from  it. 

THE  TALMUD 


m 


Ydu  i^ill  need 

* heavy  paper  or 
cardboard 

Step  1 


Step  2 


Step  3 


Areas  of  Triangles, 
Trapezoids,  and  Kites 

In  Lesson  8.1,  you  learned  the  area  formula  for  rectangles,  and  you  used  it  to 
discover  an  area  formula  for  parallelograms.  In  this  lesson  you  will  use  those 
formulas  to  discover  or  demonstrate  the  formulas  for  the  areas  of  triangles, 
trapezoids,  and  kites. 


Investigation  1 

Area  Formula  for  Triangles 


Cut  out  a triangle  and  label  its  parts  as  shown.  Make  and  label  a copy. 

Arrange  the  triangles  to  form  a figure  for  which  you  already  have  an  area 
formula.  Calculate  the  area  of  the  figure. 

What  is  the  area  of  one  of  the  triangles?  Make  a conjecture.  Write  a brief 
description  in  your  notebook  of  how  you  arrived  at  the  formula.  Include  an 
illustration. 


T riangle  Area  Conjecture 

The  area  of  a triangle  is  given  by  the  formula  _L , where  A is  the  area,  b is  the 
length  of  the  base,  and  h is  the  height  of  the  triangle. 


— w 

You  will  need 

• heavy  paper  or 
cardboard 


Investigation  2 

Area  Formula  for  Trapezoids 


Step  1 
Step  2 


Construct  any  trapezoid  and  an  altitude  perpendicular  to  its  bases.  Label  the 
trapezoid  as  shown. 

Cut  out  the  trapezoid.  Make  and  label  a copy. 
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Step  3 


Arrange  the  two  trapezoids  to  form  a figure  for  which  you  already  have  an  area 
formula.  What  type  of  polygon  is  this?  What  is  its  area?  What  is  the  area  of  one 
trapezoid?  State  a conjecture. 


T rapezoid  Area  Conjecture 

The  area  of  a trapezoid  is  given  by  the  formula  _L , where  A is  the  area,  b\  and 
b2  are  the  lengths  of  the  two  bases,  and  h is  the  height  of  the  trapezoid. 


Investigation  3 
Area  Formula  for  Kites 

Can  you  rearrange  a kite  into  shapes  for  which  you 
already  have  the  area  formula?  Do  you  recall  some  of  the 
properties  of  a kite? 

Create  and  carry  out  your  own  investigation  to  discover  a 
formula  for  the  area  of  a kite.  Discuss  your  results  with 
your  group.  State  a conjecture. 

Kite  Area  Conjecture 

The  area  of  a kite  is  given  by  the  formula  _L, 


C-7& 


□ 

keymath.com/DG 


Exercises 


[►  To  view  interactive  versions  of  these  investigations,  see  the  Dynamic  Geometry  Expioration 
Areas  of  Triangles,  Trapezoids,  and  Kites  at  www.kevmath.com/DG  .■*] 


In  Exercises  1-12,  use  your  new  area  conjectures  to  solve  for  the  unknown  measures. 
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13.  Sketch  and  label  two  different  triangles,  each  with  area  54  cm^. 

14.  Sketch  and  label  two  different  trapezoids,  each  with  area  56  cm^. 

15.  Sketch  and  label  two  different  kites,  each  with  area  1092  cm^. 

16.  Sketch  and  label  a triangle  and  a trapezoid  with  equal  areas  and  equal  heights.  How 
does  the  base  of  the  triangle  compare  with  the  two  bases  of  the  trapezoid? 


17.  P is  a random  point  on  side  AY  of 

rectangle  ARTY.  The  shaded  area  is  what 
fraction  of  the  area  of  the  rectangle?  Why? 


18.  One  playing  card  is  placed  over  another, 
as  shown.  Is  the  top  card  covering  half, 
less  than  half,  or  more  than  half  of  the 
bottom  card?  Explain. 


19.  Application  Eduardo  has  designed  this  kite 
for  a contest.  He  plans  to  cut  the  kite  from 
a sheet  of  Mylar  plastic  and  use  balsa 
wood  for  the  diagonals.  He  will  connect  all 
the  vertices  with  string,  and  fold  and  glue 
flaps  over  the  string. 

a.  How  much  balsa  wood  and  Mylar  will 
he  need? 

b.  Mylar  is  sold  in  rolls  36  inches  wide. 
What  length  of  Mylar  does  Eduardo 
need  for  this  kite? 
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20.  Application  The  roof  on  Crystal’s  house  is  formed  by 
two  congruent  trapezoids  and  two  congruent  isosceles 
triangles,  as  shown.  She  wants  to  put  new  wood  shingles 
on  her  roof.  Each  shingle  will  cover  0.25  square  foot  of 
area.  (The  shingles  are  1 foot  by  1 foot,  but  they  overlap  by 
0.75  square  foot.)  How  many  shingles  should  Crystal  buy? 


20  ft 


i. 

1 

h 

L 

1 


ISft 


I 

n -i 


30  ft 


21.  A trapezoid  has  been  created  by  combining  two  congruent  right 
triangles  and  an  isosceles  triangle,  as  shown.  Is  the  isosceles 
triangle  a right  triangle?  How  do  you  know?  Find  the  area  of  the 
trapezoid  two  ways:  first  by  using  the  trapezoid  area  formula,  and 
then  by  finding  the  sum  of  the  areas  of  the  three  triangles. 

22.  Divide  a trapezoid  into  two  triangles.  Use  algebra  to  derive  the  formula  for  the  area 
of  the  trapezoid  by  expressing  the  area  of  each  triangle  algebraically  and  finding 
their  algebraic  sum 


Review 


29.  Identify  the  point  of  concurrency  from  the  construction  marks. 


a. 


b. 


_L^ 
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30.  Developing  Proof  Trace  the  figure  below.  31.  Give  the  vertex  arrangement  for  this  2-uniform 
Find  the  lettered  angle  measures  and  arc  tessellation, 

measures.  AB  and  AC  are  tangents.  CD 
is  a diameter.  Explain  how  you  determined 
the  measures  d and  n. 


MAXIMIZING  AREA 

A farmer  wants  to  fence  in  a rectangular  pen  using  the  wall  of  a barn 
for  one  side  of  the  pen  and  the  10  meters  of  fencing  for  the  remaining 
three  sides.  What  dimensions  will  give  her  the  maximum  area  for 
the  pen? 

You  can  use  the  trace  feature  on  your  calculator  to  ~_ 

find  the  value  of  v that  gives  the  maximum  area. 

Use  your  graphing  calculator  to  investigate  this 
problem  and  find  the  best  arrangement. 


Your  project  should  include 

► An  expression  for  the  third  side  length,  in  terms 
of  the  variable  x in  the  diagram 

► An  equation  and  graph  for  the  area  of  the  pen. 

► The  dimensions  of  the  best  rectangular  shape  for 
the  farmer’s  pen. 
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Area  Problems 


By  now,  you  know  formulas  for  finding  the  areas  of  rectangles,  parallelograms, 
triangles,  trapezoids,  and  kites.  Now  let’s  see  if  you  can  use  these  area  formulas  to 
approximate  the  areas  of  irregularly  shaped  figures. 


Optimists  look  for 
solutions,  pessimists 
look  for  excuses. 

SUE  SWENSON 


A 

pji|  investigatiQn 

^ Solving  Problems  with  Area  Formulas 


will  fieed 

* figures  A-H 

* centimeter  rulers  or 
meterstick 


Find  the  area  of  each  geometric  figure  your  teacher  provides.  Before  you  begin  to 
measure,  discuss  with  your  group  the  best  strategy  for  each  step.  Discuss  what  units 
you  should  use.  Different  group  members  might  get  different  results.  However,  your 
results  should  be  close.  You  may  average  your  results  to  arrive  at  one  group  answer. 
For  each  figure,  write  a sentence  or  two  explaining  how  you  measured  the  area  and 
how  accurate  you  think  it  is. 


Now  that  you  have  practiced  measuring  and  calculating  area,  you’re  ready  to  try 
some  application  problems.  Many  everyday  projects  require  you  to  find  the  areas  of 
flat  surfaces  on  three-dimensional  objects.  You’ll  learn  more  about  surface  area  in 
Lesson  8.7. 

Career 

CONNECTION 

Professional  housepainters  have  a unique 
eombination  of  skills:  For  large-seale  jobs,  they 
begin  by  measuring  the  surfaees  that  they  will 
paint  and  use  measurements  to  estimate  the 
quantity  of  materials  they  will  need.  They 
remove  old  eoating,  elean  the  surfaee,  apply 
sealer,  mix  eolor,  apply  paint,  and  add  finishes. 

Painters  beeome  experieneed  and  speeialize 
their  eraft  through  the  on-the-job  training  they 
reeeive  during  their  apprentieeships. 
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In  the  exercises  you  will  learn  how  to  use  area  in  buying  rolls  of  wallpaper,  gallons 
of  paint,  bundles  of  shingles,  square  yards  of  carpet,  and  square  feet  of  tile.  Keep  in 
mind  that  you  can’t  buy  12  gallons  of  paint!  You  must  buy  13  gallons.  If  your 

calculations  tell  you  that  you  need  5.25  bundles  of  shingles,  you  have  to  buy 
6 bundles.  In  this  type  of  rounding,  you  must  always  round  upward. 


Exercises 

1.  Application  Tammy  is  estimating  how  much  she  should  charge  for  painting 
148  rooms  in  a new  motel  with  one  coat  of  base  paint  and  one  coat  of 
finishing  paint.  The  four  walls  and  the  ceiling  of  each  room  must 
be  painted.  Each  room  measures  14  ft  by  16  ft  by  10  ft  high. 


I iTlTi>t>ti  1^1 


3.  Application  It  takes  65,000  solar  cells,  each  1.25  in.  by 
2.75  in.,  to  power  the  Helios  Prototype,  shown  below.  How 
much  surface  area,  in  square  feet,  must  be  covered  with  the 
cells?  The  cells  on  Helios  are  18%  efficient.  Suppose  they 
were  only  12%  efficient,  like  solar  cells  used  in  homes. 
How  much  more  surface  area  would  need  to  be  covered  to 
deliver  the  same  amount  of  power? 


a.  Calculate  the  total  area  of  all  the  surfaces  to  be  painted  with 
each  coat.  Ignore  doors  and  windows. 


b.  One  gallon  of  base  paint  covers  500  square  feet.  One 
gallon  of  finishing  paint  covers  250  square  feet.  How 
many  gallons  of  each  will  Tammy  need  for  the  job? 


2.  Application  Rashad  wants  to  wallpaper  the  four  walls  of  his 
bedroom.  The  room  is  rectangular  and  measures  1 1 feet  by 
13  feet.  The  ceiling  is  10  feet  high.  A roll  of  wallpaper  at  the 
store  is  2.5  feet  wide  and  50  feet  long.  How  many  rolls  should 
he  buy?  (Wallpaper  is  hung  from  ceiling  to  floor.  Ignore  doors 
and  windows.) 


Technology 

CONNECTION 

In  August  200 1 , the  Helios  Prototype,  a remotely 
eontrolled,  nonpolluting  solar-powered  aireraft, 
reaehed  96,500  feet — a reeord  for  nonroeket 
aireraft.  Soon,  the  Helios  will  likely  sustain  flight 
long  enough  to  enable  weather  monitoring  and 
other  satellite  funetions.  For  news  and  updates, 
go  to  www.keymath.com/DG  . 
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4.  Application  Harold  works  at  a state  park. 

He  needs  to  seal  the  redwood  deck  at  the 
information  center  to  protect  the  wood.  He 
measures  the  deck  and  finds  that  it  is  a kite 
with  diagonals  40  feet  and  70  feet.  Each  gallon 
of  sealant  covers  400  square  feet,  and  the 
sealant  needs  to  be  applied  every  six  months. 
How  many  gallon  containers  should  he  buy  to 
protect  the  deck  for  the  next  three  years? 


5.  Application  A landscape  architect  is  designing 
three  trapezoidal  flowerbeds  to  wrap  around 
three  sides  of  a hexagonal  flagstone  patio,  as 
shown.  What  is  the  area  of  the  entire  flowerbed? 
The  landscape  architect’s  fee  is  $100  plus  $5  per 
square  foot.  What  will  the  flowerbed  cost? 


Career 

CONNECTION 

Landscape  architects  have  a keen  eye  for  natural  beauty.  They 
study  the  grade  and  direction  of  land  slopes,  stability  of  the 
soil,  drainage  patterns,  and  existing  structures  and  vegetation. 
They  look  at  the  various  social,  economic,  and  artistic 
concerns  of  the  client.  They  also  use  science  and  engineering 
to  plan  environments  that  harmonize  land  features  with 
structures,  reducing  the  impact  of  urban  development 
upon  nature. 


For  Exercises  6 and  7,  refer  to  the  floor  plan  at  right. 

6.  Application  Dareen’s  family  is  ready  to  have  wall-to-wall 
carpeting  installed.  The  carpeting  they  chose  costs  $14 
per  square  yard,  the  padding  $3  per  square  yard,  and  the 
installation  $3  per  square  yard.  What  will  it  cost  them  to 
carpet  the  three  bedrooms  and  the  hallway  shown? 


lied  room 
10  ft  X 9 ft 

m ft  X Cl  ft 

Jj^th 
7ftX  9ft 

1 

1 

10  ft  X S ft 

1 

b^tlnyom 
1 ft  X ft 

1 

Entij'way  j 


7.  Application  Dareen’s  family  now  wants  to  install 

1 -foot-square  terra-cotta  tiles  in  the  entryway  and  kitchen, 
and  4-inch-square  blue  tiles  on  each  bathroom  floor.  The 
terra-cotta  tiles  cost  $5  each,  and  the  bathroom  tiles  cost 
450  each.  How  many  of  each  kind  will  they  need?  What 
will  all  the  tiles  cost? 


1.Lvii)|^  u-hom 
I ^ ft  X I ft 


Kitchtii 

LO  ft  X LS  ft  

I 

I Dining  rod m 
I l?flX^fi 
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9.  CE,  BD,  dindAF  are  altitudes.  Find^  and^D. 


8.  Find  the  area  of  the  shaded  region. 
Assume  all  the  squares  are  congruent. 


Review 

10.  A first-century  Greek  mathematician  named  Hero  is  credited 
with  the  following  formula  for  the  area  of  a triangle: 

A = Vs(s  — “ t).  where  A is  the  area  of  the  triangle, 

a,  b,  and  c are  the  lengths  of  the  three  sides  of  the  triangle,  and  ^ 
is  the  semiperimeter  (half  of  the  perimeter).  Use  Hero’s  formula  to 
find  the  area  of  this  triangle.  Use  the  formula  to  check 

your  answer. 


1 1 . Developing  Proof  Explain  why  x must  be  69°  in  the  diagram  at  right. 


17  on 


12.  As  P moves  from  left  to  right  along  which  of  the  following  values  changes? 


A.  The  area  of  LhABP 

B.  The  area  of  ilPDC 

C.  The  area  of  trapezoid  ABCD 

D.  mLA  + mLPCD  + mLCPD 

E.  None  of  these 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Four-Way  Split 

How  would  you  divide  a triangle  into  four  regions  with  equal  areas?  There  are  at  least 
six  different  ways  it  can  be  done!  Make  six  copies  of  a triangle  and  try  it. 
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Using  Your  Algebra  Skills  8 


R ^ ;i  BRA 


Products,  Factors,  and 
Quadratic  Equations 


_S  R - : IhJG] 


T he  area  of  a rectangle  is  the  product  of  two 
dimensions,  the  base  and  height:  A = bh.  So, 
you  can  model  the  product  of  any  two  numbers 
or  expressions  as  the  area  of  a rectangle.  For 
exanple,  the  rectangle  at  right  has  base  x + 2 
and  height  x + 3.  The  area  of  the  rectangle 
is  made  of  four  smaller  rectangular  regions. 
Multiplying  the  base  and  height  of  each  region 
gives  areas  ofx^,  3x,  2x,  and  6.  Combining  the 
areas  gives  the  product: 


x + 2 


A. 


2^ 

(x+2)(x  + 3)=x^  + 5x  + 6 

if  an  expression  is  the  product  of  two  other  expressions,  you  can  try  to  arrange  the 
“pieces”  into  a rectangle  and  find  the  factors  that  were  multiplied. 


EXAMPLE  A I 


Sketch  and  label  a rectangle  to  factor  3x^  + 7x  + 2. 


► Solution 


You  may  want  to  first  sketch  the  pieces  that  make  up  the  area. 


□ □ 


2 


Visualize  ways  to  arrange  all  of  the  pieces  into  a rectangle,  if  you  have  algebra 
tiles  or  if  you  cut  the  pieces  out  of  paper,  you  can  physically  experiment  with 
different  arrangements.  Here  is  one  way  to  make  a rectangle: 


3jc-  ] 
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The  base  and  height  give  the  factors: 
3x^  + 7x  + 2 = (3x  + l)(x  + 2) 
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Negative  values  can  be  represented  by 
subtraction  from  a side  of  a rectangle.  For 
exanple,  the  shaded  rectangle  at  right  has 
base  X + 5 and  height  x - 3,  so  its 
area  can  be  expressed  as  the  product 
(x  + 5)  (x  - 3). 

The  picture  equation  below  shows  why 
(x  + 5)  (x  - 3)  = x^  + 2x  - 15.  The  overall  rectangle  has  combined  area 

x^  + 5x.  If  you  subtract  a rectangular  region  with  combined  area  3x  + 15, 
you  are  left  with  the  shaded  rectangle. 


je  -I-  5 


+ 5x  -3x  -15 


+ 2x  — 15 


When  an  expression  includes  large  numbers  or 
negative  numbers,  it  is  easier  to  use  an  abstracted 
rectangle  diagram  to  represent  groups  of  pieces 
instead  of  drawing  each  individual  piece.  The  rectangle 
at  right  shows  the  product  (x  + 5)  (x  - 3).  Add  the 
areas  of  the  pieces  to  write  the  area  as  a sum: 

(x  + 5)  (x  - 3 ) = x^  + 2x  - 15. 


X 5 


5x 

15 

EXAMPLE  B I 


Sketch  and  label  a rectangle  diagram  to  factor  x^  - 6x  - 16. 


► Solution 


Draw  a rectangle  diagram  with  x^  in  the 
upper-left  region  and  -16  in  the  lower- 
right  region.  The  x^-region  must  have 
dimensions  x by  x.  The  remaining  two 
values  must  multiply  to  -16.  They  must 
also  add  to  -6  because  they  are  equal  to 
the  number  of  x-pieces,  which  add  to 
-6x.  Through  some  logic  and  a little  trial 
and  error,  you  can  find  the  combination 
of  numbers  that  works.  In  this  case,  one 
of  the  numbers  must  be  negative  because 
the  product  is  negative,  and  the  only  factor 
pairs  for  16  are  1 • 16,  2 • 8,  and  4 • 4.  The 
rectangle  diagram  at  right  shows  that  that 
the  solution  is  (x  - 8)  (x  + 2). 


- 6x  - 16  = (a-  - 8)(x  + 2) 
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Problems  involving  area  can  result  in  an  equation  with  an  term,  called  a quadratic 
equation.  A quadratic  equation  can  be  written  in  the  form  ax^+  bx  + c = 0,  where 
a,  b,  and  c represent  constants.  One  method  for  solving  a quadratic  equation  is  to 
first  factor  ax^+  bx  + c.  The  zero-product  property  says  that  if  the  product  of  two 
(or  more)  factors  is  zero,  then  at  least  one  of  the  factors  is  zero:  if  a * Z?  = 0,  then 
a = 0 or  Z?  = 0.  This  gives  you  a way  to  solve  a factored  quadratic  equation. 


EXAMPLE  c I 
► Solution 


Solve  x^  -2x  = 24. 

x^  - 2x  = 24 
x^  - 2x  - 24  = 0 

(x+4)(x-  6)  =0 


The  original  equation. 

Subtract  24  from  both  sides  to  set  the  equation 
equal  to  zero. 

Factor  the  left  side.  Use  a rectangle  diagram 


x+4  = 0 or  x-6=0 

X = -4  or  X = 6 
Check  both  solutions: 

( -4  )2  - 2(  -4 ) I 24 


The  zero-product  property  says  at  least  one 
factor  is  zero. 

Solve  each  equation  for  x. 


(^6)^  — 2(6)  = 24  Substitute  -4  for  x,  then 
substitute  6 for  x. 


16  + 8 4 24 


36  ~ 12  = 24  Simplify  following  the  order 
of  operations. 


24  =24 


24  = 24  Both  solutions  check. 


Exercises 


In  Exercises  1-6,  sketch  and  label  a rectangle  to  find  the  product  or  to  factor  the 
expression.  As  in  Exanple  A,  show  the  individual  pieces. 


1.  (x  + 5)(x  + l) 

2.  (x)(2x  + 7) 

3.  (3x  + 2)(2x  + 5) 

4.  6x  + 3 

5.  x^  + 8x  + 15 

6.  2x^  + 1 lx  + 12 

In  Exercises  7-18,  sketch  and  label  a rectangle  diagram  to  find  the  product  or  to  factor 
the  expression.  As  in  Exanple  B,  do  not  show  the  individual  pieces. 

7.  (x  + 15)(x-  11) 

8.  ( 3x  - 7 ) ( 4x  + 5 ) 

9.  (x+4)2or(x  + 4)(x  + 4) 

10.  ( 2x  + 5 ) ( 2x  - 5 ) 

11.  (a+bf 

+ 

1 

13.  x2+19x  + 60 

14.  x^  - lOx  - 24 

15.  x^  + x - 20 

16.  x^  — 6x  + 9 

17.  x^  - 36 

18.  4x^-49 
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In  Exercises  19-22,  solve  the  quadratic  equation. 

19.  jcH  5jc  + 4 = 0 20.  y^  + lx  = 30 

22.  (x+  2)(x  - 2)  =-x^-9x-  8 


21.  x(  X - 6 ) = 5x  - 24 


23.  One  base  of  an  isosceles  trapezoid  is  equal  to  the  trapezoid’s  height  and  the  other 
base  is  4 feet  longer  than  the  height.  The  area  of  the  trapezoid  is  48  square  feet. 

a.  Let  h represent  the  trapezoid’s  height  in  feet.  Sketch  the  trapezoid  and  label 
the  height. 

b.  Write  an  expression  that  includes  h for  each  base  of  the  trapezoid.  Add  these  to 
your  diagram 

c.  Write  an  equation  that  includes  h for  the  area  of  the  trapezoid. 

d.  Solve  the  equation  in  part  c to  find  the  dimensions  of  the  trapezoid. 


IMPROVING  YOUR  REASONING  SKILLS 

Tic-Tac-Square 

This  is  one  of  many  variations  on  tic-tac-toe.  Instead  of  trying  to  get  your  X’s  or  O’s 
collinear,  the  object  is  to  get  your  X’s  or  O’s  arranged  at  the  vertices  of  a square.  There  are 
many  ways  to  get  four  X’s  or  O’s  arranged  at  the  vertices  of  a square.  Two  completed  example 
games  are  shown  below.  Numbers  are  used  to  show  the  sequence  of  moves  in  each  game. 

Answer  the  questions  about  each  of  the  four  unfinished  games.  You  can  identify  a 
possible  move  by  the  letter  of  the  row  and  number  of  the  column.  For  exanple,  the 
top-right  square  in  the  grid  is  a5. 


A 


EKampleE 


U: 


)C, 


In  this  game,  O went 
first  and  won. 


1. 

1 2 

3 4 

s 

a 

Os 

05 

b 

C>1 

c 

cy 

d 

O17O11 

*5 

e 

^10 

O1S 

In  this  game,  X went 
first  and  won. 


Where  should  O play  to 
prevent  X from  winning? 


2. 

1 

2 

3 

4 5 3.  1 

2 

3 

4 

5 

4. 

12  3 4 

5 

a 

Oa 

Xg 

a 

a 

O1. 

b 

Xi 

Oj 

b 

c 

0, 

c 

Oi 

c 

X12  X5  Oj  0, 

^11 

d 

d 

^<4 

d 

Ofl  00 

^10 

e 

e 

e 

Explain  why  O’s  last  Where  should  O play  O5  and  Which  moves  were  forced? 

move,  b4,  was  a mistake  O7  to  guarantee  a win  on  O9?  Who  should  win?  Explain. 
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If  I had  to  live  my  life 
again,  I’d  make  the  same 
mistakes,  only  sooner. 
TALLULAH  BANKHEAD 


Areas  of  Regular  Polygons 


Y ou  can  divide  a regular  polygon  into  congruent 
isosceles  triangles  by  drawing  segments  from  the  center 
of  the  polygon  to  each  vertex.  The  center  of  the 
polygon  is  actually  the  center  of  a circumscribed  circle, 
so  these  congruent  segments  are  sometimes  called  the 
radii  of  a regular  polygon. 

In  this  investigation  you  will  divide  regular  polygons 
into  triangles.  Then  you  will  write  a formula  for  the 
area  of  any  regular  polygon. 


Investigation 

Area  Formula  for  Regular  Polygons 


Consider  a regular  pentagon  with  side  length  5-,  divided 
into  congruent  isosceles  triangles.  Each  triangle  has  a 
base  and  a height  a. 

Step  1 What  is  the  area  of  one  isosceles  triangle  in  terms  of 
a and  si 

Step  2 What  is  the  area  of  this  pentagon  in  terms  of  a and  si 


Step  3 


Repeat  Steps  1 and  2 with  other  regular  polygons  and 
complete  the  table  below. 


Regulm-  petiCdgoii 


RcguLur  htxdi^on 


k-c|;u]ai  h cpt-iLjj;on 


Number  of  sides 

5 

6 

7 

8 

9 

10 

12 

fi 

Ares  of  regubr  polygon 

The  distance  a appears  in  the  area  formula 
for  a regular  polygon,  and  it  has  a special 
name — apothem  An  apothem  of  a regular  polygon 
is  a perpendicular  segment  from  the  center  of  the 
polygon’ s circumscribed  circle  to  a side  of  the 
polygon.  You  may  also  refer  to  the  length  of  the 
segment  as  the  apothem 
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Step  4 


What  is  the  perimeter  of  a regular  polygon  in  terms  of  n and  si  Use  your  answer 
to  this  question  and  your  last  entry  in  the  table  to  state  your  next  conjecture. 


Regular  Polygon  Area  Conjecture 


C-79 


The  area  of  a regular  polygon  is  given  by  the  formula  Xor  _L  , where  A is  the 
area,  P is  the  perimeter,  a is  the  apothem,  is  the  length  of  each  side,  and  n is 
the  number  of  sides. 


Exercises 

In  Exercises  1-8,  use  the  Regular  Polygon  Area  Conjecture  to  find  the 
unknown  length  accurate  to  the  nearest  unit,  or  the  unknown  area  accurate 
to  the  nearest  square  unit.  Recall  that  the  symbol  =^is  used  for  measurements 
or  calculations  that  are  approximations. 


You  will  need 


fof  EffifowS 


12  ^nd  is 


1.  A ^_L 

s = 24  cm 

a =*  24.9  cm 

■ s 

‘S 


2.  (2  _L 

= 107.5  cm 
A 19,887.5  cm^ 


a 


3.  P=^± 
a = 38.6  cm 

A 4940.8  cm^ 


4.  Regular  pentagon:  a = 3 cm  and  =j  4.4  cm,  A _L 

5.  Regular  nonagon:  <3  = 9.6  cm  and  A 302.4  cm^,  P=^  J_ 

6.  Regular  n-gon:  a = 12  cm  and  P 81.6  cm,  A -L 

7.  Find  the  approximate  perimeter  of  a regular  polygon  if  a = 9 m and  A 259.2  m^. 

8.  Find  the  approximate  length  of  each  side  of  a regular  n-gon  if  <3  = 80  feet,  n = 20, 
and  A 20,000  square  feet. 

9.  Construction  Draw  a segment  4 cm  long.  Use  a compass  and  straightedge  to  construct 
a regular  hexagon  with  sides  congruent  to  this  segment.  Use  the  Regular  Polygon 
Area  Conjecture  and  a centimeter  ruler  to  approximate  the  hexagon’s  area. 

10.  Draw  a regular  pentagon  with  apothem  4 cm  Use  the  Regular  Polygon  Area 
Conjecture  and  a centimeter  ruler  to  approximate  the  pentagon’s  area. 

11.  A square  is  also  a regular  polygon.  How  is  the  apothem  of  a square  related  to  the 

side  length?  Show  that  the  Regular  Polygon  Area  Conjecture  sincplifies  to  s'^  for  the 
area  of  a square. 

12.  Technology  Use  geometry  software  to  construct  a circle.  Inscribe  a pentagon  that 
looks  regular  and  measure  its  area.  Now  drag  the  vertices.  How  can  you  drag  the 
vertices  to  increase  the  area  of  the  inscribed  pentagon?  To  decrease  its  area? 
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13.  Find  the  approximate  area  of  the 
shaded  region  of  the  regular 
octagon  ROADSIGN.  The  apothem 
measures  20  cm  Segment  GI 
measures  about  16.6  cm 


14.  Find  the  approximate  area  of  the  shaded 
regular  hexagonal  donut.  The  apothem  and 
sides  of  the  smaller  hexagon  are  half  as  long  as 
the  apothem  and  sides  of  the  large  hexagon. 
a =F  6.9  cm  and  r 8 cm 


Career 

CONNECTION 

Interior  designers,  unlike  interior  decorators, 
are  concerned  with  the  larger  planning  and 
technical  considerations  of  interiors,  as  well  as 
with  style  and  color  selection.  They  have  an 
intuitive  sense  of  spatial  relationships.  They 
prepare  sketches,  schedules,  and  budgets  for 
client  approval  and  inspect  the  site  until  the  job 
is  complete. 


15.  Application  An  interior  designer  created  the  kitchen  plan 
shown.  The  countertop  will  be  constructed  of  colored 
concrete.  What  is  its  total  surface  area?  If  concrete 
countertops  1.5  inches  thick  cost  $85  per  square  foot, 
what  will  be  the  total  cost  of  this  countertop? 


IM  in. 


1^6  in. 
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Review 


In  Exercises  16  and  17,  graph  the  two  lines,  then  find  the  area  bounded  by  the  x-axis,  the 
y-axis,  and  both  lines. 

16.  y “ y Jf  + 5yy  = —2x  + 10  k-  17.  y ~ — jjl  + + 12 


18.  Technology  Construct  a triangle  and  its  three  medians.  Compare  the  areas  of  the  six 
small  triangles  that  the  three  medians  formed.  Make  a conjecture  and  support  it 
with  a convincing  argument. 

19.  If  the  pattern  continues,  write  an  expression  for  the  perimeter  of  the  nth  figure  in 
the  picture  pattern. 

y y r w y y w y w 

1^'  ^ K-  y rt'  u-  y w y 


20.  GHJK  is  a rectangle.  Find  the  area 
of  pentagon  GHIJK. 


\5<;m 


cm 


: 


21.  FELA  and  CDLB  are  parallelograms.  Find  the 
area  of  the  shaded  region. 


A ^ ™ L 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


The  Squared  Square  Puzzle 


The  square  shown  is  called  a 
“squared  square.”  A square  112  units 
on  a side  is  divided  into  21  squares. 
The  area  of  square  X is  50^,  or  2500, 
and  the  area  of  square  Y is  4^,  or  16. 
Find  the  area  of  each  of  the  other 
squares. 
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Pick’s  Formula  for  Area 


Y ou  know  how  to  find  the  area  of  polygon 
regions,  but  how  would  you  find  the  area 
of  the  dinosaur  footprint  at  right? 

You  know  how  to  place  a polygon  on  a 
grid  and  count  squares  to  find  the  area. 

About  a hundred  years  ago,  Austrian 
noathenoatician  Georg  Alexander  Pick 
(1859-1943)  discovered  a relationship, 
now  known  as  Pick’ s formula,  for  finding 
the  area  of  figures  on  a square  dot  grid. 

Let’ s start  by  looking  at  polygons  on  a _ 

square  dot  grid.  The  dots  are  called  lattice  ~ 

points.  Let’s  count  the  lattice  points  in  the 

interior  of  the  polygon  and  those  on  its  boundary  and  concpare  our  findings  to  the 
areas  of  the  polygon  that  you  get  by  dividing  them  into  rectangles  and  triangles. 


Polygon  A 


Pofygoii  B 


Folygon  C 


^ boundary  points-  5 boundary  points 

I interior  point  0 inferior  poinfs 


5 boundary  points 
S inferioi'  points 


How  can  the  boundary  points  and  interior  points  help  us  find  the  area?  An 
ineportant  technique  for  finding  patterns  is  to  hold  one  variable  constant  and  see 
what  happens  with  the  other  variables.  That’s  what  you’ll  do  in  the  next  activity. 

In  this  activity  you  will  first  investigate  patterns  that  emerge  when  you  hold  the 
area  constant.  Then  you  will  investigate  patterns  that  emerge  when  you  hold  the 
number  of  interior  or  boundary  points  constant.  The  goal  is  to  find  a formula  that 
relates  the  area  of  a polygon  to  the  number  of  interior  and  boundary  points. 
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Area 
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You  will  need 

+ square  dot  paper  or 
graph  paper,  or 

* the  worksheets  Pick’s 
Formula  for  Area  and 
Irregular  Shapes 
(optional) 

* geoboards  (optional) 

Step  1 
Step  2 


Step  3 


Step  4 


Step  5 


Step  6 


Step  7 


Step  8 


Step  9 


Activity 

Dinosaur  Footprints  and  Other  Shapes 


Confirm  that  each  polygon  D through  G above  has  area  A = 12. 

Let  b be  the  number  of  boundary  points  and  i be  the  number  of  interior  points. 
Create  and  complete  a table  like  this  one  for  polygons  with  A =12. 


D 

E 

F 

G 

Number  of  boundary  points 

Number  of  inlerior  poinU  H) 

Study  the  table  for  patterns.  Do  you  see  a relationship  between  h and  i ? Graph 
the  pairs  (b,  i)  from  your  table  and  label  each  point.  What  do  you  notice?  Write 
an  equation  that  fits  the  points. 

Now  investigate  what  happens  if  you  hold  the  interior  points  constant. 

Polygon  B has  b = 5,  i = 0,  and  A = 1.5.  On  square  dot  paper  draw  other 
polygons  with  no  interior  points.  Calculate  the  area  of  each  polygon. 

Copy  and  complete  this  table  for  polygons  with  i = 0. 


Number  of  boundary  points  {bi 

3 

4 

5 

6 

7 

8 

Area 

1.5 

Polygon  A has  b = 5,  i = I,  and  A = 2.5.  On  square  dot  paper  draw  other 
polygons  with  exactly  one  interior  point.  Calculate  the  area  of  each  polygon. 

Make  a table  like  the  one  in  Step  5,  but  for  polygons  with  / = 1.  When  you  hold 
the  interior  points  constant,  what  happens  to  the  area  each  time  one  boundary 
point  is  added? 

Now  investigate  what  happens  if  you  hold  the  boundary  points  constant. 

Polygon  C has  b = 3,  i = 5,  and  A = 5.5.  On  square  dot  paper  draw  other 
polygons  with  exactly  three  boundary  points.  Calculate  the  area  of  each  polygon. 

Copy  and  complete  this  table  for  polygons  with  b = 3.  When  you  hold  the 
boundary  points  constant,  what  happens  to  the  area  each  time  one  interior  point 
is  added? 


Number  of  interior  points  ii) 

0 

1 

1 

3 

4 

3 

Area 

5.5 
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EXPLORATION  Pick’s  Formula  for  Area  447 


Step  1 0 


To  find  Pick’s  formula,  it  can  be  helpful  to  organize  all  your  data  in  one  place. 

Copy  and  complete  the  table  below.  Check  the  patterns  by  drawing  more 
polygons  on  square  dot  paper. 

Area  {as  a function  offt  and  ii 


Number  of  boundary  points 

3 

4 

5 

e 

7 

S 

Number 

Qf 

interic»r 

points  (i) 

0 

L.5 

1 

2.5 

2 

4 

5 

5.5 

Step  1 1 


Generalize  the  formula  to  find  the  area  if  you  know  the  number  of  boundary 
points  and  the  number  of  interior  points.  Copy  and  concplete  the  conjecture. 


I 


Pick’s  Formula 


If  A is  the  area  of  a polygon  whose  vertices  are  lattice  points,  b is  the  number 
of  lattice  points  on  the  boundary  of  the  polygon,  and  i is  the  number  of 
interior  lattice  points,  then  A = Z?  + _L  / + 


Pick’s  formula  is  useful  for  approximating  the  area  of  an  irregularly  shaped  region. 
Step  12  I Use  Pick’s  formula  to  find  the  approximate  areas  of  these  irregular  shapes. 
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The  moon  is  a dream 
of  the  sun. 


Areas  of  Circles 


So  far,  you  have  discovered  the  formulas  for  the  areas  of  various  polygons.  In  this 
lesson  you’ll  discover  the  formula  for  the  area  of  a circle.  Most  of  the  shapes  you 
have  investigated  in  this  chapter  could  be  divided  into  rectangles  or  triangles.  Can  a 
circle  be  divided  into  rectangles  or  triangles?  Not  exactly,  but  in  this  investigation 
you  will  see  an  interesting  way  to  think  about  the  area  of  a circle. 


PAUL  KLEE 


You  will  need 

* a compass 

• scissors  Step 

Step 

Step 


1 

2 

3 


Investigation 

Area  Formula  for  Circles 

Circles  do  not  have  straight  sides  like  polygons  do.  However,  the  area  of  a circle  can 
be  rearranged.  Let’s  investigate. 

Use  your  compass  to  make  a large  circle.  Cut  out  the  circular  region. 

Fold  the  circular  region  in  half.  Fold  it  in  half  a second  time,  then  a third  time 
and  a fourth  time.  Unfold  your  circle  and  cut  it  along  the  folds  into  16  wedges. 

Arrange  the  wedges  in  a row,  alternating  the  tips  up  and  down  to  form  a shape 
that  resembles  a parallelogram 


If  you  cut  the  circle  into  more  wedges,  you  could  rearrange  these  thinner  wedges  to 
look  even  more  like  a rectangle,  with  fewer  bumps.  You  would  not  lose  or  gain  any 
area  in  this  change,  so  the  area  of  this  new  “rectangle,”  skimming  off  the  bumps  as 
you  measure  its  length,  would  be  closer  to  the  area  of  the  original  circle. 

If  you  could  cut  infinitely  many  wedges,  you’d  actually  have  a rectangle  with 
smooth  sides.  What  would  its  base  length  be?  What  would  its  height  be  in  terms 
of  C,  the  circumference  of  the  circle? 


Step  4 


The  radius  of  the  original  circle  is  r and  the  circumference  is  2irr.  Give  the  base 
and  the  height  of  a rectangle  made  of  a circle  cut  into  infinitely  many  wedges. 
Find  its  area  in  terms  of  r.  State  your  next  conjecture. 
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EXAMPLE  A 
► Solution 


EXAMPLE  B 
► Solution 


Circle  Area  Conjecture 

The  area  of  a circle  is  given  by  the  formula  _L,  where  A is  the  area  and  r is 
the  radius  of  the  circle. 


How  do  you  use  this  new  conjecture?  Let’s  look  at  a few  examples. 


The  small  apple  pie  has  a diameter  of  8 inches,  and  the  large  cherry  pie  has  a 
radius  of  5 inches.  How  much  larger  is  the  large  pie? 


First,  find  each  area. 

Small  pie 

Large  pie 

A — jrr- 

A - Trr^ 

= 7t(4)1 

= ■37(5)- 

= 

- 

50.2 

78.5 

small  pie  is  50.2  in^.  The  difference  in  area  is 
about  28.3  square  inches.  So  the  large  pie  is  more 

than  50%  larger  than  the  small  pie,  assuming  they  have  the  same  thickness. 
Notice  that  we  used  3.14  as  an  approximate  value  for  it. 


If  the  area  of  the  circle  at  right  is  25 6 it  m^, 
what  is  the  circumference  of  the  circle? 

Use  the  area  to  find  the  radius,  then  use  the 
radius  to  find  the  circumference. 


= wr^  = 2^7(16) 

256  = = 32it 

r — ] 6 >=1 00,5  im 


The  circumference  is  32tt  meters,  or  approximately  100.5  meters. 
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Exercises 


You  will  need 


Use  the  Circle  Area  Conjecture  to  solve  for  the  unknown  measures  in 


Exercises  1-8.  Leave  your  answers  in  terms  of  tt  , unless  the  problem  asks  for 
an  approximation.  For  approximations,  use  the  it  key  on  your  calculator. 


for  EMcrds€  19 


1.  Ifr  = 3in.,A=  ? . 

2.  If  r = 7 cm,  A=  L. 

3.  Ifr  = 0.5m,A^JL. 

4.  If  A = cm^  then  r - _L. 

5.  UA-3TT  in^,  then  r = _L. 

6.  If  A = 0.785  m^  then  r _L 

7.  If  C = 12it  in.,  then  A = _L. 

8.  If  C = 314  m,  then  A _L. 

9.  What  is  the  area  of  the  shaded  region  10.  What  is  the  area  of  the  shaded  region 

between  the  circle  and  the  rectangle?  between  the  circle  and  the  triangle? 


11. 

12. 


13. 


14. 


15. 


Sketch  and  label  a circle  with  an  area  of  324  tt  cm^. 
Be  sure  to  label  the  length  of  the  radius. 

Application  The  rotating  sprinkler  arms  in  the  photo 
at  right  are  all  16  meters  long.  What  is  the  area  of 
each  circular  farm?  Express  your  answer  to  the 
nearest  square  meter. 

Application  A small  college  TV  station  can  broadcast 
its  programming  to  households  within  a radius  of 
60  kilometers.  How  many  square  kilometers  of 
viewing  area  does  the  station  reach?  Express  your 
answer  to  the  nearest  square  kilometer. 

Sampson’s  dog,  Cecil,  is  tied  to  a post  by  a chain 
7 meters  long.  How  much  play  area  does  Cecil  have? 
Express  your  answer  to  the  nearest  square  meter. 

Application  A muscle’s  strength  is  proportional  to 
its  cross-sectional  area.  If  the  cross  section  of  one 
muscle  is  a circular  region  with  a radius  of  3 cm, 
and  the  cross  section  of  a second,  identical  type  of 
muscle  is  a circular  region  with  a radius  of  6 cm, 
how  many  times  stronger  is  the  second  muscle? 


Champicm  weight  liher  Soraya  Jimenez  extends 
barbells  weigihilrig  almost  double  her  cfwn  body 
weight. 
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16.  What  would  be  a good  approximation  for  the  area  of  a regular  100-gon  inscribed  in 
a circle  with  radius  r?  Explain  your  reasoning.  ^ 


^ Review 

17.  A = ± 


19.  Technology  Construct  a parallelogram  and  a point  in  its  interior.  Construct  segments 
from  this  point  to  each  vertex,  forming  four  triangles.  Measure  the  area  of  each 
triangle.  Move  the  point  to  find  a location  where  all  four  triangles  have  equal  area.  Is 
there  more  than  one  such  location?  Explain  your  findings. 

20.  Developing  Proof  Explain  why  v must  be  48°.  21.  Developing  Proof  What’ s wrong  with  this  picture? 


22. 


The  6-by-18-by-24  cm  clear  plastic  sealed  container  is 
resting  on  a cylinder.  It  is  partially  filled  with  liquid,  as 
shown.  Sketch  the  container  resting  on  its  smallest 
face.  Show  the  liquid  level  in  this  position. 


cm 


^ 

IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Random  Points 


What  is  the  probability  of  randomly  selecting  from  the 
3 -by- 3 grid  at  right  three  points  that  form  the  vertices  of 
an  isosceles  triangle? 
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Cut  my  pie  into  four 
pieces — / don’t  think  I 


could  eat  eight. 
YOGI  BERRA 


Any  Way  You  Slice  It 

In  Lesson  8.5,  you  discovered  a formula  for  calculating  the  area  of  a circle.  With 
the  help  of  your  visual  thinking  and  problem-solving  skills,  you  can  calculate  the 
areas  of  different  sections  of  a circle. 


Its  makers  claimed  this 
was  the  world's  largest 
slice  of  pizza. 


If  you  cut  a slice  of  pizza,  each  slice  would  probably  be  a sector  of  a circle.  If  you 
could  make  only  one  straight  cut  with  your  knife,  your  slice  would  be  a segment  of 
a circle.  If  you  don’t  like  the  crust,  you’d  cut  out  the  center  of  the  pizza;  the  crust 
shape  that  would  remain  is  called  an  annulus. 


A sector  of  a circle  is  the  region  between  two  radii  and  an  arc  of  the  circle. 

A segment  of  a circle  is  the  region  between  a chord  and  an  arc  of  the  circle. 

An  annulus  is  the  region  between  two  concentric  circles. 

“Picture  equations”  are  helpful  when  you  try  to  visualize  the  areas  of  these  regions. 
The  picture  equations  below  show  you  how  to  find  the  area  of  a sector  of  a circle, 
the  area  of  a segment  of  a circle,  and  the  area  of  an  annulus. 
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EXAMPLE  A 


Find  the  area  of  the  shaded  sector. 


► Solution 


EXAMPLE  B 


► Solution 


EXAMPLE  C 


► Solution 


The  sector  is  or-^,  of  the  circle. 


- ^ 

= ■ -IOOtt 

= 50ir 

The  area  is  50^  cn?. 


The  aita.  torniuLi  fo-r  a sectdi. 

SnbtLiuilf  r = 2D  ^iiid  = 4?. 

Sj&rluce  th^  fracTic-ii  2CJ, 

MuLt[p]y. 


According  to  the  picture  equation  on  page  453,  the  area  of  a segment  is 
equivalent  to  the  area  of  the  sector  minus  the  area  of  the  triangle.  You  can  use 
the  method  in  Exanple  A to  find  that  the  area  of  the  sector  is  ^ ■ 36  tJ"  cm  , 
or  9^  cm^.  The  area  of  the  triangle  is  ^ ■ 6'  6,  or  18  cm^.  So  the  area  of  the 
segment  is  9 it  - 18  cm^. 

The  shaded  area  is  14ir  cm^,  and 
the  radius  is  6 cm  Find  x 


The  sector’s  area  is  of  the  circle’s  area,  which  is  36  tt  . 

360  ■ Htt  _ ^ 

3677 

X = m 

The  central  angle  measures  140°. 
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You  will  need 


I Exercises 

In  Exercises  1-8,  find  the  area  of  the  shaded  region.  The  radius  of  each  circle 
is  r.  If  two  circles  are  shown,  r is  the  radius  of  the  smaller  circle  and  R is  the 
radius  of  the  larger  circle. 


for  Exefosel^ 


1.  r = 6 cm 


4.  r = 2 cm 


10.  The  shaded  area  is 
32it  cm^.  Find  r. 


2.  r = 8 cm 


5.  r = S cm 


S.  R = 12  cm 
r = 9 cm 


11.  The  shaded  area  is 
120^t  cm^,  and  the 
radius  is  24  cm  Find  x 


3.  r = 16  cm 


6.  R = 1 cm 
r = 4 cm 


9.  The  shaded  area  is  12tt  cm^. 
Find  r. 

I2CH 


12.  The  shaded  area  is  10^  cm^. 
The  radius  of  the  large  circle  is 
10  cm,  and  the  radius  of  the 
small  circle  is  8 cm  Find  x ^ 


13.  Application  Suppose  the  pizza  slice  in  the 
photo  at  the  beginning  of  this  lesson  is 
a sector  with  a 36°  arc,  and  the  pizza  has 
a radius  of  20  ft.  If  one  can  of  tomato 
sauce  will  cover  3 ft^  of  pizza,  how  many 
cans  would  you  need  to  cover  this  slice? 
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14.  Utopia  Park  has  just  installed  a circular  fountain  8 meters  in  diameter.  The  Park 
Committee  wants  to  pave  a 1.5 -meter- wide  path  around  the  fountain.  If  paving  costs 
$10  per  square  meter,  find  the  cost  to  the  nearest  dollar  of  the  paved  path  around 
the  fountain. 


This  circular  fountain  at  th^  Chateau  de 
Villandry  In  Lolrt  VaHtyn  Francer  shares  a 
center  with  ttie  circular  path  arciund  It. 
H-o^v  many  coucentrlc  arcs  arrd  circles  do 
yo4j  see  in  ttie  picture? 


Mathematics 

CONNECTION 

Attempts  to  solve  the  famous  problem  of  squaring  a circle — finding  a 
square  with  the  same  area  as  a given  circle — led  to  the  creation  of  some 
special  shapes  made  up  of  parts  of  circles.  The  diagrams  below  are  based  on 
some  that  Leonardo  da  Vinci  sketched  while  attempting  to  solve  this  problem. 


15.  The  illustrations  below  demonstrate  how  to  find  a rectangle  with  the  same  area  as 
the  shaded  figure. 


In  a series  of  diagrams,  demonstrate  how  to  find  a rectangle  with  the  same  area  as 
the  shaded  figure. 


16.  Construction  Reverse  the  process  you  used  in  Exercise  15.  On  graph  paper,  draw  a 
12-by-6  rectangle.  Use  your  compass  to  divide  it  into  at  least  four  parts,  then 
rearrange  the  parts  into  a new  curved  figure.  Draw  its  outline  on  graph  paper. 
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^ Review 

17.  Each  set  of  circles  is  externally  tangent.  What  is  the  area  of  the  shaded  region  in 
each  figure?  What  percentage  of  the  area  of  the  square  is  the  area  of  the  circle  or 
circles  in  each  figure?  All  given  measurements  are  in  centimeters. 

b. 


18.  The  height  of  a trapezoid  is 
the  trapezoid?  h 

19.  CE,  BH,  and  AG  are  altitudes.  Find  AB  and  AG. 


In  Exercises  20-23,  identify  each  statement  as  true  or  false.  If  true,  explain  why.  If  false, 
give  a counterexample. 


20.  If  the  arc  of  a circle  measures  90°  and  has  an  arc  length  of  24ir  cm,  then  the  radius 
of  the  circle  is  48  cm 

21.  If  the  measure  of  each  exterior  angle  of  a regular  polygon  is  24°,  then  the  polygon 
has  15  sides. 


22.  If  the  diagonals  of  a parallelogram  bisect  its  angles,  then  the  parallelogram  is 
a square. 

23.  If  two  sides  of  a triangle  measure  25  cm  and  30  cm,  then  the  third  side  must  be 
greater  than  5 cm,  but  less  than  55  cm 


IMPROVING  YOUR  REASONING  SKILLS 

Code  Equations 

Each  code  below  uses  the  first  letters  of  words  that  will  make  the  equation  true. 

For  example,  12M  = a Tis  an  abbreviation  of  the  equation  12  Months  = a Year. 
Find  the  missing  words  in  each  code. 


1.  45Z)  = anA4ofan/??r 
3.  90D  = each  A of  a R 


2.  1 = SofdiH 
4.  5 = Z)  in  a P 
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Vbu  wpH  need 

♦ graph  paper 

♦ a ruler 

♦ a penny 

♦ a dime 


Geometric  Probability  ii 


Y ou  already  know  that  a probability  value  is  a number  between  0 and  1 that  tells 
you  how  likely  something  is  to  occur.  For  exarrple,  when  you  roll  a die,  three  of  the 
six  rolls — namely,  2,  3,  and  5 — are  prime  numbers.  Because  each  roll  has  the  same 
chance  of  occurring  , P(prime  number)  = | , or  ^ . 

In  some  situations,  probability  depends  on  area.  For  example,  suppose  a meteorite 
is  headed  toward  Earth.  If  about  ^ of  Earth’s  surface  is  land,  the  probability  that  the 
meteorite  will  hit  land  is  about  ^ , while  the  probability  it 
will  hit  water  is  about  ^ . Because  Alaska  has  a greater 
area  than  Vermont,  the  probability  the  meteorite  will 
land  in  Alaska  is  greater  than  the  probability  it  will 
land  in  Vermont.  If  you  knew  the  areas  of 
these  two  states  and  the  surface  area  of 
Earth,  how  could  you  calculate  the 
probabilities  that  the  meteorite 
would  land  in  each  state? 


Activity 
Where  the  Chips  Fall 

In  this  activity  you  will  solve  several  probability  problems  that  involve  area. 

The  Shape  of  Things 

At  each  level  of  a computer  game,  you  must  choose  one  of  several  shapes  on  a 
coordinate  grid.  The  concputer  then  randomly  selects  a point  anywhere  on  the  grid.  If 
the  point  is  outside  your  shape,  you  move  to  the  next  level.  If  the  point  is  on  or  inside 
your  shape,  you  lose  the  game. 

On  the  first  level,  a trapezoid,  a 
pentagon,  a square,  and  a triangle 
are  displayed  on  a grid  that  goes 
from  0 to  12  on  both  axes.  The 
table  below  gives  the  vertices  of 
the  shapes. 


■fiapezoid 

a,  12),  (&,  12),  (7,9),  a 9) 

Pentagon 

(3,  1).  R4).  (6,4).  (9,2),  (7.0) 

Square 

(0.  6),  (3.  (.3.  3} 

Tiianglc 

(11,0),  (7,4),  (11,  12} 
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step  1 
Step  2 


Step  3 


For  each  shape,  calculate  the  probability  the  computer  will  choose  a point  on  or 
inside  that  shape.  Express  each  probability  to  three  decimal  places. 

What  is  the  probability  the  computer  will  choose  a point  that  is  on  or  inside  a 
quadrilateral?  What  is  the  probability  it  will  choose  a point  that  is  outside  all  of 
the  shapes? 

If  you  choose  a triangle,  what  is  the  probability  you  will  move  to  the  next  level? 


Step  4 


Which  shape  should  you  choose  to  have  the  best  chance  of  moving  to  the  next 
level?  Why? 


Right  on  Target 

You  are  playing  a carnival  game  in  which  you  must 
throw  one  dart  at  the  board  shown  at  right.  The 
score  for  each  region  is  shown  on  the  board.  If  your 
dart  lands  in  a Bonus  section,  your  score  is  tripled. 
The  more  points  you  get,  the  better  your  prize  will 
be.  The  radii  of  the  circles  from  the  inside  to  the 
outside  are  4 in.,  8 in.,  12  in.,  and  16  in.  Assume 
your  aim  is  not  very  good,  so  the  dart  will  hit  a 
random  spot.  If  you  miss  the  board  completely,  you 
get  to  throw  again. 


Step  5 
Step  6 

Step  7 

Step  8 

Step  9 


What  is  the  probability  your  dart  will  land  in  the  red  region?  Blue  region? 

Compute  the  probability  your  dart  will  land  in  a Bonus  section.  (The  central 
angle  measure  for  each  Bonus  section  is  30°. ) 

If  you  score  90  points,  you  will  win  the  grand  prize,  a giant  stuffed  emu.  What  is 
the  probability  you  will  win  the  grand  prize? 

If  you  score  exactly  30  points,  you  win  an  “I  » Carnivals”  baseball  cap.  What  is 
the  probability  you  will  win  the  cap? 

Now  imagine  you  have  been  practicing  your  dart  game,  and  your  aim  has 
incproved.  Would  your  answers  to  Steps  5-8  change?  Explain. 


The  Coin  Toss 

You  own  a small  cafe  that  is  popular  with  the 
mathematicians  in  the  neighborhood.  You  devise  a 
game  in  which  the  customer  flips  a coin  onto  a 
red- and- white  checkered  tablecloth  with  1-inch 
squares.  If  it  lands  completely  within  a square,  the 
customer  wins  and  doesn’t  have  to  pay  the  bill.  If  it 
lands  touching  or  crossing  the  boundary  of  a square, 
the  customer  loses. 

Step  1 0 I Assuming  the  coin  stays  on  the  table,  what  is  the  probability  of  the  customer 

I winning  by  flipping  a penny?  A dime?  {Hint:  Where  must  the  center  of  the  coin 
land  in  order  to  win?) 
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step  1 1 


Step  12 


If  the  customer  wins  only  if  the  coin  falls  within  a red  square,  what  is  the 
probability  of  winning  with  a penny?  A dime? 

Suppose  the  game  is  always  played  with  a penny,  and  a customer  wins  if  the 
penny  lands  concpletely  inside  any  square  (red  or  white).  If  your  daily  proceeds 
average  $300,  about  how  much  will  the  game  cost  you  per  day? 


On  a Different  Note 

Two  opera  stars — Rigoletto  and  Pollione — are  auditioning  for  a part  in  an 
upcoming  production.  Because  the  singers  have  similar  qualifications,  the  director 
decides  to  have  a contest  to  see  which  man  can  hold  a note  the  longest.  Rigoletto 
has  been  known  to  hold  a note  for  any  length  of  time  from  6 to  9 minutes.  Pollione 
has  been  known  to  hold  a note  for  any  length  of  time  from  5 to  7 minutes. 

Step  1 3 Draw  a rectangular  grid  in  which  the  bottom  side  represents  the  range  of  times 
for  Rigoletto  and  the  left  side  represents  the  range  of  times  for  Pollione.  Each 
point  in  the  rectangle  represents  one  possible  outcome  of  the  contest. 

Step  14  On  your  grid,  mark  all  the  points  that  represent  a tie.  Use  your  diagram  to  find 
the  probability  that  Rigoletto  will  win  the  contest. 


DIFFERENT  DICE 


Understanding  probability  can  incprove  your  chances  of  winning  a game.  If  you 
roll  a pair  of  standard  6-sided  dice,  are  you  more  likely  to  roll  a sum  of  6 or  12? 
It’s  fairly  common  to  roll  a sum  of  6,  because  many  combinations  of  two  dice  add 
up  to  6.  But  a 12  is  only  possible  if  you  roll  a 6 on  each  die. 


dice  thousands  of  times,  and  recorded  the  ™ 

number  of  times  you  got  each  sum,  the  ^8  ^ 

histogram  would  resemble  the  one  at  right.  S § 

If  you  rolled  them  far  fewer  times,  your  S'  i 200 

histogram  would  look  more  irregular.  ^ 100 

ji] 

1 

tu 

~ I ■ l~  > ^ li  I ■ I ■ I 

Would  the  distribution  be  different  if  you  2 ^ S a io  -12 

used  different  dice?  What  if  one  die  had  SumCHDits 

odd  numbers  and  the  other  had  even  numbers? 


r ^ 

FoHiuitf  ijt 

You  can  use  Fathom  to 
simulate  real  events,  such 
as  rolling  the  dice  that 
you  have  designed.  You 
can  obtain  the  results  of 
hundreds  of  events  very 
quickly,  and  use  Fathom’s 
graphing  capabilities  to 
make  a histogram 
showing  the  distribution 
of  different  outcomes. 

\ ^ 


What  if  you  used  8 -sided  dice?  What  if  you  rolled  three  6- sided  dice  instead  of  two? 

Choose  one  of  these  scenarios  or  one  that  you  find  interesting  to  investigate.  Make 
your  dice  and  roll  them  20  times.  Predict  what  the  graph  will  look  like  if  you  roll 
the  dice  100  times,  then  check  your  prediction. 

Your  project  should  include 

► Your  dice. 

!►  Histograms  of  your  experimental  data,  and  your  predictions  and  conclusions. 
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8.7 


!) 


No  pessimist  ever 
discovered  the  secrets 
of  the  stars,  or  sailed 
to  an  uncharted 
land,  or  opened 
a new  doorway  for 
the  human  spirit. 

HELEN  KELLER 


Surface  Area 


In  Lesson  8.3,  you  calculated  the  surface  areas  of  walls  and  roofs.  But  not  all 
building  surfaces  are  rectangular.  How  would  you  calculate  the  amount  of  glass 
necessary  to  cover  a pyramid- shaped  building?  Or  the  number  of  tiles  needed  to 
cover  a cone-shaped  roof  ? 

In  this  lesson  you  will  learn  how  to  find  the  surface  areas  of  prisms,  pyramids, 
cylinders,  and  cones.  The  surface  area  of  each  of  these  solids  is  the  sum  of  the 
areas  of  all  the  faces  or  surfaces  that  enclose  the  solid.  For  prisms  and  pyramids, 
the  faces  include  the  solid’s  bases  and  its  lateral  faces. 

In  a prism,  the  bases  are  two  congruent  polygons  and  the  lateral  faces  are 
rectangles  or  other  parallelograms. 

In  a pyramid,  the  base  can  be  any  polygon.  The  lateral  faces  are  triangles. 


I., Item  I 


Base 


Ttiis  glass  p^amld  VMas 
designed  by  I.  M.  Pel  for  the 
entfanoE  of  the  Louvre 
museum  in  PariSy  Frarce. 


This  skyscraper  In  Chkagov  IHinolSr  is 
an  eK^mnpie  of  a prism. 


This  store  tower  Is  a cylinder  or 
top  of  a larger  cylinder. 


A core  is  part  of  the  roof  design  of  this 
Victorian  house  in  Massachusetts. 
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To  find  the  surface  areas  of  prisms  and  pyramids,  follow  these  steps. 


EXAMPLE  A 


► Solution 


EXAMPLE  B I 
► Solution 


Steps  for  Finding  Surface  Area 

1 . Draw  and  label  each  face  of  the  solid  as  if  you  had  cut  the  solid  apart 
along  its  edges  and  laid  it  flat.  Label  the  dimensions. 

2.  Calculate  the  area  of  each  face.  If  some  faces  are  identical,  you  only  need 
to  find  the  area  of  one. 

3.  Find  the  total  area  of  all  the  faces. 


Find  the  surface  area  of  the 
rectangular  prism 


^ m 


6 nt 


ft  m 


Tl^se  shipping  contalmers  art  reclarfcgular  prisms. 


Draw  and  label  the  two  congruent  bases,  and  the  four  lateral  faces  unfolded  into 
one  rectangle.  Then  find  the  areas  of  all  the  rectangular  faces. 


Top 

ft 

Botto  m 

6 

3 

6 

3 

Siile 

Back 

Siile 

surface  area  = 2(  base  area  ) + ( lateral  surface  area  ) 
= 2(6-  8)  + 3(6  + 8 + 6 + 8) 

= 2(  48  ) + 3(  28  ) 

= 96  + 84 
= 180 

The  surface  area  of  the  prism  is  180  m^. 

Find  the  surface  area  of  the  cylinder. 

Imagine  cutting  apart  the  cylinder.  The  two  bases  are 
circular  regions,  so  you  need  to  find  the  areas  of  two 
circles.  Think  of  the  lateral  surface  as  a wrapper.  Slice  it 
and  lay  it  fiat  to  get  a rectangular  region.  You’ll  need 
the  area  of  this  rectangle.  The  height  of  the  rectangle 
is  the  height  of  the  cylinder.  The  base  of  the  rectangle 
is  the  circumference  of  the  circular  base. 
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Bam 


= C = 2w 


L2 


l.atcr^]  JUrlaoP 

surface  area  = 2(7rr-  ) + 

= 2(iT  ^ 5^)  + (2  ^ IT  ^ 5)  ♦ 12 
=fc=  534 

The  surface  area  of  the  cylinder  is  about  534  in^. 


This  ice  cream  plant  in  Burlington,  Vermont  uses  These  consen^atories  In  Edmonton,  Canada,  are  glass  pyramids. 

tylitKirkal  container!  for  Its  milk  And  <ream. 


The  surface  area  of  a pyramid  is  the 
area  of  the  base  plus  the  areas  of  the 
triangular  faces.  The  height  of  each 
triangular  lateral  face  is  called  the 
slant  height.  The  slant  height  is  labeled 
/ and  the  pyramid  height  is  labeled  h. 


In  the  investigation  you’ll  find  out  how 

to  calculate  the  surface  area  of  a pyramid  with  a regular  polygon  base. 
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InvpstIgatiQn  1 

Surface  Area  of  a Regular  Pyramid 

You  can  cut  and  unfold  the  surface  of  a regular  pyramid  into  these  shapes. 


Step  1 
Step  2 

Step  3 

Step  4 

Step  5 


What  is  the  area  of  each  lateral  face? 

What  is  the  total  lateral  surface  area?  What  is  the  total  lateral  surface  area  for  any 
pyramid  with  a regular  n-gon  base? 

What  is  the  area  of  the  base  for  any  regular 
n-gon  pyramid? 

Use  your  expressions  from  Steps  2 and  3 to 
write  a formula  for  the  surface  area  of  a 
regular  n-gon  pyramid  in  terms  of  n,  base 
length  b,  slant  height  I,  and  apothem  a. 

Write  another  expression  for  the  surface 
area  of  a regular  n-gon  pyramid  in  terms  of 
height  I,  apothem  a,  and  perimeter  of  the 
base,  P. 


h b b 


You  can  find  the  surface  area  of  a cone  using  a method  similar  to  the  one  you  used 
to  find  the  surface  area  of  a pyramid. 


Is  the  cf  this  building  in 
Kashan^  Iran,  a cone  or  a 
pyramid?  What  makes  ll  hard 
to  tell? 
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Invprtigatinn  2 

Surface  Area  of  a Cone 


As  the  number  of  faces  of  a pyramid  increases,  it  begins  to  look  like  a cone.  You 
can  think  of  the  lateral  surface  as  many  small  triangles  or  as  a sector  of  a circle. 


...-T:-:-- rn 

irr 

^ 7 

' 'll 

, 'i  / I!  \ ('  't 

1 i ‘i  i ‘‘  i ' 

,1.  i' 

' " II 

■ ' ■ . . ' T'!'' 

' ' 1 1 ' 1 i 1 

1 ' ' , - i ( 1 

.1 '' ' ii ; ''  !i '■  i. 

V ./  ■ /;'  1 ; \ \ ill 

.1.'  [ !. 
irr 

Step  1 
Step  2 

Step  3 


What  is  the  area  of  the  base? 

What  is  the  lateral  surface  area  in  terms  of  I and  r?  What  portion  of  the  circle  is 
the  sector?  What  is  the  area  of  the  sector? 

Write  the  formula  for  the  surface  area  of  a cone. 


This  Hjf  SloLiK 

tepees  taken  around 
1902  In  north  of  South 
Dakota,  h a lepee  shaped 
rrwre  like  a corfce  or  a 
pyramid? 


EXAMPLE  C I Find  the  total  surface  area  of  the  cone. 


► Solution 


.SA  = TrrS  + 7rr“ 

= (7rK5)(10)  V 7Tf5)^ 

- 75^1 
« 235.6 

The  surface  area  of  the  cone  is  about  236  cm^. 
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Exercises 


You  will  need 


RraGtiP^  ^ 


XfiSS 


In  Exercises  1-10,  find  the  surface  area  of  each  solid.  All  quadrilaterals  are 
rectangles,  and  all  given  measurements  are  in  centimeters.  Round  your 
answers  to  the  nearest  0.1  cm^. 


for  Exercise  13 


7.  The  base  is  a regular  hexagon  with 
apothema  =:#  12.1,  side  = 14,  and 
height  h = 1. 


8.  The  base  is  a regular  pentagon  with  apothem 
a=*ll  and  side  s = 16.  Each  lateral  edge 
t = 11,  and  the  height  of  a face  / = 15. 


h 


9.  D=^,d  = 4,  h = 9 
h-J-- 

li 

D— I 


10.  / = 8,  w = 4,  /z  = 10,  J = 4 


I— J--H 

^1 


11.  Explain  how  you  would  find  the  surface  area  of  this  obelisk. 
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12.  Application  Claudette  and  Marie  are  planning  to  paint  the  exterior  walls  of  their 
country  farnahouse  (all  vertical  surfaces)  and  to  put  new  cedar  shingles  on  the  roof. 
The  paint  they  like  best  costs  $25  per  gallon  and  covers  250  square  feet  per  gallon. 
The  wood  shingles  cost  $65  per  bundle,  and  each  bundle  covers  100  square  feet. 
How  much  will  this  home  improvement  cost?  All  measurements  are  in  feet. 


13.  Construction  The  shapes  of  the  spinning  dishes  in  the  photo  are  called  frustums  of 
cones.  Think  of  them  as  cones  with  their  tops  cut  off.  Use  your  construction  tools  to 
draw  pieces  that  you  can  cut  out  and  tape  together  to  form  a frustum  of  a cone. 


A Sr]  Lankan  planter  balances 
and  ^plns  plates. 


Review 

14.  Use  patty  paper,  templates,  or  pattern  blocks  to  create  a 
3^4^32.4.3.  W tiling. 

15.  Trace  the  figure  at  right.  Find  the  lettered  angle  measures 
and  arc  measures. 
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16.  Application  Suppose  a circular  ranch  with  a radius  of  3 km  were  divided  into 
16  congruent  sectors.  In  a one-year  cycle,  how  long  would  the  cattle  graze  in  each 
sector?  What  would  be  the  area  of  each  sector? 


History 

CONNECTION 

In  1792,  visiting  Europeans  presented  horses  and  cattle  to 
Hawaii’s  King  Kamehameha  I.  Cattle  ranching  soon  developed 
when  Mexican  vaqueros  came  to  Hawaii  to  train  Hawaiians  in 
ranching.  Today,  Hawaiian  cattle  ranching  is  big  business. 

“Grazing  geometry”  is  used  on  Hawaii’s  Kahua  Ranch.  Ranchers 
divide  the  grazing  area  into  sectors.  The  cows  are  rotated  through 
each  sector  in  turn.  By  the  time  they  return  to  the  first  sector,  the 
grass  has  grown  back  and  the  cycle  repeats. 


17.  Developing  Proof  Trace  the  figure  at  right.  Find  the 
lettered  angle  measures.  Explain  how  you 
determined  measures /and  k. 


18.  If  the  pattern  of  blocks  continues,  what  will  be 
the  surface  area  of  the  50th  solid  in  the  pattern? 
(Every  edge  of  each  block  has  length  1 unit.) 


f 

IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Moving  Coins 


Create  a triangle  of  coins  similar  to  the  one  shown.  How  can  you 
move  exactly  three  coins  so  that  the  triangle  is  pointing  down 
rather  than  up?  When  you  have  found  a solution,  use  a 
diagram  to  explain  it. 


© 

©o 
© o © 
© 0 o o 
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Alternative  Area  Formulas 


In  ancient  Egypt,  when  the  yearly  floods  of  the  Nile  River  receded,  the  river  often 
followed  a different  course,  so  the  shape  of  farmers’  fields  along  the  banks  could 
change  from  year  to  year.  Officials  then  needed  to  measure  property  areas  in  order 
to  keep  records  and  calculate  taxes.  Partly  to  keep  track  of  land  and  finances, 
ancient  Egyptians  developed  some  of  the  earliest  mathematics. 

Historians  believe  that  ancient  Egyptian  tax  assessors  used  this  formula  to  find  the 
area  of  any  quadrilateral: 

A=\{a-\-c)'\  (Z?  + J) 

where  a,  b,  c,  and  d are  the  lengths,  in  consecutive  order,  of  the  figure’s  four  sides. 

In  this  activity  you  will  take  a closer  look  at  this  ancient  Egyptian  formula,  and 
another  formula  called  Hero’s  formula,  named  after  Hero  of  Alexandria. 


Activity 

Calculating  Area  in  Ancient  Egypt 


Investigate  the  ancient  Egyptian  formula  for  quadrilaterals. 


Step  1 
Step  2 
Step  3 

Step  4 


Step  5 


Step  6 
Step  7 


Construct  a quadrilateral  and  its  interior. 

Change  the  labels  of  the  sides  to  a,  b,  c,  and  d,  consecutively. 

Measure  the  lengths  of  the  sides  and  use  the  Sketchpad  calculator  to  find  the 
area  according  to  the  ancient  Egyptian  formula. 

Select  the  polygon  interior  and  measure  its  area. 

How  does  the  area  given  by  the  formula  compare 
to  the  actual  area?  Is  the  ancient  Egyptian 
formula  correct? 

Does  the  ancient  Egyptian  formula  always  favor 
either  the  tax  collector  or  the  landowner,  or  does 
it  favor  one  in  some  cases  and  the  other  in  other 
cases?  Explain. 

Describe  the  quadrilaterals  for  which  the  formula  works  accurately.  Eor  what 
kinds  of  quadrilaterals  is  it  slightly  inaccurate?  Very  inaccurate? 

State  the  ancient  Egyptian  formula  in  words,  using  the  word  mean. 
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Step  8 According  to  Hero’ s formula,  if  5-  is  half  the  perimeter  of  a triangle  with  side 
lengths  a,  b,  and  c,  the  area  A is  given  by  the  formula 

A = - b)(s  - d 

Use  Sketchpad  to  investigate  Hero’ s formula.  Construct  a triangle  and  its  interior. 
Label  the  sides  a,  b,  and  c,  and  use  the  Sketchpad  calculator  to  find  the  triangle’s 
area  according  to  Hero.  Concpare  the  result  to  the  measured  area  of  the  triangle. 
Does  Hero’s  formula  work  for  all  triangles? 

Step  9 Devise  a way  of  calculating  the  area  of  any  quadrilateral.  Use  Sketchpad  to  test 
your  method. 


IMPROVIMG  YOUR  VISUAL  THINKING  SKILLS 

Cover  the  Square 

Trace  each  diagram  below  onto  another  sheet  of  paper. 


Cut  out  the  four  triangles  in  each  of  the  two 
small  equal  squares  and  arrange  them  to 
exactly  cover  the  large  square. 


Cut  out  the  small  square  and  the  four 
triangles  from  the  square  on  leg  EF  and 
arrange  them  to  exactly  cover  the  large  square 


Two  squares  with  areas  and  are  divided 
into  the  five  regions  as  shown.  Cut  out  the  five 
regions  and  arrange  them  to  exactly  cover  a 
larger  square  with  an  area  of 


Two  squares  have  been  divided  into  three  right 
triangles  and  two  quadrilaterals.  Cut  out  the  five 
regions  and  arrange  them  to  exactly  cover  a 
larger  square. 
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Y ou  should  know  area  formulas  for  rectangles,  parallelograms, 
triangles,  trapezoids,  regular  polygons,  and  circles.  You  should  also 
be  able  to  show  where  these  formulas  come  from  and  how  they’re 
related  to  one  another.  Most  inportantly,  you  should  be  able  to 
apply  them  to  solve  practical  problems  involving  area,  including 
the  surface  areas  of  solid  figures.  What  occupations  can  you  list 
that  use  area  formulas? 

When  you  use  area  formulas  for  real-world  applications,  you  have 
to  consider  units  of  measurement  and  accuracy.  Should  you  use 
inches,  feet,  centimeters,  meters,  or  some  other  unit?  If  you  work 
with  a circle  or  a regular  polygon,  is  your  answer  exact  or  an 
approximation? 


Exercises 


For  Exercises  1-10,  match  the  area  formula  with  the  shaded  area. 

A. 


1. 

A = 

bh 

2. 

A = 

0.5hh 

3. 

A = 

0.5h(  bi 

+ b2  ) 

4. 

A = 

O.Sdidi 

5. 

A = 

0.5aP 

6. 

A = 

7Tr^ 

7. 

A = 

8. 

A = 

r^) 

9. 

SA 

= 2nrl  + 

2rr2 

10. 

SA 

+ 

II 

a 


B.  r 

if 

L 


H. 


i 


X 


/ X 

W 


For  Exercises  11-13,  illustrate  each  term 
11.  Apothem  12.  Annulus 


13.  Sector  of  a circle 


For  Exercises  14-16,  draw  a diagram  and  explain  in  a paragraph  how  you  derived  the 
area  formula  for  each  figure. 


14.  Parallelogram 


15.  Trapezoid 


16.  Circle 
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Solve  for  the  unknown  measures  in  Exercises  17-25.  All  measurements  are  in 
centimeters. 


In  Exercises  26-28,  find  the  shaded  area  to  the  nearest  0.1  crn^.  In  Exercises  27 
and  28,  the  quadrilateral  is  a square  and  all  arcs  are  arcs  of  a circle  of  radius  6 cm 
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In  Exercises  29-31,  find  the  surface  area  of  each  prism  or  pyramid.  All  given 
measurements  are  in  centimeters.  All  quadrilaterals  are  rectangles,  unless  otherwise 
labeled. 


29. 


13 


o 

■i 

50.  me  na&e  is  a Trapezoid. 

5 

t 

92 

92 


is 


20 


10 


For  Exercises  32  and  33,  plot  the  vertices  of  each  figure  on  graph  paper,  then  find 
its  area. 


32.  Parallelogram  A5CZ)  with  A(  0,  0 ),  5(14,  0),  and  Z)(6,  8) 


33.  Quadrilateral  FOUR  with  F(0,  0),  0(4,  -3),  0(9,  5),  and  5(4,  15) 


34. 


35. 


36. 


37. 


The  sum  of  the  lengths  of  the  two  bases  of  a trapezoid 
is  22  cm,  and  its  area  is  66  crn^.  What  is  the  height  of 
the  trapezoid? 


Find  the  area  of  a regular  pentagon  to  the 
nearest  tenth  of  a square  centimeter  if  the 
apothem  measures  about  6.9  cm  and  each 
side  measures  10  cm 


Find  three  noncongruent  polygons,  each 
with  an  area  of  24  square  units,  on  a 6-by-6 
geoboard  or  a 6-by-6  square  dot  grid. 


Fancelot  wants  to  make  a pen  for  his  pet. 
Isosceles.  What  is  the  area  of  the  largest 
rectangular  pen  that  Fancelot  can  make 
with  100  meters  of  fencing  if  he  uses  a straight 
wall  of  the  castle  for  one  side  of  the  pen? 


38.  If  you  have  a hundred  feet  of  rope  to 
arrange  into  the  perimeter  of  either  a 
square  or  a circle,  which  shape  will  give 
you  the  maximum  area?  Explain. 


Kjopcs 


39.  Which  is  a better  fit  (fills  more  of  the  hole):  a 
round  peg  in  a square  hole  or  a square  peg  in  a 
round  hole?  Explain. 
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40.  A1  Dente’s  Pizzeria  sells  pizza  by  the  slice,  according  to  the 
sign.  Which  slice  is  the  best  deal  (the  most  pizza  per  dollar)? 

41.  If  you  need  8 oz  of  dough  to  make  a 12-inch  diameter  pizza, 
how  much  dough  will  you  need  to  make  a 1 6-inch  pizza  on  a 
crust  of  the  same  thickness? 

42.  Which  is  the  biggest  slice  of  pie:  one-fourth  of  a 6-inch 
diameter  pie,  one-sixth  of  an  8-inch  diameter  pie,  or  one-eighth 
of  a 12-inch  diameter  pie?  Which  slice  has  the  most  crust  along 
the  curved  edge? 


43. 


The  Hot-Air  Balloon  Club  at  Da  Vinci  High  School  has  designed  a balloon 
for  the  annual  race.  The  panels  are  a regular  octagon,  eight  squares,  and 
sixteen  isosceles  trapezoids,  and  club  members  will  sew  them 
together  to  construct  the  balloon.  They  have  built  a scale  model, 
as  shown  at  right.  The  approximate  dimensions  of  the  four 
types  of  panels  are  below,  shown  in  feet. 


1^  ft 


[2ft 


ft  -H 


L2  ft 


a.  What  will  be  the  perimeter,  to  the  nearest 
foot,  of  the  balloon  at  its  widest?  What  will 
be  the  perimeter,  to  the  nearest  foot,  of  the 
opening  at  the  bottom  of  the  balloon? 


b.  What  is  the  total  surface  area  of  the  balloon  to  the  nearest 
square  foot? 


44.  You  are  producing  10,000  of  these  metal  wedges,  and  you 
must  electroplate  them  with  a thin  layer  of  high-conducting 
silver.  The  measurements  shown  are  in  centimeters.  Find 
the  total  cost  for  silver,  if  silver  plating  costs  $1  for  each 
200  square  centimeters.  Assume  each  quadrilateral  is  a 
rectangle. 
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45.  The  measurements  of  a chemical  storage  container  are  shown  in 
meters.  Find  the  cost  of  painting  the  exterior  of  nine  of  these  large 
cylindrical  containers  with  sealant.  The  sealant  costs  $32  per  gallon. 
Each  gallon  covers  18  square  meters.  Do  not  paint  the  bottom  faces. 

46.  Hector  is  a very  cost-conscious  produce  buyer.  He  usually  buys 
asparagus  in  large  bundles,  each  44  cm  in  circumference.  But  today 
there  are  only  small  bundles  that  are  22  cm  in  circumference.  Two 
22  cm  bundles  are  the  same  price  as  one  44  cm  bundle.  Is  this  a good 
deal  or  a bad  deal?  Why? 

47.  The  measurements  of  a copper  cone  are  shown  in  inches.  Find  the  cost 
of  spraying  an  oxidizer  on  100  of  these  copper  cones.  The  oxidizer 
costs  $26  per  pint.  Each  pint  covers  approximately  5000  square  inches 
Spray  only  the  lateral  surface. 

48.  Tom  and  Betty  are  planning  to 
exterior  walls  of  their  cabin  (all  vertical  surfaces). 

The  paint  they  have  selected  costs  $24  per  gallon 
and,  according  to  the  label,  covers  150  to 
300  square  feet  per  gallon.  Because  the 
wood  is  very  dry,  they  assume  the 
paint  will  cover  150  square  feet 
per  gallon.  How  much  will  the 
project  cost?  (All  measurements  y 
shown  are  in  feet.) 

i 


Take  another  look 

1.  Technology  Use  geometry  software  to  construct  these  shapes: 

a.  A triangle  whose  perimeter  can  vary,  but  whose  area  stays  constant 

b.  A parallelogram  whose  perimeter  can  vary,  but  whose  area  stays  constant 

2.  Developing  Proof  True  or  false?  The  area  of  a triangle  is  equal  to  half  the  perimeter  of 
the  triangle  times  the  radius  of  the  inscribed  circle.  Support  your  conclusion  with  a 
convincing  argument. 

3.  Developing  Proof  Does  the  area  formula  for  a kite  hold  for  a dart? 

Support  your  conclusion  with  a convincing  argument. 

4.  Developing  Proof  How  can  you  use  the  Regular  Polygon  Area 
Conjecture  to  arrive  at  a formula  for  the  area  of  a circle?  Use  a series 
of  diagrams  to  help  explain  your  reasoning. 

5.  Use  algebra  to  show  that  the  total  surface  area  of  a prism  with  a regular  polygon 
base  is  given  by  the  formula  SA=  P(h  + a),  where  h is  height  of  the  prism,  a is  the 
apothem  of  the  base,  and  P is  the  perimeter  of  the  base. 
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6.  Use  algebra  to  show  that  the  total  surface  area  of  a cylinder  is  given  by  the  formula 
SA  = C{h+  r),  where  h is  the  height  of  the  cylinder,  r is  the  radius  of  the  base,  and 
C is  the  circumference  of  the  base. 

7.  Developing  Proof  Here  is  a different  formula  for  the  area  of  a trapezoid:  A = mh, 
where  m is  the  length  of  the  midsegment  and  h is  the  height.  Does  the  formula 
work?  Use  algebra  or  a diagram  to  explain  why  or  why  not.  Does  it  work  for  a 
triangle? 

8.  In  Lesson  8.3,  Exercise  10,  you  were  introduced  to  Hero’s  formula  for  finding  the 
area  of  a triangle.  With  the  help  of  Hero’s  formula  and  some  algebra,  derive  a 
formula  for  the  area  of  any  quadrilateral  given  the  length  of  each  of  the  four  sides 
and  one  diagonal. 

9.  Developing  Proof  True  or  false?  If  the  diagonals  of  a quadrilateral  are  perpendicular, 
then  the  area  of  the  quadrilateral  is  half  the  product  of  the  diagonals.  Support  your 
conclusion  with  either  a counterexanple  or  a convincing  argument. 

10.  Developing  Proof  In  Lesson  8.6,  Exercise  17,  you  were  asked  to  find  the  shaded  area 
between  the  circles  inscribed  within  a square.  Did  you  notice  that  the  ratio  of  the 
sum  of  the  areas  of  all  the  circles  to  the  area  of  the  square  was  always  the  same?  Is 
this  always  true?  Can  you  prove  it? 


Assessing  What  Learned 


UPDATE  YOUR  PORTFOLIO  Choose  one  of  the  more  challenging  problems  you  did 
in  this  chapter  and  add  it  to  your  portfolio.  Write  about  why  you  chose  it,  what 
made  it  challenging,  what  strategies  you  used  to  solve  it,  and  what  you  learned 
from  it. 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  to  be  sure  it’s  conplete  and 
well  organized.  Be  sure  you  have  included  all  of  this  chapter’s  area  formulas  in  your 
conjecture  list.  Write  a one-page  chapter  summary. 


WRITE  IN  YOUR  JOURNAL  Imagine  yourself  five  or  ten  years  fromnow,  looking 
back  on  the  influence  this  geometry  class  had  on  your  life.  How  do  you  think  you’ll 
be  using  geometry?  Will  this  course  have  influenced  your  academic  or  career  goals? 


PERFORMANCE  ASSESSMENT  While  a classmate,  a friend,  a family  member,  or  a 
teacher  observes,  demonstrate  how  to  derive  one  or  more  of  the  area  formulas. 
Explain  each  step,  including  how  you  arrive  at  the  formula. 


WRITE  TEST  ITEMS  Work  with  group  members  to  write  test  items  for  this  chapter. 
Include  sinple  exercises  and  conplex  application  problems. 


476  CHAPTER  8 Area 


GIVE  A PRESENTATION  Create  a poster,  a model,  or  other  visual  aid,  and  give  a 
presentation  on  how  to  derive  one  or  more  of  the  area  formulas.  Or  present  your 
findings  from  one  of  the  Take  Another  Look  activities. 
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The  Pythagorean 
Theorem 


But  serving  up  an  action,  suggesting 
the  dynamic  in  the  static,  has  become  a 
hobby  of  mine ....  The  “flowing”  on  that 
motionless  plane  holds  my  attention  to  such  a 
degree  that  my  preference  is  to  try  and  make  it  into 
a cycle. 

M.  C.  ESCHER 

Waterfall,  M.  C.  Escher,  1961 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 

All  rights  reserved. 
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OBJECTIVES 

In  this  chapter  you  will 

*■  explore  the  Pythagorean 
Theorem,  one  of  the  most 
important  discoveries  in 
mathematics 

*■  use  the  Pythagorean 
Theorem  to  calculate  the 
distance  between  any 
two  points 

*■  use  conjectures  related  to 
the  Pythagorean  Theorem 
to  solve  problems 
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The  Theorem  of 
Pythagoras 


In  a right  triangle,  the  side  opposite  the 
right  angle  is  called  the  hypotenuse. 
The  other  two  sides  are  called  legs.  In 
the  figure  at  right,  a and  b represent  the 
lengths  of  the  legs,  and  c represents  the 
length  of  the  hypotenuse. 


In  a right  triangle,  the  side  opposite 
the  right  angle  is  called  the 
hypotenuse,  here  with  length  c. 

The  other  two  sides 
are  legs,  here  with 
lengths  a and  b. 


FUNK/WlNKEflflEAH  byEalkA  Reprinled  vtMh  E(>eciQl  penmisElon  of  hkKth  Amalca  Syndicate. 


There  is  a special  relationship  between  the  lengths  of  the  legs  and  the  length  of  the 
hypotenuse.  This  relationship  is  known  today  as  the  Pythagorean  Theorem. 


Investigation 

The  Three  Sides  of  a Right  Triangie 


You  will  tieod 


* scissors 

* a compass 

• a straightedge 

• the  worksheet 
Dissection  of 
Squares 


Step  1 


The  puzzle  in  this  investigation  is  intended  to  help  you 
recall  the  Pythagorean  Theorem  It  uses  a dissection, 
which  means  you  will  cut  apart  one  or  more 
geometric  figures  and  make  the  pieces  fit  into 
another  figure. 

Separate  the  four  diagrams  on  the 
worksheet  so  each  person  in  your 
group  starts  with  a different  right 
triangle.  Each  diagram  includes  a right 
triangle  with  a square  constructed  on  each 
side  of  the  triangle.  Label  the  legs  a and  b 
and  the  hypotenuse  c.  What  is  the  area  of 
each  square  in  terms  of  its  side? 


-)i*- 


Step  2 


Locate  the  center  of  the  square  on  the  longer 
leg  by  drawing  its  diagonals.  Label  the  center  O. 


Step  3 


Through  point  O,  construct  line  j perpendicular  to  the  hypotenuse  and  line  k 
perpendicular  to  line  j.  Line  k is  parallel  to  the  hypotenuse.  Lines  j and  k divide 
the  square  on  the  longer  leg  into  four  parts. 
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step  4 


Step  5 


IT  b 
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Cut  out  the  square  on  the  shorter  leg  and  the  four  parts  of  the  square  on  the 
longer  leg.  Arrange  them  to  exactly  cover  the  square  on  the  hypotenuse. 

State  the  Pythagorean  Theorem 

The  Pythagorean  Theorem 

In  a right  triangle,  the  sum  of  the  squares  of  the  lengths  of  the  legs  equals  _L. 


History 

CONNECTION 

Pythagoras  of  Samos  (ca.  569-475  B.  C.  E.), 
depicted  in  this  statue,  is  often  described  as 
“the  first  pure  mathematician.”  Samos  was  a 
principal  commercial  center  of  Greece  and  is 
located  on  the  island  of  Samos  in  the  Aegean 
Sea.  The  ancient  town  of  Samos  now  lies  in 
ruins,  as  shown  in  the  photo  at  right. 


Mysteriously,  none  of  Pythagoras’s  writings  still 
exist,  and  we  know  very  little  about  his  life.  He 
founded  a mathematical  society  in  Croton,  in 
what  is  now  Italy,  whose  members  discovered  irrational  numbers  and  the  five 
regular  solids.  They  proved  what  is  now  called  the  Pythagorean  Theorem, 
although  it  was  discovered  and  used  1000  years  earlier  by  the  Chinese  and 
Babylonians.  Some  math  historians  believe  that  the  ancient  Egyptians  also 
used  a special  case  of  this  property  to  construct  right  angles. 


A theorem  is  a conjecture  that  has  been  proved.  A demonstration,  like  the  one  in 
the  investigation,  is  the  first  step  toward  proving  the  Pythagorean  Theorem 

There  are  more  than  200  proofs  of  the  Pythagorean  Theorem  Elisha  Scott  Loomis’s 
Pythagorean  Proposition,  published  in  1927,  contains  original  proofs  by  Pythagoras, 
Euclid,  Leonardo  da  Vinci,  and  U.S.  President  James  Garfield.  One  well-known 
proof  is  included  below.  You  will  complete  another  proof  as  an  exercise. 

Paragraph  Proof:  The  Pythagorean  Theorem 

You  can  arrange  four  copies  of  any  right  triangle  into  a square,  as  shown  at  left. 

You  need  to  show  that  a^  + equals  c^.  The  area  of  the  entire  square  is  ( <3  + Z?  )^, 
or  a^  + lab  + b^.  The  area  of  each  triangle  is(  areas  of  the 

four  triangles  is  lab.  Using  subtraction,  the  area  of  the  quadrilateral  in  the  center  is 

( a^  + lab  + b^  ) - lab,  or  a^  + b^. 

You  now  need  to  show  that  the  quadrilateral  in  the  center  is  a square  with  area  c^. 
You  know  that  all  the  sides  have  length  c,  but  you  also  need  to  show  that  the  angles 
are  right  angles.  The  summZ.  1 + mLl  + m£3  is  180°  and  the  sum  ml.  1 + m£3 
is  90°  because  the  third  angle  in  each  triangle  is  a right  angle.  Using  subtraction, 
m4L2  is  90°,  so  £2  is  a right  angle.  The  same  logic  applies  to  all  four  angles  of 
the  quadrilateral,  so  it  is  a square  with  side  length  c and  area  c^.  Therefore, 
a^  + b^  = which  proves  the  Pythagorean  Theorem  ■ 
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Acute  tnarj;lc 


The  Pythagorean  Theorem  works  for  right  triangles,  but  does  it  work  for  all 
triangles?  A quick  check  demonstrates  that  it  doesn’t  hold  for  other  triangles. 


IS) 

keymath.com/DG 


[►  For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
The  Theorem  of  Pythagoras  at  www.keymath.com/DG  . *] 

Let’ s look  at  a few  exanples  to  see  how  you  can  use  the  Pythagorean  Theorem  to 
find  the  distance  between  two  points. 


EXAMPLE  A 
► Solution 


How  high  up  on  the  wall  will  a 20-foot  ladder  touch  if  the 
foot  of  the  ladder  is  placed  5 feet  from  the  wall? 


The  ladder  is  the  hypotenuse  of  a right  triangle,  so 

-I- 


(5)^  + ihr  = (20)^ 

2S  + - 4G0 

h-  = 375 

h = V‘575  ■=;  19.4 


.^nbstitnte. 

Mnlti  [jly. 

Snbtmct  25  ham  both  side*. 


-■K  ft  H • 


1'a.k-t'  []ie  sgnari:  ruOl  of  L'adi  -Side-. 

The  top  of  the  ladder  will  touch  the  wall  about  19.4  feet  up  from  the  ground. 


Notice  that  the  exact  answer  in  Example  A is  V375 . However,  this  is  a_  practical 
application,  so  you  need  to  calculate  the  approximate  answer. 


EXAMPLE  B 
► Solution 


Find  the  area  of  the  rectangular  rug  if  the  width 
is  12  feet  and  the  diagonal  measures  20  feet. 

Use  the  Pythagorean  Theorem  to  find  the  length. 


+ b- 

- 

[12)^  + 

= [20>- 

144  + I? 

= 40€ 

1? 

= 256 

i 

= 

1 

= 16 

The  length  is  16  feet.  The  area  of  the  rectangle  is 
12  ■ 16,  or  192  square  feet. 


Lift 
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Exercises 
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In  Exercises  1-11,  find  each  missing  length.  All  measurements  are  in  centimeters.  Use  the 
symbol  =*  for  approximate  answers  and  round  to  the  nearest  tenth  of  a centimeter. 


12.  A baseball  infield  is  a square,  each  side  measuring  90  feet.  To  the 
nearest  foot,  what  is  the  distance  from  home  plate  to  second  base? 

13.  The  diagonal  of  a square  measures  32  meters.  What  is  the  area  of 
the  square? 

14.  What  is  the  length  of  the  diagonal  of  a square  whose  area  is  64  cm^? 

15.  The  lengths  of  the  three  sides  of  a right  triangle  are  consecutive 
integers.  Find  them 

16.  A rectangular  garden  6 meters  wide  has  a diagonal  measuring 
10  meters.  Find  the  perimeter  of  the  garden. 


© 2008  Key  Curriculum  Press 


LESSON  9. 1 The  Theorem  of  Pythagoras  481 


17.  Developing  Proof  One  very  famous  proof  of 
the  Pythagorean  Theorem  is  by  the  Hindu 
mathematician  Bhaskara.  It  is  often  called 
the  “Behold”  proof  because,  as  the  story 
goes,  Bhaskara  drew  the  diagram  below  and 
offered  no  verbal  argument  other  than  to 
exclaim,  “Behold!”  Use  algebra  to  fill  in  the 
steps,  explaining  why  this  diagram  proves  the 
Pythagorean  Theorem  h 


18.  Developing  Proof  Is  = lj^XYZ  ? Explain  your 

reasoning. 


^ Review 


History 

• CONNECTION* 

Bhaskara  (1 1 14-1185,  India)  was  one  of  the  first  mathematicians  to  gain  a 
thorough  understanding  of  number  systems  and  how  to  solve  equations, 
several  centuries  before  European  mathematicians.  He  wrote  six  books  on 
mathematics  and  astronomy,  and  led  the  astronomical  observatory  at  Ujjain. 


19.  The  two  quadrilaterals  whose  areas  are 
given  are  squares.  Find  the  area  of 
the  shaded  rectangle. 


>5  cm- 


20.  Give  the  vertex  arrangement  for  the 
2-uniform  tessellation. 


21. 


23. 


Developing  Proof  Explain  why  m + n=  120°. 


22.  Developing  Proof  Calculate  each  lettered  angle, 
measure,  or  arc.  EF  is  a diameter;  t ^ and  are 
tangents.  Explain  how  you  determined  the 


Two  tugboats  are  pulling  a container  ship  into  the 
harbor.  They  are  pulling  at  an  angle  of  24°  between 
the  tow  lines.  The  vectors  shown  in  the  diagram  represent 
the  forces  the  two  tugs  are  exerting  on  the  container  ship. 
Copy  the  vectors  and  concplete  the  vector  parallelogram  to 
determine  the  resultant  vector  force  on  the  container  ship. 
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CREATING  A GEOMETRY  FLIP  BOOK 

Have  you  ever  fanned  the  pages  of  a flip  book  and 
watched  the  pictures  seem  to  move?  Each  page  shows 
a picture  slightly  different  from  the  previous  one.  Flip 
books  are  basic  to  animation  technique.  For  more 
information  about  flip  books,  see  www.keymath.com/DG  . 


Ttiese  five  fiames  start  off  the  photo  series  titled  The  Horse  in  Motion,  by  photographer, 
innovator,  and  motion  picture  pioneer  Eadweard  Muybridge  (1830-1^4!i. 

Here  are  two  dissections  that  you  can  animate  to  demonstrate  the  Pythagorean  Theorem. 
(You  used  another  dissection  in  the  Investigation  The  Three  Sides  of  a Right  Triangle.) 


I I I I I 


a 


You  could  also  animate  these  drawings  to  demonstrate  area  formulas. 


Choose  one  of  the  animations  mentioned  above  and  create  a flip  book  that  demonstrates 
the  formula.  Draw  the  figures  in  the  same  position  on  each  page  so  they  don’t  jump 
around  when  the  pages  are  flipped.  Use  graph  paper  or  tracing  paper  to  help.  A helpful 
hint:  the  smaller  the  change  from  picture  to  picture,  and  the  more  pictures  there  are,  the 
smoother  the  motion  will  be. 

Your  project  should  include 

► A finished  flip  book  that  demonstrates  a geometric  relationship. 

► An  explanation  of  how  your  flip  book  demonstrates  the  formula  you  chose. 
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r Student  ’ ^ 

Web  Links 

Kevmatii.coinl 

1 

L E S S 0 N J 

9.2 

Any  time  you  see 
someone  more 
successful  than  you 
are,  they  are  doing 
something  you  aren’t. 
MALCOLM  X 


'^u  ivill  n&Bd 

U 

* String 

• a ruler 

* paper  clips 

♦ a protractor 

The  Converse  of  the 
Pythagorean  Theorem 


In  Lesson  9.1,  you  saw  that  if  a triangle  is  a right 
triangle,  then  the  square  of  the  length 
of  its  hypotenuse  is  equal  to  the  sum 
of  the  squares  of  the  lengths  of 
the  two  legs.  What  about  the 
converse?  If  x,  y,  and  z 
are  the  lengths  of  the 
three  sides  of  a triangle 
and  they  satisfy  the 
Pythagorean  equation, 
must  the 

triangle  be  a right  triangle? 

Let’ s find  out. 


Investigation 

Is  the  Converse  True? 

Three  positive  integers  that  work  in  the  Pythagorean  equation  are  called 
Pythagorean  triples.  For  exancple,  8-15-17  is  a Pythagorean  triple  because 
8^  + 15^  = 17^.  Here  are  nine  sets  of  Pythagorean  triples. 

3-4-5  5-12-13  7-24-25  8-15-17 

6-8-10  10-24-26  16-30-34 

9-12-15 
12-16-20 


Step  1 


Select  one  set  of  Pythagorean  triples  from  the  list  above.  Mark  off  four  points, 
A,  B,  C,  and  D,  on  a string  to  create  three  consecutive  lengths  from  your  set 
of  triples. 


Step  2 
Step  3 


Loop  three  paper  clips  onto  the  string.  Tie  the  ends  together  so  that 
points  A and  D meet. 

Three  group  members  should  each  pull  a paper  clip  at  point  A,  B,  or  C to 
stretch  the  string  tight. 
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Step  4 
Step  5 
Step  6 


With  your  protractor  or  the  corner  of  a piece  of  paper,  check  the  largest  angle. 
What  type  of  triangle  is  formed? 

Select  another  set  of  triples  from  the  list.  Repeat  Steps  1-4  with  your 
new  lengths. 

Compare  results  in  your  group.  State  your  results  as  your  next  conjecture. 


Converse  of  the  Pythagorean  Theorem 

If  the  lengths  of  the  three  sides  of  a triangle  satisfy  the  Pythagorean  equation, 
then  the  triangle  _L. 


Thh  ancient  Bab/lonl^  n 
tablet,  called  PUmfiplon  322. 
dates  SQtTietime  batweerk 
1^00  and  1600  h.c:>.  It 

several  advanced 
Pythagorean  tfiples,  such  as 
1679^2400-2929. 


History 

CONNECTiON 

Some  historians  believe  Egyptian  “rope  stretehers”  used  the  Converse  of  the 
Pythagorean  Theorem  to  help  reestablish  land  boundaries  after  the  yearly 
flooding  of  the  Nile  and  to  help  construct  the  pyramids.  Some  ancient  tombs 
show  workers  carrying  ropes  tied  with  equally  spaced  knots.  For  example, 

13  equally  spaced  knots  would  divide  the  rope  into  12  equal  lengths.  If  one 
person  held  knots  1 and  13  together,  and  two  others  held  the  rope  at  knots 
4 and  8 and  stretched  it  tight,  they  could  have  created  a 3-4-5  right  triangle. 
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Developing  Proof  The  standard  proof  of  the  Converse  of  the  Pythagorean  Theorem  is 
interesting  because  it  is  an  instance  where  the  original  theorem  is  used  to  prove  the 
converse.  One  possible  proof  is  started  for  you  below.  Finish  it  as  a group. 


Proof:  Converse  of  the  Pythagorean  Theorem 


Conjecture:  If  the  lengths  of  the  three  sides  of  a triangle 
work  in  the  Pythagorean  equation,  then  the  triangle  is 
a right  triangle. 

Given:  a,  b,  c are  the  lengths  of  the  sides  of  L^ABC  and 


Show:  llABC  is  a right  triangle 

Plan:  Use  the  think  backward  strategy  repeatedly.  To 
show  that  Lj:ABC  is  a right  triangle,  you  need  to  prove 
that  £.  C is  a right  angle.  One  way  to  do  this  is  to 
show  that  £ C is  congruent  to  another  right  angle. 

A familiar  idea  is  to  prove  that  both  angles  are 
corresponding  parts  of  congruent  triangles.  So  you  can  construct  a right 
triangle,  fhDEF,  with  right  angle  F,  legs  of  length  a and  b,  and  hypotenuse 
of  length  V.  Now  show  that  x = do  prove  that  the  triangles  are  congruent.  ■ 


Exercises 


In  Exercises  1-6,  use  the  Converse  of  the  Pythagorean  Theorem  to  determine  whether 
each  triangle  is  a right  triangle. 


In  Exercises  7 and  8,  use  the  Converse  of  the  Pythagorean 
Theorem  to  solve  each  problem. 

7.  Is  a triangle  with  sides  measuring  9 feet,  12  feet,  and  18  feet  a 
right  triangle? 

8.  A window  frame  that  seems  rectangular  has  height  408  cm, 
length  306  cm,  and  one  diagonal  with  length  525  cm  Is  the 
window  frame  really  rectangular?  Explain. 
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In  Exercises  9-11,  find  y. 


12.  The  lengths  of  the  three  sides  of  a right 
triangle  are  consecutive  even  integers. 

Find  them. 

14.  How  high  on  a building  will  a 15 -foot  ladder 
touch  if  the  foot  of  the  ladder  is  5 feet  from 
the  building? 


13.  Find  the  area  of  a right  triangle  with 
hypotenuse  length  17  cm  and  one  leg 
length  15  cm 

15.  The  congruent  sides  of  an  isosceles  triangle 
measure  6 cm,  and  the  base  measures  8 cm 
Find  the  area. 


16. 

17. 


ciO 


Find  the  amount  of  fencing  in  linear  feet  needed  for  the  perimeter  of  a 
rectangular  lot  with  a diagonal  length  39  m and  a side  length  36  m 


A rectangular  piece  of  cardboard  fits  snugly  on  a diagonal  in 
this  box. 

a.  What  is  the  area  of  the  cardboard  rectangle? 

b.  What  is  the  length  of  the  diagonal  of  the 
cardboard  rectangle? 


40  cm 


20  cm 


^ Review 


20.  Identify  the  point  of 
concurrency  from  the 
construction  marks. 


21.  What  is  the  probability  of 

randomly  selecting  three  points 
that  form  an  isosceles  triangle 
from  the  10  points  in  this 
isometric  grid? 
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22.  Developing  Proof  Line  CF  is  tangent  to 
circle  D at  C The  arc  measure  of  CMs  a. 
Explain  why  =Q  1 cl- 


23.  Two  paths  from  C to  T (traveling  on  the  surface) 
are  shown  on  the  8 cm-by-8  cm-by-4  cm  prism 
below.  M is  the  midpoint  of  edge  UA . Which  is 
the  shorter  path  from  C to  T:  C-M-T  or  C-A-T  ? 
Explain. 


u 


24.  If  the  pattern  of  blocks  continues,  what  will  be  the  surface  area  of  the  50th  solid  in 
the  pattern? 


25.  Sketch  the  solid  shown,  but  with  the 
two  blue  cubes  removed  and  the 
red  cube  moved  to  cover  the  visible 


face  of  the  green  cube. 


26.  How  many  1 -by- 1 -by- 1 
unit  cubes  are  in  this 
Sol  Lewitt  sculpture? 


Th^  outlirtei  of 

croato  a visual 
impact  ir^  this  untitkd 
module  unit  sculpture 
by  eontepLiial  artist 
Sol  Lowitt. 


IMPROVING  YOUR  REASONING  SKILLS 

Container  Problem  II 

You  have  an  unmarked  9-liter  container,  an  unmarked 
4-liter  container,  and  an  unlimited  supply  of  water.  In  table, 
symbol,  or  paragraph  form,  describe  how  you  might  end 
up  with  exactly  3 liters  in  one  of  the  containers. 


4 


J 
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VLGEBR 


Using  Your  Algebra  Skills  9 


ING  YQUR  ALGEBRA  SKILLS  9 • USIMG 


Radical  Expressions 


If  you  use  the  Pythagorean  Theorem  to  find  the  length  of  the 
diagonal  segment  on  square  dot  paper  at  right,  you  get  the 
radical  expression  .Until  now  you  may  have  left  these 
expressions  as  radicals,  or  you  may  have  found  a decimal 
approximation  using  a calculator,  such  as  ^ H2. 

Geometrically,  you  can  think  of  a radical  expression  as  a 
side  of  a right  triangle.  In  this  case  you  can  think  of 
as  the  hypotenuse  of  a right  triangle  with  both  legs 
equal  to  1 . 

Let’s  look  at  another  case.  By  applying  the  Pythagorean 
Theorem  to  the  diagram  at  right,  you’ll  find  that  the 
hypotenuse  of  this  right  triangle  is  equal  to  v'lO. 

/=  50 
y=  V50 

So,  you  can  think  of  as  the  hypotenuse  of  a right 
triangle  with  both  legs  equal  to  5. 


I 

» * * <■ 

+ p 


jp  = 2 


You  can  use  this  idea  of  radicals  as  sides  of  right 
triangles  to  simplify  some  radical  expressions.  Let’s 
compare  the  previous  two  examples.  How  does  the 
v30  segment  compare  to  the  segment?  Notice 
that  one  \/50  segment  is  made  up  of  five  of  the  vl 
segments,  so  we  can  write  this  equation:  V50  = 5V2. 

The  expression  sy^2  is  considered  simplified  because 
it  expresses  the  radical  using  a simpler  geometric 
representation,  the  diagonal  of  a 1-by-l  square. 


You  can  also  simplify  a square  root  algebraically  by  taking  the  square  root  of  any 
perfect  square  factors  in  the  radical  expression.  As  you  will  notice  in  this  example, 
you  get  the  same  answer. 


EXAMPLE  A I Simplify 


Solution 


One  way  to  simplify  a square  root  is  to  look  for  perfect- square  factors. 

The  largest  perfect -square 
tactor  nt'liO  is  25. 

= V25  ‘ 2 = = SV? 


25  is  a perfect  square^  so 
you  can  take  its  square  root. 


© 2008  Key  Curriculum  Press 


USING  YOUR  ALGEBRA  SKILLS  9 Radical  Expressions  489 


aCEB,,. . ^KILLS  9 ■ USING  YOUR  ALGEBRA  SKILLS  9 * USING  YOUR  ALGEBRA  SKILLS  9 * USING 


Another  approach  is  to  factor  the  number  as  far  as  possible  with  prime  factors. 

Write  50  as  a Look  for  any  square  Squaring  arid  taking 

set  of  prime  factory  (factors  that  the  stjuare  root  undo 

1 aclci  rs.  appear  t w icc) . each  o l her 


= V5  ■ 5 ' 2 = V5^  = Vy  ' VI  = 5VI 

Giving  an  exact  answer  to  a problem  involving  a square  root  is  important  in  many 
situations.  Some  patterns  are  easier  to  find  with  sineplified  square  roots  than  with 
decimal  approximations.  Standardized  tests  often  give  answers  in  simplified  form 
And  when  you  multiply  radical  expressions,  you  often  have  to  simplify  the  answer. 


EXAMPLE  B I 


Multiply  3Vfi  by  SV2. 


► Solution 


Exercises 


To  multiply  radical  expressions,  associate  and  multiply  the  quantities  outside  the 
radical  sign,  and  associate  and  multiply  the  quantities  inside  the  radical  sign. 

(3V^)(5\^)  = 3 ► 5 > = 13  - Vil  = 13  ■ VT^  = 13  > 2\^  = 30\>5 

I ih.  1^1 


In  Exercises  1-5,  express  each  product  in  its  sinplest  form 


1.  (\^)(V2) 

2.  (V5> 

3.  (3V^)(2^^)  4.  {7\^y- 

5.  (2V^)^ 

In  Exercises  6-15,  express  each  square  root  in  its  simplest  form 

6. 

7.  VIS 

8.  9.  VT^ 

10. 

11. 

12.  V^ 

13.  14.  V^ 

15. 

16.  Give  a geometric  explanation  for  your  answer  to  Exercise  7 using  two  right  triangles  on 
square  dot  paper. 

17.  Draw  a right  triangle  on  square  dot  paper  with  a base  of  2 and  a height  of  1 . What 
radical  expression  does  the  hypotenuse  represent?  Draw  a second  right  triangle  to 
explain  geometrically  why  V20  ~ 2\^5. 


18.  Represent  V'TO  geometrically  on  square  dot  paper,  then  explain  why  V40  = 2V 10. 


19.  How  could  you  represent  v 13  geometrically  on  square  dot  paper? 

20.  Each  dot  on  isometric  dot  paper  is  exactly  one  unit  from  the  six  dots  that 
surround  it.  Notice  that  you  can  connect  any  three  adjacent  dots  to  form 
an  equilateral  triangle.  In  the  diagram  at  right,  solve  for  x and  y,  and  use 
this  to  give  a geometric  explanation  for  your  answer  to  Exercise  6. 

21.  How  could  you  represent  vT  geometrically  on  isometric  dot  paper? 
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In  an  isosceles  triangle, 


Two  Special  Right  Triangles 

In  this  lesson  you  will  use  the  Pythagorean  Theorem  to  discover  some  relationships 
between  the  sides  of  two  special  right  triangles. 

One  of  these  special  triangles  is  an  isosceles  right  triangle,  also  called  a 45°-45°-90° 
triangle.  Each  isosceles  right  triangle  is  half  a square,  so  these  triangles  show  up 
often  in  mathematics  and  engineering. 


the  sum  of  the  square  roots 

of  the  two  equal  sides  is 

equal  to  the  square  root  of 

the  third  side. 

THE  SCARECROW  IN  THE 
1 939  FILM  THE  WIZARD  OF  OZ 


Intfe&tigation  1 
Isosceles  Right  Triangles 


In  this  investigation  you  will  sincplify  radicals  to 
discover  a relationship  between  the  length  of  the  legs 
and  the  length  of  the  hypotenuse  in  a 45°-45°-90° 
triangle.  To  simplify  a square  root  means  to  write  it 
as  a multiple  of  a smaller  radical  without  using 
decimal  approximations. 


Step  1 Find  the  length  of  the  hypotenuse  of  each 

isosceles  right  triangle  at  right.  Simplify  each 
square  root. 

Step  2 Copy  and  complete  this  table.  Draw  additional 
triangles  as  needed. 


Length  of  each  le^g 

L 

,2 

4 

ft 

6 

7 

LO 

i 

Length  of  hypotemise 

Step  3 


Discuss  the  results  with  your  group.  Do  you  see  a pattern  between  the  length 
of  the  legs  and  the  length  of  the  hypotenuse?  State  your  observations  as  your 
next  conjecture. 


Isosceles  Right  Triangle  Conjecture 


In  an  isosceles  right  triangle,  if  the  legs  have  length  I,  then  the  hypotenuse 
has  length 
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Step  1 


Step  2 


Step  3 


Another  special  right  triangle  is  a 30°-60°-90°  triangle,  also 
called  a 30°-60°  right  triangle,  that  is  formed  by  bisecting 
any  angle  of  an  equilateral  triangle.  The  30°-60°-90° 
triangle  also  shows  up  often  in  mathematics  and 
engineering  because  it  is  half  of  an  equilateral  triangle. 

Developing  Proof  As  a group,  create  a flowchart  proof 
that  the  angle  bisector  through  angle  C in  equilateral 
triangle  ABC  at  right  forms  two  congruent  triangles, 

LACD  and  ilBCD.  Then  answer  these  questions: 


+ 


t 

* 


1.  Why  must  the  angles  in  ihBCD  (or  ilACD  ) be  30°,  60°, 
and  90°? 

2.  How  does  BD  corrpare  to  AB?  How  does  BD  compare 
to  BC? 

3.  In  any  30°-60°-90°  triangle,  how  does  the  length  of  the 

hypotenuse  compare  to  the  length  of  the  shorter  leg  ? | 


Let’s  use  this  relationship  between  the  shorter  leg  and  the 
hypotenuse  of  a 30°-60°-90°  triangle  and  the  Pythagorean 
Theorem  to  discover  another  relationship. 


A triangle 


InvMtlgatbn  2 
302-602-902  Triangles 

In  this  investigation  you  will  simplify  radicals  to 
discover  a relationship  between  the  lengths  of  the 
shorter  and  longer  legs  in  a 30°-60°-90°  triangle. 

Use  the  relationship  from  the  developing  proof  group 
activity  above  to  find  the  length  of  the  hypotenuse 
of  each  30°-60°-90°  triangle  at  right.  Then  use  the 
Pythagorean  Theorem  to  calculate  the  length  of  the 
third  side.  Simplify  each  square  root. 

Copy  and  complete  this  table.  Draw  additional 
triangles  as  needed. 


Length  of  shorter  leg 

L 

2 

3 

4 

5 

6 

7 

10 

cf 

Length  of  hypotenuse 

Length  of  looger  leg 

Discuss  the  results  with  your  group.  Do  you  see  a pattern  between  the  length  of  the 
longer  leg  and  the  length  of  the  shorter  leg?  State  your  observations  from  this 
investigation  and  the  developing  proof  group  activity  as  your  next  conjecture. 

30  °-60  °-90  ° T riangle  Conjecture 

In  a 30°-60°-90°  triangle,  if  the  shorter  leg  has  length  a,  then  the  longer  leg 
has  length  JL  and  the  hypotenuse  has  length  _L. 
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You  can  use  algebraic  symbols  to  verify  both  conjectures  in  this  lesson. 


Proof:  30 °-60°-90°  Triangle  Conjecture 


{2af-  ■-  -I- 

Start  with  the  Pythagorean  Theorem 

4^T"  = 

Square  2a. 

3n-  - 

Subtract  from  both  sides. 

itV3  = b 

Take  the  square  root  of  both  sides. 

b 


a 


The  proof  shows  that  any  number,  even  a non-integer,  can  be  used  for  a.  You  can 
also  demonstrate  the  30°-60°-90°  Triangle  Conjecture  for  integer  values  on  isometric 
dot  paper. 


You  will  prove  the  Isosceles  Right  Triangle  Conjecture  and  demonstrate  it  for  integer 
values  on  square  dot  paper  in  the  exercises. 

Rractice. 

You  will  need 


Exercises 


In  Exercises  1-8,  use  your  new  conjectures  to  find  the  unknown  lengths. 
All  measurements  are  in  centimeters. 


tOQSS 

for  E^rdsfi  20  aiwl  21 


a = L,b=  ^ 
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7.  The  solid  is  a cube. 
d = ± h 


n 

'--+1 

I 

1-'-. 

1 

12  cm 


■>  G 


10.  Find  the  coordinates  of  P. 


S.  g = J-,  h = 9.  What  is  the  area  of 

the  triangle?  fr 


11.  Developing  Proof  What’s  wrong  with  this  picture? 


12.  Sketch  and  label  a figure  on  isometric  dot  paper  to 
demonstrate  that  is  equivalent  to  4vX  ’ 

13.  You  can  demonstrate  the  Isosceles  Right  Triangle 
Conjecture  for  integer  values  on  square  dot  paper,  as 
shown  at  right.  Sketch  and  label  a figure  on  square 
dot  paper  or  graph  paper  to  demonstrate  that  y'32  is 
equivalent  to  4\/^. 


14.  Sketch  and  label  a figure  to  demonstrate  that  \/43  is  equivalent  to  3\/5. 

(Use  square  dot  paper  or  graph  paper.)  h 

15.  In  equilateral  triangle  ABC,  AE,  BF,  and  CD  are  all  angle  bisectors, 
medians,  and  altitudes  simultaneously.  These  three  segments  divide 
the  equilateral  triangle  into  six  overlapping  30°-60°-90°  triangles 
and  six  smaller,  non-overlapping  30°-60°-90°  triangles. 

a.  One  of  the  overlapping  triangles  is  ACDB.  Name  the  other  five 
triangles  that  are  congruent  to  it. 

b.  One  of  the  non-overlapping  triangles  is  iiMDA  Name  the  other 
five  triangles  congruent  to  it. 

16.  Developing  Proof  Show  that  the  Isosceles  Right  Triangle  Conjecture  holds  true  for  any 
45°-45°-90°  triangle.  Use  the  figure  at  right  to  represent  the  situation  algebraically. 

17.  Find  the  area  of  an  equilateral  triangle  whose  sides  measure  26  m ' 

18.  An  equilateral  triangle  has  an  altitude  that  measures  26  m Find  the  area  of  the 
triangle  to  the  nearest  square  meter. 

19.  Sketch  the  largest  45°-45°-90°  triangle  that  fits  in  a 30°-60°-90°  triangle  so  that  the 
right  angles  coincide.  What  is  the  ratio  of  the  area  of  the  30°-60°-90°  triangle  to  the 
area  of  the  45°-45°-90°  triangle? 


C 
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Review 


20.  Construction  Given  the  segment  with  length  a below,  construct  segments  with  lengths 
flVin  a\/3 , anti  V5 . Use  patty  paper  or  a compass  and  a straightedge. 

it 


21.  Mini-Investigation  Draw  a right  triangle  with  sides  of  lengths  6 cm,  8 cm,  and  10  cm 
Locate  the  midpoint  of  each  side.  Construct  a semicircle  on  each  side  with  the 
midpoints  of  the  sides  as  centers.  Find  the  area  of  each  semicircle.  What 
relationship  do  you  notice  among  the  three  areas? 


22.  The  Jiuzhang  suanshu  is  an  ancient  Chinese  mathematics 
text  of  246  problems.  Some  solutions  use  the  gou  gu,  the 
Chinese  name  for  what  we  call  the  Pythagorean 
Theorem  The  gou  gu  reads  (gou)^  + (gu)^  = {xianf. 
Here  is  a gou  gu  problem  translated  from  the  ninth 
chapter  of  Jiuzhang. 

A rope  hangs  from  the  top  of  a pole  with  three  chih  of  it 
lying  on  the  ground.  When  it  is  tightly  stretched  so  that 
its  end  just  touches  the  ground,  it  is  eight  chih  from  the 
base  of  the  pole.  How  long  is  the  rope? 


23.  Developing  Proof  Explain  why 
mjLl  + miL2  = 90°.  ^ 


24.  The  lateral  surface  area  of  the  cone  below  is 
unwrapped  into  a sector.  What  is  the  angle  at 
the  vertex  of  the  sector? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Mudville  Monsters 

The  1 1 starting  members  of  the  Mudville  Monsters  football  team  and  their  coach, 

Osgood  Gipper,  have  been  invited  to  concpete  in  the  Small ville  Punt,  Pass,  and  Kick 
Competition.  To  get  there,  they  must  cross  the  deep  Smallville  River.  The  only  way  across 
is  with  a small  boat  owned  by  two  very  small  Smallville  football  players.  The  boat  holds 
just  one  Monster  visitor  or  the  two  Smallville  players.  The  Smallville  players  agree  to  help 
the  Mudville  players  across  if  the  visitors  agree  to  pay  $5  each  time  the  boat  crosses  the 
river.  If  the  Monsters  have  a total  of  $100  among  them,  do  they  have  enough  money 
t to  get  all  players  and  the  coach  to  the  other  side  of  the  river? 
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A Pythagorean  Fractal 


If  you  wanted  to  draw  a picture  to  state  the 
Pythagorean  Theorem  without  words,  you’d 
probably  draw  a right  triangle  with  squares  on 
each  of  the  three  sides.  This  is  the  way  you  first 
explored  the  Pythagorean  Theorem  in  Lesson  9.1. 

Another  picture  of  the  theorem  is  even  sincpler: 
a right  triangle  divided  into  two  right  triangles. 

Here,  a right  triangle  with  hypotenuse  c is  divided 
into  two  smaller  triangles,  the  smaller  with 
hypotenuse  a and  the  larger  with  hypotenuse  b.  Clearly,  their  areas  add  up  to  the 
area  of  the  whole  triangle.  What’s  surprising  is  that  all  three  triangles  have  the  same 
angle  measures.  Why?  Though  different  in  size,  the  three  triangles  all  have  the  same 
shape.  Figures  that  have  the  same  shape  but  not  necessarily  the  same  size  are  called 
similar  figures.  You’ll  use  these  similar  triangles  to  prove  the  Pythagorean  Theorem 
in  a later  chapter. 


A beautifully  complex  fractal  combines 
both  of  these  pictorial  representations 
of  the  Pythagorean  Theorem  The 
fractal  starts  with  a right  triangle 
with  squares  on  each  side.  Then 
similar  triangles  are  built  onto  the 
squares.  Then  squares  are  built 
onto  the  new  triangles,  and  so  on. 

In  this  exploration  you’ 11  create 

this  fractal  by  using  Sketchpad’s  Iterate 

command. 
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step  1 

Step  2 

Step  3 

Step  4 
Step  5 

Step  6 
Step  7 

Step  8 


Activity 

The  Right  Triangle  Fractal 

Construct  a horizontal  segment.  Let  it  be  the  diameter  of  a circle.  Use  this  circle 
to  construct  a semicircular  arc. 

Connect  a point  on  the  arc  to  the  endpoints  of  the  segment  to  form  a triangle. 

What  type  of  angle  is  inscribed  in  the  semicircle? 

Using  one  leg  of  the  triangle  as  a side,  construct  a square.  Then  use  the  other  leg 
to  construct  another  square.  You  might  use  a custom  square  tool. 

Construct  the  altitude  from  the  right  angle  to  the  hypotenuse  of  the  triangle. 

Select  the  original  two  points,  choose  Iterate  from  the  Transform  menu,  and 
map  them  to  the  two  outer  points  of  one  square.  Before  closing  the  dialog  box, 
choose  Add  New  Map  from  the  Structure  submenu  and  map  the  two  points  to 
the  outer  points  of  the  other  square.  If  your  iterated  figure  doesn’t  look  like  the 
one  on  the  preceding  page,  experiment  with  the  order  that  you  map  the  points. 

Using  the  hypotenuse  as  a side,  construct  a square  below  the  triangle. 

Observe  how  the  fractal  behaves  when  you  drag  the  top  vertex  of  the  triangle 
and  when  you  vary  the  number  of  iterations. 

The  diagram  at  the  top  of  the  previous  page  shows  Stage  0 of  your  fractal — a 
single  right  triangle  with  a square  built  on  each  side.  Sketch  Stage  1 and  explore 
these  questions. 

a.  When  you  go  from  Stage  0 to  Stage  1,  you  add  four  squares  to  your 
construction.  How  much  shaded  area  is  added,  in  total?  How  much  shaded 
area  is  added  when  you  go  from  Stage  1 to  Stage  2?  How  much  shaded  area  is 
added  at  any  new  stage  of  the  construction? 

b.  A true  fractal  exists  only  after  an  infinite  number  of  stages.  If  you  could  build 
a true  fractal  based  on  the  construction  in  this  activity,  what  would  be  its  total 
area? 

c.  Consider  the  new  squares  that  were  created  from  Stage  0 to  Stage  1 . What  do 
all  of  these  squares  have  in  common?  How  about  all  of  the  new  squares  that 
were  created  from  Stage  1 to  Stage  2?  From  Stage  2 to  Stage  3?  Use  inductive 
reasoning  to  make  a conjecture  about  the  new  squares  created  at  any  stage. 

d.  Make  the  original  right  triangle  noticeably  scalene.  Observe  just  the  squares 
that  are  created  from  Stage  0 to  Stage  1 (the  outer-most  squares  on  the  “tree”). 
How  many  different  sizes  of  squares  are  there?  How  many  squares  are  there  of 
each  size?  Answer  these  questions  again  for  Stage  2 and  Stage  3.  Then  use 
inductive  reasoning  to  answer  the  questions  for  any  new  stage. 
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story  Problems 

Y ou  have  learned  that  drawing  a diagram  will  help  you  to  solve  difficult  problems. 
By  now  you  know  to  look  for  many  special  relationships  in  your  diagrams,  such  as 
congruent  polygons,  parallel  lines,  and  right  triangles. 


You  may  be  disappointed 
if  you  fail,  but  you  are 
doomed  if  you  don’t  try. 
BEVERLY  SILLS 


FUNK^  '/^INKERBEAM  by  fialiut  Ref^rhted  vAth  special  permission  o\  Nonh  An^rlea  Syndicaie. 


EXAMPLE 


What  is  the  longest  stick  that  will  fit  inside  a 24-by-30-by- 18-inch  box? 


► Solution 


Draw  a diagram 

You  can  lay  a stick  with  length  d diagonally  at  the 
bottom  of  the  box.  But  you  can  position  an  even 
longer  stick  with  length  x along  the  diagonal  of 
the  box,  as  shown.  How  long  is  this  stick? 


13  In. 


Both  d and  x are  the  hypotenuses  of  right  triangles,  but 
finding  d^  will  help  you  find  x. 

30^  + 24^  = ^^  cf+l8^  = x^ 

900  + 576  ^,^1476  + 18^ 

(f  = 1476  1476  + 324  = 

1800  = x^ 

x^  42.4 


The  longest  possible  stick  is  about  42.4  in. 


Exercises 


I ih-  f'fi>t>ti  1^1 


1.  Amir’s  sister  is  away  at  college,  and  he  wants  to  mail  her  a 34  in.  baseball  bat.  The 
packing  service  sells  only  one  kind  of  box,  which  measures  24  in.  by  20  in.  by  12  in. 
Will  the  box  be  big  enough? 


2.  A giant  California  redwood  tree  36  meters  tall  cracked 
in  a violent  storm  and  fell  as  if  hinged.  The  tip  of  the 
once  beautiful  tree  hit  the  ground  24  meters  from 
the  base.  Researcher  Red  Woods  wishes  to  investigate 
the  crack.  How  many  meters  up  from  the  base  of  the 
tree  does  he  have  to  climb? 


24  m 
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3.  Meteorologist  Paul  Windward  and  geologist  Rhaina  Stone 
are  rushing  to  a paleontology  conference  in  Pecos  Gulch. 

Paul  lifts  off  in  his  balloon  at  noon  from  Lost  Wages, 
heading  east  for  Pecos  Gulch  Conference  Center.  With  the 
wind  blowing  west  to  east,  he  averages  a land  speed  of 
30  km/h.  This  will  allow  him  to  arrive  in  4 hours,  just  as 
the  conference  begins.  Meanwhile,  Rhaina  is  160  km  north 
of  Lost  Wages.  At  the  moment  of  Paul’s  liftoff,  Rhaina 
hops  into  an  off-road  vehicle  and  heads  directly  for  the 
conference  center.  At  what  average  speed  must  she  travel  to 
arrive  at  the  same  time  Paul  does? 

Career 

CONNECTIDN 

Meteorologists  study  the  weather  and  the  atmosphere.  They  also  look  at  air 
quality,  oeeanie  influenee  on  weather,  ehanges  in  elimate  over  time,  and  even 
other  planetary  elimates.  They  make  foreeasts  using  satellite  photographs, 
weather  balloons,  eontour  maps,  and  mathematies  to  ealeulate  wind  speed  or 
the  arrival  of  a storm. 


4.  A 25-foot  ladder  is  placed  against  a building.  The  bottom  of 
the  ladder  is  7 feet  from  the  building.  If  the  top  of  the 
ladder  slips  down  4 feet,  how  many  feet  will  the  bottom 
slide  out?  (It  is  not  4 feet.) 


5.  The  front  and  back  walls  of  an  A-frame  cabin  are  isosceles 
triangles,  each  with  a base  measuring  10  m and  legs 
measuring  13  m The  entire  front  wall  is  made  of  glass 
1 cm  thick  that  costs  $120/m^.  What  did  the  glass  for  the 
front  wall  cost? 


6.  A regular  hexagonal  prism  fits 

perfectly  inside  a cylindrical  box  with 
diameter  6 cm  and  height  10  cm  What 
is  the  surface  area  of  the  prism?  What 
is  the  surface  area  of  the  cylinder? 


7.  Find  the  perimeter  of  an  equilateral  triangle  whose  median 
measures  6 cm 

8.  Application  According  to  the  Americans  with  Disabilities  Act, 
the  slope  of  a wheelchair  ranp  must  be  no  greater  than  . 

What  is  the  length  of  ranp  needed  to  gain  a height  of 

4 feet?  Read  the  Science  Connection  on  the  top  of  page  500, 
and  then  figure  out  how  much  constant  force  is  required  to 
go  up  the  ranp  if  a person  and  a wheelchair  together  weigh 
200  pounds. 
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Science 

• CONNECTION* 


It  takes  less  effort  to  roll  objeets  up  an  inclined  plane,  or  ramp,  than  to  lift 
them  straight  up.  Work  is  a measure  of  eontinuous  foree  applied  over  a distanee, 
and  you  ealeulate  it  as  a produet  of  foree  and  distanee.  For  example,  a foree  of 
100  pounds  is  required  to  holdup  a 100-pound  objeet.  The  work  required 
to  lift  it  2 feet  is  200  foot-pounds.  But  if  you  distribute  the  work  over 
the  length  of  a 4-foot  ramp,  you  ean  aehieve  200  foot-pounds  of 
work  with  only  50  pounds  of  foree:  50  pounds  times  4 feet  equals 
200  foot-pounds. 


For  Exercises  9 and  10,  refer  to  the  above  Science 
Connection  about  inclined  planes. 


9.  Compare  what  it  would  take  to  lift  an  object  these  three  different  ways. 

a.  How  much  work,  in  foot-pounds,  is  necessary  to  lift  80  pounds  straight  up  2 feet? 

b.  If  a ramp  4 feet  long  is  used  to  raise  the  80  pounds  up  2 feet,  how  much  constant 
force,  in  pounds,  will  it  take? 

c.  If  a ramp  8 feet  long  is  used  to  raise  the  80  pounds  up  2 feet,  how  much  constant 
force,  in  pounds,  will  it  take? 

10.  If  you  can  exert  only  70  pounds  of  force  at  any  moment  and  you  need  to  lift  a 160-pound 
steel  drum  up  2 feet,  what  is  the  minimum  length  of  ranp  you  should  set  up? 


^ Review 


Recreation 

* CONNECTION* 

This  set  of  enameled  poreelain  qi  qiao  bowls  ean  be  arranged  to  form  a 
37-by-37  em  square  (as  shown)  or  other  shapes,  or  used  separately.  Eaeh  bowl 
is  10  em  deep.  Dishes  of  this  type  are  usually  used  to  serve  eandies,  nuts,  dried 
fruits,  and  other  snaeks  on  speeial  oeeasions. 

The  qi  qiao,  or  tangram  puzzle,  originated  in  China  and  eonsists  of  seven 
pieees — five  isoseeles  right  triangles,  a square,  and  a parallelogram.  The  puzzle 
involves  rearranging  the  pieees  into  a square  or  hundreds  of  other  shapes 
(a  few  are  shown  below). 


Private  collectionr  &erkele/r  Cafrfcmnia. 
Photo  by  Cheryl  Fenton. 


Cat  lUbbLt 


Horse  with  l^ider 


11.  If  the  area  of  the  red  square  piece  is  4 crn^,  what  are  the  dimensions  of  the 
other  six  pieces? 
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12.  Make  a set  of  your  own  seven  tangram  pieces  and  create  the  Swan  and  Horse  with 
Rider,  as  shown  on  page  500. 


13.  Find  the  radius  of  circle  Q.  14.  Find  the  length  of^C  . 


16.  In  the  figure  below,  points' 
is  the  image  of  point  A after 
a reflection  across  OT  What 
are  the  coordinates  of^'  ? 


17.  Developing  Proof  Which 
congruence  shortcut  can 
you  use  to  show  that 
r,ABP  = r,DCP  ? 


JJ  D 


A C 


15.  Developing  Proof  The  two  ray 

are  tangent  to  the  circle. 

What’s  wrong  with  this 


18.  Identify  the  point  of 
concurrency  in  t^QUO 
from  the  construction 
marks. 


19.  In  parallelogram  QUID,  mL  g = 2x  + 5°  and  mLl  = 4x~  55°.  What  is  mL  U ? 

20.  In  hPRO,  mLP  - 70°  and  mLR  - 45°.  Which  side  of  the  triangle  is  the  shortest? 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Fold,  Punch,  and  Snip 

A square  sheet  of  paper  is  folded  vertically,  a hole  is  punched 
out  of  the  center,  and  then  one  of  the  corners  is  snipped  off 
When  the  paper  is  unfolded  it  will  look  like  the  figure  at  right. 

Sketch  what  a square  sheet  of  paper  will  look  like  when  it 
is  unfolded  after  the  following  sequence  of  folds,  punches, 
and  snips. 
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Web  Links 

tejtei^rratti^cony 


9.5 


Distance  in  Coordinate 
Geometry 


1 Viki  is  standing  on  the  corner  of  Seventh  Street  and  8th  Avenue,  and  her  brother 

Scott  is  on  the  corner  of  Second  Street  and  3rd  Avenue.  To  find  her  shortest  sidewalk 

1/1/e  talk  too  much-  route  to  Scott,  Viki  can  sinply  count  blocks.  But  if  Viki  wants  to  know  her  diagonal 

, n , distance  to  Scott,  she  would  need  the  Pythagorean  Theorem  to  measure  across  blocks. 

we  should  talk  less 


and  draw  more. 

JOHANN  WOLFGANG 
VON  GOETHE 
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You  can  think  of  a coordinate  plane  as  a grid  of  streets  with  two  sets  of  parallel 
lines  running  perpendicular  to  each  other.  Every  segment  in  the  plane  that  is  not 
in  the  x-  or  y-direction  is  the  hypotenuse  of  a right  triangle  whose  legs  are  in  the 
X-  andy-directions.  So  you  can  use  the  Pythagorean  Theorem  to  find  the  distance 
between  any  two  points  on  a coordinate  plane. 


¥du  will  need 


♦ graph  paper,  or 

• the  handout  the 
Distance  Formula 
(optional) 

Step  1 


lnvp<t1gatiQn 

The  Distance  Formula 

In  Steps  1 and  2,  find  the  length  of  each  segment  by  using  the  segment  as  the 
hypotenuse  of  a right  triangle.  Sinply  count  the  squares  on  the  horizontal  and 
vertical  legs,  then  use  the  Pythagorean  Theorem  to  find  the  length  of  the 
hypotenuse. 

Copy  graphs  a-d  from  the  next  page  onto  your  own  graph  paper.  Use  each 
segment  as  the  hypotenuse  of  a right  triangle.  Draw  the  legs  along  the  grid  lines. 
Find  the  length  of  each  segment. 
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step  2 


Step  3 
Step  4 

Step  5 

Step  6 


Graph  each  pair  of  points,  then  find  the  distances  between  them 
a.  (-1,-2),  (11,-7)  b.  (-9,-6),(3,  10) 


What  if  the  points  are  so  far  apart  that  it’s  not 
practical  to  plot  them?  For  exanple,  what  is  the 
distance  between  the  points  A(15,  34)  and 
B(42,  70)?  A formula  that  uses  the  coordinates  of 
the  given  points  would  be  helpM.  To  find  this 
formula,  you  first  need  to  find  the  lengths  of  the  A ( 1 5, 

legs  in  terms  of  the  x-  andy-coordinates.  From 
your  work  with  slope  triangles,  you  know  how  to 
calculate  horizontal  and  vertical  distances. 

Write  an  expression  for  the  length  of  the  horizontal  leg  using  the  x-coordinates. 

Write  a similar  expression  for  the  length  of  the  vertical  leg  using  the 
y-coordinates. 

Use  your  expressions  from  Steps  3 and  4,  and  the  Pythagorean  Theorem,  to  find 
the  distance  between  points  A(15,  34)  and  5(42,  70). 

Generalize  what  you  have  learned  about  the  distance  between  two  points  in  a 
coordinate  plane.  Copy  and  conplete  the  conjecture  below. 

C-S' 

Distance  Formula  ’ 

The  distance  between  points  ^(xi,  y\)  and  5(x2,  yi)  is  given  by 

{Aiff  = (±y  F {ry  or  ab  = v(^)“  + i±y 


(42,  70) 


I 


Let’s  look  at  an  exanple  to  see  how  you  can  apply  the  distance  formula. 
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EXAMPLE  A I Find  the  distance  betweenyi(  8,  15  ) and  B{  -7,  23  ). 


► Solution 


(ABf  = {x2-xif+{y2-  yi  y 
= ( -7  - 8 )2  + ( 23  - 15  )2 
= (-15)2 + (8)2 
{ABf=  289 
^=17 


The  distance  formula. 

Substitute  8 forxi,  15  forj^i,  -7  forx2,  and  23  forj^2. 
Subtract. 

Square  -15  and  8 and  add. 

Take  the  square  root  of  both  sides. 


The  distance  formula  is  also  used  to  write  the  equation  of  a circle. 


EXAMPLE  B I Write  an  equation  for  the  circle  with  center  ( 5,  4 ) and  radius  7 units. 


► Solution 


Let  (x,  y)  represent  any  point  on  the  circle.  The  distance 
from(x,  y)  to  the  circle’s  center,  (5,  4),  is  7.  Substitute 
this  information  in  the  distance  formula. 

{x-5?  + (y-4y  = 7^ 


Substitute  Subatirute  Siibatitnire  7 

{x,  y)  Ibr  (5,  -1)  for  /]).  as  (lie  dislimcc. 


So,  the  equation  is  (x  - 5)^  + (y  - 4)^  = 1^. 


Exercises 

In  Exercises  1-3,  find  the  distance  between  each  pair  of  points. 

1.  ( 10,  20  ),  ( 13,  16  ) 2.  ( 15,  37  ),  ( 42,  73  ) 3.  ( -19,  -16  ),  ( -3,  14  ) 

4.  Look  back  at  the  diagram  of  Vila’s  and  Scott’s  locations  on  page  502.  Assume  each 
block  is  approximately  50  meters  long.  What  is  the  shortest  distance,  to  the  nearest 
meter,  from  Viki  to  Scott? 

5.  Find  the  perimeter  of  i^ABC  with  vertices  A(  2,  4 ),  8,  12  ),  and  C(  24,  0 ). 

6.  Determine  whether  fiDEF  with  vertices  D(  6,  -6  ),  E(  39,  -12  ),  and  F(  24,  18  ) is 
scalene,  isosceles,  or  equilateral. 

For  Exercises  7-10,  graph  each  quadrilateral  using  the  given  vertices.  Then  use  the 
distance  formula  and  the  slope  formula  to  determine  the  most  specific  name  for  each 
quadrilateral:  trapezoid,  kite,  rectangle,  rhombus,  square,  parallelogram,  or  just 
quadrilateral. 

7.  A(  6,  8 ),  B(  9,  7 ),  C(  7,  1 ),  D(  4,  2 ) 8.  E(  1,  -2  ),  F(  5,  -5  ),  G(  2,  -8  ),  H(  -2,  -5  ) 

9.  /(-4,0),J(-7,-l),7^(-8,2),Z(-4,5)  10.  M( -3,  5 ),  V( -1,  1 ),  0(  3,  3 ), 1,  7 ) 
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11.  Mini-Investigation  What  is  the  equation  of  a circle  with  radius  r and  center  {h,k)l  Use  graph 
paper  and  your  conpass,  or  geometry  software,  to  investigate  and  make  a conjecture. 

a.  Given  its  center  and  radius,  graph  each  circle. 

Circle  A:  center  = ( 1,  -2  ) , r = 8 

Circle  B:  center  = (0,  2),r=6 

b.  On  each  circle,  select  any  point  and  label  it  ( x,  y ).  Use  the  distance  formula  to 
write  an  equation  for  the  distance  from  the  center  of  the  circle  to  (x,  y). 

c.  Look  for  patterns,  then  copy  and  complete  the  conjecture. 

Conjecture:  The  equation  of  a circle  with  radius  r and  center  {h,  k)  is 
(x  - i + (y  - i = ( JL  ( Equation  of  a Circle  ) 

12.  Find  the  equation  of  the  circle  with  center  ( 2,  0 ) and  radius  5. 

13.  Find  the  radius  and  center  of  the  circle  x^+(y-l)^  = 81. 

14.  The  center  of  a circle  is  ( 3,  -1  ).  One  point  on  the  circle  is  ( 6,  2 ).  Find  the  equation 
of  the  circle.  ih\ 

15.  Mini-Investigation  How  would  you  find  the 
distance  between  two  points  in  a 
three-dimensional  coordinate  system? 

Investigate  and  make  a conjecture.  lAi 

a.  What  is  the  distance  from  the  origin  ( 0,  0,  0 ) 
to(2,-l,3)? 

b.  What  is  the  distance  between  1,  2,  3 ) and 
2(5,6,15)? 

c.  Use  your  observations  to  make  a conjecture. 

Conjecture:  Ifv4(xi , yi , Zi)  and  B(X2 , , Z2) 

are  two  points  in  a three-dimensional 
coordinate  system,  then  the  distance  AB 

is  \/^  ? + ( ? V + / ? V ( Three-dimensional  Distance  Formula) 

16.  Find  the  distance  between  the  points  ( -12,  9,  -13  ) and 
(28,  75,  -52). 

17.  Find  the  longest  possible  diagonal  in  the  prism  at  right. 

Review 


This  point  is  the  yraph 


18.  Find  the  rule  for  this  number  pattern: 


1 . 3 - 3 = 4 0 

2-  4 - 3 = 5 1 

3-  5 - 3 = 6 2 

4-  6 - 3 = 7 3 
5 ■ 7 - 3 = 8 4 
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22.  Antonio  is  a biologist  studying  life  in  a pond. 

He  needs  to  know  how  deep  the  water  is. 

He  notices  a water  lily  sticking  straight  up 
from  the  water,  whose  blossom  is  8 cm  above 
the  water’s  surface.  Antonio  pulls  the  lily  to  one 
side,  keeping  the  stem  straight,  until  the  blossom 
touches  the  water  at  a spot  40  cm  from  where 
the  stem  first  broke  the  water’s  surface.  How  is 
Antonio  able  to  calculate  the  depth  of  the  water? 
What  is  the  depth? 


23.  C U’  R’  T is  the  image  of  CURT  under  a 
rotation  transformation.  Copy  the  polygon 
and  its  image  onto  patty  paper.  Find  the 
center  of  rotation  and  the  measure  of  the 
angle  of  rotation.  Explain  your  method. 

24.  Developing  Proof  Explain  why  the  opposite 
sides  of  a regular  hexagon  are  parallel. 


R' 


IMPROVING  YOUR  VISUAL  THIIMKIIMG  SKILLS 

The  Spider  and  the  Fly 

(attributed  to  the  British  puzzlist  Henry  E.  Dudeney,  1857-1930) 

In  a rectangular  room,  measuring  30  by  12  by  12  feet,  a spider 
is  at  point  v4  on  the  middle  of  one  of  the  end  walls,  1 foot  from 
the  ceiling.  A fly  is  at  point  B on  the  center  of  the  opposite 
wall,  1 foot  from  the  floor.  What  is  the  shortest  distance  1 2 s 

that  the  spider  must  crawl  to  reach  the  fly,  which  remains 
stationary?  The  spider  never  drops  or  uses  its  web,  but 
crawls  fairly. 


12  fr'- 
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Ladder  Climb 


You  will  ne^d 
• a graphing  calculator 


Suppose  a house  painter  rests  a 
20-foot  ladder  against  a building , 
then  decides  the  ladder  needs  to 
rest  1 foot  higher  against  the 
building.  Will  moving  the  ladder 
1 foot  toward  the  building  do  the 
job?  If  it  needs  to  be  2 feet  lower, 
will  moving  the  ladder  2 feet  away 
from  the  building  do  the  trick? 

Let’s  investigate. 


Climbing  the  Waii 

Sketch  a ladder  leaning  against  a 
vertical  wall,  with  the  foot  of  the 
ladder  resting  on  horizontal  ground.  Label  the  sketch  using  y for  height  reached  by 
the  ladder  and  x for  the  distance  from  the  base  of  the  wall  to  the  foot  of  the  ladder. 


Step  1 

Step  2 

Step  3 
Step  4 

Step  5 
Step  6 


Write  an  equation  relating  x,  y,  and  the  length  of  the  ladder  and  solve  it  for  y.  You 
now  have  a frinction  for  the  height  reached  by  the  ladder  in  terms  of  the  distance 
from  the  wall  to  the  foot  of  the  ladder.  Enter  this  equation  into  your  calculator. 

Before  you  graph  the  equation,  think  about  the  settings  you’ll  want  for  the  graph 
window.  What  are  the  greatest  and  least  values  possible  for  x andy?  Enter 
reasonable  settings,  then  graph  the  equation. 

Describe  the  shape  of  the  graph. 

Trace  along  the  graph,  starting  at  x = 0.  Record  values  (rounded  to  the  nearest 
0.1  unit)  for  the  height  reached  by  the  ladder  whenx  = 3,  6,  9,  and  12.  If  you 
move  the  foot  of  the  ladder  away  from  the  wall  3 feet  at  a time,  will  each  move 
result  in  the  same  change  in  the  height  reached  by  the  ladder?  Explain. 

Find  the  value  for  x that  gives  ay- value  approximately  equal  to  x.  How  is  this 
value  related  to  the  length  of  the  ladder?  Sketch  the  ladder  in  this  position.  What 
angle  does  the  ladder  make  with  the  ground? 

Should  you  lean  a ladder  against  a wall  in  such  a way  that  x is  greater  thany? 
Explain. 
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r Student  ’ ^ 1 

Web  Links 

I^Keymat  h^omj 

LESSON  J 

9j 

5 

You  must  do  things  you 
think  you  cannot  do. 
ELEANOR  ROOSEVELT 


Circles  and  the 
Pythagorean  Theorem 

In  Chapter  6,  you  discovered  a number  of  properties  that  involved  right  angles  in 
and  around  circles.  In  this  lesson  you  will  use  the  conjectures  you  made,  along  with 
the  Pythagorean  Theorem,  to  solve  some  challenging  problems.  Let’s  review  two 
conjectures  that  involve  right  angles  and  circles. 

Tangent  Conjecture:  A tangent  to  a circle  is  perpendicular 
to  the  radius  drawn  to  the  point  of  tangency. 

Angles  Inscribed  in  a Semicircle  Conjecture:  Angles 
inscribed  in  a semicircle  are  right  angles. 

Here  are  two  exanples  that  use  circle  conjectures  and 
dissections,  special  right  triangles,  and  the  Pythagorean  Theore 


EXAMPLE  A 


If  OC 1 AB,  AB  = 24  cm,  and  MC  = 8 cm,  find  the 
diameter  of  circle  O. 


► Solution 


If  A6  = 24  cm,  then  AM  = 12  cm  Letx  = OM,  so 
the  radius  of  the  circle  is  x + 8.  Use  the  Pythagorean 
Theorem  to  solve  for  x. 

( X + 8 )^  = x^  + 12^ 

x^  + 16x  + 64  = x^  + 144 
16x  + 64  = 144 
16x  = 80 
X = 5 

The  diameter  is  2(5  + 8),  or  26  cm 


EXAMPLE  B 


HA  = 8 cm  Find  the  shaded  area.  Round  your  answer  to  the  nearest  tenth. 


► Solution 


The  auxiliary  line  RH  forms  two  30°-60°-90°  triangles.  Because  longer  leg  HA  is 
equal  to  8 v'T  cm,  shorter  leg  RA  is  equal  to  8 cm  As  shown  in  the  picture 
equation,  half  the  shaded  area  is  equal  to  the  difference  of  the  right  triangle  area 
and  the  circle  sector  area. 
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The  shaded  area  is  about  43.8  cm^. 

Developing  Proof  In  your  groups,  prove  that  auxiliary  line  RH  in  Example  B forms 
two  30°-60°-90°  triangles. 


I Exebcises 

In  Exercises  1-8,  find  the  area  of  the  shaded  region  in  each  figure.  Assume 
lines  that  appear  tangent  are  tangent  at  the  labeled  points. 


for  EffirciBe  30 


7.  HO  = 8v5  cm 
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9.  In  her  latest  expedition,  Ertha  Diggs  has 

uncovered  a portion  of  circular,  terra-cotta  pipe 
that  she  believes  is  part  of  an  early  water 
drainage  system  To  find  the  diameter  of  the 
original  pipe,  she  lays  a meterstick  across  the 
portion  and  measures  the  length  of  the  chord  at 
48  cm  The  depth  of  the  portion  from  the 
midpoint  of  the  chord  is  6 cm  What  was  the 
pipe’s  original  diameter? 

10.  Developing  Proof  Use  the  Pythagorean  Theorem  to 
prove  the  Tangent  Segments  Conjecture:  Tangent 
segments  to  a circle  from  a point  outside  the 
circle  are  congruent. 


11.  A3  -meter- wide  circular  track  is  shown  at  right.  The  radius 
of  the  inner  circle  is  12  meters.  What  is  the  longest  straight 
path  that  stays  on  the  track?  (In  other  words,  find  AB.) 

12.  An  annulus  has  a 36  cm  chord  of  the  outer  circle  that  is 
also  tangent  to  the  inner  concentric  circle.  Find  the  area  of 
the  annulus. 


13.  The  Gothic  arch  shown  is  based  on  the 
equilateral  triangle.  If  the  base  of  the  arch 
measures  80  cm,  what  is  the  area  of  the 
shaded  region? 


14.  Each  of  three  circles  of  radius  6 cm  is  tangent 
to  the  other  two,  and  they  are  inscribed  in  a 
rectangle,  as  shown.  What  is  the  height  of 
the  rectangle? 


15.  Sector  ARC  has  a radius  of  9 cm  and  an  angle 
that  measures  80°.  When  sector  ARC  is  cut 
out  and  AR  and  RC  are  taped  together,  they 
form  a cone.  The  length  of  AC  becomes  the 
circumference  of  the  base  of  the  cone.  What  is 
the  height  of  the  cone? 

A 

9 cm  / \ 

.V  - -^-.80"!  C. 

' R 


16.  Application  Will  plans  to  use  a circular 
cross  section  of  wood  to  make  a square  table. 
The  cross  section  has  a circumference  of 
336  cm  To  the  nearest  centimeter,  what  is  the 
side  length  of  the  largest  square  that  he  can 
cut  from  it? 
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17.  If  L^ABC  is  equilateral  with  side  length 
6 cm,  find  the  areas  of  the  inscribed  and 
circumscribed  circles.  How  many  times 
greater  is  the  area  of  the  circumscribed 
circle  than  the  area  of  the  inscribed  circle? 


C 


18.  The  coordinates  of  point  M are 
Find  the  measure  of  LAOM. 


Review 

19.  Find  the  equation  of  a circle  with  center  (3,  3)  and  radius  6. 

20.  Construction  Construct  a circle  and  a chord  in  a 
circle.  With  compass  and  straightedge,  construct  a 
second  chord  parallel  and  congruent  to  the  first 
chord.  Explain  your  method. 

21.  Application  Felice  wants  to  determine  the  diameter 
of  a large  heating  duct.  She  places  a carpenter’s 
square  up  to  the  surface  of  the  cylinder,  and  the 
length  of  each  tangent  segment  is  10  inches. 

a.  What  is  the  diameter?  Explain  your  reasoning. 

b.  Describe  another  way  she  can  find  the 
diameter  of  the  duct. 

22.  A circle  of  radius  6 has  chord  of  length  6.  If  point  C is  selected  randomly  on  the 
circle,  what  is  the  probability  that  ilABC  is  obtuse? 


IMPROVING  YOUR  REASONING  SKILLS 

Reasonable  Arithmetic  I 


Each  letter  in  these  problems  represents  a different  digit. 

1.  What  is  the  value  of  B1  2.  What  is  the  value  of  / ? 


3 7 2 

3 8 4 

• 9^4 

[ C 1 C A 

% .rTy 




E F 6 

X D 1 

D D F D 

J E D 

H G E D 
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If  50  years  from  now  you’ve  forgotten  everything  else  you  learned 
in  geometry,  you’ll  probably  still  remember  the  Pythagorean 
Theorem  (Though  let’s  hope  you  don’t  really  forget  everything 
else!)  That’s  because  it  has  practical  applications  in  the 
mathematics  and  science  that  you  encounter  throughout  your 
education. 


It’s  one  thing  to  remember  the  equation  = c^.  It’s  another 

to  know  what  it  means  and  to  be  able  to  apply  it.  Review  your 
work  from  this  chapter  to  be  sure  you  understand  how  to  use 
special  triangle  shortcuts  and  how  to  find  the  distance  between 
two  points  in  a coordinate  plane. 


EYFRrifiF.Q 

1 lTT|Tl>trti  1^1 

You  will  need 

II 

I 

For  Exercises  1-4,  measurements  are  given  in  centimeters. 

4.  The  solid  is  a rectangular 
prism  AB  = J- 


5.  Find  the  coordinates  of 
point  U. 


6.  Find  the  coordinates  of 
point  V. 


7.  What  is  the  area  of  the 
triangle  ? 


8.  The  area  of  this  square  is 
144  cm^.  Find  d. 


9.  What  is  the  area  of 
trapezoid  ABCD  ? 
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In  Exercises  10-12,  find  the  area  of  the  shaded  region. 


10.  The  arc  is  a semicircle.  11.  Rays  TA  and  TB  are  tangent  to 


13.  The  area  of  circle  Q is  350  cm^.  Find  the  area  of  square  ABCD  to  the 
nearest  0.1  cm^. 

14.  Determine  whether  ihABC  with  vertices  A(3,  5),  5(11,  3),  and 
C(8,  8)  is  an  equilateral,  isosceles,  or  isosceles  right  triangle. 


12.  The  quadrilateral  is  a 

square,  the  arcs  are  portions 
of  circles  centered  at  R and 
S,  and  QE  = 2V'2  cm. 


15. 


16. 


17. 


Sagebrush  Sally  leaves  camp  on  her  dirt  bike,  traveling 
east  at  60  km/h  with  a full  tank  of  gas.  After  2 hours, 
she  stops  and  does  a little  prospecting — with  no  luck. 

So  she  heads  north  for  2 hours  at  45  km/h.  She  stops 
again,  and  this  time  hits  pay  dirt.  Sally  knows  that  she 
can  travel  at  most  350  km  on  one  tank  of  gas.  Does 
she  have  enough  fuel  to  get  back  to  camp?  If  not, 
how  close  can  she  get? 

A parallelogram  has  sides  measuring  8.5  cm  and 
12  cm,  and  a diagonal  measuring  15  cm  Is  the 
parallelogram  a rectangle?  If  not,  is  the  15  cm 
diagonal  the  longer  or  shorter  diagonal? 

After  an  argument,  Peter  and  Paul  walk  away 
from  each  other  on  separate  paths  at  a right  angle 
to  each  other.  Peter  is  walking  2 km/h,  and  Paul  is 
walking  3 km/h.  After  20  min,  Paul  sits  down  to  think.  Peter  continues  for  another  10  min, 
then  stops.  Both  decide  to  apologize.  How  far  apart  are  they?  How  long  will  it  take  them  to 
reach  each  other  if  they  both  start  running  straight  toward  each  other  at  5 km/h? 


18.  Flora  is  away  at  camp  and  wants  to  mail  her  flute  back  home. 
The  flute  is  24  inches  long.  Will  it  fit  diagonally  within  a box 
whose  inside  dimensions  are  12  by  16  by  14  inches? 

19.  To  the  nearest  foot,  find  the  original  height  of  a fallen 
flagpole  that  cracked  and  fell  as  if  hinged,  forming  an  angle 
of  45  degrees  with  the  ground.  The  tip  of  the  pole  hit  the 
ground  12  feet  from  its  base. 
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20.  You  are  standing  12  feet  from  a cylindrical  corn- syrup  storage  tank.  The 
distance  from  you  to  a point  of  tangency  on  the  tank  is  35  feet.  What  is  the 
radius  of  the  tank? 

Technology 
^ CONNECTION 

Radio  and  TV  stations  broadcast  from  high  towers. 

Their  signals  are  picked  up  by  radios  and  TVs  in 
homes  within  a certain  radius.  Because  Earth  is 
spherical,  these  signals  don’t  get  picked  up  beyond 
the  point  of  tangency. 


21.  Application  Read  the  Technology  Connection  above.  What  is  the  maximum 

broadcasting  radius  from  a radio  tower  1800  feet  tall  (approximately  0.34  mile)?  The 
radius  of  Earth  is  approximately  3960  miles,  and  you  can  assume  the  ground  around 
the  tower  is  smooth,  not  mountainous.  Round  your  answer  to  the  nearest  10  miles. 


22.  A diver  hooked  to  a 25 -meter  line  is 
searching  for  the  remains  of  a Spanish 
galleon  in  the  Caribbean  Sea.  The  sea  is 
20  meters  deep  and  the  bottom  is  flat. 
What  is  the  area  of  circular  region  that 
the  diver  can  explore? 

23.  What  are  the  lengths  of  the  two  legs  of  a 
30°-60°-90°  triangle  if  the  length  of  the 
hypotenuse  is  12V^  ? 

24.  Find  the  side  length  of  an  equilateral 
triangle  with  an  area  of  36  rr?. 

25.  Find  the  perimeter  of  an  equilateral 
triangle  with  a height  of  7V^. 

26.  A1  baked  brownies  for  himself  and  his 
two  sisters.  He  divided  the  square  pan  of 
brownies  into  three  parts.  He  measured 
three  30°  angles  at  one  of  the  corners  so 
that  two  pieces  formed  right  triangles 
and  the  middle  piece  formed  a kite.  Did 
he  divide  the  pan  of  brownies  equally? 
Draw  a sketch  and  explain  your 
reasoning. 

27.  A circle  has  a central  angle  AOB  that 
measures  80°.  If  point  C is  selected 
randomly  on  the  circle,  what  is  the 
probability  that  L^ABC  is  obtuse? 
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28.  One  of  the  sketches  below  shows  the  greatest  area  that  you  can  enclose  in  a right- 
angled  corner  with  a rope  of  length  i*.  Which  one?  Explain  your  reasoning. 


A quartcr-cii;clc 


29.  A wire  is  attached  to  a block  of  wood  at  point  A 
The  wire  is  pulled  over  a pulley  as  shown.  How  far 
will  the  block  move  if  the  wire  is  pulled  1.4  meters 
in  the  direction  of  the  arrow? 


] .it  m 


Mixed  review 


^ 30. 


Construction  Construct  an  isosceles  triangle  that  has  a base  length  equal  to  half  the 
length  of  one  leg. 


31.  In  a regular  octagon  inscribed  in  a circle,  how  many  diagonals  pass  through  the 

center  of  the  circle?  In  a regular  nonagon?  A regular  20-gon?  What  is  the  general  rule? 


32.  A bug  clings  to  a point  two  inches  from  the  center  of  a spinning  fan  blade.  The  blade 
spins  around  once  per  second.  How  fast  does  the  bug  travel  in  inches  per  second? 


In  Exercises  33^0,  identify  the  statement  as  true  or  false.  Eor  each  false  statement, 
explain  why  it  is  false  or  sketch  a counterexample. 


33.  The  area  of  a rectangle  and  the  area  of  a parallelogram  are  both  given  by  the 
formula  A = bh,  where  A is  the  area,  b is  the  length  of  the  base,  and  h is  the  height. 

34.  When  a figure  is  reflected  over  a line,  the  line  of  reflection  is  perpendicular  to  every 
segment  joining  a point  on  the  original  figure  with  its  image. 

35.  In  an  isosceles  right  triangle,  if  the  legs  have  length  x,  then  the  hypotenuse  has 

length  XV' 3 . 

36.  The  area  of  a kite  or  a rhombus  can  be  found  by  using  the  formula  A = ( 0.5  ) Ji  J2, 
where  A is  the  area  and  Jiand  di  are  the  lengths  of  the  diagonals. 

37.  If  the  coordinates  of  points  A and  B are  ( xi,  yi ) and  ( X2,  yi ),  respectively,  then 

AH  = V(j;j  -yy  + [^2  - yif- 

38.  A glide  reflection  is  a combination  of  a translation  and  a rotation. 
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39.  Equilateral  triangles,  squares,  and  regular  octagons  can  be  used  to  create 
monohedral  tessellations. 


40.  In  a 30°-60°-90°  triangle,  if  the  shorter  leg  has  lengths,  then  the  longer  leg  has 
length  xV^  and  the  hypotenuse  has  length  2x. 

In  Exercises  41^6,  select  the  correct  answer. 

41.  The  hypotenuse  of  a right  triangle  is  always  J_  . 

A.  opposite  the  smallest  angle  and  is  the  shortest  side 

B.  opposite  the  largest  angle  and  is  the  shortest  side 

C.  opposite  the  smallest  angle  and  is  the  longest  side 

D.  opposite  the  largest  angle  and  is  the  longest  side 

42.  The  area  of  a triangle  is  given  by  the  formula  _L , where  A is  the  area,  b is  the  length 
of  the  base,  and  /z  is  the  height. 


A.  A =bh 
C.  A = 2bh 


B.  A = 2 bh 
D,  A = b^h 


43.  If  the  lengths  of  the  three  sides  of  a triangle  satisfy  the  Pythagorean  equation,  then 
the  triangle  must  be  a(n)  ? . triangle. 

A.  right  B.  acute 

C.  obtuse  D.  scalene 


44.  The  ordered  pair  rule  (x,  y)  ( y,  x)  is  aL. 
A.  reflection  over  the  v-axis 
C.  reflection  over  the  line  y = v 


B.  reflection  over  the  y-axis 
D.  rotation  90°  about  the  origin 


45.  The  composition  of  two  reflections  over  two  intersecting  lines  is  equivalent  to  _L. 

A.  a single  reflection  B.  a translation 

C.  a rotation  D.  no  transformation 

46.  The  total  surface  area  of  a cone  is  equal  to  _L , where  r is  the  radius  of  the  circular 
base  and  / is  the  slant  height. 

A.  IT  r B.  tt  r/ 

C.  T r/  + 2;t  r D.  tt  r/  + tt 

47.  Create  a flowchart  proof  to  show  that  the  diagonal  of  a rectangle  divides  the 
rectangle  into  two  congruent  triangles. 
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48.  Copy  the  ball  positions  onto  patty  paper. 

a.  At  what  point  on  the  S cushion  should  a player 
aim  so  that  the  cue  ball  bounces  off  and  strikes 
the  8 -ball?  Mark  the  point  with  the  letter  A 

b.  At  what  point  on  the  W cushion  should  a player 
aim  so  that  the  cue  ball  bounces  off  and  strikes 
the  8 -ball?  Mark  the  point  with  the  letter  B. 


49.  Find  the  area  and  the  perimeter  of 
the  trapezoid. 


r 


» 


L2cm 


4 cm 


'?  cm 


5 t 


50.  Find  the  area  of  the  shaded  region. 


51.  An  Olympic  swimming  pool  has  length 
50  meters  and  width  25  meters.  What  is 
the  diagonal  distance  across  the  pool? 

53.  The  box  below  has  dimensions  25  cm, 
36  cm,  and  x cm  The  diagonal  shown 
has  length  65  cm  Find  the  value  of  x 


52.  The  side  length  of  a regular  pentagon  is  6 cm, 
and  the  apothem  measures  about  4.1  cm 
What  is  the  approximate  area  of  the  pentagon? 

54.  The  cylindrical  container  below  has  an  open 
top.  Find  the  surface  area  of  the  container 
(inside  and  out)  to  the  nearest  square  foot. 


25  cm 


Cm 


Take  another  look 

1.  Technology  Use  geometry  software  to  demonstrate  the 
Pythagorean  Theorem  Does  your  demonstration  still 
work  if  you  use  a shape  other  than  a square — for 
exancple,  an  equilateral  triangle  or  a semicircle? 

2.  Developing  Proof  Find  Elisha  Scott  Loomis’s 
Pythagorean  Proposition  and  demonstrate  one  of  the 
proofs  of  the  Pythagorean  Theorem  from  the  book. 
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3.  Developing  Proof  The  Zhoubi  Suanjing,  one  of  the  oldest  sources  of 
Chinese  mathematics  and  astronomy,  contains  the  diagram  at 
right  demonstrating  the  Pythagorean  Theorem  (called  gou  gu  in 
China).  Find  out  how  the  Chinese  used  and  proved  the 
gou  gu,  and  present  your  findings. 


4. 


5. 


Developing  Proof  Use  the  SSS  Congruence  Conjecture  to  verify  the 
converse  of  the  30°-60°-90°  Triangle  Conjecture.  That  is,  show  that 
if  a triangle  has  sides  with  lengths  v,  xv"? , and  2x,  then  it  is  a 
30°-60°-90°  triangle. 


6. 


Developing  Proof  In  Lesson  9.1,  Exercise  18,  you  were  asked  to 
determine  whether  the  two  triangles  were  congruent  given  that 
two  sides  and  the  non-included  angle  are  congruent.  Although 
you  found  that  SSA  is  not  a congruence  shortcut  in  Lesson  4.4, 
this  special  case  did  result  in  congruent  triangles.  Prove  this  conjecture,  sometimes 
called  the  Hypotenuse-Leg  Conjecture:  If  the  hypotenuse  and  leg  of  one  right  triangle 
are  congruent  to  the  hypotenuse  and  corresponding  leg  in  another  right  triangle, 
then  the  two  triangles  are  congruent. 

Construction  Starting  with  an  isosceles  right  triangle,  use  geometry 
software  or  a compass  and  straightedge  to  start  a right  triangle 
like  the  one  shown.  Continue  constructing  right  triangles  on  the 
hypotenuse  of  the  previous  triangle  at  least  five  more  times. 

Calculate  the  length  of  each  hypotenuse  and  leave  them  in 
radical  form 


A«gssing  What  Yoi/ve  Learned 

UPDATE  YOUR  PORTFOLIO  Choose  a challenging  project.  Take  Another  Look 
activity,  or  exercise  you  did  in  this  chapter  and  add  it  to  your  portfolio.  Explain 
the  strategies  you  used. 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  and  your  conjecture  list  to  be 
sure  they  are  complete.  Write  a one-page  chapter  summary. 


WRITE  IN  YOUR  JOURNAL  Why  do  you  think  the  Pythagorean  Theorem  is 
considered  one  of  the  most  important  theorems  in  mathematics? 


WRITE  TEST  ITEMS  Work  with  group  members  to  write  test  items  for  this  chapter. 
Try  to  demonstrate  more  than  one  way  to  solve  each  problem 


GIVE  A PRESENTATION  Create  a visual  aid  and  give  a presentation  about  the 
Pythagorean  Theorem 
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Perhaps  all  I pursue  is 
astonishment  and  so  I try  to 
awaken  only  astonishment  in  my 
viewers.  Sometimes  “beauty”  is  a 
nasty  business. 

M.  C.  ESCHER 

Verblifa  tin,  M.  C.  Escher,  1963 
©2002  Cordon  Art  B.V.-Baarn-Holland. 
All  rights  reserved. 


OBJECTIVES 

In  this  chapter  you  will 

*■  explore  and  define  many 
three-dimensional  solids 
tr  discover  formulas  for 
finding  the  volumes  of 
prisms,  pyramids,  cylinders, 
cones,  and  spheres 
*■  learn  how  density  is 
related  to  volume 
*■  derive  a formula  for  the 
surface  area  of  a sphere 
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10.1 

Everything  in  nature 
adheres  to  the  cone, 
the  cy Under,  and  the  cube. 
PAUL  CEZANNE 


The  Geometry  of  Solids 

Most  of  the  geometric  figures  you  have  worked  with  so  far  have  been  fiat  plane 
figures  with  two  dimensions — ^base  and  height.  In  this  chapter  you  will  work  with 
solid  figures  with  three  dimensions — length,  width,  and  height.  Most  real-world 
solids,  like  rocks  and  plants,  are  very  irregular,  but  many  others  are  geometric. 
Some  real-world  geometric  solids  occur  in  nature:  viruses,  oranges,  crystals,  the 
earth  itself.  Others  are  human-made:  books,  buildings,  baseballs,  soup  cans, 
ice  cream  cones. 


This  amnethysl  tirystal  is  an  Irregular 
solldr  but  paifh  of  It  have  fainiliair 
shapes. 


Science 

CONNECTION 


Three-dimensional  geometry  plays  an  important  role  in 
the  structure  of  molecules.  For  exancple,  when  carbon 
atoms  are  arranged  in  a very  rigid  network,  they  form 
diamonds,  one  of  the  earth’ s hardest  materials.  But  Th^  geomeny  of  diamonds 

when  carbon  atoms  are  arranged  in  planes  of 
hexagonal  rings,  they  form  graphite,  a soft  material 
used  in  pencil  lead. 

Carbon  atoms  can  also  bond  into  very  large  molecules. 

Named  fullerenes,  after  U.S.  engineer  Buckminster 
Fuller  (1895-1983),  these  carbon  molecules  have 
the  same  symmetry  as  a soccer  ball,  as  shown 
at  left.  They  are  popularly  called  buckyballs. 

Researchers  have  recently  discovered  a similar  i^uvm^tTy  yf 
phenomenon  with  gold  atoms.  Gold  clusters 
of  fewer  than  16  atoms  are  fiat,  and  clusters  of  more  than  18  atoms 
form  a pyramid,  but  clusters  of  16,  17,  or  18  forma  hollow  cage.  like 
buckyballs,  these  hollow  gold  cages  may  be  able  to  house  other  atoms, 
which  may  have  applications  in  nanotechnology  and  medicine.  For  more 
information,  visit  www.keymath.com/DG  . 
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A solid  formed  by  polygons  that  enclose  a single  region  of  space  is  called  a 
polyhedron.  The  flat  polygonal  surfaces  of  a polyhedron  are  called  its  faces. 
Although  a face  of  a polyhedron  includes  the  polygon  and  its  interior  region,  we 
identify  the  face  by  naming  the  polygon  that  encloses  it.  A segment  where  two  faces 
intersect  is  called  an  edge.  The  point  of  intersection  of  three  or  more  edges  is 
called  a vertex  of  the  polyhedron. 


Just  as  a polygon  is  classified  by  its  number  of  sides,  a polyhedron  is  classified  by 
its  number  of  faces.  The  prefixes  for  polyhedrons  are  the  same  as  they  are  for 
polygons  with  one  exception:  A polyhedron  with  four  faces  is  called  a tetrahedron. 
Here  are  some  examples  of  polyhedrons. 


If  each  face  of  a polyhedron  is  enclosed  by  a 
regular  polygon,  and  each  face  is  congruent  to  the 
other  faces,  and  the  faces  meet  at  each  vertex  in 
exactly  the  same  way,  then  the  polyhedron  is  called 
a regular  polyhedron.  The  regular  polyhedron 
shown  at  right  is  called  a regular  dodecahedron 
because  it  has  12  faces. 


Regular  dodeciikedroii 


The  Ral^n^=^t  PoUn  housing 
oo^nplex  In  Jerusalemr  Israel, 
has  man/  polyhedral  shapes. 
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pyiirtlid 


A prism  is  a special  type  of  polyhedron,  with  two  faces  called  bases,  that  are 
congruent,  parallel  polygons.  The  other  faces  of  the  polyhedron,  called  lateral 
faces,  are  parallelograms  that  connect  the  corresponding  sides  of  the  bases. 

The  lateral  faces  meet  to  form  the  lateral  edges.  Each  solid  shown  below  is  a prism. 


1 

1 1 
II  . 1 

1 - 1 1 

1 1 

r.iteiisl 

T 

■ ^ 1 
■I-?' 

L 1 ' 

TiLun^LiIbU' 

prism 

]>Lisin 

Prisms  are  classified  by  their  bases.  For  example,  a prism  with  triangular  bases  is  a 
triangular  prism,  and  a prism  with  hexagonal  bases  is  a hexagonal  prism 


A prism  whose  lateral  faces  are  rectangles  is  called  a right  prism.  Its  lateral  edges 
are  perpendicular  to  its  bases.  A prism  that  is  not  a right  prism  is  called  an  oblique 
prism.  The  altitude  of  a prism  is  any  perpendicular  segment  from  one  base  to  the 
plane  of  the  other  base.  The  length  of  an  altitude  is  the  height  of  the  prism 


} 

,'i 

/ 1 Altitud-s 

I 

I 

I 

I 

I 


i''  ''-J  r! 

Oblique  (t  iaiiguUr  priiin 


A pyramid  is  another  special  type  of  polyhedron.  Pyramids  have  only  one  base. 

As  in  a prism,  the  other  faces  are  called  the  lateral  faces,  and  they  meet  to  form  the 
lateral  edges.  The  common  vertex  of  the  lateral  faces  is  the  vertex  of  the  pyramid. 


Lcitfra] 


Lateral 
f^lCf 


ll-ise 

impezoidd  pyi-amid 


pyramid 


Squi.ne  pyramid 


AlliTude 


Like  prisms,  pyramids  are  also  classified 
by  their  bases.  The  pyramids  of  Egypt 
are  square  pyramids  because  they  have 
square  bases. 

The  altitude  of  the  pyramid  is  the 
perpendicular  segment  from  its  vertex 
to  the  plane  of  its  base.  The  length  of  the 
altitude  is  the  height  of  the  pyramid. 
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Polyhedrons  are  geometric  solids  with  flat 
surfaces.  There  are  also  geometric  solids  that 
have  curved  surfaces. 

One  solid  with  a curved  surface  is  a cylinder. 
Soup  cans,  compact  discs  (CDs),  and  plumbing 
pipes  are  shaped  like  cylinders.  Like  a prism,  a 
cylinder  has  two  bases  that  are  both  parallel 
and  congruent.  Instead  of  polygons,  however, 
the  bases  of  cylinders  are  circles  and  their 
interiors.  The  segment  connecting  the  centers 
of  the  bases  is  called  the  axis  of  the  cylinder. 
The  radius  of  the  cylinder  is  the  radius  of 
a base. 

If  the  axis  of  a cylinder  is  perpendicular  to  the 
bases,  then  the  cylinder  is  a right  cylinder.  A 
cylinder  that  is  not  a right  cylinder  is  an 

oblique  cylinder. 

The  altitude  of  a cylinder  is  any  perpendicular 
segment  from  the  plane  of  one  base  to  the 
plane  of  the  other.  The  height  of  a cylinder  is 
the  length  of  an  altitude. 


^00  Gajis  (1962  oil  on  canvasj.  by  pop 
art  artist  Andy  Wartiol  (1925-1^37^. 
ne-p&atedly  uses  the  cylindrical  s-hape 
of  a soup  can  1-q  make  an  artistic 
statement  with  a popular  image. 


Ri^Iit  cyli  n dcr  ObLit|Lie  Cyli  iiticr 


Another  type  of  solid  with  a curved  surface  is  a cone.  Funnels  and  ice  cream  cones 
are  shaped  like  cones.  Like  a pyramid,  a cone  has  a base  and  a vertex. 

The  base  of  a cone  is  a circle  and  its  interior.  The  radius  of  a cone  is  the  radius  of 
the  base.  The  vertex  of  a cone  is  the  point  that  is  the  greatest  perpendicular 
distance  from  the  base.  The  altitude  of  a cone  is  the  perpendicular  segment  from 
the  vertex  to  the  plane  of  the  base.  The  length  of  the  altitude  is  the  height  of  a 
cone.  If  the  line  segment  connecting  the  vertex  of  a cone  with  the  center  of  its  base 
is  perpendicular  to  the  base,  then  the  cone  is  a right  cone. 
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A third  type  of  solid  with  a curved 
surface  is  a sphere.  Basketballs,  globes, 
and  oranges  are  shaped  like  spheres. 

A sphere  is  the  set  of  all  points  in  space 
at  a given  distance  from  a given  point. 
You  can  think  of  a sphere  as  a three- 
dimensional  circle. 


The  given  distance  is  called  the  radius 
of  the  sphere,  and  the  given  point  is  the 
center  of  the  sphere.  A hemisphere  is 
half  a sphere  and  its  circular  base.  The  circle  that  encloses  the  base  of  a hemisphere 
is  called  a great  circle  of  the  sphere.  Every  plane  that  passes  through  the  center  of  a 
sphere  determines  a great  circle.  All  the  longitude  lines  on  a globe  of  Earth  are 
great  circles.  The  equator  is  the  only  latitude  line  that  is  a great  circle. 


Sphtiie  HemispKeit? 


1.  Complete  this  definition: 

A pyramid  is  a _L  with  one  _L  face  (called  the  base)  and  whose  other  faces  (lateral 
faces)  are  _L  formed  by  segments  connecting  the  vertices  of  the  base  to  a common 
point  (the  vertex)  not  on  the  base. 


Eor  Exercises  2-9,  refer  to  the  figures  below.  All  measurements  are  in  centimeters. 

2.  Name  the  bases  of  the  prism 

3.  Name  all  the  lateral  faces  of  the  prism 

4.  Name  all  the  lateral  edges  of  the  prism 

5.  What  is  the  height  of  the  prism?  ^ 

R 

^ 7 

6.  Name  the  base  of  the  pyramid. 

7.  Name  the  vertex  of  the  pyramid. 

8.  Name  all  the  lateral  edges  of  the  pyramid. 

9.  What  is  the  height  of  the  pyramid? 


_d 
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For  Exercises  10-22,  match  each  real  object  with  a geometry  term.  You  may  use  a 
geometry  term  more  than  once  or  not  at  all. 


10.  Tomb  of  Egyptian  rulers 


12.  Die 

14.  Holder  for  a scoop  of  ice  cream 

T 

16.  Moon 

18.  Box  of  breakfast  cereal 
20.  Plastic  bowl  with  lid 


22.  Ingot  of  silver 


11.  Honeycomb 


13.  Stop  sign 

15.  Wedge  or  doorstop 


17.  Can  of  tuna  fish 
19.  Book 
21.  Pup  tent 


A.  Cylinder 

B.  Cone 

C.  Square  prism 

D.  Square  pyramid 

E.  Sphere 

F.  Triangular  pyramid 

G.  Octagonal  prism 

H.  Triangular  prism 

I.  Trapezoidal  prism 

J.  Rectangular  prism 

K.  Heptagonal  pyramid 

L.  Hexagonal  prism 

M.  Hemisphere 


For  Exercises  23-26,  draw  and  label  each  solid.  Use  dashed  lines  to  show  the  hidden  edges. 


23.  A triangular  pyramid  whose  base  is  an  equilateral  triangular  region  (Use  the  proper 
marks  to  show  that  the  base  is  equilateral.) 

24.  A hexahedron  with  two  trapezoidal  faces 

25.  A cylinder  with  a height  that  is  twice  the  diameter  of  the  base  (Use  x and  2x  to 
indicate  the  height  and  the  diameter.) 

26.  A right  cone  with  a height  that  is  half  the  diameter  of  the  base 

For  Exercises  27-35,  identify  each  statement  as  true  or  false.  Sketch  a counterexample  for 
each  false  statement  or  explain  why  it  is  false. 


27.  A lateral  face  of  a pyramid  is  always  a triangular  region. 

28.  A lateral  edge  of  a pyramid  is  always  perpendicular  to  the  base. 
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29.  Every  slice  of  a prism  cut  parallel  to  the  bases  is  congruent  to  the  bases.  ' 

30.  When  the  lateral  surface  of  a right  cylinder  is  unwrapped  and  laid  flat,  it  is  a 
rectangle. 

31.  When  the  lateral  surface  of  a right  circular  cone  is  unwrapped  and  laid  flat,  it  is 
a triangle.  X 

32.  Every  section  of  a cylinder,  parallel  to  the  base,  is  congruent  to  the  base. 

33.  The  length  of  a segment  from  the  vertex  of  a cone  to  the  circular  base  is  the 
height  of  the  cone. 

34.  The  length  of  the  axis  of  a right  cylinder  is  the  height  of  the  cylinder. 

35.  All  slices  of  a sphere  passing  through  the  sphere’s  center  are  congruent. 

36.  Mlnhlnvestlgation  An  antiprism  is  a polyhedron  with  two  congruent  bases  and  lateral 
faces  that  are  triangles.  Complete  the  tables  below  for  prisms  and  antiprisms. 

Describe  any  relationships  you  see  between  the  number  of  lateral  faces,  total  faces, 
edges,  and  vertices  of  related  prisms  and  antiprisms. 


TrEaingular- 

prlstn 

prEim 

Pentagonal 

prEitn 

Hescagonal 

prism 

<T^ 

^^gonai 

prism 

1 1 
1 1 
1 1 

<r-^ 

Lateral 

Total 

Edges 

18 

Vertices 

10 

Triangular 
anti  prism 

Bectangular 
anti  prism 

Pentagonal 
anti  prism 

Hexagonal 

antipnism 

y{\ 

w-gonai 

antiprpsm 

/j  V “ “ 7 x\ 

Lateral 

faces- 

... 

Total 

faces 

10 

Edges 

2^ 

Vertices 

LO 
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37.  Write  a paragraph  describing  the  visual  tricks  that 
Belgian  artist  Rene  Magritte  (1898-1967)  plays  in 
his  painting  at  right. 


Review 

For  Exercises  38  and  39,  how  many  cubes  measuring 
1 cm  on  each  edge  will  fit  into  the  container? 


38.  A box  measuring  2 cm  on  each  inside  edge 

39.  A box  measuring  3 cm  by  4 cm  by  5 cm  on  the 
inside  edges 


The  Promenades  Eixiid  (133S  oil  on 
Magritte 


40.  What  is  the  maximum  number  of  boxes  measuring  1 cm  by  1 cm  by  2 cm  that  can 
fit  within  a box  whose  inside  dimensions  are  3 cm  by  4 cm  by  5 cm? 


41.  For  each  net,  decide  whether  it  folds  to  make  a box.  If  it  does,  copy  the  net  and 
mark  each  pair  of  opposite  faces  with  the  same  symbol. 


a. 

c.  I I 

11. 

I 

□r 

! 

I ' 

JJ 

IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Piet  Heines  Puzzle 

In  1936,  while  listening  to  a lecture  on  quantum  physics,  the  Danish  mathematician 
Piet  Hein  (1905-1996)  devised  the  following  visual  thinking  puzzle: 


What  are  all  the  possible  nonconvex  solids  that  can  be  created  by  joining  four  or  fewer 
cubes  face-to-face? 


A nonconvex  polyhedron  is  a solid  that  has  at  least  one  diagonal  that  is 
exterior  to  the  solid.  For  example,  four  cubes  in  a row,  joined  face-to-face, 
form  a convex  polyhedron.  But  four  cubes  joined  face-to-face  into  an  L- shape 
form  a nonconvex  polyhedron. 

Use  isometric  dot  paper  to  sketch  the  nonconvex  solids  that  solve  Piet  Hein’s 
puzzle. 
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You  will  need 

* toothpicks 

• modeling  clay, 
gumdrops,  or 

dried  peas  , 

Step  1 


Euler’s  Formula  for 
Polyhedrons 


First,  you’ll  model  polyhedrons  using  toothpicks 
as  edges  and  using  small  balls  of  clay,  gumdrops, 
or  dried  peas  as  connectors. 


In  this  activity  you  will  discover  a relationship 
among  the  vertices,  edges,  and  faces  of  a 
polyhedron.  This  relationship  is  called 
Euler’s  Formula  for  Polyhedrons,  named 
after  Leonhard  Euler.  Let’ s first  build 
some  of  the  polyhedrons  you  learned 
about  in  Lesson  10.1. 


Activity 

Toothpick  Polyhedrons 


Build  and  save  the  polyhedrons  shown  in  parts  a-d  below  and  described  in 
parts  e-i  on  the  top  of  page  531.  You  may  have  to  cut  or  break  some  sticks. 
Share  the  tasks  among  the  group. 


a,  b. 

/ 

/ 
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step  2 


Step  3 


Step  4 


Step  5 


e.  Build  a tetrahedron. 

f.  Build  an  octahedron. 

g.  Build  a nonahedron. 

h.  Build  at  least  two  different- shaped  decahedrons. 

i.  Build  at  least  two  different- shaped  dodecahedrons. 

Classify  all  the  different  polyhedrons  your  class  built  as  prisms,  pyramids,  regular 
polyhedrons,  or  just  polyhedrons. 


Next,  you’ll  look  for  a relationship  among  the  vertices,  faces,  and  edges  of  the 
polyhedrons. 

Count  the  number  of  vertices  (V) , edges  (E) , and  faces  (F)  of  each  polyhedron 
model.  Copy  and  complete  a chart  like  this  one. 


P(?|yhedrpn 

Verbpes  ( V) 

Faces  (f) 

Edges  (h) 

Look  for  patterns  in  the  table.  By  adding,  subtracting,  or  multiplying  V,  F,  and  F 
(or  a combination  of  two  or  three  of  these  operations),  you  can  discover  a 
formula  that  is  commonly  known  as  Euler’s  Formula  for  Polyhedrons. 


Now  that  you  have  discovered  the  formula  relating  the  number  of  vertices,  edges, 

and  faces  of  a polyhedron,  use  it  to  answer  each  of  these  questions. 

a.  Which  polyhedron  has  4 vertices  and  6 edges?  Can  you  build  another 
polyhedron  with  a different  number  of  faces  that  also  has  4 vertices  and 
6 edges? 

b.  Which  polyhedron  has  6 vertices  and  12  edges?  Can  you  build  another 
polyhedron  with  a different  number  of  faces  that  also  has  6 vertices  and 
12  edges? 

c.  If  a solid  has  8 faces  and  12  vertices,  how  many  edges  will  it  have? 

d.  If  a solid  has  7 faces  and  12  edges,  how  many  vertices  will  it  have? 

e.  If  a solid  has  6 faces,  what  are  all  the  possible  combinations  of  vertices 
and  edges  it  can  have? 
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Euler’s  Formula  for  Polyhedrons 
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IWeb  Links  1 

|€  Keyiriath.cDilll 

LESSON  ) 

10.2 

How  much  deeper  would 
oceans  be  if  sponges 
didn’t  live  there? 

STEVEN  WRIGHT 


Volume  of  Prisms 


and  Cylinders 


In  real  life  you  encounter  many  volume 
problems.  For  example,  when  you  shop 
for  groceries,  it’s  a good  idea  to  compare 
the  volumes  and  the  prices  of  different 
items  to  find  the  best  buy.  When  you  fill 
a car’ s gas  tank  or  when  you  fit  last  night’ s 
leftovers  into  a freezer  dish,  you  fill  the 
volume  of  an  empty  container. 

Many  occupations  also  require  familiarity 
with  volume.  An  engineer  must  calculate  the 
volume  and  the  weight  of  sections  of  a bridge 
to  avoid  putting  too  much  stress  on  any  one 
section.  Chemists,  biologists,  physicists,  and 


geologists  must  all  make  careful  volume 
measurements  in  their  research.  Carpenters, 
plumbers,  and  painters  also  know  and  use  volume  relationships.  A chef  must 
measure  the  correct  volume  of  each  ingredient  in  a cake  to  ensure  a tasty  success. 


A father  and  Eon  test  the 
quality  of  the  grain  harvested 
or  their  family  farm. The 
payment  they  receive  from 
the  pfooessing  plant  is  based 
on  the  volume ef  grairx, not 
its  weight 


Volume  is  the  measure  of  the  amount  of  space  contained  in  a solid.  You  use  cubic 
units  to  measure  volume:  cubic  inches  (in^  ),  cubic  feet  (ft^ ),  cubic  yards  (yd^ ), 
cubic  centimeters  (cm^ ),  cubic  meters  (m^ ),  and  so  on  . 

The  volume  of  an  object  is  the  number  of  unit  cubes 
that  completely  fill  the  space  within  the  object. 

1 

. .r 

Length:  I II  Hit  Vo  I ame:  1 aibic  un  it  Vblu  me:  20  oi  bic  um  iti 
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InvMtigatlnn 

The  Volume  Formula  for  Prisms  and  Cylinders 


Step  1 


Find  the  volume  of  each  right  rectangular  prism  below  in  cubic  centimeters. 
That  is,  how  many  cubes  measuring  1 cm  on  each  edge  will  fit  into  each  solid? 
Within  your  group,  discuss  different  strategies  for  finding  each  volume.  How 
could  you  find  the  volume  of  any  right  rectangular  prism? 


Notice  that  the  number  of  cubes  resting  on  the  base  equals  the  number  of  square 
units  in  the  area  of  the  base.  The  number  of  layers  of  cubes  equals  the  number  of 
units  in  the  height  of  the  prism  So  you  can  use  the  area  of  the  base  and  the  height 
of  the  prism  to  calculate  the  volume. 

Step  2 I Complete  the  conjecture. 


Rectangular  Prism  Volume  Conjecture  ^ 

If  5 is  the  area  of  the  base  of  a right  rectangular  prism  and  H is  the  height  of 
the  solid,  then  the  formula  for  the  volume  is  V = 


In  Chapter  8,  you  discovered  that  you  can  reshape 
parallelograms,  triangles,  trapezoids,  and  circles  into 
rectangles  to  find  their  area.  You  can  use  the  same  method  to 
find  the  areas  of  bases  that  have  these  shapes.  Then  you  can 
multiply  the  area  of  the  base  by  the  height  of  the  prism  to 
find  its  volume.  For  example,  to  find  the  volume  of  a right 
triangular  prism,  find  the  area  of  the  triangular  base  (the 
number  of  cubes  resting  on  the  base)  and  multiply  it  by  the 
height  (the  number  of  layers  of  cubes). 

So,  you  can  extend  the  Rectangular  Prism  Volume  Conjecture  to  all  right  prisms 
and  right  cylinders. 

Step  3 I Complete  the  conjecture. 


Right  Prism-Cylinder  Volume  Conjecture 

If  5 is  the  area  of  the  base  of  a right  prism  (or  cylinder)  and  is  the  height 
the  solid,  then  the  formula  for  the  volume  is  V = J . 
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What  about  the  volume  of  an  oblique  prism  or  cylinder?  You  can  approximate  the 
shape  of  this  oblique  rectangular  prism  with  a staggered  stack  of  three  reams  of 
8.5-by-l  1-inch  paper.  If  you  nudge  the  individual  pieces  of  paper  into  a slanted 
stack,  then  your  approximation  can  be  even  better. 


Oblique  SLurked  rcii  iiiJi 

reCEitl^Ljla]-  L'ism  of  L 1 -inch 


ilackeiJ  sheets 
ol'  paper 


-.ShtetJi  of  piipe-r 
stiickeil  s-ti'^iight 


Rearranging  the  paper  into  a right  rectangular  prism  changes  the  shape,  but 
certainly  the  volume  of  paper  hasn’t  changed.  The  area  of  the  base,  8.5  by 
11  inches,  didn’t  change  and  the  height,  6 inches,  didn’t  change,  either. 


In  the  same  way,  you  can  use 
crackers,  CDs,  or  coins  to  show  that 
an  oblique  cylinder  has  the  same 
volume  as  a right  cylinder  with  the 
same  base  and  height. 


Step  4 


Use  the  stacking  model  to  extend 
the  last  conjecture  to  oblique 
prisms  and  cylinders.  Complete 
the  conjecture. 


Oblique  Prism-Cylinder  Voiume  Conjecture  ^ 

The  volume  of  an  oblique  prism  (or  cylinder)  is  the  same  as  the  volume  of  a 
right  prism  (or  cylinder)  that  has  the  same  and  the  same  J_. 


Finally,  you  can  combine  the  last  three  conjectures  into  one  conjecture  for  finding 
the  volume  of  any  prism  or  cylinder,  whether  it’ s right  or  oblique. 

Step  5 I Copy  and  complete  the  conjecture. 

Prism-Cyiinder  Voiume  Conjecture 

The  volume  of  a prism  or  a cylinder  is  the  J_  multiplied  by  the  _L  • 


If  you  successfully  completed  the  investigation,  you  saw  that  the  same  volume 
formula  applies  to  all  prisms  and  cylinders,  regardless  of  the  shapes  of  their  bases. 
To  calculate  the  volume  of  a prism  or  cylinder,  first  calculate  the  area  of  the  base 
using  the  formula  appropriate  to  its  shape.  Then  multiply  the  area  of  the  base  by 
the  height  of  the  solid.  In  oblique  prisms  and  cylinders,  the  lateral  edges  are  no 
longer  at  right  angles  to  the  bases,  so  you  do  not  use  the  length  of  the  lateral  edge 
as  the  height. 


532  CHAPTER  10  Volume 


© 2008  Key  Curriculum  Press 


EXAMPLE  A 


► Solution 


Find  the  volume  of  a right  trapezoidal  prism  that 
has  a height  of  10  cm  The  two  bases  of  the 
trapezoid  measure  4 cm  and  8 cm,  and  its  height 
is  5 cm 


A 


T 

U'' 

S 


Find  the  area  of  the  base. 
li  = + b.^) 

Ji  = I (5)(4  + 8)  = 30 
Find  the  volume. 

V =BH 

V = (30)(10)  = 300 


The  base  is  a trapezoid,  so  use  this  formula  to  find  the  area 
of  the  base. 

Substitute  the  given  values  into  the  equation,  then  simplify. 


The  volume  of  a prism  is  equal  to  the  area  of  its  base 
multiplied  by  its  height. 

Substitute  the  calculated  area  and  given  height  into  the 
equation,  then  simplify. 


The  volume  is  300  cm^. 


EXAMPLE  B 


► Solution 


Find  the  volume  of  an  oblique  cylinder  that  has 
a base  with  a radius  of  6 inches  and  a height  of 
7 inches. 


Find  the  area  of  the  base. 
B 

B - - 36it 

Find  the  volume. 

V =BH 

V = (36it)  (7)  = 25% 


The  base  is  a circle,  so  use  this  formula  to  find  the  area  of 
the  base. 

Substitute  the  given  values  into  the  equation,  then  simplify. 


The  volume  of  a prism  is  equal  to  the  area  of  its  base 
multiplied  by  its  height. 

Substitute  the  calculated  area  and  given  height  into  the 
equation,  then  simplify. 


Exercises 


The  volume  is  252  tt  in^,  or  about  791.68  in^. 


Find  the  volume  of  each  solid  in  Exercises  1-6.  All  measurements  are  in  centimeters. 
Round  approximate  answers  to  the  nearest  hundredths. 


1.  Oblique  rectangular  prism  2.  Right  triangular  prism 


3.  Right  trapezoidal  prism 
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4.  Right  cylinder 


[0 


5.  Right  semicircular 
cylinder  j, 


6.  Right  cylinder  with  a 
90°  slice  removed 


7.  Use  the  information  about  the  base  and  height  of  each  solid  to  find  the  volume. 
All  measurements  are  given  in  centimeters. 


of  £olEd 


Holght 
of  ^lid 


REght  Erdoiogul^r 
pr\&m 

h 


REgEit 

pfism 


H 


7^ 

b 

l_ 

/ 

Right  trop^zoEd^l 
prE^m 


If 


■tl 


/ 


Right 

oylindor 

c:::J 


b = 6,  bi  = 1 , 
h =S,r  =3 


H =20 


a.  V: 


d.  V: 


g.  V: 


j.  V = 


b =9,  b2=  12, 
h =12,  r = 6 

b =S,bi=l9, 
/z  =18,r  =8 


H =20 


H =23 


b.  V: 


c.  y = 


e.  V: 


f.  y = 


h.  V: 


i.  y= 


k.  V: 


1.  y= 


For  Exercises  8-9,  sketch  and  label  each  solid  described,  then  find  the  volume. 

8.  An  oblique  trapezoidal  prism  The  trapezoidal  base  has  a height  of  4 in.  and  bases 
that  measure  8 in.  and  12  in.  The  height  of  the  prism  is  24  in. 

9.  A right  circular  cylinder  with  a height  of  T.  The  radius  of  the  base  is  \^Q  , k 

10.  Sketch  and  label  two  different  rectangular  prisms,  each  with  a volume  of  288  cm^. 

In  Exercises  1 1-13,  express  the  volume  of  each  solid  with  the  help  of  algebra. 

11.  Right  rectangular  prism  12.  Oblique  cylinder  13.  Right  rectangular  prism 


14.  Application  A cord  of  firewood  is  128  cubic  feet.  Margaretta  has  three  storage  boxes 
for  firewood  that  each  measure  2 feet  by  3 feet  by  4 feet.  Does  she  have  enough 
space  to  order  a full  cord  of  firewood?  A half  cord?  A quarter  cord?  Explain. 
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Career 

CONNECTION 

In  construction  and  landscaping,  sand,  rocks,  gravel,  and  fill  dirt  are  often  sold 
by  the  “yard,”  which  actually  means  a cubic  yard. 


15.  Application  A contractor  needs  to  build  a ramp,  as 
shown  at  right,  from  the  street  to  the  front  of  a garage 
door.  How  many  cubic  yards  of  fill  will  she  need? 


16.  If  an  average  rectangular  block  of  limestone  used 
to  build  the  Great  Pyramid  of  Khufu  at  Giza  is 
approximately  2.5  feet  by  3 feet  by  4 feet,  and 
limestone  weighs  approximately  170  pounds  per  cubic 
foot,  what  is  the  weight  of  one  of  the  nearly  2,300,000 
limestone  blocks  used  to  build  the  pyramid? 


23  ft 


17.  Although  the  Exxon  oil  spill  (11  million  gallons 

of  oil)  is  one  of  the  most  notorious  oil  spills,  it  was 
small  compared  to  the  250  million  gallons  of  crude 
oil  that  were  spilled  during  the  1991  Persian  Gulf  War. 
A gallon  occupies  0.13368  cubic  foot.  How  many 
rectangular  swimming  pools,  each  20  feet  by  30  feet 
by  5 feet,  could  be  filled  with  250  million  gallons  of 
crude  oil? 


The  Great  Pyramid  of  Khu^u  at  Giza,  Egypt,  wss 
built  around  2S00 


18.  When  folded,  a 12-by- 12-foot  section  of  the  AIDS  Memorial  Quilt  requires  about 
1 cubic  foot  of  storage.  In  1996,  the  quilt  consisted  of  32,000  3-by-6-foot  panels. 
What  was  the  quilt’s  volume  in  1996?  If  the  storage  facility  had  a floor  area  of 
1,500  square  feet,  how  high  did  the  quilt  panels  need  to  be  stacked? 


The  NAMES  P¥oject  ADS  Memorial  Quill 
merTKjrializei  persons  all  around  tbe 
world  who  bai/e  died  of  AIDS.  In  1^96, 
the  32,000  panels  represented  kss  thari 
10%  of  the  AIDS  deaths  In  the  United 
States  alone,  yet  the  quilt  could  cover 
about  19  football  fields. 
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Review 


For  Exercises  19  and  20,  draw  and  label  each  solid.  Use  dashed  lines  to  show  the 

hidden  edges. 

19.  An  octahedron  with  all  triangular  faces  and  another  octahedron  with  at  least  one 
nontriangular  face 

20.  A cylinder  with  both  radius  and  height  r,  a cone  with  both  radius  and  height  r 
resting  flush  on  one  base  of  the  cylinder,  and  a hemisphere  with  radius  r resting 
flush  on  the  other  base  of  the  cylinder 

For  Exercises  21  and  22,  identify  each  statement  as  true  or  false.  Sketch  a counterexample 

for  each  false  statement  or  explain  why  it  is  false. 

21.  A prism  always  has  an  even  number  of  vertices. 

22.  A section  of  a cube  is  either  a square  or  a rectangle. 

23.  The  tower  below  is  an  unusual  shape.  It’s  neither  a cylinder  nor  a cone.  Sketch  a 
two-dimensional  figure  and  an  axis  such  that  if  you  spin  your  figure  about  the  axis, 
it  will  create  a solid  of  revolution  shaped  like  the  tower. 


The  Sugong  Tov/er  ^losque  in 
Turpar^  China 


24.  Do  research  to  find  a photo  or  drawing  of  a 

chemical  model  of  a crystal.  Sketch  it.  What  type 
of  polyhedral  structure  does  it  exhibit?  You  will 
find  helpful  Internet  links  at  www.keymath.com/DG  . 

Science 

CONNECTION 

Ice  is  a well-known  crystal  structure.  If  ice  were  denser  than  water, 
it  would  sink  to  the  bottom  of  the  ocean,  away  from  heat  sources. 
Eventually  the  oceans  would  fill  from  the  bottom  up  with  ice,  and 
we  would  have  an  ice  planet.  What  a cold  thought! 


536  CHAPTER  10  Volume 


© 2008  Key  Curriculum  Press 


25.  Six  points  are  equally  spaced  around  a circular  track  with  a 20  m radius.  Ben  runs 
around  the  track  from  one  point,  past  the  second,  to  the  third.  A1  runs  straight  from 
the  first  point  to  the  second,  and  then  straight  to  the  third. 

How  much  farther  does  Ben  run  than  Al? 


26.  AS  and  AT  are  tangent  to  circle  O dXS  and  T,  respectively. 
mLSMO  - 90°,  mLSAT  - 90°,  SM  - 6.  Find  the  exact 
value  of  PA . C; ; 


T V • 


THE  SOMA  CUBE 

If  you  solved  Piet  Hein’ s puzzle  at  the  end  of  the 
previous  lesson,  you  now  have  sketches  of  the  seven 
nonconvex  polyhedrons  that  can  be  assembled 
using  four  or  fewer  cubes.  These  seven  polyhedrons 
consist  of  a total  of  27  cubes:  6 sets  of  4 cubes  and 
1 set  of  3 cubes.  These  pieces  can  be  arranged  to 
forma  3 -by- 3 -by- 3 cube.  The  puzzle  of  how  to  put 
them  together  in  a perfect  cube  is  known  as  the 
Soma  Cube  puzzle.  Go  to  www.keymath.com/DG  to 
learn  more  about  the  Soma  Cube. 


Use  cubes  (wood,  plastic,  or  sugar  cubes)  to  build 
one  set  of  the  seven  pieces  of  the  Soma  Cube.  Use 
glue,  tape,  or  putty  to  connect  the  cubes. 

Solve  the  Soma  Cube  puzzle:  Put  the  pieces  together 
to  make  a 3 -by- 3 -by- 3 cube.  Then  build  these  other 
shapes.  How  do  you  build  the  sofa?  The  tunnel?  The 
castle?  The  aircraft  carrier?  Finally,  create  a shape  of 
your  own  that  uses  all  the  pieces. 


SiiH  Tuniiicl  Castle 

Your  project  should  include 

► The  seven  unique  pieces  of  the  Soma  Cube. 

► Solution  to  the  Soma  Cube  puzzle  and  at  least  two  of  the  other  puzzles. 

► An  isometric  drawing  of  your  own  shape  that  uses  all  seven  pieces. 


Aircr^ilt  C^urici' 
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If  I had  influence  with  the 
good  fairy ...  / should  ask 
that  her  gift  to  each  child 
in  the  world  be  a sense  of 
wonder  so  indestructible  that 
it  would  last  throughout  life. 
RACHEL  CARSON 


Pi 


You  will  n^d 

• container  pairs  of 
prisms  and  pyramids 

* container  pairs  of 
cylinders  and  cones 

♦ sand,  rice,  birdseed, 
or  water 


Step  1 
Step  2 

Step  3 
Step  4 

Step  5 


Volume  of  Pyramids 
and  Cones 


T here  is  a single  relationship  between  the  volumes  of  prisms  and  pyramids 
with  congruent  bases  and  the  same  height,  and  between  cylinders  and  cones 
with  congruent  bases 
and  the  same  height. 

You’ll  discover  this 
relationship  in  the 
investigation. 


Sii me  volume? 

Investigatfon 

The  Volume  Formula  for  Pyramids  and  Cones 


Choose  a prism  and  a pyramid  that  have  congruent  bases  and  the  same  height. 

Fill  the  pyramid,  then  pour  the  contents  into  the  prism  About  what  fraction  of 
the  prism  is  filled  by  the  volume  of  one  pyramid? 

Check  your  answer  by  repeating  Step  2 until  the  prism  is  filled. 

Choose  a cone  and  a cylinder  that  have  congruent  bases  and  the  same  height 
and  repeat  Steps  2 and  3. 

Concpare  your  results  with  the  results  of  others.  Did  you  get  similar  results  with 
both  your  pyramid-prism  pair  and  the  cone-cylinder  pair?  You  should  be  ready 
to  make  a conjecture. 


Pyramid-Cone  Volume  Conjecture 

If  5 is  the  area  of  the  base  of  a pyramid  or  a cone  and  //is  the  height  of  the 
solid,  then  the  formula  for  the  volume  is  V = 


538  CHAPTER  10  Volume 


© 2008  Key  Curriculum  Press 


EXAMPLE  A 


► Solution 


EXAMPLE  B 


If  you  successfully  conpleted  the  investigation,  you  probably  noticed  that  the 
volume  formula  is  the  same  for  all  pyramids  and  cones,  regardless  of  the  type  of 
base  they  have.  To  calculate  the  volume  of  a pyramid  or  cone,  first  find  the  area  of 
its  base.  Then  find  the  product  of  the  fraction  you  discovered  in  the  investigation, 
the  area  of  the  base,  and  the  height  of  the  solid. 


Find  the  volume  of  a regular  hexagonal 
pyramid  with  a height  of  8 cm  Each 
side  of  its  base  is  6 cm. 


First,  find  the  area  the  base.  To  find 
the  area  of  a regular  hexagon,  you  need 
the  apothem  By  the  30°-60°-90°  Triangle 
Conjecture,  the  apothem  is  3v"3  cm. 


^ ~ 2^^^  ^ regular  polygon  is  one-half  the 

apothem  times  the  perimeter. 

B =^(3V3)  (36)  Substitutes  V3  fora  and36for/7. 

^ ~ Multiply. 

The  base  has  an  area  54  cm^.  Now  find  the  volume  of  the  pyramid. 

^ ~ The  volume  of  a pyramid  is  one-third  the  area 

of  the  base  times  the  height. 

F = j(54V^)  (8)  Substitute  54v^  for  5 and  8 for//. 

V = 144v  3 Multiply. 

The  volume  is  144v'3  cm^,  or  approximately  249.4  cm^. 


A cone  has  a base  radius  3 in.  and  a volume 
of  24  7T  in^  . Find  the  height. 
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► Solution 


Start  with  the  volume  formula  and  solve  for  H. 


V = \bh 

V = H 

24ir  = ■!(«■■  3-)  H 
24it  =3erH 
8 = // 


Volume  formula  for  pyramids  and  cones. 

The  base  of  a cone  is  a circle. 

Substitute  24-r  for  the  volume  and  3 for  the  radius. 
Square  the  3 and  multiply  by 

Solve  for  H. 


The  height  of  the  cone  is  8 in. 


^ Exercises 

Find  the  volume  of  each  solid  named  in  Exercises  1-6.  All  measurements  are  in 
centimeters. 


4a3.^:/LUlilTbli;iiaLl  li 


4.  Triangular  pyramid 


5.  Semicircular  cone 
H H 


6.  Cylinder  with  cone 
removed  ^ 


12  ■ 


^ / 1(5 

I 

■■ 

■■  1 


In  Exercises  7-9,  express  the  total  volume  of  each  solid  with  the  help  algebra.  In 
Exercise  9,  what  percentage  of  the  volume  is  filled  with  the  liquid?  All  measurements  are 
in  centimeters. 

7.  Square  pyramid  8.  Cone  9.  Cone 
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10.  Use  the  information  about  the  base  and  height  each  solid  to  find  the  volume. 
All  measurements  are  given  in  centimeters. 


Hriforinatiara  about 
bds#  of  solid 

Height 

of  solid 

Triangular 

pyranniid 

Rectangular 

pyramid 

Trapezoidal 

pyramid 

Cone 

" > 

• 

A 

*— J/ 

h 

b =6,bi  = l, 
h = 6,r  =3 

o 

(N 

II 

a.  V = 

d.  V = 

g.  v = 

j-  V = 

b =9,b2  = 22, 
h = 8,  r =6 

H =20 

h.  V = 

e.  V = 

h.  V = 

k.  F = 

b = 13,  bi  = 29, 
/j  = 17,  r = 8 

H =24 

c.  V = 

f.  V = 

i.  V = 

\.  V = 

11.  Sketch  and  label  a square  pyramid  with 
height  //feet  and  each  side  of  the  base 
M feet.  The  altitude  meets  the  square  base  at 
the  intersection  of  the  two  diagonals.  Find 
the  volume  in  terms  H and  M. 

12.  Sketch  and  label  two  different  circular  cones, 
each  with  a volume  2304  sr  cm^. 

13.  Mount  Fuji,  the  active  volcano  in  Honshu, 

Japan,  is  3776  mhigh  and  has  a slope  of 
approximately  30°.  Mount  Etna,  in  Sicily,  is 
3350  mhigh  and  approximately  50  km 
across  the  base.  If  you  assume  they  both 
can  be  approximated  by  cones,  which 
volcano  is  larger? 

14.  Bretislav  has  designed  a crystal  glass  sculpture.  Part  of  the 
piece  is  in  the  shape  of  a large  regular  pentagonal  pyramid, 
shown  at  right.  The  apothemof  the  base  measures  27.5  cm 
How  much  will  this  part  weigh  if  the  glass  he  plans  to  use 
weighs  2.85  grams  per  cubic  centimeter? 


4Ci  cm. 


Mount  Fuji  Is  Japan's  highest  mountain.  Legend  claims  that 
an  earthquake  created  iL 


15.  Jamala  has  designed  a container  that  she  claims  will  hold 
50  in^.  The  net  is  shown  at  right.  Check  her  calculations. 
What  is  the  volume  of  the  solid  formed  by  this  net? 
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16.  Find  the  volume  of  the  solid  formed  by  rotating  the  shaded 
figure  about  the  x-axis. 


^ Review 

17.  Find  the  volume  of  the  liquid  in  this  right  rectangular  prism 
All  measurements  are  given  in  centimeters. 


18.  Application  A swimming  pool  is  in  the  shape  of  this  prism 
A cubic  foot  water  is  about  7.5  gallons.  How  many  gallons 
of  water  can  the  pool  hold?  If  a pump  is  able  to  pump  water 
into  the  pool  at  a rate  15  gallons  per  minute,  how  long 
will  it  take  to  fill  the  pool?  a 


]^fi 

L3ft 


19.  Application  A landscape  architect  is  building  a stone 
retaining  wall,  as  sketched  at  right.  How  many  cubic  feet 
stone  will  she  need? 


20.  As  bad  as  tanker  oil  spills  are,  they  are  only  about  12%  the  3.5  million  tons  of  oil 
that  enters  the  oceans  each  year.  The  rest  comes  from  routine  tanker  operations, 
sewage  treatment  plants’  runoff,  natural  sources,  and  offshore  oil  rigs.  One  month’s 
maintenance  and  routine  operation  of  a single  supertanker  produces  up  to 
17,000  gallons  of  oil  sludge  that  gets  into  the  ocean!  If  a cylindrical  barrel  is  about 
1.6  feet  in  diameter  and  2.8  feet  tall,  how  many  barrels  are  needed  to  hold 
17,000  gallons  of  oil  sludge?  Recall  that  a cubic  foot  water  is  about  7.5  gallons. 


21.  Find  the  surface  area  of  each  of  the  following  polyhedrons. 
(See  the  shapes  on  page  544.)  Give  exact  answers. 

a.  A regular  tetrahedron  with  an  edge  4 cm 

b.  A regular  hexahedron  with  an  edge  4 cm 

c.  A regular  icosahedron  with  an  edge  4 cm 

d.  The  dodecahedron  shown  at  right,  made  of  four 
congruent  rectangles  and  eight  congruent  triangles 


9 5 


/ 


\ r / 
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22.  Given  the  triangle  at  right,  reflect  D over  AC  to  D'.  Then  reflect  D over 
BC  to  D’\  Explain  why  D’ , C,  D”  are  collinear. 


23.  In  each  diagram,  WXYZ  is  a parallelogram  Find  the  coordinates  of  Y. 


.-/V 


X [a,  LO 


■X 


THE  WORLD’S  LARGEST  PYRAMID 

The  pyramid  at  Cholula,  Mexico,  shown  at  right,  was  built 
between  the  2nd  and  8th  centuries  c.e.  Like  most  pyramids 
of  the  Americas,  it  has  a flat  top.  In  fact,  it  is  really  two  flat- 
topped  pyramids. 

Some  people  claim  it  is  the  world’s  largest  pyramid — even 
larger  than  the  Great  Pyramid  of  Khufu  at  Giza  (shown  on 
page  535)  erected  around  2500  b.c.e.  Is  it?  Which  of  the 
two  has  the  greater  volume? 

Your  project  should  include 

► Volume  calculations  for  both  pyramids. 

► Scale  models  of  both  pyramids. 


TUl^  in  Cholula  appears  to  Iw  on  a 
hill,  hut  It  is  actually  built  on  top  of  an 
ancient  p^rarnl<JI 


2m  ft 


hi — 

lOlOft 

— *1 

I 

I 

I 

h*  520  ft  ► 

1 

1 

1 

I 

I 

i_  . 

i 

1 

1 

i 

^ 

1 

90  f 

] LOfl 


■1400ft- 


SlJc  view  of  the  twcs  p)T4imLils  At  Cholula 


4S1  ft 

75^^  fl 

DiinenHionH  of  the 
Great  KiTamid  at  Giza 


m ft 


Disj^ected  view  orbotloin  p^Timud  m CholuLi 
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The  Five  Platonic  Solids 


¥he 


J^egiiUr 
tetrahedfoti 
(4  tdoes) 


You  will  need 

♦ poster  board  or 
cardboard 

* a compass  and 
straightedge 

• a protractor 

* scissors 

• glue,  paste,  or 
cellophane  tape 

* colored  pens  or  pe 
for  decorating  the 
solids  (optional ) 
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Regular  polyhedrons  have  intrigued  mathematicians 
for  thousands  years.  Greek  philosophers  saw  the 
principles  of  mathematics  and  science  as  the  guiding 
forces  of  the  universe.  Plato  (429-347  b.c.e.)  reasoned 
that  because  all  objects  are  three-dimensional,  their 
smallest  parts  must  be  in  the  shape  regular 
polyhedrons.  There  are  only  five  regular  polyhedrons, 
and  they  are  commonly  called  the  Platonic  solids. 

Plato  assigned  each  regular  solid  to  one  of  the  five 
“atoms”:  the  tetrahedron  to  fire,  the  icosahedron  to 
water,  the  octahedron  to  air,  the  cube  or  hexahedron 
to  earth,  and  the  dodecahedron  to  the  cosmos. 


Plato 


vVdtei 


All- 


Birth 


Co^moi 


]<egLiUr 
hexihedmn 
{6  fioes) 


l^€gii]af 
dodeciiihedroii 
{12  faces) 


J^egLilar 
icosciliedroii 
(20  faces) 


J^egLilar 
octahedion 
(S  tk"es) 


moils 


Activity 

Modeling  the  Platonic 
Soiids 


What  would  each  of  the  five 
Platonic  solids  look  like  when 
unfolded?  There  is  more  than 
one  way  to  unfold  each 
polyhedron.  Recall  that  a fiat 
figure  that  you  can  fold  into  a 
polyhedron  is  called  its  net. 


Volume 
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step  1 


One  face  is  missing  in  the  net  at  right.  Complete  the  net 
to  show  what  the  regular  tetrahedron  would  look  like  if 
it  were  cut  open  along  the  three  lateral  edges  and 
unfolded  into  one  piece. 


Step  2 


Step  3 


Step  4 


Step  5 


Two  faces  are  missing  in  the  net  at  right.  Complete 
the  net  to  show  what  the  regular  hexahedron 
would  look  like  if  it  were  cut  open  along  the  lateral 
edges  and  three  top  edges,  then  unfolded. 


Here  is  one  possible  net  for  the  regular 
icosahedron.  When  the  net  is  folded  together, 
the  five  top  triangles  meet  at  one  top  point. 
Which  edge — a,  b,ov  c — does  the  edge 
labeled  x line  up  with? 


The  regular  octahedron  is  similar  to  the  icosahedron 
but  has  only  eight  equilateral  triangles.  Complete  the 
octahedron  net  at  right.  Two  faces  are  missing. 


The  regular  dodecahedron  has  12  regular  pentagons  as 
faces.  If  you  cut  the  dodecahedron  into  two  equal  parts, 
they  would  look  like  two  flowers,  each  having  five 
pentagon- shaped  petals  around  a center  pentagon. 
Complete  the  net  for  half  a dodecahedron. 


Now  you  know  what  the  nets  of  the  five  Platonic  solids  could  look  like.  Let’ s use 
the  nets  to  construct  and  assemble  models  of  the  five  Platonic  solids.  See  the 
Procedure  Note  for  some  tips. 


Ngjg 

1 . To  save  time,  build  solids  with  the  same  shape  faces  at  the  same  time. 

2.  Construct  a regular  polygon  template  for  each  shape  face. 

3.  Erase  the  unnecessary  line  segments. 

4.  Leave  tabs  on  some  edges  for  gluing. 


5.  Decorate  each  solid  before  you  cut  it  out. 

6.  Score  on  both  sides  of  the  net  by  running  a pen  or  compass  point  over  the  fold  lines. 


Step  6 I Build  nets  for  the  icosahedron,  octahedron,  and  tetrahedron  with  equilateral 
I triangles. 
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Step  7 
Step  8 


Build  a net  for  the  hexahedron,  or  cube,  with  squares. 

Build  a net  for  the  dodecahedron  with  regular  pentagons.  Create  half  of  the  net, 
consisting  of  five  pentagons  surrounding  a central  pentagon,  by  following  these 
steps. 

a.  Construct  a circle  and  place  a point  on  the  top  the  circle.  Use  your 
protractor  to  lightly  draw  a sector  equal  to  one-fifth  the  circle.  What  must 
the  measure  of  this  central  angle  equal? 

b.  Continue  using  your  protractor  to  draw  five  congruent  sectors.  Check  your 
work  by  measuring  the  last  central  angle  formed.  Connect  the  five  points  on 
the  circle. 

c.  Erase  all  radii  and  the  circle.  You  now  have  one  large  regular  pentagon. 


d.  Lightly  draw  all  of  the  diagonals.  The  smaller  regular  pentagon  formed  by  the 
intersecting  diagonals  will  be  one  of  the  12  faces  the  dodecahedron. 

e.  Lightly  draw  the  diagonals  of  the  central  pentagon  and  extend  them  to  the 
sides  of  the  larger  pentagon. 

f.  Lind  the  five  pentagons  that  encircle  the  central  pentagon  and  erase  all  other 
marks.  You  now  have  half  of  the  net. 


Step  9 


g.  Make  a copy  of  the  half  net  and  assemble  the  two  halves  into  the  dodecahedron. 

Explore  these  extensions. 

a.  Before  you  assemble  your  nets,  decorate  them  according  to  the  element  that 
Plato  assigned  to  each  regular  polyhedron,  as  described  at  the  beginning  of 
this  exploration.  Research  how  and  why  Plato  assigned  each  of  the  five  regular 
solids  the  elements  Earth,  Air,  Lire,  Water,  and  Cosmos. 

b.  Can  you  explain  from  looking  at  the  nets  why  there  are  only  five  Platonic 
solids?  Search  the  Internet  or  library  for  a prothat  there  are  only  five 
regular  polyhedrons. 

c.  Complete  a table  of  the  vertices,  faces,  and  edges  the  Platonic  solids.  Verify 
that  they  satisfy  Euler’s  Lormula  for  Polyhedrons.  If  a solid  has  a polyhedral 
hole,  does  the  formula  still  hold? 

d.  Use  the  Internet  or  library  to  research  Platonic  solids  and  dual  solids.  Does 
every  Platonic  solid  have  a dual?  Is  every  dual  of  a Platonic  solid  also  a 
Platonic  solid? 
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Volume  Problems 


Volume  has  applications  in  science,  medicine,  engineering,  and  construction. 

For  example,  a chemist  needs  to  accurately  measure  the  volume  of  reactive 
substances.  A doctor  may  need  to  calculate  the  volume  of  a cancerous  tumor  based 
on  a body  scan.  Engineers  and  construction  personnel  need  to  determine  the 
volume  of  building  supplies  such  as  concrete  or  asphalt.  The  volume  of  the  rooms 
in  a completed  building  will  ultimately  determine  the  size  of  mechanical  devices 
such  as  air  conditioning  units. 

Sometimes,  if  you  know  the  volume  of  a solid,  you  can  calculate  an  unknown 
length  of  a base  or  the  solid’s  height.  Here  are  two  examples. 


EXAMPLE  A 


The  volume  of  this  right  triangular  prism  is 
1440  cm^.  Find  the  height  of  the  prism 


S ‘O  ' 15 


II 


► Solution 


V =BH 

Volume  formula  for  prisms  and  cylinders. 

V = 

The  base  of  the  prism  is  a triangle. 

1440=^  (8)(15)77 

Substitute  1440  for  the  volume,  8 for  the  base  of 
the  triangle,  and  15  for  the  height  of  the  triangle. 

1440  =60H 

Multiply. 

24  =H 

Solve  for  H. 

The  height  of  the  prism  is  24  cm 


EXAMPLE  B 


► Solution 


The  volume  of  this  sector  a right  cylinder  is  2814  m^.  Find 
the  radius  of  the  base  of  the  cylinder  to  the  nearest  m 


The  volume  is  the  area  of  the  base  times  the  height.  To 
find  the  area  of  the  sector,  you  first  find  what  fraction 
the  sector  is  of  the  whole  circle: 


V =BH 

V = 

2814  (14) 

9 ■ 2S14_  2 
14ir 


575.8^ 


24  ^ r 


The  radius  is  about  24  m 
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Exercises 


RraGtlqc 


XifiSS 


1.  If  you  cut  a 1-inch  square  out  of  each  corner  of  an  8.5-by-l  1-inch  piece 
of  paper  and  fold  it  into  a box  without  a lid,  what  is  the  volume  of  the 
container? 


You  will  need 

for  Eicerdse&  15  dud  2# 


2.  The  prism  at  right  has  equilateral  triangle  bases  with  side  lengths 
of  4 cm  The  height  of  the  prism  is  8 cm  Find  the  volume. 

3.  A triangular  pyramid  has  a volume  of  1 80  cm^and  a height  of 
12  cm  Find  the  length  of  a side  of  the  triangular  base  if  the 
triangle’s  height  from  that  side  is  6 cm 

4.  A trapezoidal  pyramid  has  a volume  of  3168  cm^,and  its  height 
is  36  cm  The  lengths  of  the  two  bases  of  the  trapezoidal  base  are 
20  cm  and  28  cm  What  is  the  height  of  the  trapezoidal  base? 

5.  The  volume  of  a cylinder  is  628  cm^.  Find  the  radius  of  the  base 
if  the  cylinder  has  a height  of  8 cm  Round  your  answer  to  the 
nearest  0. 1 cm 


6.  If  you  roll  an  8.5-by-l  1 -inch  piece  of  paper  into  a cylinder  by  bringing  the  two 
longer  sides  together,  you  get  a tall,  thin  cylinder.  If  you  roll  an  8.5-by-l  1 -inch  piece 
of  paper  into  a cylinder  by  bringing  the  two  shorter  sides  together,  you  get  a short, 
fat  cylinder.  Which  of  the  two  cylinders  has  the  greater  volume? 


7.  Sylvia  has  just  discovered  that  the  valve  on  her 
cement  truck  failed  during  the  night  and  that 

all  the  contents  ran  out  to  form  a giant  cone 
of  hardened  cement.  To  make  an  insurance 
claim,  she  needs  to  figure  out  how  much 
cement  is  in  the  cone.  The  circumference  of  its 
base  is  44  feet,  and  it  is  5 feet  high.  Calculate 
the  volume  to  the  nearest  cubic  foot. 

8.  A sealed  rectangular  container  6 cm  by  12  cm 
by  15  cm  is  sitting  on  its  smallest  face.  It  is 
filled  with  water  up  to  5 cm  from  the  top. 

How  many  centimeters  from  the  bottom  will 
the  water  level  reach  if  the  container  is  placed 
on  its  largest  face? 

9.  To  test  his  assistant,  noted  adventurer  Dakota 
Davis  states  that  the  volume  of  the  regular 
hexagonal  ring  at  right  is  equal  to  the  volume 
of  the  regular  hexagonal  hole  in  its  center.  The 
assistant  must  confirm  or  refute  this,  using 
dimensions  shown  in  the  figure.  What  should 
he  say  to  Dakota? 
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Use  this  information  to  solve  Exercises  10-12:  Water  weighs  about  63  pounds  per  cubic 
foot,  and  a cubic  foot  of  water  is  about  7.5  gallons. 


10.  Application  A king-size  waterbed  mattress 
measures  5.5  feet  by  6.5  feet  by  8 inches  deep.  To 
the  nearest  pound,  how  much  does  the  water  in 
this  waterbed  weigh? 

11.  A child’s  wading  pool  has  a diameter  of  7 feet 
and  is  8 inches  deep.  How  many  gallons  of  water 
can  the  pool  hold?  Round  your  answer  to  the 
nearest  0.1  gallon. 


12.  Madeleine’s  hot  tub  has  the  shape  of  a regular  hexagonal 
prism  The  chart  on  the  hot-tub  heater  tells  how  long  it 
takes  to  warm  different  amounts  of  water  by  10°F.  Help 
Madeleine  determine  how  long  it  will  take  to  raise  the 
water  temperature  from93°F  to  103°F. 


Minute  tp  Tefnpefflture 


350 

'100 

^150 

500 

?50 

600 

700 

Minutes 

9 

10 

11 

12 

L-1 

16 

1& 

13.  A standard  juice  box  holds  8 fluid  ounces.  A fluid  ounce  of  liquid  occupies  1.8  iv?. 
Design  a cylindrical  can  that  will  hold  about  the  same  volume  as  one  juice  box. 
What  are  some  possible  dimensions  of  the  can? 

14.  The  photo  at  right  shows  an  ice  tray  that  is 
designed  for  a person  who  has  the  use  of  only  one 
hand — each  piece  of  ice  will  rotate  out  of  the  tray 
when  pushed  with  one  finger.  Suppose  the  tray 
has  a length  of  12  inches  and  a height  of  1 inch. 

Approximate  the  volume  of  water  the  tray  holds 
if  it  is  filled  to  the  top.  (Ignore  the  thickness  of 
the  plastic.) 

15.  Application  An  auto  tunnel  through  a mountain  is 
being  planned.  It  will  be  in  the  shape  of  a semicircular 

cylinder  with  a radius  of  10  m and  a length  of  2 km  How  many  cubic  meters  of 
dirt  will  need  to  be  removed?  If  the  bed  of  each  dump  truck  has  dimensions  2.2  m 
by  4.8  m by  1.8  m,  how  many  loads  will  be  required  to  carry  away  the  dirt? 


Review 


16.  Developing  Proof  In  the  figure  at  right,  ABCE  is  a parallelogram 
and  BCDE  is  a rectangle.  Write  a paragraph  proof  showing 
that  lj:ABD  is  isosceles. 
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19.  Construction  Use  your  geometry  tools  to  construct  an  inscribed  and 
circumscribed  circle  for  an  equilateral  triangle. 


20.  Construction  Use  your  compass  and  straightedge  to  construct  an 
isosceles  trapezoid  with  a base  angle  of  45°  and  the  length  of 
one  base  three  times  the  length  of  the  other  base. 


21.  M is  the  midpoint  of  AC  and  BD.  For  each  statement,  select 
always  (A),  sometimes  (S),  or  never  (N). 

a.  ABCD  is  a parallelogram 

b.  ABCD  is  a rhombus. 

c.  ABCD  is  a kite. 

d.  A AMD=  A AMB 

e.  ADAM=  ^ BCM 


IMPROVING  YOUR  REASONING  SKILLS 


Berths  Magic  Hexagram 

Bert  is  the  queen’s  favorite  jester.  He  entertains 
himself  with  puzzles.  Bert  is  creating  a magic 
hexagram  on  the  front  of  a grid  of  19  hexagons. 
When  Bert’ s magic  hexagram  (like  its  cousin  the 
magic  square)  is  concpleted,  it  will  have  the  same 
sum  in  every  straight  hexagonal  row,  column,  or 
diagonal  (whether  it  is  three,  four,  or  five  hexagons 
long).  For  exancple,  B + 12  + 10  is  the  same  sum 
as5  + 2 + 5 + 6 + 9,  which  is  the  same  sum  as 
C+8  + 6+11.  Bert  planned  to  use  just  the  first 
19  positive  integers  (his  age  in  years),  but  he  only 
had  time  to  place  the  first  12  integers  before  he 
was  interrupted.  Your  job  is  to  complete  Bert’s 
magic  hexagram  What  are  the  values  for 
A B,  C,  D,  E,  F,  and  G? 
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L E S S O N J 


Eureka!  I have  found  it! 
ARCHIMEDES 


Displacement  and  Density 

What  happens  if  you  step  into  a bathtub  that  is  filled  to  the  brim?  If  you  add  a 
scoop  of  ice  cream  to  a glass  filled  with  root  beer?  In  each  case,  you’ll  have  a mess! 
The  volume  of  the  liquid  that  overflows  in  each  case  equals  the  volume  of  the  solid 
below  the  liquid  level.  This  volume  is  called  an  object’s  displacement. 


EXAMPLE  A 


Mary  Jo  wants  to  find  the  volume  of  an  irregularly  shaped  rock.  She  puts  some 
water  into  a rectangular  prism  with  a base  that  measures  10  cm  by  15  cm  When 
the  rock  is  put  into  the  container,  Mary  Jo  notices  that  the  water  level  rises  2 cm 
because  the  rock  displaces  its  volume  of  water.  This  new  “slice”  of  water  has  a 
volume  of  (2)(10)(15),  or  300  cm^.  So  the  volume  of  the  rock  is  300  cm^. 


hetbie 


After 


cm 


An  inportant  property  of  a material  is  its  density.  Density  is  the  mass  of  matter 
in  a given  volume.  You  can  find  the  mass  of  an  object  by  weighing  it.  You  calculate 
density  by  dividing  the  mass  by  the  volume: 


density 


111 

volume 


EXAMPLE  B 


A clunp  of  metal  with  mass  351.4  grams  is  dropped  into  a cylindrical  container, 
causing  the  water  level  to  rise  1.1  cm  The  radius  of  the  base  of  the  container  is 
3.0  cm  What  is  the 
density  of  the  metal? 

Given  the  table,  and 
assuming  the  metal  is 
pure,  what  is  the  metal? 


M&tAl 

Diensity 

JVIetdl 

Density 

Aluminum 

2.&1 

Nickel 

S.-89  g/cm^ 

Copper 

8.^7  g/cm^ 

Pliitiniiim 

21.40  g/cm» 

Gold 

[^.30  ^cra'" 

PoldiWiium 

0.86 

l-C4lil 

1 ] .30 

Silver 

1 ^tm-' 

Lithium 

SodLum 

0.97 
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► Solution 


First,  find  the  volume  of  displaced  water.  Then  divide  the  mass  by  the  volume  to 
get  the  density  of  the  metal. 

volume  = ir(.TO)"  (1.1)  density  T/  i* 

= {^)(9)(l.l) 

31.1 


The  density  is  1 1.3  g/cm^.  Therefore  the  metal  is  lead. 


History 

CONNECTION 

Archimedes  solved  the  problem  of  howto  tell  whether  a erown  was  made  of 
genuine  gold  by  using  displaeement  to  ealeulate  its  density.  Legend  has  it  that 
the  insight  eame  to  him  while  he  was  bathing.  Thrilled  by  his  diseovery, 
Arehimedes  ran  through  the  streets  shouting  ‘Fureka!”  (Greek  for  “I  have 
found  it!”)  wearing  just  what  he’d  been  wearing  in  the  bathtub. 


Exercises 


1.  When  you  put  a rock  into  a container  of  water,  it  raises  the  water  level  3 cm  If  the 
container  is  a rectangular  prism  whose  base  measures  15  cm  by  15  cm,  what  is  the 
volume  of  the  rock? 


2.  You  drop  a solid  glass  ball  into  a cylinder  with  a radius  of  6 cm,  raising  the  water 
level  1 cm  What  is  the  volume  of  the  glass  ball? 

3.  A fish  tank  10  by  14  by  12  inches  high  is  the 
home  of  a large  goldfish  named  Columbia.  She  is 
taken  out  when  her  owner  cleans  the  tank,  and 
the  water  level  in  the  tank  drops  ^ inch.  What 
is  Columbia’s  volume? 

For  Exercises  4-9,  refer  to  the  table  on  page  551. 

4.  What  is  the  mass  of  a solid  block  of  aluminum 
if  its  dimensions  are  4 cm  by  8 cm  by  20  cm? 

5.  Which  has  more  mass:  a solid  cylinder  of  gold  with  a height  of  5 cm  and  a diameter 
of  6 cm  or  a solid  cone  of  platinum  with  a height  of  2 1 cm  and  a diameter  of  8 cm? 

6.  Chemist  Dean  Dalton  is  given  a clunp  of  metal  and  is  told  that  it  is  sodium 

He  finds  that  the  metal  has  mass  145.5  g.  He  places  it  into  a nonreactive  liquid  in  a 
square  prism  whose  base  measures  10  cm  on  each  edge.  If  the  metal  is  indeed 
sodium,  how  high  should  the  liquid  level  rise? 

7.  A square-prism  container  with  a base  5 cm  by  5 cm  is  partially  filled  with  water.  You 
drop  a clunp  of  metal  with  mass  525  g into  the  container,  and  the  water  level  rises 

2 cm  What  is  the  density  of  the  metal?  Assuming  the  metal  is  pure,  what  is  the  metal? 
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8.  When  ice  floats  in  water,  one-eighth  of  its  volume  floats 
above  the  water  level  and  seven-eighths  floats  beneath  the 
water  level.  A block  of  ice  placed  into  an  ice  chest  causes 
the  water  in  the  chest  to  rise  4 cm  The  right  rectangular 
chest  measures  35  cm  by  50  cm  by  30  cm  high.  What  is  the 
volume  of  the  block  of  ice? 


t 

i 


Science 

CONNECnON 

Buoyancy  is  the  tendency  of  an  object  to  float  in  either  a liquid  or 
a gas.  For  an  object  to  float  on  the  surface  of  water,  it  must  sink 
enough  to  displace  the  volume  of  water  equal  to  its  weight. 

9.  Sherlock  Holmes  rushes  home  to  his  chemistry 
lab,  takes  a mysterious  medallion  from  his  case, 
and  weighs  it.  “It  has  mass  3088  grams.  Now  let’s 
check  its  volume.”  He  pours  water  into  a graduated 
glass  container  with  a lO-by-10  cm  square  base,  and  records  the  water  level,  which  is 
53.0  cm  He  places  the  medallion  into  the  container  and  reads  the  new  water  level, 
54.6  cm  He  enjoys  a few  minutes  of  mental  calculation,  then  turns  to  Dr.  Watson. 
“This  confirms  my  theory.  Quick,  Watson!  Off  to  the  train  station.” 


“Holmes,  you  amaze  me.  Is  it  gold?”  questions 
the  good  doctor. 

“If  it  has  a density  of  19.3  grams  per  cubic 
centimeter,  it  is  gold,”  smiles  Mr.  Holmes.  “If  it  is 
gold,  then  Colonel  Bander  son  is  who  he  says  he 
is.  If  it  is  a fake,  then  so  is  the  Colonel.” 

“Well?”  Watson  queries. 

Holmes  smiles  and  says,  “It’s  elementary,  my  dear 
Watson.  Elementary  geometry,  that  is.” 

What  is  the  volume  of  the  medallion?  Is  it  gold? 

Is  Colonel  Banderson  who  he  says  he  is? 


Review 

10.  What  is  the  volume  of  the  slice  removed  from 
this  right  cylinder?  Give  your  answer  to  the 
nearest  cm^. 


Sh  cm 


cm 


11.  Application  Ofelia  has  brought  home  a new  aquarium  shaped  like  the 
regular  hexagonal  prism  shown  at  right.  She  isn’t  sure  her  desk  is  strong 
enough  to  hold  it.  The  aquarium,  without  water,  weighs  48  pounds.  How 
much  will  it  weigh  when  it  is  filled?  (Water  weighs  63  pounds  per  cubic 
foot.)  If  a small  fish  needs  about  180  cubic  inches  of  water  to  swim 
around  in,  about  how  many  small  fish  can  this  aquarium  house? 
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12.  A ABC  is  equilateral . 
M is  the  centroid  . 

AB  = 6 

Find  the  area  of  ACEA . 


c 


13.  Developing  Proof  Give  a 
paragraph  or  flowchart 
proof  explaining  why 
M is  the  midpoint  of  PQ . 


14.  The  three  polygons  are 
regular  polygons.  How 
many  sides  does  the  red 
polygon  have? 


15.  A circle  passes  through  the  three  points  (4,  7),  (6,  3),  and  (1,  -2). 

a.  Find  the  center.  b.  Find  the  equation. 

16.  A secret  rule  matches  the  following  numbers: 

2^4,3^7,4^10,5^13 
Find  20  _L,  and  J-. 


MAXIMIZING  VOLUME 

Suppose  you  have  a 10-inch-square  sheet  of  metal  and  you  want 
to  make  a small  box  by  cutting  out  squares  from  the  corners  of 
the  sheet  and  folding  up  the  sides.  What  size  corners  should  you 
cut  out  to  get  the  biggest  box  possible? 

To  answer  this  question,  consider  the  length  of  the  corner  cut  v 
and  write  an  equation  for  the  volume  of  the  box,  y,  in  terms  of  x. 
Graph  your  equation  using  reasonable  window  values.  You  should 
see  your  graph  touch  the  x-axis  in  at  least  two  places  and  reach  a 
maximum  somewhere  in  between.  Study  these  points  carefully  to 
find  their  significance. 

Your  project  should  include 

► The  equation  you  used  to  calculate  volume  in  terms  of  x and  y. 

¥■  A sketch  of  the  calculator  graph  and  the  graphing  window  you  used. 


► An  explanation  of  inportant  points,  for  exanple,  when  the  graph  touches  the  x-axis. 


► A solution  for  what  size  corners  make  the  biggest  volume. 


Lastly,  generalize  your  findings.  For  exanple,  what  fraction  of  the  side  length  could  you 
cut  from  each  corner  of  a 12-inch-square  sheet  to  make  a box  of  maximum  volume? 
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Orthographic  Drawing 


Top 


Side 


[so  metric 


When  you  buy  a product  from  a catalog  or  off 
the  Internet,  you  want  to  see  it  from  several  angles. 

The  top,  front,  and  right  side  views  are  given  in  an 
orthographic  drawing.  Ortho  means  “straight,”  and  the  views  of  an  orthographic 
drawing  show  the  faces  of  a solid  as  though  you  are  looking  at  them  “head-on.” 


If  you  have  ever  put  together  a toy 
from  detailed  instructions,  or  built 
a birdhouse  from  a kit,  or  seen 
blueprints  for  a building  under 
construction,  you  have  seen 
isometric  drawings. 


Isometric  means  “having  equal 
measure,”  so  the  edges  of  a cube 
drawn  isometrically  all  have  the 
same  length.  In  contrast,  recall  that 
when  you  drew  a cube  in  two-point 
perspective,  you  needed  to  use  edges 
of  different  lengths  to  get  a natural  look. 


An  isometric  drd wing 


I 

Top 


Fnmt  Rii^hlsid? 


An  urthnjirapliLC  drawinj' 


Career 

CONNECTION 

Architects  create  blueprints  for  their 
designs,  as  shown  at  right. 
Architectural  drawing  plans  use 
orthographic  techniques  to  describe 
the  proposed  design  from  several 
angles.  These  front  and  side  views  are 
called  building  elevations. 
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EXAMPLE  A 


Make  an  orthographic  drawing  of  the  solid 
shown  in  the  isometric  drawing  at  right. 


tide 


► Solution 


Visualize  how  the  solid  would  look  from  the 
top,  the  front,  and  the  right  side.  Draw  an  edge 
wherever  there  is  a change  of  depth.  The  top 
and  front  views  must  have  the  same  width,  and 
the  front  and  right  side  views  must  have  the 
same  height. 


EXAMPLE  B Draw  the  isometric  view  of  the  object  shown  here 

as  an  orthographic  drawing.  The  dashed  lines 
mean  that  there  is  an  invisible  edge. 

To[^ 

► Solution  Find  the  vertices  of  the  front  face  and  make  the 

shape.  Use  the  width  of  the  side  and  top  views  to 

n 

— 

extend  parallel  lines.  Conplete  the  back  edges. 

Front 

Lght  side 

You  can  shade  parallel  planes  to  show  depth. 


British  pop  artist  David 
Hockney  (b  1937)  titled  this 
photographic  collar  ^yricTrjy 
Wayfloive/  Hotej;.  NX 
Each  photo 

shows  the  view  from  a 
different  ar^le,  Just  as  an 
orthographic  drawir»g  shows 
multiple  an<gles  at  once. 
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Activity 

Isometric  and  Orthographic  Drawings 


Vou  will  reed 

+ isometric  dot  paper 

* graph  paper 

• 12  cubes 

Step  1 


Step  2 


In  this  investigation  you’ll  build  block 
models  and  draw  their  isometric  and 
orthographic  views. 

Practice  drawing  a cube  on  isometric 
dot  paper.  What  is  the  shape  of  each 
visible  face?  Are  they  congruent?  What 
should  the  orthographic  views  of  a 
cube  look  like? 

Stack  three  cubes  to  make  a two-step 
“staircase.”  Turn  the  structure  so  that 
you  look  at  it  the  way  you  would  walk 
up  stairs.  Call  that  view  the  front.  Next, 
identify  the  top  and  right  sides.  How  many  planes  are  visible  from  each  view? 
Make  an  isometric  drawing  of  the  staircase  on  dot  paper  and  the  three 
orthographic  views  on  graph  paper. 


Step  3 


Build  solids  A-D  from  their  orthographic  views,  then  draw  their  isometric  views. 


A 


ii 


C 


D 


Ibp 


MB 

nrCriL  Righldtl^' 


□ 


L 

□ 

Lop 


Prom  lUgIn 


Top 

J L 

J 

1 

u 

1 

1 

n 

Fiont 

Rii(ht  giilt 

[ 

[ 

1 

[ 

1 

1 

[ 

1 i 

1 

1 

r 

IL 

Step  4 Make  your  own  original  8-  to  12-cube  structure  and  agree  on  the  orthographic 
views  that  represent  it.  Then  trade  places  with  another  group  and  draw  the 
orthographic  views  of  their  structure. 

Step  5 Make  orthographic  views  for  solids  E and  F,  and  sketch  the  isometric  views  of 
solids  G and  H. 
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I Web  Links 

Keyinath.cpiti 


1 


LESSON 


10.6 


Satisfaction  lies  in  the  effort, 
not  in  the  attainment. 

Full  effort  is  full  victory. 
MOHANDAS  K.  GANDHI 


Vqu  will  ne«d 


+ cylinder  and 
hemisphere  with  the 
same  radius 

* sand,  rice,  birdseed, 
or  water 


Step  1 
Step  2 


Step  3 


Step  4 


Step  5 


EXAMPLE  A 


Volume  of  a 
Sphere 

In  this  lesson  you  will  develop  a formula 
for  the  volume  of  a sphere.  In  the 
investigation  you’ll  compare  the  volume 
of  a right  cylinder  to  the  volume  of  a 
hemisphere. 


investigation 
The  Formula  for  the 
Volume  of  a Sphere 

This  investigation  demonstrates  the  relationship 
between  the  volume  of  a hemisphere  with 
radius  r and  the  volume  of  a right  cylinder 
with  base  radius  r and  height  2r — that  is,  the 
smallest  cylinder  that  encloses  a given  sphere. 

Fill  the  hemisphere. 


Carefully  pour  the  contents  of  the  hemisphere 
into  the  cylinder.  What  fraction  of  the  cylinder 
does  the  hemisphere  appear  to  fill? 

Fill  the  hemisphere  again  and  pour  the  contents 
into  the  cylinder.  What  fraction  of  the  cylinder 
do  two  hemispheres  (one  sphere)  appear  to  fill? 


If  the  radius  of  the  cylinder  is  r and  its  height  is 

2r,  then  what  is  the  volume  of  the  cylinder  in  terms  of  r? 


The  volume  of  the  sphere  is  the  fraction  of  the  cylinder’s  volume  that  was  filled 
by  two  hemispheres.  What  is  the  formula  for  the  volume  of  a sphere?  State  it  as 
your  conjecture. 


Sphere  Volume  Conjecture 

The  volume  of  a sphere  with  radius  r is  given  by  the  formula  _L. 


As  an  exercise  for  her  art  class,  Mona  has  cast  a 

/:  ’N 

plaster  cube  12  cm  on  each  side.  Her 

assignment  is  to  carve  the  largest  possible 

sphere  from  the  cube.  What  percentage  of  the 

V ______  ./ 

plaster  will  be  carved  away? 

13 
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► Solution 


The  largest  possible  sphere  will  have  a diameter  of  12  cm,  so  its  radius  is 
6 cm  Applying  the  formula  for  volume  of  a sphere,  you  get  V = = 


• 216  = 28^  , or  about  905  cm:^.  The  volume  of  the  plaster  cube  is 
12^,  or  1728  cm^.  You  subtract  the  volume  of  the  sphere  from  the  volume  of  the 
cube  to  get  the  amount  carved  away,  which  is  about  823  cm^.  Therefore  the 
percentage  carved  away  is  ]%|  ===  48%. 


EXAMPLE  B 


Find  the  volume  of  plastic  (to  the  nearest 
cubic  inch)  needed  for  this  hollow  toy 
conponent.  The  outer-hemisphere  diameter 
is  5.0  in.  and  the  inner-hemisphere  diameter 
is  4.0  in. 


-^0  in. 
-4.0  in. 


► Solution 


The  formula  for  volume  of  a sphere  is  Y = r^,  so  the  volume  of  a hemisphere 

is  half  of  that,  V = A radius  is  half  a diameter. 


Outer  Hemisphere 

Inner  Hemisphere 

V,  - 

h 

II 

= jt(2)’ 

= |iT  . 15.625 

II 

00 

= » 32.7 

= ^ « 16.8 

Subtracting  the  volume  of  the  inner  hemisphere  from  the  volume  of  the  outer 
one,  approximately  1 6 in^  of  plastic  are  needed. 


PyppriRFf? 

1 ir- iThniED  || 

You  will  need 

1 

In  Exercises  1-6,  find  the  volume  of  each  solid.  All  measurements  are 

1 .■ 

for  EMrtiiK.  31  aaA  11 

in  centimeters. 

1. 

2. 

3. 

' \ 1 

\ 

^ _ 

4. 

5. 

6. 

13 


— 
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7.  What  is  the  volume  of  the  largest  hemisphere  that  you  could  carve  out  of  a wooden 
block  whose  edges  measure  3 m by  7 m by  7 m? 


8.  A sphere  of  ice  cream  is  placed  onto  your 
ice  cream  cone.  Both  have  a diameter  of 
8 cm  The  height  of  your  cone  is  12  cmlf 
you  push  the  ice  cream  into  the  cone,  will 
all  of  it  fit? 

9.  Application  Lickety  Split  ice  cream 
comes  in  a cylindrical  container  with  an 
inside  diameter  of  6 inches  and  a height 
of  10  inches.  The  conpany  claims  to  give 
the  customer  25  scoops  of  ice  cream  per 
container,  each  scoop  being  a sphere  with 
a 3-inch  diameter.  How  many  scoops  will 
each  container  really  hold? 

10.  Find  the  volume  of  a spherical  shell  with 
an  outer  diameter  of  8 meters  and  an 
inner  diameter  of  6 meters. 


11.  Which  is  greater,  the  volume  of  a hemisphere  with 
radius  2 cm  or  the  total  volume  of  two  cones  with 
radius  2 cm  and  height  2 cm? 

12.  A sphere  has  a volume  of  972  ir  in^.  Find  its  radius. 

13.  A hemisphere  has  a volume  of  18  tt  cm^.  Find  its  radius. 

14.  The  base  of  a hemisphere  has  an  area  of  256  tt  crn^. 

Find  its  volume. 

15.  If  the  diameter  of  a student’s  brain  is  about  6 inches, 
and  you  assume  its  shape  is  approximately  a hemisphere, 
then  what  is  the  volume  of  the  student’s  brain? 

16.  A cylindrical  glass  10  cm  tall  and  8 cm  in  diameter  is 
filled  to  1 cm  from  the  top  with  water.  If  a golf  ball 

4 cm  in  diameter  is  placed  into  the  glass,  will  the  water 
overflow? 

17.  Application  This  underground  gasoline  storage 
tank  is  a right  cylinder  with  a hemisphere  at  each  end. 
How  many  gallons  of  gasoline  will  the  tank  hold? 

(1  gallon  = 0.13368  cubic  foot.)  If  the  service  station  fills 
twenty  15-gallon  tanks  from  the  storage  tank  per  day, 
how  many  days  will  it  take  to  enpty  the  storage  tank? 
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Review 


18.  Inspector  Lestrade  has  sent  a small  piece  of  metal  to  the  crime  lab.  The  lab 
technician  finds  that  its  mass  is  54.3  g.  It  appears  to  be  lithium,  sodium,  or 
potassium,  all  highly  reactive  with  water.  Then  the  technician  places  the  metal  into  a 
graduated  glass  cylinder  of  radius  4 cm  that  contains  a nonreactive  liquid.  The  metal 
causes  the  level  of  the  liquid  to  rise  2.0  cm.  Which  metal  is  it?  (Refer  to  the  table  on 
page  551.) 

19.  City  law  requires  that  any  one-story  commercial  building  supply  a 
parking  area  equal  in  size  to  the  floor  area  of  the  building.  A-Round 
Architects  has  designed  a cylindrical  building  with  a 150-foot  diameter 
They  plan  to  ring  the  building  with  parking.  How  far  from  the  building 
should  the  parking  lot  extend?  Round  your  answer  to  the  nearest  foot. 

20.  Plot  A,  B,  C,  and  D onto  graph  paper. 

A is  (3,-5). 

C is  the  reflection  of  A over  the  v-axis. 

B is  the  rotation  of  C 180°  around  the  origin. 

Z)  is  a transformation  of  A by  the  rule  (x,  y)  — > (x  + 6 , y + 10). 

What  kind  of  quadrilateral  is  ABCDl  Give  reasons  for  your  answer. 

21.  Technology  Use  geometry  software  to  construct  a segment  AR  and  its  midpoint  C. 
Trace  Cand  R,  and  drag  B around  to  sketch  a shape.  Conpare  the  shapes  they  trace. 

22.  Technology  Use  geometry  software  to  construct  a circle.  Choose  a point  A on  the 
circle  and  a point  B not  on  the  circle,  and  construct  the  perpendicular  bisector  of 
AB  . Trace  the  perpendicular  bisector  as  you  animate  A around  the  circle.  Describe 
the  locus  of  points  traced. 


Faikini; 


I [ Building  j 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


Patchwork  Cubes 

The  large  cube  at  right  is  built  from  13  double 
cubes  like  the  one  shown  plus  one  single  cube. 

All  faces  are  identical.  What  color  must  the  single 
cube  be,  and  where  must  it  be  positioned? 
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Sometimes  it’s  better  to  talk 
about  difficult  subjects  lying 
down;  the  change  in  posture 
sort  of  tilts  the  world  so  you 
can  get  a different  angle 
on  things. 

MARY  WILLIS  WALKER 


Surface  Area  of  a Sphere 

Earth  is  so  large  that  it  is  reasonable  to  use  area  formulas  for  plane  figures — 
rectangles,  triangles,  and  circles — to  find  the  areas  of  most  small  land  regions. 

But,  to  find  Earth’s  entire  surface  area,  you  need  a formula  for  the  surface  area  of  a 

sphere.  Now  that  you  know 
how  to  find  the  volume  of  a 
sphere,  you  can  use  that 
knowledge  to  arrive  at  the 
formula  for  the  surface  area 
of  a sphere. 


Earth  rises  o’/er  the  Moon^ 
horizon.  Frotn  ihere,  the  ft^loon's 
surface  seems  -flat. 


Step  1 


Step  2 


InvestigatEon 

The  Formula  for  the  Surface  Area  of  a Sphere 


In  this  investigation  you’ 11  visualize  a 
sphere’s  surface  covered  by  tiny  shapes 
that  are  nearly  fiat.  So  the  surface  area,  S, 
of  the  sphere  is  the  sum  of  the  areas  of  all 
the  “near  polygons.”  If  you  imagine  radii 
connecting  each  of  the  vertices  of  the 
“near  polygons”  to  the  center  of  the 
sphere,  you  are  mentally  dividing  the 
volume  of  the  sphere  into  many  “near 
pyramids.”  Each  of  the  “near  polygons” 
is  a base  for  a pyramid,  and  the  radius,  r, 
of  the  sphere  is  the  height  of  the  pyramid. 
So  the  volume,  V,  of  the  sphere  is  the  sum 
of  the  volumes  of  all  the  pyramids.  Now 
get  ready  for  some  algebra. 

Divide  the  surface  of  the  sphere  into 
1000  “near  polygons”  with  areas 
B2,  B3,  , 5iooo.  Then  you  can 

write  the  surface  area,  S,  of  the  sphere 
as  the  sum  of  the  1000  5’s: 

S = B\+  B2  + ^3+  . . . + ^1000 


A horsefly'^  r-esernble  spl^eres  covered 
by'ne^r  polygons." 


The  volume  of  the  pyramid  with  base  Bi  is  ^ t^e  total  volume  of  the 

sphere,  V,  is  the  sum  of  the  volumes  of  the  1000  pyramids: 
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What  common  expression  can  you  factor  from  each  of  the  terms  on  the  right 
side?  Rewrite  the  last  equation  showing  the  results  of  your  factoring. 

Step  3 But  the  volume  of  the  sphere  is  V = ^ it  Rewrite  your  equation  from  Step  2 by 
substituting  ^ for  V and  substituting  for  S the  sum  of  the  areas  of  all  the 
“near  polygons.” 

Step  4 Solve  the  equation  from  Step  3 for  the  surface  area,  S.  You  now  have  a formula 
for  finding  the  surface  area  of  a sphere  in  terms  of  its  radius.  State  this  as  your 
next  conjecture  and  add  it  to  your  conjecture  list. 


i Sphere  Surface  Area  Conjecture 

I The  surface  area,  5,  of  a sphere  with  radius  r is  given  by  the  formula  _L. 


EXAMPLE  I Find  the  surface  area  of  a sphere  whose  volume  is  12,348sr  m^. 


► Solution 


Exercises 


First,  use  the  volume  formula  for  a sphere  to  find  its  radius.  Then  use  the  radius 
to  find  the  surface  area. 


Radius  Calculation 


V=^7T 

12,34877  =^77?^ 
^ . 12,348  = 


9261  = P 
r = 21 

The  radius  is  21  m,  and  the  surface  area  is  1764  m^,  or  about  5541.8  m^. 


For  Exercises  1-3,  find  the  volume  and  total  surface  area  of  each  solid. 
All  measurements  are  in  centimeters. 
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4.  The  shaded  circle  at  right  has  area  40-  crn^.  Find  the  surface  area 
of  the  sphere. 

5.  Find  the  volume  of  a sphere  whose  surface  area  is  64  jt  cm^. 

6.  Find  the  surface  area  of  a sphere  whose  volume  is  288ir  cm^. 


7.  If  the  radius  of  the  base  of  a hemisphere  (which  is  bounded  by  a 
great  circle)  is  r,  what  is  the  area  of  the  great  circle?  What  is  the  total 
surface  area  of  the  hemisphere,  including  the  base?  How  do  they 
conpare? 


8.  If  Jose  used  4 gallons  of  wood  sealant  to  cover  the  hemispherical  ceiling  of  his 
vacation  home,  how  many  gallons  of  wood  sealant  are  needed  to  cover  the  floor? 


9.  Application  Assume  a Kickapoo  wigwam  is  a semicylinder  with  a half- 
hemisphere on  each  end.  The  diameter  of  the  semicylinder  and  each 
of  the  half-hemispheres  is  3.6  meters.  The  total  length  is  7.6  meters. 

What  is  the  volume  of  the  wigwam  and  the  surface  area  of  its  roof? 


Cultural 


3.6  m 


CONNECTION 

A wigwam  was  a domed  structure  that  Native  American  woodland  tribes,  such 
as  the  Kickapoo,  Iroquois,  and  Cherokee,  used  for  shelter  and  warmth  in  the 
winter.  They  designed  each  wigwam  with  an  oval  floor  pattern,  set  tree  saplings 
vertically  into  the  ground  around  the  oval,  bent  the  tips  of  the  saplings  into  an 
arch,  and  tied  all  the  pieces  together  to  support  the  framework.  They  then  wove 
more  branches  horizontally  around  the  building  and  added  mats  over  the 
entire  dwelling,  except  for  the  doorway  and  smoke  hole. 


10.  Application  A farmer  must  periodically  resurface  the  interior 
(wall,  floor,  and  ceiling)  of  Ms  silo  to  protect  it  from  the  acid 
created  by  the  silage.  The  height  of  the  silo  to  the  top  of  the 
hemispherical  dome  is  50  ft,  and  the  diameter  is  18ft. 

a.  What  is  the  approximate  surface  area  that  needs  to  be 
treated? 

b.  If  I gallon  of  resurfacing  conpound  covers  about  250  fP, 
how  many  gallons  are  needed? 

c.  There  is  0.8  bushel  per  fP.  Calculate  the  number  of  bushels 
of  grain  tMs  silo  will  hold. 

11.  About  70%  of  Earth’s  surface  is  covered  by  water.  If  the 
diameter  of  Earth  is  about  12,750  km,  find  the  area  not 
covered  by  water  to  the  nearest  100,000  km^. 
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History 

CONNECTION 


From  the  early  13th  eentury  to  the  late  17th  eentury,  the  Mediei  family  of 
Florenee,  Italy,  were  sueeessful  merehants  and  generous  patrons  of  the  arts. 
The  Mediei  family  erest,  shown  here,  features  six  spheres — five  red  spheres 
and  one  that  resembles  the  earth.  The  use  of  three  gold  spheres  to  advertise  a 
pawnshop  eould  have  been  inspired  by  the  Mediei  erest. 


12. 


A sculptor  has  designed  a statue  that  features  six  hemispheres 
(inspired  by  the  Medici  crest)  and  three  spheres  (inspired  by  the 
pawnshop  logo).  He  wants  to  use  gold  electroplating  on  the  six 
hemispheres  (diameter  6 cm)  and  the  three  spheres  (diameter  8 cm),  which 
will  cost  about  14(t  /crn^.  (The  bases  of  the  hemispheres  will  not  be  electroplated.) 
Will  he  be  able  to  stay  under  his  $150  budget?  If  not,  what  diameter  spheres  should  he 
make  to  stay  under  budget? 


13.  Earth  has  a thin  outer  layer  called  the  crust,  which  averages 
about  24  km  thick.  Earth’s  diameter  is  about  12,750  km. 
What  percentage  of  the  volume  of  Earth  is  the  crust? 


Review 


14.  A piece  of  wood  placed  in  a cylindrical  container  causes  the  container’s  water  level 
to  rise  3 cm.  This  type  of  wood  floats  half  out  of  the  water,  and  the  radius  of  the 
container  is  5 cm.  What  is  the  volume  of  the  piece  of  wood? 

15.  Find  the  ratio  of  the  area  of  the  circle  inscribed  in  an  equilateral  triangle  to  the  area 
of  the  circumscribed  circle. 

16.  Find  the  ratio  of  the  area  of  the  circle  inscribed  in  a square  to  the  area  of  the 
circumscribed  circle. 

17.  Find  the  ratio  of  the  area  of  the  circle  inscribed  in  a regular  hexagon  to  the  area  of 
the  circumscribed  circle. 

18.  Make  a conjecture  as  to  what  happens  to  the  ratio  in  Exercises  15-17  as  the  number 
of  sides  of  the  regular  polygon  increases.  Make  sketches  to  support  your  conjecture. 

19.  Use  inductive  reasoning  to  conplete  each  table. 


b. 


] 

1 

3 

4 

5 

6 

. . . 

rj 

. . . 
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-2 

1 

4 
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] 
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6 

It 
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m 
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3 
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20.  Developing  Proof  Prove  the  Rhombus  Angles  Conjecture:  The  diagonals  of  a rhombus 
bisect  the  angles  of  the  rhombus. 

G iven : Rhombus  ABCD  with  diagonal  BD 

Show:  BD  bisects  LABC  and  LADC 

Explain  why  the  logic  of  this  proof  would  also  apply  to 
the  other  diagonal,  AC. 


21. 


Developing  Proof  Prove  the  Rhombus  Diagonals  Conjecture:  The  diagonals  of  a 
rhombus  are  perpendicular  bisectors  of  each  other.  Start  with  rhombus  ABCD  in  the 
figure  below  and  follow  these  steps. 

a.  Use  the  Rhombus  Angles  Conjecture  to  prove  that 

ihAEB  = ISCEB.  _ 

b.  Use  part  a to  prove  that  BD  bisects  AC. 

c.  Use  part  a to  prove  that  3 and  are  right  angles. 

d.  You’ve  proved  most  of  the  Rhombus  Diagonals 
Conjecture.  Explain  what  is  missing  and  describe  how 
you  could  conplete  the  proof 


f 

IMPROVING  YOUR  REASONING  SKILLS 

Reasonable  Arithmetic  II 


Each  letter  in  these  problems  represents  a different  digit. 


1.  What  is  the  value  of  C ? 

8 7 8 9 

3 B A 1 

4 8 2 A 

+ 7 A B 5 

2 C 2 8 7 


2.  What  is  the  value  of  D? 
D E F F 

- E 2 E 6 

19  9 7 


3.  What  is  the  value  of  ^ ? 
GJ 
7}nGk 
2 1 


4.  What  is  the  value  of  A ? 
5 2 

/.Q)jVM2 

NP 


HK 

HK 


Ml 

Ml 
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Using  Your  Algebra  Skills 


10 


SING  VOUR  ALGEBRA  SKILLS  10  ■ US 


Solving  for  Any  Variable 


Most  formulas  are  defined  to  give  you  one  variable  in  terms  of  other  variables. 
But  you  can  use  algebra  to  rearrange  the  formula  and  define  it  in  terms  of  any 
variable  that  you  wish.  Solving  for  a particular  variable  saves  time  when  you  have 
repeated  calculations  based  on  the  same  variables. 


EXAMPLE 


A chocolate  manufacturer  is  experimenting  with  new  cylindrical  cans  for  hot- 
cocoa  mix.  The  can  needs  to  hold  73  in^  (roughly  40  oz).  Find  the  can  diameters 
that  correspond  to  heights  of  4 in.,  5 in.,  6 in.,  and  7 in. 


► Solution 


To  recall  a formula  that 
you’ve  typed  into  a graphing 
calculator,  press 
EWTEH  and  change  any 
values.  This  is  helpful  for 
finding  values  in  a table. 


The  formula  for  the  volume  of  a cylinder  is  V =jt  r^H,  or 

Repeatedly  substituting  values  for  V and  H into  the  formula  and  solving  for  d is 
tedious.  Instead,  solve  for  d once  and  then  substitute  values  for  the  other 
variables. 


II 

The  original  formula. 

_ 

^|rN 

II 

Divide  both  sides  by  JT . 

— = M 

wU  \2} 

Divide  both  sides  by  H. 

II 

> 

Take  the  positive  square  root  of  both  sides. 

1 I 

“ 7rJf  ^ 

Multiply  both  sides  by  2. 

Now  use  the  formula  to  calculate  the 
diameters.  It  may  help  to  organize 
your  information  in  a table. 
Remember  that  the  volume  in  this 
situation  is  always  73  in^. 

The  corresponding  can  diameters 
are  approximately  4.8  in.,  4.3  in., 

3.9  in.,  and  3.6  in. 


II 

\ TTi  l 

4 

‘1  - 4ma)  ~ 

5 

” '‘■5 

6 

d =■  2 ! ^39 

^ 7t(6J 

7 

- ^V(7)  - 
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VLGEBRA  SKILLS  10  • USINfi  YOUR  ALGEBRA  SKILLS  10  • USING  YOUR  ALGEBRA  SKILLS  10  • US 


EXERCISES 


I ih-  1^1 

sm.,  " 


► 


In  Exercises  1-6,  solve  the  formula  for  the  given  variable.  These  formulas  should  be 
familiar  from  geometry. 


1.  A =bh  for  h 2,  P = lb + 2h  for  b 

4.  io^b  5.  SA=^-P{1  + a)  for  a ^ 

In  Exercises  7-9,  solve  the  formula  for  the  given  variable.  These  formulas 
from  science.  Can  you  identify  what  each  original  formula  is  used  for? 


V =]_T^pH{0Tr 
3 

)'l  ~ J-’l 

m = x2-  for  y2 
may  be  familiar 


7.  d =vt  for  V 8.  C - -(F  - 32)  for  F 9,  7 = ^ ^ for  L 

9 g 

10.  In  the  Exploration  Euler’s  Formula  for  Polyhedrons,  you  discovered  a formula  that 
relates  the  number  of  vertices  (V),  edges  (^,  and  faces  (F)  of  a polyhedron.  One 
version  of  Euler’s  formula  is  F = E ~V  +2. 

a.  Solve  Euler’s  formula  for  V. 


b.  Use  the  formula  for  V to  find  the  number  of  vertices  that  each  polyhedron  listed 
in  the  table  must  have. 


Pentahedron 

Hex^hedr-orii 

Octahedron 

Decaiiedren 

Dodecahedron 

Number  of  Nws 

Number  of  edges 

& 

10 

12 

16 

20 

Number  of  vertices 

11.  A manufacturer  of  ice  cream  cones  wants  to  field-test  cones  of  different  sizes 

that  each  require  the  same  amount  of  dough  to  make.  The  manufacturer’s 

standard  cone  uses  a surface  area  of  about  114  crn^  of  dough. 

a.  Recall  that  the  lateral  surface  area  of  a right  cone  is  SA  = ttfI,  where  r is 
the  radius  of  the  base  and  I is  the  slant  height.  Find  the  cone  radii  that 
correspond  to  slant  heights  of  10  cm,  1 1 cm,  12  cm,  and  13  cm 

b.  Notice  that  the  radius,  height,  and  slant  height  form  a right  triangle,  so 

Use  your  results  from  part  a to  find  the  height  of  each  cone. 

c.  Calculate  the  volume  of  each  cone  to  the  nearest  cubic  centimeter. 

d.  As  a consumer,  which  cone  do  you  think  you  would  prefer?  Explain. 

e.  If  you  were  the  owner  of  an  ice  cream  parlor,  which  cone  do  you  think  you  would 
prefer?  Explain. 


12.  In  Kara’s  university  biology  class,  her  overall  average  is  calculated  as  the  average  of 
five  exams:  three  midterm  exams  and  a final  exam  that  counts  twice.  The  maximum 
score  on  any  exam  is  100  points. 

a.  Let  mi,  m2,  and  m3  represent  scores  on  the  three  midterm  exams,  and  let  / 
represent  the  score  on  the  final  exam  Write  a formula  for  Kara’s  overall  average,  A. 

b.  Kara  has  already  scored  a 75,  80,  and  83  on  the  three  midterm  exams.  Find  the 
score  she  must  earn  on  the  final  exam  to  have  an  overall  average  of  60,  70,  80, 
or  90. 
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Sherlock  Holmes 
and  Forms  of 
Valid  Reasoning 

“T hat’s  logical!”  You’ve  probably  heard  that  expression  many 
times.  What  do  we  mean  when  we  say  someone  is  thinking  logically?  One 
dictionary  defines  logical  as  “capable  of  reasoning  or  using  reason  in  an  orderly 
fashion  that  brings  out  fundamental  points.” 


“Prove  it!”  That’s  another  expression  you’ve  probably  heard  many  times.  It  is  an 
expression  that  is  used  by  someone  concerned  with  logical  thinking.  In  daily  life, 
proving  something  often  means  you  can  present  some  facts  to  support  a point. 


The  fictional  character  Sherlock  Holmes,  created  by 
Sir  Arthur  Conan  Doyle,  was  known  as  the  master  of 
deductive  reasoning.  The  reasoning  about  his  sidekick 
Watson  in  the  exanples  and  exercises  below  is  adapted 
from  a Sherlock  Holmes  story  The  Adventure  of  the 
Dancing  Men. 

When  you  apply  deductive  reasoning,  you  are  “being 
logical”  like  detective  Sherlock  Holmes.  The  statements 
you  take  as  true  are  called  premises,  and  the  statements 
that  follow  from  them  are  conclusions. 


When  you  translate  a deductive  argument  into 
symbolic  form,  you  use  capital  letters  to  stand  for 
sinple  statements.  When  you  write  “If  P then  Qf  you 
are  writing  a conditional  statement.  Here  are  two  exanples. 


English  argument 

Symbolic  train  slati  on 

If  Watson  has  chalk  between  his  fingers, 
then  he  has  been  playing  billiards.  Watson 
has  ehalk  between  his  fingers.  Therefore 
Watson  has  been  playing  billiards. 

P\  Watson  has  ehalk  between  his  fingers. 
Q:  Watson  has  been  playing  billiards. 

If  P then  Q. 

P 

..Q 

If  AABC  is  isoseeles,  then  the  base 
angles  are  eongruent.  Triangle  ABC  is 
isoseeles.  Therefore  its  base  angles  are 
eongruent. 

P\  Triangle  ABC  is  isoseeles. 

Q\  Triangle  ABCs  base  angles  are  eongruent. 
If  P then  Q. 

P 

.-.Q 
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The  symbol  ■ ■ means  “therefore.”  So  you  can  read  the  last  two  lines  “P, 2”  as  “P, 
therefore  2”  or  “P  is  true,  so  Q is  true.” 

Both  of  these  exanples  illustrate  one  of  the  well-accepted  forms  of  valid  reasoning. 
According  to  Modus  Ponens  (MP),  if  you  accept  “if  P then  2”  as  true  and  you 
accept  P as  true,  then  you  must  logically  accept  Q as  true. 

In  geometry — as  in  daily  life — ^we  often  encounter  “nof  ’ in  a 
statement.  “Not  P”  is  the  negation  of  statement  P.  If  P is  the 
statement  “It  is  raining,”  then  “not  P,”  symbolized  -P,  is  the 
statement  “It  is  not  raining”  or  “It  is  not  the  case  that  it  is 
raining.”  To  remove  negation  from  a statement,  you  remove 
the  not.  The  negation  of  the  statement  “It  is  not  raining”  is 
“It  is  raining.”  You  can  also  negate  a “nof’  by  adding  yet 
another  “not.”  So  you  can  also  negate  the  statement  “It  is  not 
raining”  by  saying  “It  is  not  the  case  that  it  is  not  raining.” 
This  property  is  called  double  negation. 

According  to  Modus  Pollens  (MT),  if  you  accept  “if  P then 
2”  as  true  and  you  accept  as  true,  then  you  must 
logically  accept'  P as  true.  Here  are  two  examples. 


English  argument 

Symbplic  translatiQn 

If  Watson  wished  to  invest  money  with 
Thurston,  then  he  would  have  had  his 
eheekbook  with  him.  Watson  did  not  have 
his  eheekbook  with  him.  Therefore 
Watson  did  not  wish  to  invest  money 
with  Thurston. 

P:  Watson  wished  to  invest  money 
with  Thurston. 

Q\  Watson  had  his  checkbook  with  him 
If  P then  2- 

If  AC  is  the  longest  side  in  LiABC,  then 
ZP  is  the  largest  angle  in  iiABC  is 

not  the  largest  angle  in  iAPC.  Therefore 
AC  is  not  the  longest  side  in  liABC. 

P:  AC  is  the  longest  side  in  lIABC. 

Q:  the  largest  angle  in  ihABC . 

If  P then  Q. 

-Q 

P 

Activity 

It’s  Elementary! 

In  this  activity  you’ll  apply  what  you  have  learned  about  Modus  Ponens  (MP)  and 
Modus  Pollens  (MT).  You’ll  also  get  practice  using  the  symbols  of  logic  such  as  P 
and  ~P  as  statements  and  -'-for  “so”  or  “therefore.”  To  shorten  your  work  even 
further,  you  can  symbolize  the  conditional  “If  P then  2”  as  P — > 2-  Then  Modus 
Ponens  and  Modus  Pollens  written  symbolically  look  like  this: 

Modus  Ponens  Modus  Pollens 

P^Q  R^S 

P 

..Q 
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Step  1 


Step  2 


Step  3 


Use  logic  symbols  to  translate  parts  a-e.  Tell  whether  Modus  Ponens  or  Modus 
Pollens  is  used  to  make  the  reasoning  valid. 

a.  If  Watson  was  playing  billiards,  then  he  was  playing  with  Thurston.  Watson 
was  playing  billiards.  Therefore  Watson  was  playing  with  Thurston. 

b.  Every  cheerleader  at  Washington  High  School  is  in  the  1 1th  grade.  Mark  is  a 
cheerleader  at  Washington  High  School.  Therefore  Mark  is  in  the  1 1th  grade. 

c.  If  Carolyn  studies,  then  she  does  well  on  tests.  Carolyn  did  not  do  well  on  her 
tests,  so  she  must  not  have  studied. 

d.  If  ED  is  a midsegment  in  ihABC,  then  ED  is  parallel  to  a side  of  ^ABC. 

ED  is  a midsegment  in  iiABC.  Therefore  ED  is  parallel  to  a side  of  isJiBC. 

e.  If  EDis  a midsegment  in  CiABC,  then  ED  is  parallel  to  a side  of  ljABC. 

ED  is  not  parallel  to  a side  of  L^ABC.  Therefore  ED  is  a not  a midsegment 
in  ilABC. 

Use  logic  symbols  to  translate  parts  a-e.  If  the  two  premises  fit  the  valid 
reasoning  pattern  of  Modus  Ponens  or  Modus  Pollens,  state  the  conclusion 
symbolically  and  translate  it  into  English.  Tell  whether  Modus  Ponens  or  Modus 
Pollens  is  used  to  make  the  reasoning  valid.  Otherwise  write  “no  valid  conclusion.” 

a.  If  Aurora  passes  her  Spanish  test,  then  she  will  graduate.  Aurora  passes 
the  test. 

b.  The  diagonals  oiABCD  are  not  congruent.  liABCD  is  a rectangle,  then  its 
diagonals  are  congruent. 

c.  If  yesterday  was  Thursday,  then  there  is  no  school  tomorrow.  There  is  no 
school  tomorrow. 

d.  If  you  don’t  use  Shining  Smile  toothpaste,  then  you  won’t  be  successful. 

You  do  not  use  Shining  Smile  toothpaste. 

e.  If  squiggles  are  flitz,  then  ruggles  are  bodrum  Ruggles  are  not  bodrum 

Identify  each  symbolic  argument  as  Modus  Ponens  or  Modus  Pollens.  If  the 
argument  is  not  valid,  write  “no  valid  conclusion.” 


P^S 

b.  --  P—i^  P 

c.  ^ Q 

p 

-p 

Q 

s 

.'.p 

'-R 

Q^S 

e.  Q-^P 

f. 

S 

-Q 

. . -P 

..R 

-P^(R  ^2) 

h.(P^- P)^Q 

i.  P^(~  R ~^P) 

-p 

-Q 

i R 

■■■(R  ^ Q) 

- {P  P) 

P 
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In  this  chapter  you  discovered  a number  of  formulas  for  finding 
volumes.  It’s  as  important  to  remember  how  you  discovered  these 
formulas  as  it  is  to  remember  the  formulas  themselves.  For 
example,  if  you  recall  pouring  the  contents  of  a cone  into  a 
cylinder  with  the  same  base  and  height,  you  may  recall  that  the 
volume  of  the  cone  is  one-third  the  volume  of  the  cylinder.  Making 
connections  will  help  too.  Recall  that  prisms  and  cylinders  share 
the  same  volume  formula  because  their  shapes — two  congruent 
bases  connected  by  lateral  faces — are  alike. 

You  should  also  be  able  to  find  the  surface  area  of  a sphere.  The 
formula  for  the  surface  area  of  a sphere  was  intentionally  not 
included  in  Chapter  8,  where  you  first  learned  about  surface  area. 
Look  back  at  the  investigations  in  Lesson  8.7  and  explain  why  the 
surface  area  formula  requires  that  you  know  volume. 


As  you  have  seen,  volume  formulas  can  be  applied  to  many 
practical  problems.  Volume  also  has  many  extensions  such  as 
calculating  displacement  and  density. 


Exercises 


1.  How  are  a prism  and  a cylinder  alike? 


2.  What  does  a cone  have  in  common  with  a pyramid? 


For  Exercises  3-8,  find  the  volume  of  each  solid.  Each  quadrilateral  is  a rectangle.  All 
solids  are  right  (not  oblique).  All  measurements  are  in  centimeters. 
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For  Exercises  9-12,  calculate  each  unknown  length  given  the 
volume  of  the  solid.  All  measurements  are  in  centimeters. 


9.  FindF^.y  = 768  cm^ 
s 


10.  Find/z.y  = 896  cm'^ 


14 


:ii  - 


(7 


11.  Find  r.y  = 172&r  cm" 


-20-^r- 
iJ  - 

h ■ ' .. 


12.  Find  r.V  = 256r  cm" 


0 \ 


36  \ 


V*'-. 

\ 


-90"--“ 


•-V-.  ‘ 

I "n 

J 


13.  Find  the  volume  of  a rectangular  prism  whose  dimensions  are  twice 
those  of  another  rectangular  prism  that  has  a volume  of  120  cm^. 

14.  Find  the  height  of  a cone  with  a volume  of  138  ir  cubic  meters  and 
a base  area  of  46jt  square  meters. 

15.  Find  the  volume  of  a regular  hexagonal  prism  that  has  a cylinder 
drilled  from  its  center.  Each  side  of  the  hexagonal  base  measures 
8 cm  The  height  of  the  prism  is  16  cm  The  cylinder  has  a radius 
of  6 cm  Express  your  answer  to  the  nearest  cubic  centimeter. 

16.  Two  rectangular  prisms  have  equal  heights  but  unequal  bases. 

Each  dimension  of  the  smaller  solid’s  base  is  half  each  dimension 
of  the  larger  solid’s  base.  The  volume  of  the  larger  solid  is  how 
many  times  as  great  as  the  volume  of  the  smaller  solid? 

17.  The  “extra  large”  popcorn  container  is  a right  rectangular  prism 
with  dimensions  3 in.  by  3 in.  by  6 in.  The  “jumbo”  is  a cone  with 
height  12  in.  and  diameter  8 in.  The  “colossal”  is  a right  cylinder 
with  diameter  10  in.  and  height  10  in. 

a.  Find  the  volume  of  all  three  containers. 

b.  The  volume  of  the  “colossal”  is  approximately  how  many 
times  as  great  as  that  of  the  “extra  large”? 

18.  Two  solid  cylinders  are  made  of  the  same  material.  Cylinder  A is 
six  times  as  tall  as  cylinder  B,  but  the  diameter  of  cylinder  B is 
four  times  the  diameter  of  cylinder  A.  Which  cylinder  weighs 
more?  How  many  times  as  much? 


\ j f 1 E 
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19.  Application  Rosa  Avila  is  a plumbing  contractor.  She  needs  to  deliver  200  lengths  of 
steel  pipe  to  a construction  site.  Each  cylindrical  steel  pipe  is  160  cm  long,  has  an 
outer  diameter  of  6 cm,  and  has  an  inner  diameter  of  5 cm  Rosa  needs  to  know 
whether  her  quarter- tonne  truck  can  handle  the  weight  of  the  pipes.  To  the  nearest 
kilogram,  what  is  the  mass  of  these  200  pipes?  How  many  loads  will  Rosa  have  to 
transport  to  deliver  the  200  lengths  of  steel  pipe?  (Steel  has  a density  of  about 
7.7  g/cm^.  One  tonne  equals  1000  kg.) 


20. 


21. 


A ball  is  placed  snugly  into  the  smallest  possible  box  that  will  completely  contain  the 
ball.  What  percentage  of  the  box  is  filled  by  the  ball? 


Application  The  blueprint  for  a cement  slab  floor  is  shown  at 
right.  How  many  cubic  yards  of  cement  are  needed  for  ten 
identical  floors  that  are  each  4 inches  thick? 


T 

ft 

i 


I— 


22.  Application  A prep  chef  has  just  made  two  dozen  meatballs. 
Each  meatball  has  a 2-inch  diameter.  Right  now,  before  the 
meatballs  are  added,  the  sauce  is  2 inches  from  the  top  of  the 
14-inch-diameter  pot.  Will  the  sauce  spill  over  when  the  chef 
adds  the  meatballs  to  the  pot? 

23.  To  solve  a crime,  Betty  Holmes,  who  claims  to  be  Sherlock’s 
distant  cousin,  and  her  friend  Professor  Hilton  Gardens  must 
determine  the  density  of  a metal  art  deco  statue  with  mass 
5560  g.  She  places  it  into  a graduated  glass  prism  filled  with 
water  and  finds  that  the  level  rises  4 cm  Each  edge  of  the  glass 
prism’s  regular  hexagonal  base  measures  5 cm.  Professor 
Gardens  calculates  the  statue’s  volume,  then  its  density.  Next, 
Betty  Holmes  checks  the  density  table  (see  page  551)  to 
determine  if  the  statue  is  platinum  If  so,  it  is  the  missing  piece 
from  her  client’s  collection  and  Inspector  Clouseau  is  the  thief. 
If  not,  then  the  Baron  is  guilty  of  fraud.  What  is  the  statue 
made  of? 

24.  Can  you  pick  up  a solid  steel  ball  of  radius  6 inches?  Steel  has  a 
density  of  0.28  pound  per  cubic  inch.  To  the  nearest  pound, 
what  is  the  weight  of  the  ball? 

25.  To  the  nearest  pound,  what  is  the  weight  of  a hollow  steel  ball 
with  an  outer  diameter  of  14  ;inches  and  a thickness  of 

2 inches? 

26.  A hollow  steel  ball  has  a diameter  of  14  inches  and  weighs 
327.36  pounds.  Pind  the  thickness  of  the  ball. 
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27.  A water  barrel  that  is  1 min  diameter  and 
1.5  m long  is  partially  filled.  By  tapping 
on  its  sides,  you  estimate  that  the  water  is 

0.25  m deep  at  the  deepest  point.  What  is 
the  volume  of  the  water  in  cubic  meters? 


T 


■ I..5  m- 


L 111 


0.25  my; 


28.  Find  the  volume  of  the  solid  formed  by 
rotating  the  shaded  figure  about  the  y-axis. 


Take  another  look 

1.  You  may  be  familiar  with  the  area  model  of  the  expression  (a  + shown  below. 

Draw  or  build  a volume  model  of  the  expression  (a  + b)^.  How  many  distinct  pieces 
does  your  model  have?  What’s  the  volume  of  each  type  of  piece?  Use  your  model  to 
write  the  expression  (a  + b)^  in  expanded  form 


a b 


ff 

,j2 

nb 

jlf? 

li 

h 

2.  Use  algebra  to  show  that  if  you  double  all  three  dimensions  of  a prism,  a cylinder,  a 
pyramid,  or  a cone,  the  volume  is  increased  eightfold,  but  the  surface  area  is 
increased  only  four  times. 

3.  Any  sector  of  a circle  can  be  rolled  into  a cone.  Find  a way  to  calculate  the  volume 
of  a cone  given  the  radius  and  central  angle  of  the  sector. 


Bring  lliwc 
radii  together 
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4.  Build  a model  of  three  pyramids  with  equal  volumes 
that  you  can  assemble  into  a prism  It’ s easier  to 
start  with  the  prism  and  then  separate  it  into  the 
pyramids. 

5.  Derive  the  Sphere  Volume  Conjecture  by  using  a pair 
of  hollow  shapes  different  from  those  you  used  in  the 
Investigation  The  Formula  for  the  Volume  of  a Sphere. 
Or  use  two  solids  made  of  the  same  material  and 
concpare  weights.  Explain  what  you  did  and  how  it 
demonstrates  the  conjecture. 

6.  Spaceship  Earth,  located  at  the  Epcot  center  in 
Orlando,  Florida,  is  made  of  polygonal  regions 
arranged  in  little  pyramids.  The  building  appears 
spherical,  but  the  surface  is  not  smooth.  If  a perfectly 
smooth  sphere  had  the  same  volume  as  Spaceship 
Earth,  would  it  have  the  same  surface  area?  If  not, 
which  would  be  greater,  the  surface  area  of  the 
smooth  sphere  or  of  the  buncpy  sphere?  Explain. 


E^rth,  th&  Eptot  s signature 
itr  ucture,  opemd  in  19B2  In  Walt  Disney  World. 
It  features  a riiJe  that  chronicles  the  history  of 
communication  technology. 


Assessing  What  You've  Learned 


UPDATE  YOUR  PORTFOLIO  Choose  a project,  a Take  Another  Look  activity,  or 
one  of  the  more  challenging  problems  or  puzzles  you  did  in  this  chapter  to  add 
to  your  portfolio. 


WRITE  IN  YOUR  JOURNAL  Describe  your  own  problem-solving  approach.  Are  there 
certain  steps  you  follow  when  you  solve  a challenging  problem?  What  are  some  of 
your  most  successful  problem-solving  strategies? 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  to  be  sure  it’ s concplete  and 
well  organized.  Be  sure  you  have  all  the  conjectures  in  your  conjecture  list.  Write  a 
one-page  summary  of  Chapter  10. 


PERFORMANCE  ASSESSMENT  While  a classmate,  friend,  family  member,  or  teacher 
observes,  demonstrate  how  to  derive  one  or  more  of  the  volume  formulas.  Explain 
what  you’re  doing  at  each  step. 


WRITE  TEST  ITEMS  Work  with  classmates  to  write  test  items  for  this  chapter. 
Include  single  exercises  and  complex  application  problems.  Try  to  demonstrate 
more  than  one  approach  in  your  solutions. 


GIVE  A PRESENTATION  Give  a presentation  about  one  or  more  of  the  volume 
conjectures.  Use  posters,  models,  or  visual  aids  to  support  your  presentation. 
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Similarity 


Nobody  can  draw  a line  that  is 
not  a boundary  line,  every  line 
separates  a unity  into  a multiplicity.  In 
addition,  every  closed  contour  no  matter 
what  its  shape,  pure  circle  or  whimsical  splash 
accidental  in  form,  evokes  the  sensation  of  “inside” 
and  “outside,  ’’followed  quickly  by  the  suggestion  of 
“nearby”  and  “far  off,  ” of  object  and  background. 

M.  C.  ESCHER 

Path  of  Life  I,  M.  C.  Escher,  1 958 
©2002  Cordon  Art  B.V.-Baarn-Holland. 

All  rights  reserved. 
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OBJECTIVES 

In  this  chapter  you  will 

* review  ratio  and 
proportion 

t-  define  similar  polygons 
and  solids 

*■  discover  shortcuts  for 
similar  triangles 

*■  learn  about  area  and 
volume  relationships  in 
similar  polygons  and  solids 

• use  the  definition  of 
similarity  to  solve 
problems 
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Proportion  and  Reasoning 


Working  with  similar  geometric  figures  involves  ratios  and  proportions.  A ratio  is 
an  expression  that  conpares  two  quantities  by  division.  You  can  write  the  ratio  of 
quantity  a to  quantity  b in  these  three  ways: 

^ a to  b a : b 
b 

This  book  will  write  ratios  in  fraction  form.  As  with  fractions,  you  can  multiply 
or  divide  both  parts  of  a ratio  by  the  same  number  to  get  an  equivalent  ratio. 

A proportion  is  a statement  of  equality  between  two  ratios.  The  equality  u = i 
is  an  example  of  a proportion.  Proportions  are  useful  for  solving  problems 
involving  conparisons. 


EXAMPLE  A 


In  a photograph,  Dan  is  2.5  inches  tall  and  his  sister  Emma  is  1.5  inches  tall. 
Dan’s  actual  height  is  70  inches.  What  is  Emma’s  actual  height? 


► Solution 


The  ratio  of  Dan’s  height  to  Emma’s  height  is  the  same  in  real  life  as  it  is  in  the 
photo.  Let  V represent  Emma’s  height.  Set  up  a proportion. 


Dan’s  height  in 
photograph 


2,^  _ 70 
]3  ~ ^ 


Dan’s  actual 
height 


Emma’s  height 
in  photograph 


Emma’s  actual 
height 


Find  Emma’s  height  by  solving  for  x. 

2.5  _ 70 

L5  " X 

2.5x=  105 
x = 42 


Original  proportion. 

Multiply  both  sides  by  X. 
Multiply  both  sides  by  1 .5 
Divide  both  sides  by  2.5. 


Emma  is  42  inches  tall. 


You  could  also  have  solved  this  proportion  by  inverting  both  ratios  so  that  x is 
in  the  numerator,  and  then  multiplying  both  sides  by  70.  Inverting  both  ratios  is 
the  same  as  conparing  Emma’s  height  to  Dan’s  instead  of  Dan’s  to  Emma’s. 

There  are  still  other  ways  to  use  proportional  reasoning  to  solve  Exanple  A.  For 
instance,  Dan  is  actually  , or  28  times  as  tall  as  he  is  in  the  photo,  so  Emma’s 
height  must  be  28  • 1.5,  or  42  inches.  You  could  also  have  solved  the  proportion 
H — , because  the  ratio  of  Dan’s  actual  height  to  his  height  in  the  photo  is  equal 

to  the  ratio  of  Emma’s  actual  height  to  her  height  in  the  photo. 
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Some  proportions  require  more  algebra  to  solve. 
Solve 


EXAMPLE  B \ - ' 


► Solution 


X + 10  10- 

The  least  common  denominator  is  10(v  + 40). 

+ 4Q^  = 10(v  + 40)  Multiply  both  sides  by  the  least 


X + 4Q 
10(3v-  13)  = 23(x  + 40) 

30jc  - 130  = 23x  + 920 
lx  = 1050 
V = 150 


10 


eommon  denominator. 

Simplify  eaeh  side  by  dividing  to  “elear” 
the  fraetions. 

Distribute  on  the  left  side  and  on  the 
right  side  of  the  equation. 

Subtraet  23v  from  both  sides  and  add 
130  to  both  sides. 

Divide  both  sides  by  7. 


Exercises 


1.  Look  at  the  rectangle  at  right.  Find  the  ratio  of  the  shaded  area  to 
the  area  of  the  whole  figure.  Find  the  ratio  of  the  shaded  area  to 
the  unshaded  area. 


2.  Use  the  figure  below  to  find  these  ratios:  and  . 

^ cm.  5 cm  6 cm 


3.  Consider  these  right  triangles. 


a.  Find  the  ratio  of  the  perimeter  of  CiRSH  to  the  perimeter  of  LhMFL. 

b.  Find  the  ratio  of  the  area  of  -^RSH  to  the  area  of  -^MFL. 


In  Exercises  4-12,  solve  the  proportion. 


4 ^ 

‘ 21  Ifi 

y ^ A' 


10. 


5 7 

IQ  _ 35 
10+3  56 


c 10  _ 15 
b - 24 

8.  ^ = >■ 

y 

11  d ^ d + 3 
5 20 


6 20  _ 60 

13  c 

9 H ^ x + 9 

‘ 10  15 

y - I 4 

12-  2>-  I 3 “ 13 
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In  Exercises  13-16,  use  a proportion  to  solve  the  problem 


13.  Application  A car  travels  106  miles  on  4 gallons  of  gas.  How  far  can  it  go  on  a full 
tank  of  12  gallons? 


14.  Application  Ernie  is  a baseball  pitcher.  He  gave  up  34  runs  in  152  innings  last 
season.  What  is  Ernie’s  earned  run  average — the  number  of  runs  he  would  give  up 
in  9 innings?  Give  your  answer  to  the  nearest  hundredth  of  a unit. 


15.  Application  The  floor  plan  of  a house  is  drawn  to 
the  scale  of  ' in.  = 1 ft.  The  master  bedroom 

■j  ^ 

measures  3 in.  by  in.  on  the  blueprints.  What  is 
the  actual  size  of  the  room? 

16.  Altor  and  Zenor  are  ambassadors  from  Titan,  the 
largest  moon  of  Saturn.  The  sum  of  the  lengths  of 
any  Titan’s  antennae  is  a direct  measure  of  that 
Titan’s  age.  Altor  has  antennae  with  lengths  8 cm, 
10  cm,  13  cm,  16  cm,  14  cm,  and  12  cm  Zenor  is 
130  years  old,  and  her  seven  antennae  have  an 
average  length  of  17  cm  How  old  is  Altor? 


17. 


If  1 = ^ ^ which  of  these  statements  are  also  true?  Assume  that  a,  b,  c,  and  d are 
all  nonzero  values.  For  each  proportion,  use  algebra  to  show  it  is  true  or  give  a 
counterexanple  to  prove  it  is  false. 


a.  ad  — be 


b.  ac  — bd 


c. 


a 

c 


~ d 


b 


f. 


^ £ 
b ' a 


18.  The  sequence  6,  15,  24,  33,  42, . . . is  an  example  of  an  arithmetic  sequence — each 
term  is  generated  by  adding  a constant,  in  this  case  9,  to  the  previous  term 
The  sequence  6,  12,  24,  48,  96, . . . is  an  exanple  of  a geometric  sequence — each 
term  is  generated  by  multiplying  the  previous  term  by  a constant,  in  this  case  2. 

Find  the  missing  terms  assuming  each  pattern  is  an  arithmetic  sequence,  and  then 
find  the  missing  terms  assuming  each  pattern  is  a geometric  sequence. 

a.  10,  _,  40,  _, . . . b.  2,  _,  50,  _, . . . c.  4,  _,  36,  _, . 


19.  Consider  the  pattern  10,  x,  40, . . . 

a.  If  the  pattern  is  an  arithmetic  sequence,  the  value  of  x is  called  the 
arithmetic  mean  of  10  and  40.  Use  your  algebra  skills  to  explain  how 
to  calculate  the  arithmetic  mean  of  any  two  numbers. 

b.  If  the  pattern  is  a geometric  sequence,  the  positive  value  of  x is  called  the 
geometric  mean  of  10  and  40.  Use  your  algebra  skills  to  explain  how  to 
calculate  the  geometric  mean  of  any  two  positive  numbers. 

c.  For  any  two  positive  numbers,  the  ratio  of  the  smaller  number  to  their  geometric 

mean  is  equal  to  the  ratio  of  the  geometric  mean  to  the  larger  number.  Find  the 
formula  for  the  geometric  mean  of  a and  b by  solving  the  proportion  ^ ^ for  c. 

Are  there  any  values  for  which  this  formula  isn’t  true? 

d.  Use  this  formula  to  find  the  geometric  mean  of  2 and  50,  and  of  4 and  36. 
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Life  is  change.  Growth  is 
optional.  Choose  wisely. 
KAREN  KAISER  CLARK 


Similar  Triangles 

In  Lesson  11.1,  you  concluded  that  you  must  know  about  both  the  angles  and  the 
sides  of  two  quadrilaterals  in  order  to  make  a valid  conclusion  about  their  similarity. 


However,  triangles  are  unique.  Recall  from  Chapter  4 that  you  found  four  shortcuts 
for  triangle  congruence:  SSS,  SAS,  ASA,  and  SAA.  Are  there  shortcuts  for  triangle 
similarity  as  well?  Let’s  first  look  for  shortcuts  using  only  angles. 

The  figures  below  illustrate  that  you  cannot  conclude  that  two  triangles  are  similar 
given  that  only  one  set  of  corresponding  angles  are  congruent. 


= LD,  but  C:,ABC  is  not  similar  to  ilDEF  or  to  ihDFE. 
How  about  two  sets  of  congruent  angles? 


Investigation  1 

Is  AA  a Similarity  Shortcut? 


You  will 

• a compass 

• a ruler 

Step  1 


If  two  angles  of  one  triangle  are  congruent  to  two  angles  of  another  triangle,  must 
the  two  triangles  be  similar? 

Draw  any  triangle  ABC. 


Step  2 


Construct  a second  triangle,  DEF,  with  = LA  and  LE  = LB.  What  will  be 
true  about  C and  LF  ? Why? 


Step  3 
Step  4 


Carefully  measure  the  lengths  of  the  sides  of  both  triangles.  Conpare  the  ratios 
of  the  corresponding  sides.  Is  ^ 

Conpare  your  results  with  the  results  of  others  near  you.  You  should  be  ready  to 
state  a conjecture. 


AA  Similarity  Conjecture 

If  _L  angles  of  one  triangle  are  congruent  to  _L  angles  of  another  triangle, 
then 


As  you  may  have  guessed  from  Step  2 of  the  investigation,  there  is  no  need  to 
investigate  the  AAA,  ASA,  or  SAA  Similarity  Conjectures.  Thanks  to  the  Triangle 
Sum  Conjecture,  or  more  specifically  the  Third  Angle  Conjecture,  the  AA  Similarity 
Conjecture  is  all  you  need. 
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Now  let’s  look  for  shortcuts  for  similarity  that  use  only  sides.  The  figures  below 
illustrate  that  you  cannot  conclude  that  two  triangles  are  similar  given  that  two  sets 
of  corresponding  sides  are  proportional. 


~ ^ l^^GWB  is  not  similar  to  uJFK. 

How  about  all  three  sets  of  corresponding  sides? 


Investlgatmn  2 

Is  SSS  a Similarity  Shortcut? 

If  three  sides  of  one  triangle  are  proportional  to  the  three  sides  of  another  triangle, 
must  the  two  triangles  be  similar? 

Draw  any  triangle  ABC.  Then  construct  a second  triangle,  DBF,  whose  side  lengths 
are  a multiple  of  the  original  triangle.  (Your  second  triangle  can  be  larger  or 
smaller.) 


Conpare  the  corresponding  angles  of  the  two  triangles.  Conpare  your  results  with 
the  results  of  others  near  you  and  state  a conjecture. 


^ SSS  Similarity  Conjecture 

If  the  three  sides  of  one  triangle  are  proportional  to  the  three  sides  of  another 
. triangle,  then  the  two  triangles  are  I . 


Career 

CONNECTION 

Similarity  plays  an  important  part  in  the 
design  of  ears,  trueks,  and  airplanes, 
whieh  is  done  with  small-seale  drawings 
and  models. 

This  model  airplane  is  about  to  be  tested 
in  a wind  tunnel. 
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So  SSS,  AAA,  ASA,  and  SAA  are  shortcuts  for  triangle  similarity.  That  leaves  SAS 
and  SSA  as  possible  shortcuts  to  consider. 


— w 

¥qu  will  need 

*■  a compass 
« a protractor 
« a ruler 


Invprtigation  1 

Is  SAS  a Similarity  Shortcut? 

Is  SAS  a shortcut  for  similarity?  Try  to  construct  two  different  triangles  that  are  not 
similar  but  have  two  pairs  of  sides  proportional  and  the  pair  of  included  angles 
equal  in  measure. 

Compare  the  measures  of  corresponding  sides  and  corresponding  angles.  Share 
your  results  with  others  near  you  and  state  a conjecture. 


SAS  Similarity  Conjecture 

If  two  sides  of  one  triangle  are  proportional  to  two  sides  of  another  triangle 
and  T , then  the  ? . 


One  question  remains:  Is  SSA  a shortcut  for  similarity?  Recall  from  Chapter  4 that 
SSA  did  not  work  for  congruence  because  you  could  create  two  different  triangles. 
Those  two  different  triangles  were  neither  congruent  nor  similar.  So,  no,  SSA  is  not 
a shortcut  for  similarity. 


□ 

keymath.com/DG 


[►  For  an  interactive  version  of  all  the  investigations  in  this  lesson,  see  the 

Dynamic  Geometry  Exploration  Similar  Triangles  at  www.kevmath.com/DG 


Exercises 


For  Exercises  1-14,  use  your  new  conjectures.  All  measurements  are  in  centimeters. 


-I 


1.  g =± 


2,  h =±,k  = J_ 


3.  w = _L 

T 
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4.  n = JL, 
^ =± 


5.  Is  i\AUL  - /iMST? 
Explain  why  or  why  not. 


M SO  S 


A 37  U 


6.  Is  - ANOT? 

Explain  why  or  why  not. 


M 10^  O N 


7.  Is  ^ hYHT? 

Is  i^PTY a right  triangle? 
Explain  why  or  why  not. 


8.  WhyisArM??  --  hTHM 
Find  X,  y,  and /z.  U. 


9.  TA  II  UR 

Is  ^QTA  = ^TURl 
Is  LQAT=  LARin 
Why  is  ilQTA  - AQURl 


11.  Is  jLTHU=  ^GDW  12.  Why  is  ASUN  - ATAW 

Is  LHTU^  LDGW  r =±,s  =± 

p =±,q  =±  h. 


13.  FROG  is  a trapezoid. 

Is  LRGO  zE  LFRGl 
ls^GOF=  LRFOl 
WhyisAGO^  - is^RFSl 


14.  TOAD  is  a trapezoid, 
w =_L,x  =_lL 


D 


15.  Find  X and  y.  M 
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Review 


16.  In  the  figure  below  right,  find  the  radius,  r,  of  one  of  the  small  circles  in  terms  of 
the  radius,  R,  of  the  large  circle. 


17.  Application  Phoung  volunteers  at  an 
SPCA  that  always  houses  8 dogs.  She 
notices  that  she  uses  seven  35-pound  bags 
of  dry  dog  food  every  two  months.  A new, 
larger  SPCA  facility  that  houses  20  dogs 
will  open  soon.  Help  Phoung  estimate  the 
amount  of  dry  dog  food  that  the  facility 
should  order  every  three  months.  Explain 
your  reasoning. 


18.  Application  Ramon  and  Sabina  are 
oceanography  students  studying  the 
habitat  of  a Hawaiian  fish  called 
Humuhumunukunukuapua‘a.  They  are 
going  to  use  the  capture-recapture  method 
to  determine  the  fish  population.  They 
first  capture  and  tag  84  fish,  which  they 
release  back  into  the  ocean.  After  one 
week,  Ramon  and  Sabina  catch  another  64. 
Only  12  have  tags.  Can  you  estimate  the 
population  of  Humuhumunukunukuapua‘  a? 


; A: 

Thh  Tllwtsii  (nandala  H compl&x 
with  n square  irkscrlb^d  within  a drd$ 
and  fcsirkgerit  drdes  initrllwtl  within  the 
corners  of  a larger  drcum^rlb#i:l  square. 
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19.  Mini-Investigation  Construct  quadrilateral  FOUR,  point  P,  and  rays  PF, 
PO,  PU,dLW&  PR  ,as  shown  at  right.  With  your  conpass,  measure  the 
distance  PF.  Use  your  corrpass  to  mark  this  distance  two  more 
times  along  and  label  point  F'  so  that  is  three  times  as 
long  as  PF . Repeat  this  process  on  the  other  three  rays  to 
mark  points  O' , U , mdR'  so  that  all  the  image  points 
are  three  times  as  far  from  point  P as  the  original 
points.  Connect  the  image  points  to  form 
quadrilateral  F'  O'  U' R' , the  image  formed  by 
dilating  FOUR  about  point  P by  scale  factor  3. 

Copy  the  original  quadrilateral  onto  patty 
paper.  Compare  the  corresponding  angles  of 
the  two  quadrilaterals.  Are  they  congruent? 

Corrpare  the  corresponding  sides  with  a 
conpass  or  patty  paper.  What  is  the  ratio 
of  each  side  length  of  the  dilated 
quadrilateral  to  its  corresponding  side 
length  of  the  original  quadrilateral?  Is  the 
dilated  image  similar  to  the  original? 


p 


20.  Use  the  ordered  pair  rule,  (x,  y)  — > Qxj  ^ j),  to  relocate  the 

coordinates  of  the  vertices  of  parallelogram  Call  the  new 

parallelogram  v4'F'C'D'.  Is  A’B'C’D’  similar  to  ABCDl  If  they 
are  similar,  what  is  the  ratio  of  the  perimeter  of  ABCD  to  the 
perimeter  ofA'B'  CD'  ? What  is  the  ratio  of  their  areas? 

21.  Points  A(  -9,  5),  B(4,  13),  and  C(l,  -7)  are  connected  to  forma 
triangle.  Find  the  area  of  CiABC. 

22.  The  photo  on  page  584  shows  a fragment  from  an  ancient  statue 
of  the  Roman  Enperor  Constantine.  Use  this  photo  to  estimate 
how  tall  the  entire  statue  was.  List  the  measurements  you  need  to 
make.  List  any  assunptions  you  need  to  make.  Explain  your  reasoning. 


IMPROVIMG  YOUR  VISUAL  THINKING  SKILLS 

Build  a Two-Piece  Puzzle 

Construct  two  copies  of  Figure  A,  shown  at  right. 

Here’s  how  to  construct  the  figure. 

► Construct  a regular  hexagon. 

► Construct  an  equilateral  triangle  on  two  alternating 
edges,  as  shown. 

► Construct  a square  on  the  edge  between  the  two 
equilateral  triangles,  as  shown. 

Cut  out  each  copy  and  fold  them  into  two  identical  solids,  as  shown  in  Figure  B.  Tape 
the  edges.  Now  arrange  your  two  solids  to  forma  regular  tetrahedron. 


Fi^uie  A 


FiyuieB 
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Constructing  a 
Dilation  Design 


In  Lesson  11.1,  you  saw  how  to  dilate 
a polygon  on  the  coordinate  plane 
about  the  original.  On  the  previous 
page,  you  used  a simple  construction 
to  dilate  any  polygon.  Now  you  will 
use  Sketchpad  to  construct  a more 
elaborate  design. 

Take  a closer  look  at  Path  of  Life  I, 
the  M.  C.  Escher  woodcut  that  begins 
this  chapter.  Notice  that  dilations 
transform  the  black  fishlike  creatures, 
shrinking  them  again  and  again  as 
they  approach  the  picture’s  center. 

The  same  is  true  for  the  white  fish. 
(The  black-and-white  fish  around  the 
outside  border  are  congruent  to  one 
another,  but  they’re  not  similar  to  the 
other  fish.)  Also  notice  that  rotations 
repeat  the  dilations  in  eight  sectors. 
With  Sketchpad,  you  can  make  a 
similar  design. 


In  this  Kill  pt Lire,  Tlrm  H^wkinson  has  ^onriecte^l 
threads  from  many  points  on  the  actual  chair 
to  s singjlE  point  at  the  ond  o^  tho  pole.  Each 
thread  holds  a cane  sample  of  the  chair  that 
came  from  where  the  ttiread  is  attached, 
iarmlng  a dilated  imagNE. 


Activity 

Dilation  Creations 


Step  1 
Step  2 

Step  3 


Construct  a circle  with  center  point  A and  point  B on  the  circle.  Construct  AB  . 

Use  the  Transform  menu  to  mark  point  A as  center,  then  rotate  point  B by  an 
angle  of  45°.  Your  new  point  is  . Construct  AS'. 

Construct  a larger  circle  with  center  points  and  point  C on AB\  Hide  AS'  and 
construct  AC . 
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Step  4 Rotate  AC\  point  , and  point  C by  an  angle 
of  45°.  You  now  have  AC',  point  5",  and 
point  C' . 

Step  5 Construct  C'D  and  DC , where  D 
is  any  point  in  the  region  between 
the  circles  and  between  5 "C' 
and^'C. 

Step  6 Select,  in  order,  ABm\&  AC . 

Choose  Mark  Segment  Ratio 
from  the  Transform  menu. 

This  marks  a ratio  of  a shorter 
segment  to  a longer  segment. 

Because  this  ratio  is  less  than  1, 
dilating  by  this  scale  factor  will 
shrink  objects. 

Step  7 Select  CD,  DQ  and  points.  Choose  Dilate  from  the  Transform  menu  and 
dilate  by  the  marked  ratio.  The  dilated  images  are  B”D',  D'B',  and  D'. 

Step  8 Construct  three  polygon  interiors — two  triangles  and  a quadrilateral. 

Step  9 Select  the  three  polygon  interiors  and  dilate  them  by  the  marked  ratio.  Repeat 

this  process  two  or  three  times. 


Srqj  to 


Step  1 0 


Select  all  the  polygon  interiors  in  the  sector  and  rotate  them  by  an  angle  of  45°. 
Repeat  the  rotation  by  45°  until  you’ve  gone  all  the  way  around  the  circle. 


Now  you  have  a design  that  has  the  same  basic  mathematical  properties  as  Escher’s 
Path  of  Life  L 
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Step  1 1 


Experiment  with  changing  the  design  by  moving  different  points.  Answer  these 

questions. 

a.  What  locations  of  point  D result  in  both  rotational  and  reflectional 
symmetry? 

b.  Drag  point  C away  from  point  A What  does  this  do  to  the  numerical  dilation 
ratio?  What  effect  does  that  have  on  the  geometric  figure? 

c.  Drag  point  C toward  point  A.  What  happens  when  the  circle  defined  by 
point  C becomes  smaller  than  the  circle  defined  by  point  B1  Why? 


Experiment  with  other  dilation-rotation  designs  of  your  own.  Try  different  angles 
of  rotation  or  different  polygons.  Here  are  some  exanples. 


Owls  SdiAttichn&ld^r 
of  Mora/vlan  h an  on 

M.  C.Bcher  and  th&  mathematics 
he  explored.  She  made  this  sketch 
based  cm  of  Uh  l. 


This  design  uses  a 
different  angle  of  rotation 
and  polygons  that  go 
outside  tlie  sedor. 


This  design  uses  a two-step 
transformation,  a dilation  followed 
by  a rotation,  called  a spiral  similarity. 
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Never  be  afraid  to  sit 
awhile  and  think. 
LORRAINE  HANSBERRY 


Vbu  will  need 


• metersticks 

• masking  tape  or 
a soluble  pen 

• a mirror 


Step  1 
Step  2 

Step  3 

Step  4 
Step  5 
Step  6 


Indirect  Measurement 
with  Simiiar  Triangies 

Y ou  can  use  similar  triangles  to  calculate  the  height  of  tall  objects  that  you  can’t 
reach.  This  is  called  indirect  measurement.  One  method  uses  mirrors.  Try  it  in  the 
next  investigation. 


Investigation 
Mirror,  Mirror 

Choose  a tall  object  with  a height  that  would  be  difficult  to  measure  directly, 
such  as  a football  goalpost,  a basketball  hoop,  a flagpole,  or  the  height  of 
your  classroom 


Mark  crosshairs  on  your  mirror.  Use  tape  or  a soluble  pen.  Call  the  intersection 
point  X Place  the  mirror  on  the  ground  several  meters  from  your  object. 

An  observer  should  move  to  a point  P in  line  with  the  object  and  the  mirror  in 
order  to  see  the  reflection  of  an  identifiable  point  F at  the  top  of  the  object  at 
point  X on  the  mirror.  Make  a sketch  of  your  setup,  like  this  one. 

Measure  the  distance  PX  and  the  distance  fromX  to  a point  B at  the  base  of 
the  object  directly  below  F.  Measure  the  distance  fromP  to  the  observer’s  eye 
level,  E. 

Think  of  FX  as  a light  ray  that  bounces  back  to  the  observer’ s eye  along  XE  . 
Why  is  ilP  = ZIP?  Name  two  similar  triangles.  Tell  why  they  are  similar. 

Set  up  a proportion  using  corresponding  sides  of  similar  triangles.  Use  it  to 
calculate  FB,  the  approximate  height  of  the  tall  object. 

Write  a summary  of  what  you  and  your  group  did  in  this  investigation.  Discuss 
possible  causes  for  error. 


Another  method  of  indirect  measurement  uses  shadows. 
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EXAMPLE 


A person  5 feet  3 inches  tall  casts  a 6-foot  shadow. 
At  the  same  time  of  day,  a lamppost  casts  an 
18-foot  shadow.  What  is  the  height  of  the  lancppost? 


Q 


xft 


► Solution 


S'ou  could  also  choose  to  set  X 
up  a proportion  using  ratios  Y 
of  side  lengths  betv\een 
^imilar  triangles. 


The  light  rays  that  create  the  shadows  hit  the  ground  at  congruent  angles. 
Assuming  both  the  person  and  the  lamppost  are  perpendicular  to  the  ground, 
you  have  similar  triangles  by  the  AA  Similarity  Conjecture.  Solve  a proportion 
that  relates  corresponding  lengths. 


18 


5.25 

6 

6 


Ratios  of  side  lengths  within  similar  triangles  are  equal. 
Multiply  both  sides  by  18. 


15.75  = X Simplify  left  side. 


The  height  of  the  lamppost  is  15  feet  9 inches. 


Exercises 


i7FdTi>t>ti  1^1 


1.  A flagpole  4 meters  tall  casts  a 6-meter  shadow.  At  the  same  time  of  day, 
a nearby  building  casts  a 24-meter  shadow.  How  tall  is  the  building? 

2.  Five-foot- tall  Melody  casts  an  84-inch  shadow.  How  tall  is  her  friend  if, 
at  the  same  time  of  day,  his  shadow  is  1 foot  shorter  than  hers? 


You  will  need 

forExetowH 

CeemtlryisftmK 
— ■ for  ExetoiH  IS  and  19 


3. 


4. 


Private  eye  Samantha  Diamond  places  a 
mirror  on  the  ground  between  herself 
and  an  apartment  building  and  stands 
so  that  when  she  looks  into  the  mirror, 
she  sees  into  a window.  The  mirror’s 
crosshairs  are  1.22  meters  from  her  feet 
and  7.32  meters  from  the  base  of  the 
building.  Sam’s  eye  is  1.82  meters  above 
the  ground.  How  high  is  the  window? 


A 26-ft  rope  from  the  top  of  a flagpole  reaches  to  the  end  of  the  flagpole’s 
10-ft  shadow.  How  tall  is  the  nearby  football  goalpost  if,  at  the  same  moment, 
it  has  a shadow  of  12.5  ft? 
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5.  Application  Juanita,  who  is  1.82  meters  tall,  wants  to 
find  the  height  of  a tree  in  her  backyard.  From  the 
tree’s  base,  she  walks  12.20  meters  along  the  tree’s 
shadow  to  a position  where  the  end  of  her  shadow 
exactly  overlaps  the  end  of  the  tree’s  shadow.  She  is 
now  6.10  meters  from  the  end  of  the  shadows.  How 
tall  is  the  tree? 


ni*f- L2.20  m 


6.  While  vacationing  in  Egypt,  the  Greek 

mathematician  Thales  calculated  the  height  of  the 
Great  Pyramid.  According  to  legend,  Thales  placed 
a pole  at  the  tip  of  the  pyramid’s  shadow  and  used 
similar  triangles  to  calculate  its  height.  This 
involved  some  estimating  because  he  was  unable 
to  measure  the  distance  from  directly  beneath  the 
height  of  the  pyramid  to  the  tip  of  the  shadow. 

From  the  diagram,  explain  his  method.  Calculate 
the  height  of  the  pyramid  from  the  information 
given  in  the  diagram 


7.  Calculate  the  distance  across  this  river, 
PR,  by  sighting  a pole,  at  point  P,  on 
the  opposite  bank.  Points  R and  O 
are  collinear  with  point  P.  Point  C is 
chosen  so  that  OC~  1 Lastly, 
point  E is  chosen  so  that  P,  E,  and  C 
are  collinear  and  RE  1 PO.  Also 
explain  why  A PRE  ^ A POC. 


_ _ r 

R 

n \ F 

c^(\  m \ 

4?  m 

a 

1 V' 

^0  m 

8.  A pinhole  camera  is  a simple  device.  Place 
unexposed  film  at  one  end  of  a shoe  box,  and 
make  a pinhole  at  the  opposite  end.  When 
light  comes  through  the  pinhole,  an  inverted 
image  is  produced  on  the  film  Suppose  you 
take  a picture  of  a painting  that  is  30  cm 
wide  by  45  cm  high  with  a pinhole  box 
camera  that  is  20  cm  deep.  How  far  from  the 
painting  should  the  pinhole  be  to  make  an 
image  that  is  2 cm  wide  by  3 cm  high?  Sketch 
a diagram  of  this  situation. 
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9.  Application  A guy  wire  attached  to  a high  tower  needs 
to  be  replaced.  The  contractor  does  not  know  the  height 
of  the  tower  or  the  length  of  the  wire.  Find  a method  to 
measure  the  length  of  the  wire  indirectly. 


10.  Kristin  has  developed  a new  method  for 
indirectly  measuring  the  height  of  her 
classroom  Her  method  uses  string  and  a 
ruler.  She  tacks  a piece  of  string  to  the  base 
of  the  wall  and  walks  back  from  the  wall 
holding  the  other  end  of  the  string  to  her  eye 
with  her  right  hand.  She  holds  a 12-inch 
ruler  parallel  to  the  wall  in  her  left  hand 
and  adjusts  her  distance  to  the  wall  until  the 
bottom  of  the  ruler  is  in  line  with  the  bottom 
edge  of  the  wall  and  the  top  of  the  ruler  is  in 
line  with  the  top  edge  of  the  wall.  Now  with 
two  measurements,  she  is  able  to  calculate 

the  height  of  the  room  Explain  her  method.  If  the  distance  from  her  eye  to  the 
bottom  of  the  ruler  is  23  inches  and  the  distance  from  her  eye  to  the  bottom  of  the 
wall  is  276  inches,  calculate  the  height  of  the  room 


Review 


For  Exercises  1 1-13,  first  identify  similar  triangles  and  explain  why  they  are  similar. 
Then  find  the  missing  lengths. 


11.  Findx.  12.  Findy. 


13.  Find  x,  y,  and  h. 


14.  Construction  Draw  an  obtuse  triangle. 

a.  Use  a concpass  and  straightedge  to 
construct  two  altitudes. 

b.  Use  a ruler  to  measure  both  altitudes 
and  their  corresponding  bases. 

c.  Calculate  the  area  using  both  altitude-base 
pairs.  Concpare  your  results. 


15.  Find  the  radius  of  the  circle. 
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16.  Developing  Proof  Use  a flowchart  to  prove  the  Parallelogram  Opposite  Sides 
Conjecture:  The  opposite  sides  of  a parallelogram  are  congruent.  Start  by  making 
a labeled  diagram  and  drawing  in  one  diagonal. 

17.  Give  the  vertex  arrangement  of  each  tessellation. 


18.  Technology  On  a segment  A5,  point  X is  called  the  golden  cut  if  » where 

AX  > XB.  The  golden  ratio  is  the  value  of  xi  when  they  are  equal.  Use 

geometry  software  to  explore  the  location  of  the  golden  cut  on  any  segment  A5. 

What  is  the  value  of  the  golden  ratio?  Find  a way  to  construct  the  golden  cut. 

A ^ B 

M - M--7 

AX  ■ x&  " ■ 


19.  Technology  Imagine  that  a rod  of  a given  length  is  attached  at  one  end  to  a circular 
track  and  passes  through  a fixed  pivot  point.  As  one  endpoint  moves  around  the 
circular  track,  the  other  endpoint  traces  a curve. 


a.  Predict  what  type  of  curve  will  be  traced. 


b.  Model  this  situation  with  geometry 
software.  Describe  the  curve  that  is 
traced. 

c.  Experiment  with  changing  the  size  of 
the  circular  track,  the  length  of  the 
rod,  or  the  location  of  the  pivot 
point.  Describe  your  results. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 


TIC-TAC-NO! 

Is  it  possible  to  shade  six  of  the  nine  squares  of  a 3-by-3 
grid  so  that  no  three  of  the  shaded  squares  are  in  a 
straight  line  (row,  column,  or  diagonal)? 
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Big  doesn’t  necessarily 
mean  better.  Sunflowers 
aren’t  better  than  violets. 
EDNA  FERBER 


— 1} 

Yqu  will  need 

• a compass 

* a straightedge 


Step  1 


Step  2 


Step  3 
Step  4 

Step  5 


Corresponding  Parts 
of  Similar  Triangles 

Is  there  more  to  similar  triangles  than  just  proportional  side  lengths  and  congruent 
angles?  For  example,  are  there  relationships  between  the  lengths  of  corresponding 
altitudes,  corresponding  medians,  or  corresponding  angle  bisectors  in  similar 
triangles?  Let’s  investigate. 


Investigation  1 

Corresponding 

Parts 


Use  unlined  paper  for  this 
investigation.  Have  each  member 
of  your  group  pick  a different 
scale  factor. 

Draw  any  triangle.  Using  your 
scale  factor,  construct  a similar 
triangle  of  a different  size. 

Construct  a pair  of 
corresponding  altitudes  and 
use  your  compass  to  compare 
their  lengths.  How  do  they 
compare?  How  does  the 
comparison  relate  to  the  scale 
factor  you  used? 

Construct  a pair  of  corresponding  medians.  How  do  their  lengths  concpare? 

Construct  a pair  of  corresponding  angle  bisectors.  How  do  their  lengths 
concpare? 

Compare  your  results  with  the  results  of  others  near  you.  You  should  be  ready  to 
make  a conjecture. 

C 9^4 

Proportional  Parts  Conjecture 

If  two  triangles  are  similar,  then  the  lengths  of  the  corresponding  _L  ,_L , and 
_L  are  i to  the  lengths  of  the  corresponding  sides. 


The  discovery  you  made  in  this  investigation  may  seem  intuitive.  The  example  at 
the  end  of  this  lesson  will  show  you  how  you  can  prove  one  part  of  the  conjecture. 
In  the  next  two  exercise  sets,  you  will  prove  the  other  parts.  Now  we’ll  look  at 
another  proportional  relationship  involving  an  angle  bisector  of  a triangle. 
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Recall  when  you  first  saw  an  angle  bisector  in  a triangle.  You  may  have  thought  that 
the  bisector  of  an  angle  in  a triangle  divides  the  opposite  side  into  two  equal  parts 
as  well.  A counterexancple  shows  that  this  is  not  necessarily  true.  In  t^ROE,  RT 
bisects  LR,  but  point  T does  not  bisect  OE  . 


The  angle  bisector  does,  however,  divide  the  opposite  side  in  a particular  way. 


— 

You  will  need 

* a compass 

* a ruler 

Step  1 
Step  2 

Step  3 

Step  4 
Step  5 
Step  6 
Step  7 


Inveittigation  1 
Opposite  Side  Ratios 

In  this  investigation  you’ll  discover  that  there  is  a proportional  relationship 
involving  angle  bisectors. 


Draw  any  angle.  Label  it  A 

On  one  ray,  locate  point  C so  that  AC  is  6 cm.  Use  the 
same  compass  setting  and  locate  point  B on  the  other 
ray  so  that  A5  is  12  cm  Draw  to  form  LABC. 

Construct  the  bisector  of  21 A Locate  point  D where 
the  bisector  intersects  side  BC 

Measure  and  compare  CD  and  BD. 

Calculate  and  compare  the  ratios  ^ and 


Repeat  Steps  1-5  with  AC  = 10  cmand  A5  = 15  cm 

Compare  your  results  with  the  results  of  others  near  you.  State  a conjecture. 


Angle  Bisector/Opposite  Side  Conjecture 

A bisector  of  an  angle  in  a triangle  divides  the  opposite  side  into  two 
segments  whose  lengths  are  in  the  same  ratio  as  _L  . 


c 

keymath.com/DG 


In  this  lesson  you  discovered  proportional  relationships  within  a triangle  and 
between  similar  triangles.  Do  you  think  that  proportional  relationships  exist 
between  parts  of  other  similar  polygons?  For  example,  what  do  you  think  might  be 
true  about  the  corresponding  diagonals  of  similar  quadrilaterals? 

[►  To  test  your  conjectures,  see  the  Dynamic  Geometry  Exploration  Similar  Polygons  at 
www.keymath.com/DG  .^] 
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Now  let’ s look  at  how  you  can  use  deductive  reasoning  to  prove  one  part  of  the 
Proportional  Parts  Conjecture  that  you  discovered  through  inductive  reasoning 
earlier  in  this  lesson. 


EXAMPLE 


Prove  that  the  lengths  of  the  corresponding  medians  of  similar  triangles  are 
proportional  to  the  lengths  of  the  corresponding  sides. 


► Solution 


Consider  similar  triangles 
^LVE  and  ij:MTH  with 
corresponding  medians  EO  and 
HA . You  need  to  show  that  the 
lengths  of  corresponding 
medians  are  proportional  to 
the  lengths  of  corresponding 


Using  the  think  backward 


sides.  For  instance,  you  can  show  that 
reasoning  strategy,  you  can  see  that  similar  triangles  will  help  you  prove  that 
side  lengths  are  proportional.  If  you  accept  the  SAS  Similarity  Conjecture  as 
true,  you  can  show  by  first  proving  that 


‘ EO  anil///! 

2 ^ 

O Ih  midpoint  nf  LV 

^ iO  = ov 

arc  medians 

A is  midpoint  of  iWT 

1 

II 

G ivtn 

Uclinition. 

Dcii  nit  ion 

of  median 

of  midpoinf 

® EL  _ LV 

^ EL  _LO  \ OV 

J/jVf  M7 

ILM  MA  + AT 

Ctlliiilio  11  of 

Segintni  addiLioti 

ALVP  ~ AMTH 

Him  liar  polyjj;c>ns 

Given 



^ ISRia  - liHMA 

Petlnitioiiof 

iiniilar 


SAS 

CoiijecUii'tf 


\ 


BO  EL 

MA  HM 

UtliiiiLioii  of 
Himilaj  palygoriH 


FL 

f.O  + LO 

HM 

MA  + AM 

EL 

2LO 

UM 

EL 

LO 

JiiVt 

MA 

S-ubKlLtution 
and  tfilucbra 


Exercises 

For  Exercises  1-13,  use  your  new  conjectures.  All  measurements  are  in  centimeters. 


1.  A ICE  - A AGE 
h = J_ 


2.  A SKI  JMP 

X ^ 1 


3.  A PIE- A SIC 

Point  S is  the  midpoint  of  P/ 
Point  L is  the  midpoint 
of^  CL  = ± V 
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15.  Aunt  Florence  has  willed  to  her  two  nephews  a plot  of 
land  in  the  shape  of  an  isosceles  right  triangle.  The  land 
is  to  be  divided  into  two  unequal  parts  by  bisecting  one 
of  the  two  congruent  angles.  What  is  the  ratio  of  the 
greater  area  to  the  lesser  area? 

16.  Developing  Proof  Prove  that  corresponding  angle  bisectors 
of  similar  triangles  are  proportional  to  corresponding 
sides.  Jr 


I 

^ Review 


17.  Use  algebra  to  show  that  if  I = then  « = £_1^^  % 

18.  A rectangle  is  divided  into  four  rectangles,  each  similar  to  the  original  rectangle. 
What  is  the  ratio  of  short  side  to  long  side  in  the  rectangles? 

19.  Developing  Proof  In  Chapter  5,  you  discovered  that  when  you  construct 
the  three  midsegments  in  a triangle,  they  divide  the  triangle  into  four 
congruent  triangles.  Are  the  four  triangles  similar  to  the  original? 

Explain  why. 


20.  A rectangle  has  sides  a and  b.  For  what  values  of  a and  b is  another  rectangle  with 
sides  2a  and  ^ 

a.  Congruent  to  the  original?  b.  Equal  in  perimeter  to  the  original? 

c.  Equal  in  area  to  the  original?  d.  Similar  but  not  congruent  to  the  original? 

21.  Assume  =^.^.  Find  and  5C. 

I- id.s  cm 

A [i  C /. 


IMPROVING  YOUR  ALGEBRA  SKILLS 


Algebraic  Magic  Squares  II 

In  this  algebraic  magic  square,  the  sum  of  the 
entries  in  every  row,  column,  and  diagonal  is 
the  same.  Find  the  value  of  x 


k 


8 - r 

1? 

]A 

]]  - X 

n 

{ 

X 

8 

X + A 

5 

1j(-  \ 

2 

2x  -r  3 
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I Web  Links 

I^JCe^TTiaUrco^ 


All  my  life  I’ve  always 
wanted  to  be  somebody. 
But  I see  now  I should 
have  been  specific. 

JANE  WAGNER 


Proportions  with  Area 


Suppose  an  artist  uses  200  tiles  to 
create  a tessellation  design  that  covers 
a rectangle  with  dimensions  2 ft  by 
3 ft.  He  is  hired  to  cover  a wall  with 
dimensions  10  ft  by  15  ft  using  the 
same  design  and  tiles  of  the  same 
size.  Even  though  the  wall  is  five 
times  as  long  as  the  rectangle  in  each 
dimension,  he  finds  that  1000  tiles 
cover  only  a small  part  of  the  wall.  In 
this  lesson  you  will  discover  why. 


Investlgatfon  1 
Area  Ratios 


You  will  noodl 
• graph  paper 


In  this  investigation  you  will  find  the  relationship  between  areas  of  similar  figures. 
Have  each  member  of  your  group  pick  a different  whole  number  scale  factor. 


Step  1 
Step  2 

Step  3 

Step  4 

Step  5 


Step  6 


Draw  a rectangle  on  graph  paper.  Calculate  its  area. 

Multiply  each  dimension  of  your  rectangle  by  your  scale  factor  and  draw  the 
enlarged  similar  rectangle.  Calculate  its  area. 

What  is  the  ratio  of  side  lengths  (larger  to  smaller)  for  your  two  rectangles? 
What  is  the  ratio  of  their  areas  (larger  to  smaller)? 

How  many  copies  of  the  smaller  rectangle  would  you  need  to  fill  the  larger 
rectangle?  Draw  lines  in  your  larger  rectangle  to  show  how  you  would  place  the 
copies  to  fill  the  area. 

Find  the  areas  of  these  two  similar 
triangles.  Write  the  ratio  of  the 
smaller  area  to  the  larger  area  as  a 
fraction  and  reduce.  Do  the  same 
with  the  side  lengths.  Compare  these 
two  ratios. 

Find  the  exact  areas  of  these  two 
circles  in  terms  ofn-  , not  as 
approximate  decimals.  Write  the 
ratio  of  the  smaller  area  to  the 
larger  area  as  a fraction  and 
reduce.  Do  the  same  with  the 
radii.  Concpare  these  two  ratios. 
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Step  7 i Compare  your  results  with  those  of  others  in  your  group  and  look  for  a pattern. 
This  relationship  between  the  ratio  of  corresponding  sides  (or  radii)  and  the 
ratio  of  areas  can  be  generalized  to  all  similar  polygons  because  all  polygons  can 
be  divided  into  triangles.  You  should  be  ready  to  state  a conjecture. 

Proportional  Areas  Conjecture 

If  corresponding  side  lengths  of  two  similar  polygons  or  the  radii  of  two 
n circles  compare  in  the  ratio  , then  their  areas  conpare  in  the  ratio  n 


The  reason  behind  the  Proportional 
Areas  Conjecture  is  that  area  is  a 
two-dimensional  measure.  Notice  in 
the  diagram  at  right  that  the  sides 
of  the  larger  triangle  are  two  times 
those  of  the  smaller  triangle,  yet  the  area  of  the  larger  triangle  is  four  times  that 
of  the  smaller  triangle.  Because  the  area  of  a triangle  is  related  to  the  product  of 
the  base  and  height,  when  both  dimensions  are  doubled,  the  area  increases  by 
a factor  of  four. 


— 

You  will  reed 

+ interlocking  cubes 
* isometric  dot  paper 

Step  1 
Step  2 


Investigation  2 
Surface  Area  Ratios 

In  this  investigation  you  will  investigate  whether  the  Proportional  Areas  Conjecture 
is  also  true  for  surface  areas. 

Use  cubes  to  construct  a 3-by-2-by-l  rectangular  prism  Calculate  its 
surface  area. 

Multiply  each  dimension  by  a scale  factor  of  2 and  build  the  enlarged  prism 
Calculate  its  surface  area. 


Step  3 
Step  4 
Step  5 
Step  6 


What  is  the  ratio  of  the  lengths  of  corresponding  edges  of  the  larger  prism  to  the 
smaller  prism?  What  is  the  ratio  of  their  surface  areas? 

Draw  the  solid  at  right  on  isometric  dot  paper.  Calculate  its 
surface  area. 

Multiply  each  segment  length  by  a scale  factor  of  4 and 

draw  the  resulting  enlarged  solid.  Calculate  its  surface  area.  ; 

Calculate  the  ratio  of  lengths  of  corresponding  edges  and 
the  ratio  of  surface  areas  of  the  two  solids.  Is  the  Proportional 
Areas  Conjecture  true  for  surface  areas? 
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Let’s  look  at  an  application  of  the  Proportional  Areas  Conjecture. 


EXAMPLE 


If  you  need  3 oz  of  shredded  cheese  to  cover  a medium  12  in.  diameter  pizza, 
how  much  shredded  cheese  would  you  need  to  cover  a large  16  in.  diameter 
pizza? 


► Solution 


Exercises 


The  ratio  of  the  pizza  diameters  is  1 • Therefore  the  ratio  of  the  pizza  areas 
is(ty , or'|.  Let  V represent  the  amount  of  cheese  needed  for  a large  pizza  and 
set  up  a proportion. 

area  of  la  rge  pizaa  a m chj  nl  of  chcoso  for  large  pitza 

a rea  of  smaJlTpizza.  amourit  of  cheese  for  small  pizza 

16  ^ X 

9 3 

By  solving  for  x,  you  find  that  a large  pizza  requires  5\  oz  of  shredded  cheese. 


1.  hCAT  - ihMSE 
area  of  hCAT  =12  cm^ 
area  of  ihMSE  = _L 


2.  RECT-  ANGL 
area  of  RliCi'  ^ 9^ 
areaofAMjL  16 

TR  = ^ 


T 

li 


C 

E 


J. 


2A 


A 


C 


N 


3.  TRAP  - ZOID 
area  of^Ofi^  _ 
area  of  7'K/IP  ” 25 
a =J_,b  = L 


4.  semicircle  semicircle  5 

£ _ i 
s " 5 

area  of  semicircle  5-  75  ir  cm^ 
area  of  semicircle  R= 


5.  The  ratio  of  the  lengths  of  corresponding  diagonals  of  two  similar  kites  is  7 . What  is 
the  ratio  of  their  areas? 
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6.  The  ratio  of  the  areas  of  two  similar  trapezoids  is  1:9.  What  is  the  ratio  of  the 
lengths  of  their  altitudes? 

7.  The  ratio  of  the  lengths  of  the  edges  of  two  cubes  is  j^'.What  is  the  ratio  of  their 
surface  areas? 


8.  Application  Annie  works  in  a magazine’s  advertising  department.  A client  has 
requested  that  his  5 cm-by-12  cm  ad  be  enlarged:  “Double  the  length  and  double  the 
width,  then  send  me  the  bill.”  The  original  ad  cost  $1500.  How  much  should  Annie 
charge  for  the  larger  ad?  Explain  your  reasoning. 

9.  Solve  the  problem  posed  at  the  beginning  of  the  lesson.  An  artist  uses  200  tiles  to 
create  a tessellation  design  that  covers  a rectangle  with  dimensions  2 ft  by  3 ft.  He 
will  cover  a wall  with  dimensions  10  ft  by  15  ft  using  the  same  design  and  tiles  of 
the  same  size.  How  many  tiles  will  he  need  to  cover  the  entire  wall? 


10.  Assume  that  a small  boy  is  similar  in  shape  to  his  father.  If  the  father  is  three  times 
as  tall  as  his  son,  what  is  the  ratio  of  the  surface  area  of  the  father’s  skin  to  that  of 
his  son’s? 


11.  Make  four  copies  of  the  trapezoid  at  right.  Arrange  them  into  a 
similar  but  larger  trapezoid.  Sketch  the  final  trapezoid  and  show  how 
the  smaller  trapezoids  fit  inside  it. 

12.  Consider  a rectangle  with  base  2 cm  and  height  1 cm 

a.  Imagine  stretching  the  base  by  multiplying  it  by  scale  factor  v,  without 
the  height.  Make  a table  of  the  area  of  the  rectangle  for  values  of  v fror 
Plot  the  points  on  a graph  and  write  the  function  a(x)  that  gives  the  are; 
function  of  v. 

b.  Now  imagine  stretching  both  the  base  and  the  height  by  multiplying  them  by 
scale  factor  v.  As  before,  make  a table  of  the  new  area  of  the  rectangle  for  values 
of  X from  1 to  6,  plot  the  points,  and  write  the  function  A(x)  that  gives  the  new 
area  as  a function  of  x. 

c.  How  do  the  equations  for  a(x)  and  A(x)  differ?  How  do  their  graphs  differ? 


changing 
n 1 to  6. 
a as  a 


13.  Developing  Proof  In  the  diagram  at  right,  the  second 
rectangle  is  a dilation  of  the  first  rectangle  by  scale 
factor  r.  Given  that  the  ratio  of  the  corresponding 
sides  of  the  similar  rectangles  is  r,  prove  that  the 
ratio  of  their  areas  is  r^. 


Review 
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16.  Mini-Investigation  This  investigation  is  in  two  parts.  You  will  need  to  complete  the 
conjecture  in  part  a before  moving  on  to  part  b. 

a.  The  altitude  to  the  hypotenuse  has  been  constructed  in  each  right  triangle  below. 

This  construction  creates  two  smaller  right  triangles  within  each  original  right 
triangle.  Calculate  the  measures  of  the  acute  angles  in  each  diagram 

i.  a = L,  b = L , c=  ^ ii-  a = L,  Z?  = ^,  c = ?.  ^ a = L,  b = J-,  c = 1. 


How  do  the  smaller  right  triangles  compare  in  each  diagram?  How  do  they 
compare  to  the  original  right  triangle?  You  should  be  ready  to  state  a conjecture. 

Conjecture:  The  altitude  to  the  hypotenuse  of  a right  triangle  divides  the  triangle 
into  two  right  triangles  that  are  _L  to  each  other  and  to  the  original 

b.  Complete  each  proportion  for  these  right  triangles. 


Review  the  proportions  you  wrote.  How  are  they  alike?  You  should  be  ready  to 
state  a conjecture. 

Conjecture:  The  altitude  (length  h)  to  the  hypotenuse  of  a right  triangle  divides 
the  hypotenuse  into  two  segments  (lengths  p and  q),  such  that  ^ | • 

c.  Solve  for  h in  the  conjecture  from  part  b.  The  value  for  h is  the 
geometric  mean  of  p and  q. 

L5 

d.  Use  the  Pythagorean  Theorem  to  solve  for  x and  y,  then  show  that 

these  values  support  the  conjecture  in  part  b and  the  equation  in 
part  c.  20 


17.  Sara  rents  her  goat,  Munchie,  as  a lawn  mower.  Munchie  is  tied  to  a stake  with  a 
10-mrope.  Sara  wants  to  find  an  efficient  pattern  for  Munchie’ s stake  positions  so 
that  all  grass  in  a field  42  mby  42  m is  mowed  but  overlap  is  minimized.  Make  a 
sketch  showing  all  the  stake  positions  needed. 

18.  Developing  Proof  Prove  that  corresponding  altitudes  of  similar  triangles  are 
proportional  to  corresponding  sides. 

19.  Developing  Proof  Find  x and  explain  how  you  know. 
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20.  Find  the  area  of  a regular  decagon  with  an  apothem  about  5.7  cm  and  a 
perimeter  37  cm 

21.  Find  the  area  of  a triangle  whose  sides  measure  13  feet,  13  feet,  and  10  feet. 

22.  True  or  false?  Every  section  of  a pyramid  that  is  parallel  to  its  base  is  also  similar  to 
the  base. 


23.  Developing  Proof  What’ s wrong  with  this  picture? 


24.  Draw  the  orthographic  views  of  the  original  solid  in  Investigation  2.  Find  the  area 
of  each  orthographic  view.  How  is  the  sum  of  these  areas  related  to  the  surface  area 
of  the  solid?  Find  the  volume  of  the  original  solid  and  the  volume  of  the  enlarged 
solid.  What  is  the  ratio  of  their  volumes? 


[►  To  further  explore  the  effects  of  enlarging  or  reducing  a solid  on  its  surface  area  and  volume, 
see  the  Dynamic  Geometry  Exploration  Similar  Solids  at  www.keymath.com/DG  .^] 


□ 

keymath.com/DG 


IN  SEARCH  OF  THE  PERFECT  RECTANGLE 

A square  is  a perfectly  symmetric  quadrilateral.  Yet,  people  rarely  make  books, 
posters,  or  magazines  that  are  square.  Instead,  most  people  seem  to  prefer 
rectangles.  In  fact,  some  people  believe  that  a particular  type  of  rectangle  is  more 
appealing  because  its  proportions  fit  the  golden  ratio.  You  can  learn  more  about 
the  historical  importance  of  the  golden  ratio  by  doing  research  with  the  links  at 
www.keymath.com/DG  . 

Do  people  have  a tendency  to  choose  a particular  length/width  ratio  when  they 
design  or  build  common  objects?  Find  at  least  ten  different  rectangular  objects 
in  your  classroom  or  home:  books,  postcards,  desks,  doors,  and  other  everyday 
items.  Measure  the  longer  side  and  the  shorter  side  of  each  one.  Predict  what  a 
graph  of  your  data  will  look  like. 


Fullivitir 

EtfUiikQitr^ttaiW 


You  can  use  Fathom  to 
graph  your  data  and  find 
the  line  of  best  fit.  Choose 
different  types  of  graphs 
to  get  other  insights  into 
what  your  data  mean. 


Now  graph  your  data.  Is  there  a pattern?  Find  the  line  of  best  fit.  How  well  does 
it  fit  the  data?  What  is  the  range  of  length/width  ratios?  What  ratio  do  points  on 
the  line  of  best  fit  represent? 


Your  project  should  include 


► A table  and  graph  of  your  data. 

► Your  predictions  and  your  analysis. 

► A paragraph  explaining  your  opinion  about  whether  or  not  people  have  a 
tendency  to  choose  a particular  type  of  rectangle  and  why. 
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11.6 


It  is  easy  to  show  that  a 
hare  could  not  be  as  large 
as  a hippopotamus,  or 
a whale  as  small  as  a 
herring.  For  every  type 
of  animal  there  is  a most 
convenient  size,  and  a 
large  change  in  size 
inevitably  carries  with 
it  a change  of  form. 

J.B.S.  HALDANE 


Proportions  with  Volume 

T he  Statue  below  is  a giant  version  of  an  Oscar,  the  Academy  Awards  statuette  that 
is  handed  out  each  year  for  excellence  in  the  motion-picture  industry.  Assume  that 
this  statue  is  similar  to  the  actual  Oscar,  but  six  times  as  long  in  each  dimension.  If 
it  costs  $250  to  gold-plate  the  surface  of  the  actual  Oscar,  how  much  would  it  cost 
to  gold-plate  the  statue?  As  you  learned  in  the  last  lesson,  the  surface  area  is  not  six 
times  greater,  but  6^,or  36  times  greater,  so  the  cost  would  be  $9,000! 

How  are  their  weights  related?  The  actual  Oscar  weighs  8.5  pounds.  If  he  statue 
were  made  of  the  same  material  as  the  actual  Oscar,  its  weight  would  not  be 
six  times  greater,  or  even  36  times  greater.  It  would  weigh  1836  pounds!  In  this 
lesson  you  will  discover  why. 


Solids  that  have  the  same  shape  but  not  necessarily  the  same  size  are  similar.  All 
cubes  are  similar,  but  not  all  prisms  are  similar.  All  spheres  are  similar,  but  not  all 
cylinders  are  similar.  Two  polyhedrons  are  similar  if  all  their  corresponding  faces 
are  similar  and  the  lengths  of  their  corresponding  edges  are  proportional.  Two  right 
cylinders  (or  right  cones)  are  similar  if  their  radii  and  heights  are  proportional. 


EXAMPLE  A 


Are  these  right  rectangular  prisms  similar? 


► Solution 


The  two  prisms  are  not  similar  because  the  corresponding  edges  are  not 
proportional. 
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EXAMPLE  B 


► Solution 

— U 

Yqh  will  need 

* interlocking  cubes 

* isometric  dot  paper 


Step  1 
Step  2 

Step  3 

Step  4 
Step  5 


Are  these  right  circular  cones  similar? 
A 


■ 


2] 


The  two  cones  are  similar  because  the  radii  and  heights  are  proportional. 

J_  _ Jl 

12  21 


InvestigatiQn 
Volume  Ratios 

How  does  the  ratio  of  lengths  of  corresponding  edges  of  similar  solids  compare 
with  the  ratio  of  their  volumes?  Let’s  find  out. 


Fish 


Snake 


Use  blocks  to  build  the  “snake.” 
Calculate  its  volume. 

Multiply  each  edge  length  by  a 
scale  factor  of  2 and  build  the 
enlarged  snake.  Calculate  its 
volume. 

What  is  the  ratio  of  the 
lengths  of  corresponding 
edges  of  the  larger 
snake  to  the  smaller 
snake?  What  is  the  ratio 
of  their  volumes? 

Build  the  “fish”  or  design  your 
own  solid  using  nine  cubes  or 
less.  Draw  the  fish  or  other  solid 
on  isometric  dot  paper.  Calculate 
its  volume. 


Multiply  each  edge  length  by  a scale  factor  of  3 and  draw  the  enlarged  solid  that 
would  result.  Calculate  its  volume. 
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Step  6 Calculate  the  ratio  of  edge  lengths  and  the  ratio  of  volumes  of  the  two  solids. 
How  do  your  results  compare  with  the  area  investigations  you  did  in  the 
previous  lesson? 

Step  7 Discuss  how  you  would  calculate  the  volumes  of  the  snake  and  your  other  solid 
if  you  multiplied  the  edges  by  a scale  factor  of  5.  You  should  be  ready  to  state 
a conjecture. 


Proportional  Volumes  Conjecture 

If  corresponding  edge  lengths  (or  radii,  or  heights)  of  two  similar  solids 
conpare  in  the  ratio  then  their  volumes  compare  in  the  ratio  J_. 


The  reason  behind  the  Proportional  Volumes  Conjecture  is  that  volume  is  a 
three-dimensional  measure.  Because  volume  is  related  to  the  product  of  a 
two-dimensional  base  and  height,  when  all  three  dimensions  are  doubled,  the 
volume  increases  by  a factor  of  eight. 

Let’s  look  at  an  application  of  both  the  Proportional  Areas  Conjecture  and 
Proportional  Volumes  Conjecture. 


EXAMPLE  C 


The  diameter  of  a soccer  ball  is  about  8.75  in.  and  the  diameter  of  a tennis  ball 
is  about  2.5  in.  How  many  times  more  surface  material  is  needed  to  make  the 
outside  of  a soccer  ball  than  a tennis  ball?  How  many  times  more  air  does  a 
soccer  ball  hold  than  a tennis  ball? 


^ Solution  I The  ratio  of  the  diameters  is  or  so  the  ratio  of  the  surface  areas  is 
I or  and  the  ratio  of  the  volumes  is  or  Therefore,  the  soccer  ball 
requires  12|  times  as  much  material  to  make  and  holds  -12  ^ times  as  much  air. 


Exebclses. 


* 


You  will  need 


1.  The  pentagonal  pyramids  are  similar. 

A = i 

H 7 


2.  These  right  cones 
are  similar. 

H = l,h=L 


\ tmii 

for  E^rdses  19  aftd  20 


volume  of  large  pyramid  = ? 
volume  of  small  pyramid  = 320  cm^ 


volume  of  large  cone  = L 
volume  of  small  cone  = ? 
volumgof  Ijirgecjone  ^ 
volurntof  small  cone  ~ 
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3.  These  right  trapezoidal  prisms  are  similar, 
volume  of  small  prism  =324  cm^ 

area  of  base  of  small  prism  _ 9 
area  of  base  ofiarge  prism  ” 25 

A=  ? 

//  ^ 

volume  of  large  prism  _ p 
voiiime  of  small  prism  ~ 

volume  of  large  prism  = _L  f/. 


N 

/I 

N / 

X 

X 

h \ ■ - / 

x,j  ly 

I 

k 

■'xj 

1/ 

4.  These  right  cylinders  are  similar, 
volume  of  large  cylinder  = i6087T  fl-^ 
volume  of  small  cylinder  ■=  _L 

vokime  of  large  grlinder  _ ^ 
volume  of  small  cylinder  "" 

H = ± 


r ■ ^ 


5.  The  ratio  of  the  lengths  of  corresponding  edges  of  two  similar  triangular  prisms 
is  What  is  the  ratio  of  their  volumes? 

6.  The  ratio  of  the  volumes  of  two  similar  pentagonal  prisms  is  8: 125.  What  is  the  ratio 
of  their  heights? 

7.  The  ratio  of  the  weights  of  two  spherical  steel  balls  is  What  is  the  ratio  of  their 
diameters? 

8.  Application  The  energy  (and  cost)  needed  to  operate  an  air  conditioner  is 
proportional  to  the  volume  of  the  space  that  is  being  cooled.  It  costs  ZAP 
Electronics  about  $125  per  day  to  run  an  air  conditioner  in  their  small  rectangular 
warehouse.  The  company’s  large  warehouse,  a few  blocks  away,  is  2.5  times  as  long, 
wide,  and  high  as  the  small  warehouse.  Estimate  the  daily  cost  of  cooling  the  large 
warehouse  with  the  same  model  of  air  conditioner.  V 

9.  Application  A sculptor  creates  a small  bronze  statue  that  weighs  38  lb.  She  plans  to 
make  a version  that  will  be  four  times  as  large  in  each  dimension.  How  much  will 
this  larger  statue  weigh  if  it  is  also  bronze? 


This  brtfonze  sculpture  by  Camnille  Oauclel 
is  titled  Lo  Petite  Claudel  a r^otable 

Fretich  artht  and  student  Auguste  RodlUr whn>se 
famous  5<ulptures  iixlucle  T/Je 
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10. 


11. 


12. 


13. 


A tabloid  magazine  at  a supermarket  checkout 
exclaims,  “Scientists  Breed  4-Foot-Tall  Chicken.”  A 
photo  shows  a giant  chicken  that  supposedly  weighs 
74  pounds  and  will  solve  the  world’s  hunger 
problem.  What  do  you  think  about  this  headline? 
Assuming  an  average  chicken  stands  14  inches  tall 
and  weighs  7 pounds,  would  a 4-foot  chicken  weigh 
74  pounds?  Is  it  possible  for  a chicken  to  be  4 feet 
tall?  Explain  your  reasoning. 


The  African  goliath  frog  shown  in  this  photo  is  the 
largest  known  frog — about  0.3  mlong 
and  3.2  kg  in  weight.  The 
Brazilian  gold  frog  is  one  of 
the  smallest  known  frogs — 
about  9.8  mm  long. 

Approximate  the  weight  of 
a Brazilian  gold  frog. 

What  assumptions  do  you 
need  to  make?  Explain 
your  reasoning. 

Orcas  and  dolphins  both 
belong  to  the  same  family. 

Assume  their  bodies  are  similar.  An  orca  is  typically 
about  32  ft  long,  while  a dolphin  is  about  8 ft  long. 
What  is  the  ratio  of  the  surface  area  of  the  orca 
to  that  of  the  dolphin?  What  is  the  ratio  of  their 
volumes?  Which  animal  has  the  greater  surface  area 
to  volume  ratio? 


The  celestial  sphere  shown  at  right  has  radius  9 inches. 
The  planet  in  the  sphere’s  center  has  radius  3 inches. 
What  is  the  ratio  of  the  volume  of  the  planet  to  the 
volume  of  the  celestial  sphere?  What  is  the  ratio  of  the 
surface  area  of  the  planet  to  the  surface  area  of  the 
celestial  sphere? 


14.  Imagine  stretching  all  three  dimensions  of  a 2-cm-by-3-cm-by-l -cm  rectangular 
prism  by  multiplying  them  by  scale  factor  x.  Make  a table  of  the  surface  area  and 
volume  of  the  prism  for  values  of  x from  1 to  5 and  plot  both  sets  of  points  on  a 
graph.  Write  function  S(x)  that  gives  the  surface  area  of  the  prism  as  a function  of  x 
and  function  V(x)  that  gives  the  volume  of  the  prism  as  a function  of  x.  How  do 
their  equations  and  graphs  differ? 

15.  Developing  Proof  In  the  diagram  at  right,  the 
second  rectangular  prism  is  a dilation  of  the  first 
rectangular  prism  by  scale  factor  r.  Given  that  the 
ratio  of  the  corresponding  sides  of  the  similar 
prisms  is  r,  prove  that  the  ratio  of  their  volumes 

is 


rh 


^^1 
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^ Review 


16.  A cone  or  pyramid  that  is  sliced  parallel 
to  its  base  and  has  its  top  removed  is 
called  a truncated  cone  or  pyramid,  or  a 
frustum  Find  the  volume  of  this 
truncated  cone. 


17.  The  large  circles  are  tangent  to  the  square  and  tangent 
to  each  other.  The  smaller  circle  is  tangent  to  each 
larger  circle.  Find  the  radius  of  the  smaller  circle  in 
terms  of  i-,  the  length  of  each  side  of  the  square. 


18.  Triangle  PQR  has  side  lengths  18  cm,  24  cm,  and  30  cm  Is  PQR  a right  triangle? 
Explain  why  or  why  not. 

19.  Construction  Use  the  triangular  figure  at  right  and  its  rotated 
image.  h 

a.  Copy  the  figure  and  its  image  onto  a piece  of  patty  paper. 

Locate  the  center  of  rotation.  Explain  your  method. 

b.  Copy  the  figure  and  its  image  onto  a sheet  of  paper.  Locate  the 
center  of  rotation  using  a compass  and  straightedge.  Explain 
your  method. 

20.  Construction  The  Angle  Bisector/Opposite  Side  Conjecture  gives  you  a way 
to  divide  a segment  into  lengths  with  a ratio  of  2:3.  Follow  these  steps. 

a.  Construct  any  segment  A5.  '■= 

b.  Construct  a second  segment.  Call  its  length  x.  ^ 


c.  Construct  two  more  segments  with  lengths  2x  and  3x. 

d.  Construct  a triangle  with  lengths  2x,  3x,  and  AB. 

e.  Explain  what  to  do  next  and  why  it  works. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Painted  Faces  II 

Small  cubes  are  assembled  to  form  a larger  cube,  and  then  some  of  the  faces  of  this 
larger  cube  are  painted.  After  the  paint  dries,  the  larger  cube  is  taken  apart.  Exactly  60  of 
the  small  cubes  have  no  paint  on  any  of  their  faces.  What  were  the  dimensions  of  the 
larger  cube?  How  many  of  its  faces  were  painted? 
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Step  1 

Step  2 
Step  3 
Step  4 
Step  5 


Why  Elephants 
Have  Big  Ears 

T he  relationship  between  surface  area  and 
volume  is  of  critical  importance  to  all  living 
things.  It  explains  why  elephants  have  big 
ears,  why  hippos  and  rhinos  have  short,  thick 
legs  and  must  spend  a lot  of  time  in  water, 
and  why  movie  monsters  like  King  Kong  and 
Godzilla  can’t  exist. 


Activity 

Convenient  Sizes 

Body  Temperature 

Every  living  thing  processes  food  for  energy.  An 
animal’ s body  produces  energy  in  proportion  to  its 
volume.  This  energy  creates  heat  that  radiates  from 
the  animal’s  surface. 

Imagine  two  similar  animals,  one  with 
dimensions  three  times  as  large  as  those 
of  the  other. 

How  would  the  surface  areas  of  these  two  animals  compare?  How  much  more 
heat  could  the  larger  animal  radiate  through  its  surface? 

How  would  the  volumes  of  these  two  animals  compare?  How  many  times  as 
much  heat  would  the  larger  animal  produce? 

Review  your  answers  from  Steps  2 and  3.  How  many  times  as  much  heat  must 
each  square  centimeter  of  the  larger  animal  radiate?  Would  this  be  good  or  bad? 

Use  what  you  have  concluded  to  answer  these  questions.  Consider  size,  surface 
area,  and  volume. 

a.  Why  do  large  objects  cool  more  slowly  than  similar  small  objects? 

b.  Why  is  a beached  whale  more  likely  than  a beached  dolphin  to  experience 
overheating? 

c.  Why  are  larger  mammals  found  closer  to  the  poles  than  the  equator? 

d.  If  a woman  and  a small  child  fall  into  a cold  lake,  why  is  the  child  in  greater 
danger  of  hypothermia? 
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e.  When  the  weather  is  cold,  iguanas  hardly  move.  When  it  warms  up,  they 
become  active.  If  a small  iguana  and  a large  iguana  are  sunning  themselves  in 
the  morning  sun,  which  one  will  become  active  first?  Why?  Which  iguana  will 
remain  active  longer  after  sunset?  Why? 

f.  Why  do  elephants  have  big  ears? 


Bone  and  Muscle  Strength 


The  strength  of  a bone  or  a muscle  is  proportional  to  its  cross-sectional  area. 


Step  6 


Step  7 


Step  8 
Step  9 


Imagine  a 7-foot-tall  basketball  player  and  a 42-inch- tall  child.  How  would  the 
dimensions  of  the  bones  of  the  basketball  player  concpare  to  the  corresponding 
bones  of  the  child? 


How  would  the  cross-sectional 
areas  of  their  corresponding 
bones  compare? 

How  would  their  weights 
compare? 

How  many  times  as  much  weight 
would  each  cross-sectional  square 
inch  of  bone  have  to  support  in 
the  basketball  player?  What  are 
some  factors  that  may  explain 
why  basketball  players’  bones 
don’t  usually  break? 

The  Spanish  artist  Salvador  Dalf 
(1^4-19G9)  designed  this  covarfor  a 
1 Wa  program  ol  the  play  ‘rfau  Like  It. 
What  is  the  eftect  created  by  the 
elephants  on  long  spindly  legs?  Could 
dhese  arimals  really  exist?  Ex.plain. 
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Step  1 0 


Similarity  ii  a th^me  in  King 
K(mg  i|193Sii,  a mcvle  about  a 
giant  gorilla  similar  in  shape 
to  a real  gorilla.  Willis  O'Brien 
{1 E36- 1 962],  an  Innovator  of 
stop-motion  animation, 
designed  the  models  ol  Kong 
that  brought  the  gorllb  to  life 
for  moviegoers  everywhere. 
Here,  spedal  effects  master 
Ray  Harryhausen  holds  a 
model  that  was  used  to  create 
this  captivating  scene. 


Use  what  you  have  concluded  to  answer  these  questions.  Consider  size,  surface 
area,  and  volume. 


a.  Why  are  the  largest  living  mammals,  the  whales,  confined  to  the  sea? 

b.  Why  do  hippos  and  rhinos  have  short,  thick  legs? 

c.  Why  are  chancpion  weight  lifters  seldom  able  to  lift  more  than  twice 
their  weight? 

d.  Thoroughbred  racehorses  are  fast  runners  but  break  their  legs  easily,  while 
draft  horses  are  slow  moving  and  rarely  break  their  legs.  Why  is  this? 


e.  Assume  that  a male  gorilla  can 
weigh  as  much  as  450  pounds 
and  can  reach  about  6 feet  tall. 
King  Kong  is  30  feet  tall.  Could 
King  Kong  really  exist? 

f.  Professional  basketball  players 
are  not  typically  similar  in 
shape  to  professional  football 
players.  Discuss  the  advantages 
and  disadvantages  of  each  body 
type  in  each  sport. 


Gravity  and  Air  Resistance 

Objects  in  a vacuum  fall  at  the  same  rate.  However,  an  object  falling  through  air  is 
slowed  by  air  resistance.  The  exact  physics  involved  is  concplicated,  but  let’ s use  a 
sincplified  model.  Assume  that  air  resistance  is  proportional  to  the  surface  area  of 
the  falling  object.  Also  assume  that  the  force  of  the  impact  of  the  object  with  the 
ground  is  proportional  to  the  mass  (and  the  volume)  of  the  object,  and  that  the 
force  is  inversely  proportional  to  the  surface  area  of  the  object. 

Step  11  If  a bowling  ball  and  a golf  ball  with  equal  densities  are  dropped  off  a building, 

discuss  how  air  resistance  and  mass  affect  the  force  of  their  incpacts  with  the  ground. 

Step  1 2 An  ant  can  fall  100  times  its  height  and  live.  This  is  not  true  for  a human. 

Explain  why. 
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Mistakes  are  the  portals 
of  discovery. 

JAMES  JOYCE 


Proportional  Segments 
Between  Parallel  Lines 


In  the  figure  below,  MT  II  LU.  Is  l\LUV  similar  to  ilMTV  ? Yes,  it  is.  A short 
paragraph  proof  can  support  this  observation. 

Given:  i\Lmw\i\\^dT  ||  LU 
Show:  £^LUV  ■ ■ L:MTV 


L 

Paragraph  Proof 

First  assume  that  the  Corresponding  Angles  Conjecture  and  the  AA  Similarity 
Conjecture  are  true. 

If  MT  II  LU,  then  ^1  = ^2  and  21 3 = £4  by  the  Corresponding  Angles 
Conjecture. 

If  L \ = ^2  and  213  =214,  then  LiLUV-^  AM7Y by  the  AA  Similarity 
Conjecture.  ■ 


Let’s  see  how  you  can  use  this  observation  to  solve  problems. 


► Solution 


Separate  L^EMO  and 
llLMN  so  that  you  can 
see  the  proportional 
relationships  more 
clearly.  Use  the  fact 
that  iiEMO  ■ - LdMN 


to  write  a proportion  with  lengths  of  corresponding  sides. 


f.M  NM 
m ~ OM 

j + 60  ^ + 43 

60  4S 

y + 60  7 

60  ' 4 

y +60=  105 
y =45 


Corresponding  sides  of  similar  triangles  are 
proportional. 

Substitute  lengths  given  in  the  figure. 

Reduce  the  right  side  of  the  equation. 

Multiply  both  sides  by  60  and  reduce. 
Subtract  60  from  both  sides. 


Notice  that  the  ratio  is  the  same  as  the  ratio  So  there  are  more  relationships 
in  the  figure  than  the  ones  we  find  in  similar  triangles.  Let’s  investigate. 
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You  will  ne«d 

♦ a ruler 

* a protractor 


Invpstigation  1 

Parallels  and  Proportionality 


In  this  investigation  we’ll  look  at  the  ratios  of  segments  that  have  been  cut  by 
parallel  lines. 


Step  1 


Separate  each  figure  below  into  two  triangles.  Then  find  x and  numerical  values 
for  the  given  ratios. 


a.  ECWaB 


Ulk  - ? - J 

AF.  ~ ^ 


b.  KH  ! FG 


JK  _ ? ///  _ f 
K!‘  ~ UG  ~ ^ 


c.  QN  I LM 


pQ-  ^ m - ? 

qi  MN  ^ 


Step  2 


What  do  you  notice  about  the  ratios  of  the  lengths  of  the  segments  that  have 
been  cut  by  the  parallel  lines? 


Is  the  converse  true?  That  is,  if  a line  divides  two  sides  of  a triangle  proportionally, 
is  it  parallel  to  the  third  side?  Let’s  see. 


Step  3 
Step  4 

Step  5 
Step  6 


Draw  an  acute  angle,  P. 


Beginning  at  point  P,  use  your  ruler  to  mark  off  lengths  of  8 cm  and  10  cm  on 
one  ray.  Label  the  points  A and  B. 


Mark  off  lengths  of  12  cm  and  15  cm 
on  the  other  ray.  Label  the  points 
C and  D.  Notice  that  s = ]2 


LO  cm 


10 


Draw  AC  and  BD . 


LZ  cm 
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step  7 
Step  8 

Step  9 


With  a protractor,  measure  ^PAC  and  ^PBD.  Are  AC  and  BD  parallel? 
Repeat  Steps  3-7,  but  this  time  use  your  ruler  to  create  your  own  lengths  such 

j-ViQi'  ft 

AB  = Cir 

Compare  your  results  with  the  results  of  others  near  you. 

You  should  be  ready  to  combine  your  observations  from  Steps  2 and  9 into  one 
conjecture. 


Parallel/Proportionality  Conjecture 

If  a line  parallel  to  one  side  of  a triangle  passes  through  the  other  two  sides, 
then  it  divides  the  other  two  sides  _L.  Conversely,  if  a line  cuts  two  sides  of  a 
triangle  proportionally,  then  it  is  ? to  the  third  side. 


If  you  assume  that  the  AA  Similarity  Conjecture  is  true,  you  can  use  algebra  to 
prove  the  Parallel/Proportionality  Conjecture.  Here’s  the  first  part. 


EXAMPLE  B 


Given:  /lABC  with YF  I!  BC 

Show:  il  = ^ 

c ti 

(Assume  that  the  lengths  a,  b,  c, 
and  d are  all  nonzero.) 


A 


► Solution 


First,  you  know  that  AAXY  — AABC  (see  the  proof  on  page  623).  Use  a 


proportion  of  corresponding  sides. 

a _ b 
ij  c ~ b A d 

a(a  c)(b  + d)  _ bjg  + ^){b  + d) 
ia  + c:)  “ ib  + d) 

a{b  + d)  = b(a  + c) 
ab  + ad  = ba  + be 
ab  + ad  = ab  + be 

ad  = be 

_bc 
cd  ed 

_b 
c d 


Lengths  of  corresponding  sides  of  similar 
triangles  are  proportional. 

Multiply  both  sides  by  (a  + c)(b  + d). 

Reduce. 

Apply  the  distributive  property. 

Commute  ba  to  ab. 

Subtract  ab  from  both  sides. 

We  want  c and  d in  the  denominator,  so 
divide  both  sides  by  cd. 

Reduce. 


You’ll  prove  the  converse  of  the  Parallel/Proportionality  Conjecture  in  Exercise  19. 

Can  the  Parallel/Proportionality  Conjecture  help  you  divide  segments  into  several 
proportional  parts?  Let’s  investigate. 


© 2008  Key  Curriculum  Press 


LESSON  11.7  Proportional  Segments  Between  Parallel  Lines  625 


If  two  or  more  lines  pass  through  two  sides  of  a triangle  parallel  to  the  third 
side,  then  they  divide  the  two  sides  _L. 


Exploring  the  converse  of  this  conjecture  has  been  left  for  you  as  a Take  Another 
Look  activity. 


You  already  know  how  to  use  a perpendicular  bisector  to  divide  a segment  into 
two,  four,  or  eight  equal  parts.  Now  you  can  use  your  new  conjecture  to  divide  a 
segment  into  any  number  of  equal  parts. 


EXAMPLE  C 


Divide  any  segment  A5  into  three  congruent  parts  using  only  a compass  and 
straightedge. 


► Solution 


Draw  segment  AB.  From  one  endpoint  of  AB  , draw  any  ray  to  form  an  angle 
(Figure  1).  On  the  ray,  mark  off  three  congruent  segments  with  your  compass. 
Connect  the  third  compass  mark  to  the  other  endpoint  of  AB  to  form  a 
triangle  (Figure  2). 

Finally,  through  the  other  two  compass  marks  on  the  ray,  construct  lines  parallel 
to  the  third  side  of  the  triangle  (Figure  3).  The  two  parallel  lines  divide  AB  into 
three  equal  parts. 
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For  Exercises  1-12,  all  measurements  are  in  centimeters. 


k\  EwKisesl^  md  15 


Similarity  1s  us«dl  ic 
int^rat^  drcuits.  El^trical 
^n^ir^^s  us^ 
maps  of  small 

silicon  chlps.TFIi  origin&er  Is 
makir>g  a scalo  drawir^g  ot  a 
computer  chip. 


7. 


Alex  and  Jose  have  each  found  the  value  of  v in  the  diagram  at  right  in 
different  ways  and  are  explaining  their  methods.  Alex  says,  ‘The  proportion  I 
used  to  solve  this  problem  is  so  x is  35.”  Jose  looks  puzzled  and 

responds,  “I  got  x is  21  by  using  the  proportion  ^ = My  Explain  which 

method  is  correct  and  what  is  wrong  with  the  incorrect  method. 
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fij: 


11.  Ism  11^^ 
Is  n Tea? 
Is  m 


12.  Is^ll^  ? 

Is  XY  II  FR  ? 


Is  FROG  a trapezoid? 


13.  a = b=  >•■ 


14.  Construction  Draw  segment  EF.  Use  compass  and  straightedge  to  divide  it  into 
five  equal  parts. 


15.  Construction  Draw  segment  IJ.  Construct  a regular  hexagon  with  IJ  as  the  perimeter. 


16.  You  can  use  a sheet  of  lined  paper  to  divide  a segment  into  equal  parts.  Draw  a 
segment  on  a piece  of  patty  paper,  and  divide  it  into  five  equal  parts  by  placing  it 
over  lined  paper.  Which  conjecture  explains  why  this  works? 


17. 


18. 


The  drafting  tool  shown  at  right  is  called  a sector  compass. 
You  position  a given  segment  between  the  100-marks.  What 
points  on  the  compass  should  you  connect  to  construct  a 
segment  that  is  three-fourths  (or  75%)  of  BC  ? Explain  why 
this  works. 


This  truncated  cone  was  formed  by  cutting  off 
the  top  of  a cone  with  a slice  parallel  to  the 
base  of  the  cone.  What  is  the  volume  of  the 
truncated  cone? 


r V 
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19.  Assume  that  the  SAS  Similarity  Conjecture  and  the  Converse 
of  the  Parallel  Lines  Conjecture  are  true.  Write  a proof  to  show 
that  if  a line  cuts  two  sides  of  a triangle  proportionally,  then  it 
is  parallel  to  the  third  side. 

Given:  n b , . „ i 7 ^ x 

“ = ^ (Assume  c ^ 0 and  a 0.) 

Show:  AB  11  YZ 


X 


20.  Another  drafting  tool  used  to  construct  segments  is  a pair  of 
proportional  dividers,  shown  at  right.  Two  styluses  of  equal 
length  are  connected  by  a screw.  The  tool  is  adjusted  for  different 
proportions  by  moving  the  screw.  Where  should  the  screw  be 
positioned  so  that  A5  is  three-fourths  of  CDl 

The  Extended  Parallel/Proportionality  Conjecture  can  be  extended 
even  further.  That  is,  you  don’t  necessarily  need  a triangle.  If  three  or 
more  parallel  lines  intercept  two  other  lines  (transversals)  in  the  same 
plane,  they  do  so  proportionally.  For  Exercises  21  and  22  use  this 
extension. 


21.  Findvandy. 


22.  A real  estate  developer  has  parceled  land  between  a river 
and  River  Road  as  shown.  The  land  has  been  divided  by 
segments  perpendicular  to  the  road.  What  is  the  “river 
frontage”  (lengths  v,  y,  and  z)  for  each  of  the  three  lots? 


Review 


23.  The  ratio  of  the  surface  areas  of  two  cubes  is  . What  is 
the  ratio  of  their  volumes? 

24.  Application  Romunda’ s original  recipe  for  her  special 
“cannonball”  cookies  makes  36  spheres  with  4 cm 
diameters.  She  reasons  that  she  can  make  36  cannonballs 
with  8 cm  diameters  by  doubling  the  amount  of  dough. 

Is  she  correct?  If  not,  how  many  8 cm  diameter 
cannonballs  can  she  make  by  doubling  the  recipe? 

25.  Find  the  surface  area  of  a cube  with  edge  x Find  the 
surface  area  of  a cube  with  edge  2x  Find  the  surface 
area  of  a cube  with  edge  3x 
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26.  A circle  of  radius  r has  a chord  of  length  r.  Find  the  length  of  the  minor  arc. 


27.  Technology  In  Lesson  11.3,  Exercise  18,  you  learned  about 
the  golden  cut  and  the  golden  ratio.  A golden  rectangle  is 
a rectangle  in  which  the  ratio  of  the  length  to  the  width  is 
the  golden  ratio.  That  is,  a golden  rectangle’s  length,  /,  and 
width,  w,  satisfy  the  proportion 

^ i 
I ~ w-^i 


A golden 


a.  Use  geometry  software  to  construct  a golden  rectangle. 
Your  construction  for  Exercise  18  in  Lesson  1 1.3 
will  help. 

b.  When  a square  is  cut  off  one  end  of  a golden  rectangle, 
the  remaining  rectangle  is  a smaller,  similar  golden 
rectangle.  If  you  continue  this  process  over  and  over 
again,  and  then  connect  opposite  vertices  of  the  squares 
with  quarter-circles,  you  create  a curve  called  the  golden 
spiral.  Use  geometry  software  to  construct  a golden 
spiral.  The  first  three  quarter-circles  are  shown  below. 

D F j c 

ABCD  is  a gcilchm  r<Klangla. 
EBiCF  is  a gddiHn  roGbngb. 
HGCF  Ift 
IJFH  Is 

The  curw  DliSiEbG  UsJIa 
^ha  begimirigGF  agaldDn  spiral. 

A E B 


Some  researchers  believe  Greek  architects 
used  golden  rectargles  to  design  the 
Parthenon. Y-du  car  learn  more  about  the 
historical  importance  of  golden  rectangles 
usirg  the  lirks  at  www.keymath.com/DG 


28.  A circle  is  inscribed  in  a quadrilateral.  Write  a proof 
showing  that  the  two  sums  of  the  opposite  sides  of  the 
quadrilateral  are  equal. 

29.  Copy  the  figure  at  right  onto  your  own  paper.  Divide  it 
into  four  figures  similar  to  the  original  figure. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Connecting  Cubes 

The  two  objects  shown  at  right  can  be  placed 
together  to  form  each  of  the  shapes  below 
except  one.  Which  one? 
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Two  More 
Forms  of  Valid 
Reasoning 

In  the  Chapter  10  Exploration  Sherlock 
Holmes  and  Forms  of  Valid  Reasoning,  you 
learned  about  Modus  Ponens  and  Modus 
Pollens.  A third  form  of  valid  reasoning  is 
called  the  Law  of  Syllogism 

According  to  the  Law  of  Syllogism  (LS),  If  you  accept  “If  P then  Q"  as  true  and 
If  you  accept  “If  Q then  R”  as  true,  then  you  must  logically  accept  “If  P then  R” 
as  true. 

Here  is  an  exancple  of  the  Law  of  Syllogism 


Erigli&h  statement 

Symbolic  translation 

If  I eat  pizza  after  midnight,  then  I will 
have  nightmares.  If  I have  nightmares, 
then  I will  get  very  little  sleep.  Therefore, 
If  I eat  pizza  after  midnight,  then  I will 
get  very  little  sleep. 

P\  I eat  pizza  after  midnight. 
Q\  I will  have  nightmares. 

R\  I will  get  very  little  sleep. 
P^Q 

Q -^R 
' P^R 

To  work  on  the  next  law,  you  need  some  new  statement  forms.  Every  conditional 
statement  has  three  other  conditionals  associated  with  it.  To  get  the  converse  of  a 
statement,  you  switch  the  “if’  and  “then”  parts.  To  get  the  inverse,  you  negate 
both  parts.  To  get  the  contrapositive,  you  reverse  and  negate  the  two  parts. 
These  new  forms  may  be  true  or  false. 


Statement 

If  two  angles  are  vertieal  angles, 
then  they  are  eongruent. 

P^Q 

true 

Converse 

If  two  angles  are  congruent, 
then  they  are  vertical  angles. 

Q^P 

false 

Inverse 

If  two  angles  are  not  vertical  angles, 
then  they  are  not  congruent. 

false 

Contrappsitive 

If  two  angles  are  not  congruent, 
then  they  are  not  vertical  angles. 

-Q  -P 

true 
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Notice  that  the  original  conditional  statement  and  its  contrapositive  have 
the  same  truth  value.  This  leads  to  a fourth  form  of  valid  reasoning. 

The  Law  of  Contrapositive  (LC)  says  that  if  a conditional  statement  is  true, 
then  its  contrapositive  is  also  true.  Conversely,  if  the  contrapositive  is  true, 
then  the  original  conditional  statement  must  also  be  true.  This  also  means  that 
if  a conditional  statement  is  false,  so  is  its  contrapositive. 


Often,  a logical  argument  contains  multiple  steps,  applying  the  same  rule  more 
than  once  or  applying  more  than  one  rule.  Here  is  an  exancple. 


Erkgll^h 

Symbol  k tr^^nsldtidrii 

If  the  consecutive  sides  of  a parallelogram 
are  congruent,  then  it  is  a rhombus,  if  a 
parallelogram  is  a rhombus,  then  its 
diagonals  are  perpendicular  bisectors  of 
each  other.  The  diagonals  are  not 
perpendicular  bisectors  of  each  other. 
Therefore  the  consecutive  sides  of  the 
parallelogram  are  not  congruent. 

P:  The  consecutive  sides  of  a 
parallelogram  are  congruent. 

Q:  The  parallelogram  is  a rhombus. 
R:  The  diagonals  are  perpendicular 
bisectors  of  each  other. 

P^Q 

Q-^R 

--R 

-P 

You  can  show  that  this  argument  is  valid  in  three  logical  steps. 


Step  1 

P^  Q 
Q-^R 

.-.p  ^ R 

by  the  Law  of  Syllogism 

Step  2 

P -^R 

--R  -p 

by  the  Law  of  Contrapositive 

Step  3 

..  R ^ -rp 

-R 

-p 

by  Modus  Ponens 

Literature 

CONNECTION 

Lewis  Carroll  was  the  pseudonym  of  the  English  novelist  and  mathematician 
Charles  Lutwidge  Dodgson  (1832-1898).  He  is  often  associated  with  his 
famous  children’s  hookAlice’s  Adventures  in  Wonderland. 

In  1886  he  published  The  Game  of  Logic,  winch  used  a game  board 
and  counters  to  solve  logic  problems,  hi  1896  he  published  Symbolic 
Logic,  Part  1,  which  was  an  elementary  book  intended  to  teach 
symbolic  logic.  Here  is  one  of  the  silly  problems  from  Symbolic 
Logic.  What  conclusion  follows  from  these  premises? 

Babies  are  illogical. 

Nobody  is  despised  who  can  manage  a crocodile. 

Illogical  persons  are  despised. 

Lewis  Carroll  enjoyed  incorporating  mathematics  and  logic  into 
all  of  his  books.  Here  is  a quote  from  Through  the  Looking  Glass. 

Is  Tweedledee  using  valid  reasoning? 

‘Contrariwise,”  said  Tweedledee,  “if  it  was  so,  it  might  be;  and  if  it  w 
so,  it  would  be,  but  as  it  isn’t,  it  ain’t.  That’s  logic.” 
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So  far,  you  have  learned  four  basic  forms  of  valid  reasoning. 
Now  let’s  apply  them  in  symbolic  proofs. 


Step  1 


Step  2 


Step  3 


Four  Forms  of  Valid  Reasoning 


P^Q 

P^Q 

P^Q 

P^Q 

P 

Q^R 

P 

Q 

:.~P 

• . P^R 

byMP 

byMT 

byLS 

byLC 

Activity 

Symbolic  Proofs 

Determine  whether  or  not  each  logical  argument  is  valid.  If  it  is  valid,  state  what 
reasoning  form  or  forms  it  follows.  If  it  is  not  valid,  write  “no  valid  conclusion.” 


b.  P 

c.  — ""  R 

Q 

S 

Q 

.'.R-^  P 

P 

e.  --  ~ R 

f.  Q 

p 

R 

■ R^T 

:.P 

-■-P-*R 

Translate  parts  a-c  into  symbols,  and  give  the  reasoning  form(s)  or  state  that  the 
conclusion  is  not  valid. 

a.  If  I study  all  night,  then  I will  miss  my  late-night  talk  show.  If  Jeannine  comes 
over  to  study,  then  I study  all  night.  Jeannine  comes  over  to  study.  Therefore  I 
will  miss  my  late-night  talk  show. 

b.  If  I don’t  earn  money,  then  I can’t  buy  a concputer.  If  I don’t  get  a job,  then  I 
don’t  earn  money.  I have  a job.  Therefore  I can  buy  a concputer. 

c.  If  EF is  not  parallel  to  side  AB  in  trapezoid  ABCD,  then  EF  is  not  a 
midsegment  of  trapezoid  ABCD.  If  EF  is  parallel  to  side  A^then  is  a 
trapezoid.  EF  is  a midsegment  of  trapezoid  ABCD.  Therefore  ABFE  is  a 
trapezoid. 

Show  how  you  can  use  Modus  Ponens  and  the  Law  of  Contrapositive  to  make  the 
same  logical  conclusions  as  Modus  Pollens. 
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Similarity,  like  area,  volume,  and  the  Pythagorean  Theorem, 
has  many  applications.  Any  scale  drawing  or  model,  anything  that 
is  reduced  or  enlarged,  is  governed  by  the  properties  of  similar 
figures.  So  engineers,  visual  artists,  and  film-makers  all  use 
similarity.  It  is  also  useful  in  indirect  measurement.  Do  you  recall 
the  two  indirect  measurement  methods  you  learned  in  this  chapter? 
The  ratios  of  area  and  volume  in  similar  figures  are  also  related  to 
the  ratios  of  their  dimensions.  But  recall  that  as  the  dimensions 
increase,  the  area  increases  by  a squared  factor  and  volume 
increases  by  a cubed  factor. 


-Exebcises- 


You  will  need 


For  Exercises  1-4,  solve  each  proportion. 


kir  9 


^ JC 1 ^_4 ^ 4 X _ ^ 

15  “ 5 11  “ ^ “ 9 A'  + 3 “ -10 

In  Exercises  5 and  6,  measurements  are  in  centimeters. 


7.  Application  David  is  5 ft  8 in.  tall  and  wants  to  find 
the  height  of  an  oak  tree  in  his  front  yard.  He  walks 
along  the  shadow  of  the  tree  until  his  head  is  in  a 
position  where  the  end  of  his  shadow  exactly  overlaps 
the  end  of  the  tree’s  shadow.  He  is  now  1 1 ft  3 in.  from 
the  foot  of  the  tree  and  8 ft  6 in.  from  the  end  of  the 
shadows.  How  tall  is  the  oak  tree? 


h 


S ft  6 in. 


ft  3 in. 
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8.  A certain  magnifying  glass,  when  held  6 in.  from  an 


9.  Construction  Constructs..  Then  find  a point  P that 


Explain. 


11.  Patsy  does  a juggling  act.  She  sits  on  a stool  that  si 


approximately  2 meters  above  the  ball.  Seats  for  tf 
are  arranged  on  the  floor  in  a circle  so  that  each  sp 
can  see  Patsy’s  eyes.  Find  the  radius  of  the  circle  c 
seats  to  the  nearest  meter. 


12.  Charlie  builds  a rectangular  box  home  for 


to  cover  its  surface.  Lucy  also  builds  a box 
for  Charlie’s  pet,  but  with  dimensions  twice  as 
great.  How  many  gallons  of  paint  will  Lucy  need 
to  paint  her  box?  How  many  times  as  much  volume  does 
her  box  have? 

13.  Suppose  you  had  a real  clothespin  similar  to  the 
sculpture  at  right  and  made  of  the  same  material.  What 
measurements  would  you  make  to  calculate  the  weight  of 
the  sculpture?  Explain  your  reasoning. 

14.  The  ratio  of  the  perimeters  of  two  similar  parallelograms 
is  3:7.  What  is  the  ratio  of  their  areas? 

15.  The  ratio  of  the  surface  areas  of  two  spheres  is  • What 
is  the  ratio  of  their  radii?  What  is  the  ratio  of  their 
volumes? 


16.  Application  The  Jones  family  paid  $150  to  a painting 
contractor  to  stain  their  12-by-15-foot  deck.  The  Smiths 


object,  creates  an  image  that  is  10  times  the  size  of  the 
object  being  viewed.  What  is  the  measure  of  a 20°  angle 
under  this  magnifying  glass? 


divides  KL  into  two  segments  that  have  a ratio 
10.  If  two  triangles  are  congruent,  are  they  similar? 


of  a rotating  ball  that  spins  at  the  top  of  a 20-meter 
The  diameter  of  the  ball  is  4 meters,  and  Patsy’s  e) 


his  pet  python  and  uses  1 gallon  of  paint 


have  a similar  deck  that  measures  16  ft  by  20  ft.  What 
price  should  the  Smith  family  expect  to  pay  to  have  their 
deck  stained? 


This  sculpture,  called  (1976L  was 

created  by  Swedish-American  sculptor  Claes 
Oldetibur-g  lb  His  art  reflects  how 

everyday  objeMits  can  be  Intriguing. 
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18.  .5 II  Ml  9 II  ^ 

w - J_,  _L^  _Lp  z=  J_ 


17.  The  dimensions  of  the  smaller  cylinder  are 
two-thirds  of  the  dimensions  of  the  larger 
cylinder.  The  volume  of  the  larger  cylinder 
is  2160  3T  cm^.  Find  the  volume  of  the 
smaller  cylinder. 


19.  Below  is  a 58-foot  statue  of  Bahubali,  in  Sravanabelagola,  India.  Every  12  years, 
worshipers  of  the  Jain  religion  bathe  the  statue  with  coconut  milk.  Suppose  the  milk 
of  one  coconut  is  just  enough  to  cover  the  surface 


Biis  50-foot  statue  is  carved  firom  a sln^leitone. 


20.  Greek  mathematician  Archimedes  liked  the  design  at  right  so  much  that 
he  wanted  it  on  his  tombstone. 

a.  Calculate  the  ratio  of  the  area  of  the  square,  the  area  of  the  circle,  and 
the  area  of  the  isosceles  triangle.  Copy  and  complete  this  statement  of 
proportionality. 

Area  of  square  to  Area  of  circle  to  Area  of  triangle  isj_  to_L  to  ? 
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b.  When  each  of  the  figures  is  revolved  about  the  vertical  line  of  symmetry,  it 
generates  a solid  of  revolution — a cylinder,  a sphere,  and  a cone.  Calculate  their 
volumes.  Copy  and  complete  this  statement  of  proportionality. 

Volume  of  cylinder  to  Volume  of  sphere  to  Volume  of  cone  is  _L  to  _L  to  _Lu 

A ^ 


c.  What  is  so  special  about  this  design? 

21.  Many  fanciful  stories  are  about  people  who  accidentally 
shrink  to  a fraction  of  their  original  height.  If  a person 
shrank  to  one-twentieth  his  original  height,  how  would 
that  change  the  amount  of  food  he’d  require,  or  the 
amount  of  material  needed  to  clothe  him,  or  the  time 
he’d  need  to  get  to  different  places?  Explain. 

This  tcene  is  from  the  1957  scienoe  fiction 
FTKiviE  The  JfKredibi&  Shnnking  Man. 

22.  Would  15  pounds  of  1-inch  ice  cubes  melt  faster  than  a 
15-pound  block  of  ice?  Explain. 


Take  another  look 

1.  You’ve  learned  that  an  ordered  pair  rule  such  as  (x,  y)  — > (x  + b,  y + c)  is  a. 
translation.  You  discovered  in  this  chapter  that  an  ordered  pair  rule  such  as 
(x,  y)  — > (kx,  ky)  is  a dilation  in  the  coordinate  plane,  centered  at  the  origin.  What 
transformation  is  described  by  the  rule  (x,  y)  — > {kx  + h,  ky  + c)l  Investigate. 


2.  In  Lesson  11.1,  you  dilated  figures  in  the  coordinate 
plane,  using  the  origin  as  the  center  of  dilation.  What 
happens  if  a different  point  in  the  plane  is  the  center  of 
dilation?  Copy  the  polygon  at  right  onto  graph  paper. 

Draw  the  polygon’ s image  under  a dilation  with  a scale 
factor  of  2 and  with  point  A as  the  center  of  dilation. 

Draw  another  image  using  a scale  factor  of  ? . Explain 
how  you  found  the  image  points.  How  does  dilating 
about  point  A differ  from  dilating  about  the  origin? 

3.  Developing  Proof  True  or  false?  The  angle  bisector  of  one 
of  the  nonvertex  angles  of  a kite  will  divide  the  diagonal 
connecting  the  vertex  angles  into  two  segments  whose 
lengths  are  in  the  same  ratio  as  two  unequal  sides  of  the 
kite.  If  true,  explain  why.  If  false,  show  a counterexarrple 
that  proves  it  false. 


y 
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4.  Developing  Proof  A total  eclipse  of  the  Sun  can  occur 
because  the  ratio  of  the  Moon’s  diameter  to  its  distance 
from  Earth  is  about  the  same  as  the  ratio  of  the  Sun’ s 
diameter  to  its  distance  to  Earth.  Draw  a diagram  and 
use  similar  triangles  to  explain  why  it  works. 

5.  Developing  Proof  It  is  possible  for  the  three  angles  and  two 
of  the  sides  of  one  triangle  to  be  congruent  to  the  three 
angles  and  two  of  the  sides  of  another  triangle,  and  yet 

for  the  two  triangles  not  to  be  congruent.  Two  such 
triangles  are  shown  below.  Use  geometry  software  or 
patty  paper  to  find  another  pair  of  similar  (but  not 
congruent)  triangles  in  which  five  parts  of  one  are 
congruent  to  five  parts  of  the  other. 


Explain  why  these  sets  of  side  lengths  work.  Use  algebra  to  explain  your  reasoning. 

6.  Developing  Proof  Is  the  converse  of  the  Extended  Parallel  Proportionality  Conjecture 
true?  That  is,  if  two  lines  intersect  two  sides  of  a triangle,  dividing  the  two  sides 
proportionally,  must  the  two  lines  be  parallel  to  the  third  side?  Prove  that  it  is  true 

or  find  a counterexancple  showing  that  it  is  not  true. 

7.  Developing  Proof  If  the  three  sides  of  one  triangle  are  each  parallel  to  one  of  the  three 
sides  of  another  triangle,  what  might  be  true  about  the  two  triangles?  Use  geometry 
software  to  investigate.  Make  a conjecture  and  explain  why  you  think  your 
conjecture  is  true. 

Assessing  What  You^ve  Learned 


UPDATE  YOUR  PORTFOLIO  Ifyou  did  the  Project  Making  a Mural,  add  your  mural 
to  your  portfolio. 


ORGANIZE  YOUR  NOTEBOOK  Review  your  notebook  to  be  sure  it’ s concplete  and 
well  organized.  Be  sure  you  have  each  definition  and  conjecture.  Write  a one-page 
summary  of  Chapter  1 1 . 

GIVE  A PRESENTATION  Give  a presentation  about  one  or  more  of  the  similarity 
conjectures.  You  could  even  explain  how  an  overhead  projector  produces  similar 
figures! 

WRITE  IN  YOUR  JOURNAL  Concpare  similarity  with  congruence. 
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Trigonometry 


OBJECTIVES 

In  this  chapter  you  will 

/ wish  I’d  learn  to  draw  a little 

* learn  about  the  branch  of 

better!  What  exertion  and 

mathennatics  called 

determination  it  takes  to  try  and  do  it 

trigonometry 

well. ...It  is  really  just  a question  of  carrying 

#■  define  three  important 
ratios  between  the  sides  of 

on  doggedly,  with  continuous  and,  if  possible. 

a right  triangle 

pitiless  self-criticism. 

7'  'y 

* use  trigonometry  to  solve 

M.  C.  ESCHER 

■ I'',: 

problems  involving  right 
triangles 

Belvedere,  M.  C.  Escher,  1958 

* discover  how  trigonometry 

©2002  Cordon  Art  B.  V.-Baarn-Holland. 
All  rights  reserved. 

extends  beyond  right 



triangles 

.-I-: 
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Research  is  what  I am 
doing  when  I don’t  know 
what  I’m  doing. 

WERNHER  VON  BRAUN 


Trigonometric  Ratios 

T rigonometry  is  the  study  of  the 
relationships  between  the  sides  and 
the  angles  of  triangles.  In  this  lesson 
you  will  discover  some  of  these 
relationships  for  right  triangles. 

Astronomy 

CONNECTION 

Trigonometry  has  origins  in  astronomy. 

The  Greek  astronomer  Claudius  Ptolemy 
(100-170  C.E.)  used  tables  of  ehord  ratios  in 
his  book  known  as  Almagest.  These  ehord 
ratios  and  their  related  angles  were  used  to 
deseribe  the  motion  of  planets  in  what  were 
thought  to  be  eireular  orbits.  This  woodeut 
shows  Ptolemy  using  astronomy  tools. 


When  studying  right  triangles,  early  mathematicians  discovered  that  whenever  the 
ratio  of  the  shorter  leg’s  length  to  the  longer  leg’s  length  was  close  to  a specific 
fraction,  the  angle  opposite  the  shorter  leg  was  close  to  a specific  measure.  They 
found  this  (and  its  converse)  to  be  true  for  all  similar  right  triangles.  For  exanple, 
in  every  right  triangle  in  which  the  ratio  of  the  shorter  leg’s  length  to  the  longer 
leg’s  length  is  I , the  angle  opposite  the  shorter  leg  is  almost  exactly  31°. 


What  early  mathematicians  discovered  is  supported  by  what  you  know  about 
similar  triangles.  If  two  right  triangles  each  have  an  acute  angle  of  the  same 
measure,  then  the  triangles  are  similar  by  the  AA  Similarity  Conjecture.  And  if  the 
triangles  are  similar,  then  corresponding  sides  are  proportional.  For  exanple,  in  the 
similar  right  triangles  shown  below,  these  proportions  are  true: 


This  side  is  called 
the  opposite  leg 
because  it  is  across 
from  the  20°  angle. 


The  ratio  of  the  length  of  the  opposite  leg  to  the  length  of  the  adjacent  leg  in  a 
right  triangle  came  to  be  called  the  tangent  of  the  angle. 


640 


CHAPTER  12 


Trigonometry 
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EXAMPLE  A 


► Solution 


In  Chapter  1 1,  you  used  mirrors  and  shadows  to  measure  heights  indirectly. 
Trigonometry  gives  you  another  indirect  measuring  method. 

At  a distance  of  36  meters  from  a tree,  the  angle  from  the  ground  to  the  top  of 
the  tree  is  3 1°.  Find  the  height  of  the  tree. 


As  you  saw  in  the  right  triangles  on  page  640,  the  ratio  of  the  length  of  the  side 
opposite  a 3 1°  angle  divided  by  the  length  of  the  side  adjacent  to  a 3 1°  angle  is 
approximately  ^ , or  0.6.  You  can  set  up  a proportion  using  this  tangent  ratio. 


flT 
I! A 

HT 

UA 

f/T 

36 

HT 


='  tan  31° 

The  definition  of  tangent. 

==  0.6 

The  tangent  of  3 1 ° is  approximately  0.6. 

= = 0.6 

Substitute  36  for  HA. 

=^36  ■ 0.6 

Multiply  both  sides  by  36  and  reduee  the  left  side. 

22 

Multiply. 

The  height  of  the  tree  is  approximately  22  meters. 
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In  order  to  solve  problems  like  Exanple  A,  early 
mathematicians  made  tables  that  related  ratios  of  side 
lengths  to  angle  measures.  They  named  six  possible 
ratios.  You  will  work  with  three. 

Sine,  abbreviated  sin,  is  the  ratio  of  the  length  of  the 
opposite  leg  to  the  length  of  the  hypotenuse. 

Cosine,  abbreviated  cos,  is  the  ratio  of  the  length  of  the 
adjacent  leg  to  the  length  of  the  hypotenuse. 

Tangent,  abbreviated  tan,  is  the  ratio  of  the  length  of  the 
opposite  leg  to  the  length  of  the  adjacent  leg. 

This  excerpt  from  a tflgonornetfk  table  shoMVS 
sine,  cosine,  and  ian^nt  ratios  for  aiigles 
measuring  from  to  14.2^. 
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You  will  ne«d 

* a protractor 
« a ruler 

* a calculator 


J 


Trigonometric  Ratios 


Hjrpotenus^: 


to  jLA. 


This  leg  IS 
opposilc  ^A. 


For  any  acute  angle  A in  a right  triangle:  In  CiABC  above: 


sine  of  ilA 


length  of  opposite  leg 
length  of  hypotenuse 


sinA=  f 


length  of  adjacent  leg 
cosine  o £ — of  hypotenuse 


tangent  of 


lengtli  of  opposite  leg 

length  of  adjacent  leg 


A ^ 

cosA=  ^ 
tanA  = 


Investigation 
Trigonometric  Tabies 


In  this  investigation  you  will  make  a small  table  of  trigonometric  ratios  for  angles 
measuring  20°  and  70°. 


Step  1 

Step  2 
Step  3 


Step  4 
Step  5 


Use  your  protractor  to  make  a large  right  triangle  ABC  with  mAA  = 20°, 
rrijLB  =90°,  andm2LC  =70°. 

Measure  AB,  AC,  and  BC  to  the  nearest  millimeter. 

Use  your  side  lengths  and  the  definitions  of  sine,  cosine,  and  tangent  to  conplete 
a table  like  this.  Round  your  calculations  to  the  nearest  thousandth. 


sinC 

cos  C 

taiiC 

70* 

sLn  A 

L'QS  A 

tanA 

Share  your  results  with  your  group.  Calculate  the  average  of  each  ratio  within 
your  group.  Create  a new  table  with  your  group’s  average  values. 

Discuss  your  results.  What  observations  can  you  make  about  the  trigonometric 
ratios  you  found?  What  is  the  relationship  between  the  values  for  20°  and  the 
values  for  70°?  Explain  why  you  think  these  relationships  exist. 


Go  to  www.keymath.com/DG  to  find  complete  tables  of  trigonometric  ratios. 
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step  6 
Step  7 


EXAMPLE  B 
► Solution 


Today,  trigonometric  tables  have  been  replaced  by 
calculators  that  have  sin,  cos,  and  tan  keys. 

Experiment  with  your  calculator  to  determine 
how  to  find  the  sine,  cosine,  and  tangent  values 
of  angles. 

Use  your  calculator  to  find  sin  20°,  cos  20°, 
tan  20°,  sin  70°,  cos  70°,  and  tan  70°.  Check 
your  group’s  table.  How  do  the  trigonometric 
ratios  found  by  measuring  sides  compare 
with  the  trigonometric  ratios  you 
found  on  the  calculator?  r ■ 


O GH  O & D 


Oi  * ^ * '19 

''  u 1 jCS 


flt  n ' = ’ S 


Using  a table  of  trigonometric  ratios,  or  using  a calculator,  you  can  find  the 
approximate  lengths  of  the  sides  of  a right  triangle  given  the  measures  of  any  acute 
angle  and  any  side. 

I Find  the  length  of  the  hypotenuse  of  a right  triangle  if  an  acute  angle  measures 
20°  and  the  leg  opposite  the  angle  measures  410  feet. 


Sketch  a diagram  The  trigonometric  ratio  that  relates  the  lengths  of  the  opposite 
leg  and  the  hypotenuse  is  the  sine  ratio. 

Substitute  20°  for  the  measure  of  Z.A  and  substitute 
410  for  the  length  of  the  opposite  side.  The  length 
of  the  hypotenuse  is  unknown,  so  use  X 
Multiply  both  sides  by  V and  reduee  the  right  side. 

Divide  both  sides  by  sin  20°and  reduee  the  left  side. 

From  your  table  in  the  investigation,  or  from  a calculator,  you  know  that  sin  20° 
is  approximately  0.342. 

^ 410 

^ ^ 0 342  Sin  20°  is  approximately  0.342. 

X^1199  Divide. 

The  length  of  the  hypotenuse  is  approximately  1199  feet. 


sin  20°  - ^ 

X 

X . sin  20°  = 410 

410 

iln20'^ 
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With  the  help  of  a calculator,  it  is  also  possible  to  determine  the  size  of  either  acute 
angle  in  a right  triangle  if  you  know  the  length  of  any  two  sides  of  that  triangle. 

For  instance,  if  you  know  the  ratio  of  the  legs  in  a right  triangle,  you  can  find  the 
measure  of  one  acute  angle  by  using  the  inverse  tangent,  or  tan“\  function.  Let’s 
look  at  an  exanple. 

The  inverse  tangent  of  x is  defined  as  the  measure  of  the  acute  angle  whose  tangent 
is  X.  The  tangent  function  and  inverse  tangent  function  undo  each  other.  That  is, 
tan  “^(tan  A)  = A and  tan(tan  x)  = x. 


EXAMPLE  C 


A right  triangle  has  legs  of  length  8 inches  and  15  inches.  Find  the  measure  of 
the  angle  opposite  the  8-inch  leg. 


To  find  the  angle  that  has  a 
specific  tangent  value,  use 
the  tan“^  feature  on  your 
calculator. 


Sketch  a diagram.  In  this  sketch  the  angle  opposite  the  8-inch  leg  is  . 
The  trigonometric  ratio  that  relates  the  lengths  of  the  opposite  leg  and  the 
adjacent  leg  is  the  tangent  ratio. 


II 

Substitute  8 for  the  length  of  the  opposite  leg 
and  substitute  15  for  the  length  of  the  adjaeent  leg. 

tan-1  (tan  A)  = tan 

Take  the  inverse  tangent  of  both  sides. 

A = tan 

The  tangent  funetion  and  inverse  tangent  funetion 
undo  eaeh  other. 

A ^ 28 

Use  your  ealeulator  to  evaluate  tan  '( i^). 

The  measure  of  the  angle  opposite  the  8-inch  leg  is  approximately  28°. 


You  can  also  use  inverse  sine,  or  sin  \ and  inverse  cosine,  or  cos  \ to  find  angle 
measures. 


Exercises 


PfjiGiice 


For  Exercises  1-3,  use  a calculator  to  find  each  trigonometric  ratio 
accurate  to  the  nearest  ten  thousandth. 


You  will  need 


for  EflerosK  M aiid  10-32 


1.  sin  37°  2.  cos  29°  3.  tan  8° 

For  Exercises  4-6,  solve  for  x.  Express  each  answer  accurate  to  the  nearest  hundredth  of 
a unit. 

4.  sin 40°=-^  5.  cos  52°=  6.  tan29°= 

] S X 1 12 
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For  Exercises  7-9,  find  each  trigonometric  ratio. 


For  Exercises  10-13,  find  the  measure  of  each  angle  accurate  to  the  nearest  degree. 
10.  sin  A =0.5  » cos  5 =0.6 

12.  tan C=  0,5773  13.  tan, 

For  Exercises  14-20,  find  the  values  of  a-g  accurate  to  the  nearest  whole  unit. 
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Review 


For  Exercises  23  and  24,  solve  for  x 


23. 


^ _ IZ 
3 “ 8 


24. 


5 25 

X ~ 11 


25.  Application  Which  is  the  better  buy — a pizza  with  a 16-inch  diameter  for  $12.50 
or  a pizza  with  a 20-inch  diameter  for  $20.00? 


26.  Application  Which  is  the  better  buy — ice  cream  in  a cylindrical  container  with  a 
base  diameter  of  6 inches  and  a height  of  8 inches  for  $3.98  or  ice  cream  in  a box 
(square  prism)  with  a base  edge  of  6 inches  and  a height  of  8 inches  for  $4.98? 


27.  A diameter  of  a circle  is  cut  at  right  angles  by  a chord  into  a 12  cm  segment  and 
a 4 cm  segment.  How  long  is  the  chord? 


28.  Find  the  volume  and  surface  area  of  this  sphere. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

3-by-3  Inductive  Reasoning  Puzzle  II 


Sketch  the  figure  missing  in  the 
lower  right  corner  of  this  pattern. 


o 
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What  science  can  there 
be  more  noble,  more 
excellent,  more  useful... 
than  mathematics? 
BENJAMIN  FRANKLIN 


Problem  Solving  with 
Right  Triangles 

Right  triangle  trigonometry  is  often  used  indirectly  to  find  the  height  of  a tall 
object.  To  solve  a problem  of  this  type,  measure  the  angle  from  the  horizontal  to 
your  line  of  sight  when  you  look  at  the  top  or  bottom  of  the  object. 


If  you  look  up,  you  measure  the  angle  of  elevation.  If  you  look  down,  you  measure 

the  angle  of  depression. 


EXAMPLE 


The  angle  of  elevation  from  a sailboat  to  the  top  of  a 121-foot  lighthouse  on  the 
shore  measures  16°.  How  far  is  the  sailboat  from  the  lighthouse? 


► Solution 


Distance  means  the  shortest  distance,  which  is  the  horizontal  distance.  The 
height  of  the  lighthouse  is  opposite  the  16°  angle.  The  unknown  distance  is  the 
adjacent  side.  Set  up  a tangent  ratio. 

tan  16°  = 

J(tanl6°)=  121 

^ tan  16^ 

d=^  422 

The  sailboat  is  approximately  422  feet  from  the  lighthouse. 
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Exercises 


-^1  i7F^Ti>t>ti  1^1 


You  will  need 


For  Exercises  1-9,  find  each  length  or  angle  measure  accurate  to  the  nearest 


whole  unit. 

d i==?  ? 

/ ' ^ 
/ I 

VJ  7 om 

/ I 

/ I 

/ !~i 

2.  X F=i 


20  m J 


' 18  m 


iL — □ — ^ 


__  A (ffkulffifir 

U f«-  EKtrdses  1-19 


3.  r f=d  I 


10.  According  to  a Chinese  legend  from  the  Han  dynasty  (206  b.c.e-220  c.e.),  General 
Han  Xin  flew  a kite  over  the  palace  of  his  enemy  to  determine  the  distance  between 
his  troops  and  the  palace.  If  the  general  let  out  800  meters  of  string  and  the  kite  was 
flying  at  a 35°  angle  of  elevation,  how  far  away  was  the  palace  from  General  Han 
Xin’ s position? 

11.  Benny  is  flying  a kite  directly  over  his  friend  Frank,  who  is  125  meters  away.  When 
he  holds  the  kite  string  down  to  the  ground,  the  string  makes  a 39°  angle  with  the 
level  ground.  How  high  is  Benny’s  kite? 

12.  Application  The  angle  of  elevation  from  a ship 
to  the  top  of  a 42-meter  lighthouse  on  the 
shore  measures  33°.  How  far  is  the  ship  from 
the  lighthouse?  (Assume  the  horizontal  line  of 
sight  meets  the  bottom  of  the  lighthouse.) 

13.  Application  A salvage  ship’s  sonar  locates 
wreckage  at  a 12°  angle  of  depression.  A diver 
is  lowered  40  meters  to  the  ocean  floor.  How 
far  does  the  diver  need  to  walk  along  the 
ocean  floor  to  the  wreckage? 
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14.  Application  A ship’s  officer  sees  a lighthouse  at  a 42°  angle  to  the  path  of  the  ship. 
After  the  ship  travels  1800  m,  the  lighthouse  is  at  a 90°  angle  to  the  ship’s  path.  What 
is  the  distance  between  the  ship  and  the  lighthouse  at  this  second  sighting? 


when  there  are  no  visible 
landmarks,  sailors  at  sea  depend 
ork  the  liDcatlon  of  stars  ot  the 
Sun  For  navlgailor^.  For  example. 
In  the  Morthem  Hemisphete, 
Polaris  (ihe  North  Star),  stays 
approximately  at  the  sanrte  angle 
above  the  horizon  for  a given 
latitude.  If  Polaris  appears  higher 
overhead  or  sleser  to  the 
horizon,  sailors  can  tell  that  their 
course  1s  taking  them  north  or 
south  respectively. 

This  painting  by  Winslow  Homer 
( 1836-1  *9 10|i  is  titled  Breezing  Up 
(1876^ 


15.  Application  A meteorologist  shines  a spotlight 
vertically  onto  the  bottom  of  a cloud  formation.  He 
then  places  an  angle-measuring  device  165  meters  from 
the  spotlight  and  measures  an  84° angle  of  elevation 
from  the  ground  to  the  spot  of  light  on  the  clouds. 

How  high  are  the  clouds? 

16.  Application  Meteorologist  Wendy  Stevens  uses  a 
theodolite  (an  angle-measuring  device)  on  a 1 -meter- 
tall  tripod  to  find  the  height  of  a weather  balloon.  She 
views  the  balloon  at  a 44°  angle  of  elevation.  A radio 
signal  from  the  balloon  tells  her  that  it  is  1400  meters 
from  her  theodolite. 

a.  How  high  is  the  balloon? 

b.  How  far  is  she  from  the  point  directly  below 
the  balloon? 


The  distance  from  the  ground  to  a doud 
foffmation  is  called  the  cloud  ceiiing. 


c.  If  Wendy’ s theodolite  were  on  the  ground  rather 
than  on  a tripod,  would  your  answers  change? 

Explain  your  reasoning. 

Science 

CONNECTION 

Weather  balloons  carry  into  the  atmosphere  a radiosonde,  an  instrument 
with  sensors  that  detect  information  about  wind  direction,  temperature, 
air  pressure,  and  humidity.  Twice  a day  across  the  world,  this  upper-air 
data  is  transmitted  by  radio  waves  to  a receiving  station.  Meteorologists 
use  the  information  to  forecast  the  weather. 
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P Review 

For  Exercises  17-19,  find  the  measure  of  each  angle  to  the  nearest  degree. 

17.  sinZ)  =0.7071  18.  tan£  = 1.7321  19.  cos  F =0.5 

Technology 

CONNECTION 

The  earliest  known  navigation  tool  was  used  by  the 
Polynesians,  yet  it  didn’t  measure  angles.  Early 
Polynesians  carried  several  different-length  hooks 
made  from  split  bamboo  and  shells.  A navigator  held 
a hook  at  arm’s  length,  positioned  the  bottom  of  the 
hook  on  the  horizon,  and  sighted  the  North  Star 
through  the  top  of  the  hook.  The  length  of  the  hook 
indicated  the  navigator’s  approximate  latitude.  Can  you 
use  trigonometry  to  explain  how  this  method  works? 


20.  Solve  for  x. 

a.  4.7=^ 

b. 

X 

c.  0.3736-  ^ 
d 0.9455= 


21.  Find  x and  y. 


22.  A 3-by-5-by-6  cm  block  of  wood  is  dropped  into  a cylindrical  container  of  water 
with  radius  5 cm  The  level  of  the  water  rises  0.8  cm  Does  the  block  sink  or  float? 
Explain  how  you  know. 


23.  Scalene  triangle  ABC  has  altitudes  AX  , BY,  and  CZ.  If  AB  > BC  > AC,  write  an 
inequality  that  relates  the  heights. 


24.  In  the  diagram  at  right,  PT  and  PS  are  tangent 
to  circle  O at  points  T and  S,  respectively.  As 
point  P moves  to  the  right  along  AB  , describe 
what  happens  to  each  of  these  measures  or  ratios. 


a.  m ii  TPS 

b. 

OD 

c.  m LATB 

d. 

Area  of  ihATB 

AF 

f. 

AD 

e-  jjji 

im 
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25.  Points  S and  Q,  shown  at  right,  are  consecutive 
vertices  of  square  SQRE.  Find  coordinates  for 
the  other  two  vertices,  R and  E.  There  are  two 
possible  answers.  Try  to  find  both. 


* 


LIGHT  FOR  ALL  SEASONS 


You  have  seen  that  roof  design  is  a practical  application  of  slope — steep  roofs  shed  snow 
and  rain.  But  have  you  thought  about  the  overhang  of  a roof? 


What  roof  design  is  common  for  homes  in  your  area?  What  factors  would  an  architect 
consider  in  the  design  of  a roof  relative  to  the  position,  size,  and  orientation  of  the 
windows?  Do  some  research  and  build  a shoebox  model  of  the  roof  design  you  select. 

What  design  is  best  for  your  area  will  depend  on  your  latitude,  because  that  determines 
the  angle  of  the  sun’s  light  in  different  seasons.  Research  the  astronomy  of  solar  angles, 
then  use  trigonometry  and  a movable  light  source  to  illustrate  the  effects  on  your  model. 

Your  project  should  include 

► Research  notes  on  seasonal  solar  angles. 

► A narrative  explanation,  with  mathematical  support,  for  your  choice  of  roof  design, 
roof  overhang,  and  window  placement. 

► Detailed,  labeled  drawings  showing  the  range  of  light  admitted  from  season  to  season, 
at  a given  time  of  day. 

► A model  with  a movable  light  source. 


In  a hot  a overhang  shelters  windows 

from  the  sun. 


In  a cokJ  tlirmale.  a narrow  ovefbar^g  lets  In  more 
light  and  warmth. 
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Indirect  Measurement 


You  will  Pieed 

♦ a measuring  tape  or 
metersticks 

♦ a clinometer  (use 
the  Making  a 
Clinometer  worksheet 
or  make  one  of  your 
own  design) 

♦ a mirror 


Clinometer  I 


Clinometer  1 


n 


Activity 

Using  a Clinometer 


In  this  activity  you  will  use  a 
clinometer — a protractor-like  tool 
used  to  measure  angles.  You  probably 
will  want  to  make  your  clinometer  in 
advance,  based  on  one  of  the  designs 
below.  Practice  using  it  before  starting 
the  activity. 


How  would  you  measure  the  height  of  your  school  building? 

In  Chapter  11,  you  used  shadows,  mirrors,  and  similar  triangles 
to  measure  the  height  of  tall  objects  that  you  couldn’t  measure 
directly.  Right  triangle  trigonometry  gives  you  yet  another 
method  of  indirect  measurement. 


In  this  exploration  you  will  use  two  or  three 
different  methods  of  indirect  measurement. 
Then  you  will  compare  your  results 
from  each  method. 


Step  1 


Locate  a tall  object  that  would  be  difficult  to  measure  directly,  such  as  a school 
building.  Start  a table  like  this  one. 


Vr^yjing  dn^l£ 

^feignc  of 
obsefi/ef's 

fra/n 

obi&ver  to  object 

Ccilculfitfid 
0^  object 
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Step  2 
Step  3 
Step  4 


Use  your  clinometer  to  measure  the  viewing  angle  from  the  horizontal  to  the  top 
of  the  object. 

Measure  the  observer’s  eye  height.  Measure  the  distance  from  the  observer  to  the 
base  of  the  object. 

Calculate  the  approximate  height  of  the  object. 


us.  Forest  Service  Rantger  Al  Sousi 
uses  a dlnorrfceter  to  measure  the 
angle  of  a rriDuntair  slope.  In  snowy 
conditions,  a slope  steeper  thkan  3S'^ 
can  be  a high  avalanche  hazard. 


Step  5 Use  either  the  shadow  method  or  the  mirror  method  or  both  to  measure  the 
height  of  the  same  object.  How  do  your  results  concpare?  If  you  got  different 
results,  explain  what  part  of  each  process  could  contribute  to  the  differences. 

Step  6 Repeat  Steps  1-5  for  another  tall  object.  If  you  measure  the  height  of  the  same 
object  as  another  group,  compare  your  results  when  you  finish. 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Puzzle  Shapes 


Make  five  of  these  shapes  and  assemble 
them  to  form  a square.  Does  it  take 
three,  four,  or  five  of  the  shapes  to  make 
a square? 
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To  think  and  to  be  fully 
alive  are  the  same. 
HANNAH  ARENDT 


EXAMPLE  A 


The  Law  of  Sines 


So  far  you  have  used  trigonometry  only  to  solve  problems  with  right  triangles.  But 
you  can  use  trigonometry  with  any  triangle.  For  exarrple,  if  you  know  the  measures 
of  two  angles  and  one  side  of  a triangle,  you  can  find  the  other  two  sides  with  a 
trigonometric  property  called  the  Law  of  Sines.  The  Law  of  Sines  is  related  to  the 
area  of  a triangle.  Let’s  first  see  how  trigonometry  can  help  you  find  area. 


c 


► Solution 


Consider  AB  as  the  base  and  use  trigonometry  to  find  the  height,  CD. 


sin  40°  = 


CD 

100 


100  - sin  40°  =CD 

Now  find  the  area. 

A = 0.5bh 
A = 0.5(AB)(CD) 


In  ilBCD,  CD  is  the  length  of  the  opposite  side 
and  100  is  the  length  of  the  hypotenuse. 

Multiply  both  sides  by  100  and  reduce  the  right  side. 


Area  formula  for  a triangle. 

Substitute  AB  for  the  length  of  the  base  and  CD 
for  the  height. 


A = 0.5(150)(100  • sin  40°)  Substitute  150  fox  AB  and  substitute  the  expression 

(100*sin40°)for  CD. 

A ^ 4821  Evaluate. 


The  area  is  approximately  4821  m^. 


In  the  next  investigation,  you  will  find  a general  formula  for  the  area  of  a triangle 
given  the  lengths  of  two  sides  and  the  measure  of  the  included  angle. 


Investigation  1 
Area  of  a Triangle 
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Step  2 


Generalize  Step  1 to  find  the  area  of 
this  triangle  in  terms  of  a,  b,  and  1.  C. 
State  your  general  formula  as  your 
next  conjecture. 


I SAS  T riangle  Area  Conjecture  - 

The  area  of  a triangle  is  given  by  the  formula  A = _L , where  a and  b are  the 
I lengths  of  two  sides  and  C is  the  angle  between  them 


U: 

Step  1 
Step  2 
Step  3 

Step  4 
Step  5 
Step  6 

Step  7 


Now  use  what  you’ve  learned  about  finding  the  area  of  a triangle  to  derive  the 
property  called  the  Law  of  Sines. 


Investigation  2 
The  Law  of  Sines 

Consider  i^ABC  with  height  h. 

Find  h in  terms  of  a and  the  sine 
of  an  angle. 

Find  h in  terms  of  b and  the  sine 
of  an  angle. 

Use  algebra  to  show 
5in  A _ sin/J 

a b 


C 


Now  consider  the  same  ilABC  using  a different  height,  k. 


Find  k in  terms  of  c and  the  sine 
of  an  angle. 

Find  k in  terms  of  b and  the  sine 
of  an  angle. 

Use  algebra  to  show 

sin /I  _ sinC 
& " c 


Combine  Steps  3 and  6.  Complete  this  conjecture. 


I Law  of  Sines 

For  a triangle  with  angles  A,  B,  and  C and  sides  of  lengths  a,  b,  and  c 
(a  opposite  A,  b opposite  B,  and  c opposite  C ), 

sin  A _ ? _ ? 
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EXAMPLE  B 


► Solution 


EXAMPLE  C 


Did  you  notice  that  you  used  deductive  reasoning  rather  than  inductive  reasoning 
to  discover  the  Law  of  Sines? 

You  can  use  the  Law  of  Sines  to  find  the  lengths  of  a triangle’s  sides  when  you 
know  one  side’s  length  and  two  angles’  measures. 


Find  the  length  of  side  AC 
in  ^ABC. 


Start  with  the  Law  of  Sines, 
and  solve  for  b. 

A _ ^\n  B 
a b 
b sin  A =a  sinB 

, ^ S\i)  B 
^ sin  A 

_ P50)(sin  3S“) 
sin  59^ 

b ^ 251 


C 


The  Law  of  Sines. 

Multiply  both  sides  by  ab  and  reduce. 

Divide  both  sides  by  sin  A and  reduce  the  left  side. 

Substitute  350  for  a,  38°  for  B,  and  59°  for  A 
Multiply  and  divide. 


The  length  of  side  AC  is  approximately  251  cm 


You  can  also  use  the  Law  of  Sines  to  find  the  measure  of  a missing  angle,  but 
only  if  you  know  whether  the  angle  is  acute  or  obtuse.  Recall  from  Chapter  4 that 
SSA  failed  as  a congruence  shortcut.  For  example,  if  you  know  in  ^ABC  that 
BC  =160  cm,  AC  = 260  cm,  and  m^A  - 36°,  you  would  not  be  able  to  find 
ml  B.  There  are  two  possible  measures  for  / B,  one  acute  and  one  obtuse. 


Because  you’ve  defined  trigonometric  ratios  only  for  acute  angles,  you’ll  be  asked  to 
find  only  acute  angle  measures. 
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^ Solution 


Start  with  the  Law  of  Sines,  and  solve  for  B. 


silt  A _ sin 
b 

The  Law  of  Sines. 

b sin  A 
sinB—  (j 

Solve  for  sin  B. 

. „ Cl50)C3iii69‘) 

smB— 

2?0 

Substitute  known  values. 

^ 'I  250  J 

Take  the  inverse  sine  of  both  sides. 

B^  34 

Use  your  calculator  to  evaluate. 

The  measure  of  is  approximately  34°. 


Exercises 


In  Exercises  1-4,  find  the  area  of  each  polygon  to  the  nearest  square 
centimeter. 


You  will  need 


1-16 

fcfEjfffcisf  IS 


In  Exercises  5-7,  find  each  length  to  the  nearest  centimeter. 

5.  w ^ 6.  X 1 , y 
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For  Exercises  8-10,  each  triangle  is  an  acute  triangle.  Find  each  angle  measure  to  the 
nearest  degree. 


11.  Alphonse  (point  A)  is  over  a 2500-meter  landing  strip  in  a hot-air  balloon. 
At  one  end  of  the  strip,  Beatrice  (point  B)  sees  Alphonse  with  an  angle 
of  elevation  measuring  39°.  At  the  other  end  of  the  strip,  Collette 
(point  C)  sees  Alphonse  with  an  angle  of  elevation  measuring  62°. 

a.  What  is  the  distance  between  Alphonse  and  Beatrice? 

b.  What  is  the  distance  between  Alphonse  and  Collette? 

c.  How  high  up  is  Alphonse? 


I • • * I 
« ^ n t 


History 

CONNECTION 

For  over  200  years,  people  believed  that  the  entire 
site  of  James  Fort  was  washed  into  the  James  River. 
Archaeologists  have  recently  uncovered  over  250  feet 
of  the  fort’s  wall,  as  well  as  hundreds  of  thousands 
of  artifacts  dating  to  the  early  1600s. 


12.  Application  Archaeologists  have  recently 
started  uncovering  remains  of  James  Fort 
(also  known  as  Jamestown  Fort)  in 
Virginia.  The  fort  was  in  the  shape  of  an 
isosceles  triangle.  Unfortunately,  one 
corner  has  disappeared  into  the  James 
River.  If  the  remaining  complete  wall 
measures  300  feet  and  the  remaining 
corners  measure  46.5°and  87°,  how  long 
were  the  two  incomplete  walls?  What  was 
the  approximate  area  of  the  original  fort? 
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13.  A tree  grows  vertically  on  a hillside.  The  hill  is  at  a 16°  angle 
to  the  horizontal.  The  tree  casts  an  18-meter  shadow  up  the 
hill  when  the  angle  of  elevation  of  the  sun  measures  68°. 

How  tall  is  the  tree? 


Review 


14.  Read  the  History  Connection  below.  Each  step  of  El  Castillo  is  30  cm  deep  by  26  cm 
high.  How  tall  is  the  pyramid,  not  counting  the  platform  at  the  top?  What  is  the  angle 
of  ascent? 


15.  According  to  legend,  Galileo  (1564-1642,  Italy)  used  the 
Leaning  Tower  of  Pisa  to  conduct  his  experiments  in 
gravity.  Assume  that  when  he  dropped  objects  from  the 
top  of  the  5 5 -meter  tower  (this  is  the  measured  length,  not 
the  height,  of  the  tower),  they  landed  4.8  meters  from  the 
tower’s  base.  What  was  the  angle  that  the  tower  was  leaning 
from  the  vertical? 

16.  Eind  the  volume  of  this  cone. 


History 

CONNECTION 


One  of  the  most  impressive  Mayan  pyramids  is 
El  Castillo  in  Chichen  Itza,  Mexico.  Built  in 
approximately  800  C.E.,  it  has  91  steps  on  each  of 
its  four  sides,  or  364  steps  in  all.  The  top  platform 
adds  a level,  so  the  pyramid  has  365  levels  to 
represent  the  number  of  days  in  the  Mayan  year. 
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17.  Use  the  circle  diagram  at  right  and  write  a paragraph  proof  to 
show  that  oABE  is  isosceles. 

18.  Construction  Put  two  points  on  patty  paper.  Assume  these  points 
are  opposite  vertices  of  a square.  Find  the  two  missing  vertices. 


19.  Find  AC,  AE,  and  AF.  All 

measurements  are  in  centimeters. 


20.  Both  boxes  are  right  rectangular  prisms. 
In  which  is  the  diagonal  rod  longer?  How 
much  longer  is  it? 


6 In. 


Ik>x2 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Rope  Tricks 

Each  rope  will  be  cut  50  times  as  shown.  For  each  rope,  how  many  pieces  will  result? 


2. 
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A ship  in  a port  is  safe, 
but  that  is  not  what 
ships  are  buiit  for. 

JOHN  A.  SHEDD 


The  Law  of  Cosines 


Y ou’ve  solved  a variety  of  problems  with  the  Pythagorean  Theorem  It  is  perhaps 
your  most  inportant  geometry  conjecture.  In  Chapter  9,  you  found  that  the 
distance  formula  is  really  just  the  Pythagorean  Theorem  You  even  used  the 
Pythagorean  Theorem  to  derive  the  equation  of  a circle. 

The  Pythagorean  Theorem  is  very  powerful,  but  its  use  is  still  limited  to  right 
triangles.  Recall  from  Chapter  9 that  the  Pythagorean  Theorem  does  not  work  for 
acute  triangles  or  obtuse  triangles.  You  might  ask,  “What  happens  to  the 
Pythagorean  equation  for  acute  triangles  or  obtuse  triangles?” 


□ 

keymath.com/DG 


h For  an  interactive  version  of  this  sketch,  see  the  Dynamic  Geometry  Exploration 
The  Law  of  Cosines  at  www.keymath.com/DG  .^] 


If  the  legs  of  a right  triangle  are  brought  closer  together  so  that  the  right  angle 
becomes  an  acute  angle,  you’ll  find  that  + b^.  In  order  to  make  this 

inequality  into  an  equality,  you  would  have  to  subtract  something  froma^  + b^. 

+ b^  - something 

If  the  legs  are  widened  to  form  an  obtuse  angle,  you’ll  find  that  c^>a^  + b^. 
Here,  you’d  have  to  add  something  to  make  an  equality. 

+ b^  + something 

Mathematicians  found  that  the  “something”  was  lab  cos  C.  The  Pythagorean 
Theorem  generalizes  to  all  triangles  with  a property  called  the  Law  of  Cosines. 


U Law  of  Cosines 

For  any  triangle  with  sides  of  lengths  a,  Z?,and  c,and  with  C the  angle 
opposite  the  side  with  length  c, 

+ b^  - lab  cos  C 


For  obtuse  angles,  the  expression  lab  cos  C is  negative,  so  subtracting  it  adds  a 
positive  quantity.  Trigonometric  ratios  for  angles  larger  than  90°  are  introduced  in 
the  Exploration  Trigonometric  Ratios  and  the  Unit  Circle. 


© 2008  Key  Curriculum  Press 


LESSON  12.4  The  Law  of  Cosines  661 


To  derive  the  Law  of  Cosines  for  an  acute 
triangle,  consider  acute  ihABC  with 
altitude  AD  , as  shown  at  right.  You  can 
define  the  lengths  of  the  sides  opposite 
angles  A,  and  C as  a,  Z?,and  c, 
respectively,  the  height  as  h,  and  the 
length  of  CD  as  x.  The  length  of  BD  is 
the  difference  between  the  lengths  of  BC 
and  CD  ,or  a - x. 

Using  the  Pythagorean  Theorem,  you  can  v 
expand  {a  -xf. 

x^  + {a  - x)^  + 

- lax  + x^  + - 

Notice  that  this  new  equation  contains  x^  h 
the  first  equation.  Substitute,  rearrange  the  terms,  and  reverse  the  equation. 

- lax  + 

a^  + b^  - lax  = 

= a^  + b^  - lax 

Now  you  need  to  replace  x with  an  expression  containing  the  cosine  of  C.  Using 
^ACD,  you  can  write  the  following  equation  and  then  solve  for  x. 

cos  C = ^ 

b cos  C = X 

Substituting  this  expression  for  x into  the  equation  above  results  in  the  Law 
of  Cosines. 

= a^  + b^  - labcos  C 

While  this  derivation  of  the  Law  of  Cosines  is  for  an  acute  triangle,  it  also  works 
for  obtuse  triangles.  Deriving  the  Law  of  Cosines  for  an  obtuse  triangle  is  left  as  a 
Take  Another  Look  activity. 

You  can  use  the  Law  of  Cosines  when  you  are  given  three  side  lengths  or  two  side 
lengths  and  the  angle  measure  between  them  (SSS  or  SAS). 


A 


ite  two  equations.  By  algebra,  you  can 


h^,  which  you  know  is  equal  to  b^  from 


EXAMPLE  A 


Find  the  length  of  side  CT  in  triangle  CRT. 


T 


► Solution 


To  find  r,  use  the  Law  of  Cosines: 

= a^  + b^  - lab  cos  C The  Law  of  Cosines. 
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Using  the  variables  in  this  problem,  the  Law  of  Cosines  becomes 

^ = ^2  + ^2  _ 2Qf  QQs  Substitute  r for  c,  c for  a,  t for  b,m(iR  for  C. 

^ = 452  + 52^-  2(45)(52)(cos  36°)  Substitute  45  for  c,52  for  ^,and36°  fori? . 
V^45^  + 52^  — 2(45  )(  52J{c:0’.!i  36®J  Take  the  positive  square  root  of  both  sides. 

31  Evaluate. 

The  length  of  side  Cf  is  about  3 1 cm 


► Solution 


I 

^ Exercises 


Use  the  Law  of  Cosines  and  solve  for  Q. 
+ (f  - led  cos  Q 

-led 


cos  Q = 


25(P  - 175^  - 225^ 
-2(175)(225) 


Q = cos 
2^76 


i[25&^-  175- - 225^] 
[ -20  75X225)  J 


The  measure  of  2.  g is  about  76°. 


In  Exercises  1-3,  find  each  length  to  the  nearest  centimeter. 


The  Law  of  Cosines  with  respeet  to  Z.  C . 
Solve  for  eos  Q. 

Substitute  known  values. 

Take  the  inverse  eosine  of  both  sides. 
Evaluate. 


You  will  need 


Q A fdfB^ficur 
m kw  Ereirije?  1-14 


Ibf  J4-jand^1 
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In  Exercises  4-6,  each  triangle  is  an  acute  triangle.  Find  each  angle  measure  to  the 
nearest  degree. 

4.  m^A  _L  > 5.  mAB  ^ J_  6.  mLC  ■'=  _L 


7.  Two  24-centimeter  radii  of  a circle  forma  central  angle  measuring  126°.  What  is  the 
length  of  the  chord  connecting  the  two  radii? 

8.  Find  the  measure  of  the  smallest  angle  in  a triangle  whose  side  lengths  are  4 m,  7 m, 
and  8 m 

9.  Two  sides  of  a parallelogram  measure  15  cm  and  20  cm,  and  one  of  the  diagonals 
measures  19  cm  What  are  the  measures  of  the  angles  of  the  parallelogram  to  the 
nearest  degree? 

10.  Application  Captain  Malloy  is  flying  a 
passenger  jet.  He  is  heading  east  at  720  km/h 
when  he  sees  an  electrical  storm  straight 
ahead.  He  turns  the  jet  20°  to  the  north  to 
avoid  the  storm  and  continues  in  this  direction 
for  1 h.  Then  he  makes  a second  turn,  back 
toward  his  original  flight  path.  Eighty  minutes 
after  his  second  turn,  he  makes  a third  turn 
and  is  back  on  course.  By  avoiding  the  storm, 
how  much  time  did  Captain  Malloy  lose  from 
his  original  flight  plan? 


Review 

11.  Application  A cargo  conpany  loads  truck 
trailers  into  ship  cargo  containers.  The  trucks 
drive  up  a ranp  to  a horizontal  loading 
platform  30  ft  off  the  ground,  but  they  have 
difficulty  driving  up  a ranp  at  an  angle 
steeper  than  20°.  What  is  the  minimum  length 
that  the  ramp  needs  to  be? 


12. 


Application  Dakota  Davis  uncovers  the  remains 
of  a square-based  Egyptian  pyramid.  The  base 
is  intact  and  measures  130  meters  on  each  side.  The  top  of  the  pyramid  has 
eroded  away,  but  what  remains  of  each  face  of  the  pyramid  forms  a 65°  angle 
with  the  ground.  What  was  the  original  height  of  the  pyramid? 
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13.  Application  A lighthouse  55  meters  above  sea  level  spots  a distress  signal  from  a 
sailboat  The  angle  of  depression  to  the  sailboat  measures  21°.  How  far  away  is  the 
sailboat  from  the  base  of  the  lighthouse? 


14.  Application  A painting  corrpany  has  a general  safety  rule  to  place  ladders  at  an  angle 
measuring  between  55°  and  75°  from  the  level  ground.  Regina  places  the  foot  of  her 
25  ft  ladder  6 ft  from  the  base  of  a wall.  What  is  the  angle  of  the  ladder?  Is  the  ladder 
placed  safely?  If  not,  how  far  from  the  base  of  the  wall  should  she  place  the  ladder? 


15.  Show  that  “ tanv4. 

16.  TRAP  is  an  isosceles  trapezoid.  ^5 

a.  Find  PR  in  terms  of  x. 

b.  Write  a paragraph  proof  to  show  that 
m^TPR  = 90T 

17.  As  P moves  to  the  right  on  line  £[  , describe  what 
happens  to 

a.  mLABP 

b.  mjLPAB 

c.  mLAPB 


18.  Which  of  these  figures,  the  cone  or  the  square 
pyramid,  has  the  greater 

a.  Base  perimeter? 

b.  Volume? 

c.  Surface  area? 


S \ 


ID 


A 

/ 'I'  ^ 


! \ 


\ cm 


/ i' 


/ ! 

/ U-'v  \ 

_ - ' - j l_  . '\ 

M 


I 


2.5-7rcm 


19.  What  single  transformation  is  equivalent  to  the  composition  of  each  pair  of 
functions?  Write  a rule  for  each. 

a.  A reflection  over  the  line  x = -2  followed  by  a reflection  over  the  line  x = 3 

b.  A reflection  over  the  x-axis  followed  by  a reflection  over  the  y-axis 


20.  Construction  Construct  two  rectangles  that  are  not  similar. 

21.  Construction  Construct  two  isosceles  trapezoids  that  are  similar. 


22. 


Technology  Use  geometry  software  to  construct  two 
circles.  Connect  the  circles  with  a segment  and 
construct  the  midpoint  of  the  segment.  Animate 
the  endpoints  of  the  segment  around  the  circles 
and  trace  the  midpoint  of  the  segment.  What  shape 
does  the  midpoint  of  the  segment  trace?  Try 
adjusting  the  relative  size  of  the  radii  of  the  circles; 
try  changing  the  distance  between  the  centers  of 
the  circles;  try  starting  the  endpoints  of  the 
segment  in  different  positions;  or  try  animating  the 
endpoints  of  the  segment  in  different  directions.  Describe 
the  shape  traced  by  the  midpoint  of  the  segment. 


how  these  changes  affect 
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JAPANESE  TEMPLE  TABLETS 

F or  centuries  it  has  been  customary  in  Japan  to  hang  colorful  wooden  tablets  in  Shinto 
shrines  to  honor  the  gods  of  this  native  religion.  During  Japan’s  historical  period  of 
isolation  (1639-1854),  this  tradition  continued  with  a mathematical  twist  Merchants, 
farmers,  and  others  who  were  dedicated  to  mathematical  learning  made  tablets 
containing  mathematical  problems,called  sangaku,  to  inspire  and  challenge  visitors. 
See  if  you  can  answer  this  sangaku  problem. 

These  circles  are  tangent  to  each  other  and  to  the  line. 

How  are  the  radii  of  the  three  circles  related? 

Research  other  sangaku  problems,  then  design  your  own 
tablet.  Your  project  should  include 

► Your  solution  to  the  problem  above. 

► Some  problems  you  found  during  your  research  and  your 

► Your  own  decorated  sangaku  tablet  with  its  solution  on  1 
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One  ship  drives  east  and 
another  drives  west 


Problem  Solving 
with  Trigonometry 

T here  are  many  practical  applications  of  trigonometry.  Some  of  them  involve 
vectors.  In  earlier  vector  activities,  you  used  a ruler  or  a protractor  to  measure  the 
size  of  the  resulting  vector  or  the  angle  between  vectors.  Now  you  will  be  able  to 
calculate  the  resulting  vectors  with  the  Law  of  Sines  or  the  Law  of  Cosines. 


With  the  seif-same  winds 
that  biow, 

T/s  the  set  of  the  saiis  and 
not  the  gaies 

Which  teiis  us  the  way  to  go. 
ELLA  WHEELER  WILCOX 


EXAMPLE 


Rowing  instructor  Calista  Thomas  is  in  a stream  flowing  north  to  south  at 
3 km/h.  She  is  rowing  northeast  at  a rate  of  4.5  km/h.  At  what  speed  is  she 
moving?  In  which  direction  (bearing)  is  she  actually  moving? 


► Solution 


First,  sketch  and  label  the  vector  parallelogram 
The  resultant  vector,  r,  divides  the  parallelogram 
into  two  congruent  triangles.  In  each  triangle  you 
know  the  lengths  of  two  sides  and  the  measure  of 
the  included  angle.  Use  the  Law  of  Cosines  to  find 
the  length  of  the  resultant  vector  or  the  speed 
that  it  represents. 

^ = 4.52  + 32  - 2(4.5)(3)(cos  45°) 

= 4.52  + 32  - 2(4.5)(3)(cos  45°) 
r®  3.2 


Ni 


Calista  is  moving  at  a speed  of  approximately  3.2km/h. 

To  find  Calista’ s bearing  (an  angle  measured  clockwise  from  north),  you  need  to 
find  ft,  and  add  its  measure  to  45°.  Use  the  Law  of  Sines. 

sin^  _ &[ri  45° 

3 3.2 


Add  42°  and  45°  to  find  that  Calista  is  moving  at  a bearing  of  87°. 
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You  will  need 


Exercises 


Rrwgtlcc 


XsSs 


► 1. 


Application  The  steps  to  the  front  entrance  of  a public  building  rise  a 
total  of  1 m A portion  of  the  steps  will  be  replaced  by  a wheelchair 
ranp.  By  a city  ordinance,  the  angle  of  inclination  for  a ramp  cannot 
measure  greater  than  4.5°.  What  is  the  minimum  distance  from  the 
entrance  that  the  ranp  must  begin? 


M mktifatGt 
for  [jeertisEil-ll 
andB 


4"  for  tuerds?  19 


2.  Application  Giovanni  is  flying  his  Cessna  airplane  on  a 
heading  as  shown.  His  instrument  panel  shows  an  air  speed 
of  130  mi/h.  (Air  speed  is  the  speed  in  still  air  without  wind.) 
However,  there  is  a 20  mi/h  crosswind.  What  is  the  resulting 
speed  of  the  plane? 

3.  Application  A lighthouse  is  east  of  a Coast  Guard  patrol 
boat.  The  Coast  Guard  station  is  20  km  north  of  the 
lighthouse.  The  radar  officer  aboard  the  boat  measures  the 
angle  between  the  lighthouse  and  the  station  to  be  23°.  How 
far  is  the  boat  from  the  station? 


4.  Application  The  Archimedean  screw  is  a water-raising  device  that  consists  of  a 
wooden  screw  enclosed  within  a cylinder.  When  the  cylinder  is  turned,  the  screw 
raises  water.  The  screw  is  very 
efficient  at  an  angle  measuring  25°. 

If  a screw  needs  to  raise  water 
2.5  meters,  how  long  should  its 
cylinder  be? 

Technology 

CONNECTION 

Used  for  centuries  in  Egypt  to  lift  water  from  the 
Nile  River,  the  Archimedean  screw  is  thought  to  have  been  invented  by 
Archimedes  in  the  third  century  B.C.E.,  when  he  sailed  to  Egypt.  It  is  also  called 
an  Archimedes  Snail  because  of  its  spiral  channels  that  resemble  a snail  shell. 

Once  powered  by  people  or  animals,  the  device  is  now  modernized  to  shift 
grain  in  mills  and  powders  in  factories. 


5.  Application  Annie  and  Sashi 
are  backpacking  in  the  Sierra 
Nevada.  They  walk  8 km  from  their 
base  canp  at  a bearing  of  42°.  After 
lunch,  they  change  direction  to  a 
bearing  of  137°  and  walk  another 
5 km. 

a.  How  far  are  Annie  and  Sashi 
from  their  base  camp? 

b.  At  what  bearing  must  Sashi  and 
Annie  travel  to  return  to  their 
base  canp? 
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6.  A surveyor  at  point  v4  needs  to  calculate  the  distance  to  an  island’s 
dock,  point  C.  He  walks  150  meters  up  the  shoreline  to  point  B 
such  that  AS  1 AC.  Angle  ABC  measures  58°.  What  is  the  distance 

between^  and  C?  \ 

7.  During  a strong  wind,  the  top  of  a tree  cracks  and  bends  over,  \ 

touching  the  ground  as  if  the  trunk  were  hinged.  The  tip  of  the  ’ 

tree  touches  the  ground  20  feet  6 inches  from  the  base  of  the  ^ ^ 

tree  and  forms  a 38°  angle  with  the  ground.  What  was  the  tree’s  * ^ 

original  height? 


8.  Application  A pocket  of  matrix  opal  is  known 
to  be  24  meters  beneath  point  A on  Alan  Ranch. 

A mining  conpany  has  acquired  rights  to  mine 
beneath  Alan  Ranch,  but  not  the  right  to  bring 
equipment  onto  the  property.  So  the  mining 
company  cannot  dig  straight  down.  Brian  Ranch  has 
given  permission  to  dig  on  its  property  at  point  B, 

8 meters  from  point  A.  At  what  angle  to  the  level 
ground  must  the  mining  crew  dig  to  reach  the  opal? 
What  distance  must  they  dig? 


9.  Todd’s  friend  Olivia  is  flying  her  plane  at  an 
elevation  of  6.3  km.  From  the  ground,  Todd 
sees  the  plane  moving  directly  toward  him 
from  the  west  at  a 49°  angle  of  elevation. 

Three  minutes  later  he  turns  and  sees  the 
plane  moving  away  from  him  to  the  east  at 
a 65°  angle  of  elevation.  How  fast  is  Olivia 
flying  in  kilometers  per  hour? 

10.  Draw  a regular  decagon  with  side  length 
6 cm  Divide  the  decagon  into  ten  congruent 
isosceles  triangles. 

a.  Find  the  length  of  the  apothem,  and  then 
use  the  Regular  Polygon  Area  Conjecture  to  find  the  area  of  the  decagon. 

b.  Find  the  lengths  of  the  legs  of  the  isosceles  triangles,  and  then  use  the  SAS 
Triangle  Area  Conjecture  to  find  the  area  of  each  isosceles  triangle.  Multiply  to 
find  the  area  of  the  decagon. 

c.  Conpare  your  answers  from  parts  a and  b. 

11.  Find  the  volume  of  this  right  regular  pentagonal  prism 

7 cm 

12.  A formula  for  the  area  of  a regular  polygon  is 

where  n is  the  number  of  sides,  ^ is  the  length  of  a side, 
and  ft  = 2^1^  Explain  why  this  formula  is  correct. 

13.  A water  pipe  for  a farm’ s irrigation  system  must  go  through  a small 
hill.  Farmer  Golden  attaches  a 14.5-meter  rope  to  the  pipe’s  entry  point 

and  an  1 1 .2-meter  rope  to  the  exit  point.  When  he  pulls  the  ropes  taut,  their  ends 
meet  at  a 58°  angle.  What  is  the  length  of  pipe  needed  to  go  through  the  hill? 

At  what  angle  with  respect  to  the  first  rope  should  the  pipe  be  laid  so  that  it  comes 
out  of  the  hill  at  the  correct  exit  point?  v 
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^ Review 


14.  Find  the  volume  of  the  largest  cube  that  can  fit  into  a sphere  with  a radius  of  12  cm 

15.  How  does  the  area  of  a triangle  change  if  its  vertices  are  transformed  by  the  rule 
U',  y)  — > [— 3JCH  — 3y)?  Give  an  example  to  support  your  answer. 


16.  Deve/op/ng  Proof  What’s  wrong  with 
this  picture? 


17.  As  P moves  to  the  right  on  line  ^ i , describe 
what  happens  to 

a.  PA 

b.  Area  of  ij:APB 


18.  What  single  transformation  is  equivalent  to  the  composition  of  each  pair  of 
functions?  Write  a rule  for  each. 

a.  A reflection  across  the  liney  = x followed  by  a counterclockwise  270°  rotation 
about  the  origin 

b.  A rotation  180°  about  the  origin  followed  by  a reflection  across  the  x-axis 


19.  Technology  Tile  floors  are  often  designed  by  creating  sinple,  symmetric  patterns 
on  squares.  When  the  squares  are  lined  up,  the  patterns  combine,  often  leaving 
the  original  squares  hardly  visible.  Use  geometry  software  to  create  your  own 
tile-floor  pattern. 


- 

IMPROVtNG  YOUR  ALGEBRA  SKILLS 

Substitute  and  Solve 

1.  If  2x  = 3y,y=  5w,  and  w=  findx  in  terms  of  z. 

2.  If  7x=  13y,y=  28w,  and  w-  ’ . find  x in  terms  of  z. 

KO 

tTS 
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Trigonometric  Ratios 
and  the  Unit  Circle 


In  Lesson  12.1,  trigonometric  ratios 
are  defined  in  terms  of  the  sides  of  a 
right  triangle,  which  limits  you  to 
acute  angles.  In  the  coordinate  plane, 
if  s possible  to  define  trigonometric 
ratios  for  angles  with  measures  less 
than  0°  and  greater  than  90°  by  using 
the  unit  circle — a circle  with  center 
(0,  0)  and  radius  1 unit. 

In  this  activity,  you’ll  first  use 
Sketchpad  to  explore  how  a unit 
circle  simplifies  the  trigonometric 
ratios  for  acute  angles.  Then  you’ 11 
use  the  unit  circle  to  explore  the 
ratios  for  all  angles,  from0°  to  360°, 
and  even  negative  angle  measures. 


height  t>f  a on  a Ferris  wheel  can  be 
meicleled  by  utilt-drele  trlgof^&inetiy.Thls  Ferris 
wheel,  called  the  toncforr  Eye  was  built  for 
Loiidon's  year  2000  celebration. 


Activity 

The  Unit  Circle 


Unit  Circle  Construction 

1 . Choose  Preferences  from  the  Edit  menu. 

On  the  Units  panel,  set  Angle  Units  to 
degrees  and  Distance  Units  to  inches. 

2.  Choose  Define  Coordinate  System 
from  the  Graph  menu.  Label  the  points 
at  the  origin  and  (1 , 0)  as  A and  B, 
respectively.  Hide  the  grid. 

3.  Construct  a circle  with  centerA  and  radius 
points. 

4.  Construct  pointC  on  the  circle  and  move  it  to 
the  first  quadrant.  Construct  radiusAC. 

5.  Construct  a line  perpendicular  to  the  x-axis 
through  pointC. 

6.  Construct  point  D where  the  line  from  the 
previous  stepintersects  thex-axis,  and 
then  hide  the  line.  Construct  CD. 

7.  Select  points  A,  D,  andC  and  construct 
the  triangle  interior. 


4 


17 
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step  1 
Step  2 
Step  3 
Step  4 

Step  5 
Step  6 


Step  7 


Follow  the  Procedure  Note  on  the  previous  page  to  construct  a unit  circle  with 
right  triangle  ADC. 

Using  the  text  tool,  write  ratios  for  the  sine,  cosine,  and  tangent  of  ^DAC  in 
terms  of  the  sides  of  right  triangle  ADC. 

The  length  of  AC  in  this  unit  circle  should  be  1 in.  If  it  is  not,  adjust  your  axes. 
Use  this  length  to  sinplifyyour  trigonometric  definitions  in  Step  2. 


Measure  the  x-coordinate  (abscissa)  and  y-coordinate  (ordinate)  of  point  C. 
Which  coordinate  corresponds  to  the  sine  oi^DAC  ? Which  coordinate 
corresponds  to  the  cosine  of  LDAC  ? What  parts  of  your  sketch  physically 
represent  the  sine  of  LDAC  and  the  cosine  of  LDAC  ? 


Use  Sketchpad’s  calculator  to  find  the  ratio  of 
the  y-coordinate  to  the  x-coordinate.  Why 
does  this  ratio  equal  the  tangent  oiLDACl 

Construct  one  line  through  points  A 
and  C and  another  line  perpendicular 
to  the  x-axis  through  point  B.  Construct 
point  E where  these  two  lines  intersect. 

Hide  AC  and  construct  AE  . 

Measure  the  coordinates  of  point  E. 

Which  coordinate  corresponds  to  the 
tangent  ofLDAC  ? What  part  of  your  sketch 
physically  represents  the  tangent  of  LDAC  ? Use 
similar  triangles  ADC  and  ABE  to  explain  your 
answers. 


If  you  drag  point  C into  another  quadrant,  LDAC  is  still  an  acute  angle.  In  order  to 
modify  the  definition  of  trigonometric  ratios  in  a unit  circle,  you  need  to  measure 
the  amount  of  rotation  fcom  AB  to  AC.  You  will  do  this  by  measuring  the  arc  from 
points  to  point  C,  which  is  equal  to  the  measure  of  the  central  angle,  LB  AC. 


Step  8 
Step  9 
Step  10 

Step  1 1 


Select  in  order  points,  point  C,  and  the  circle,  and  construct 5C.  While  it  is  still 
selected,  make  the  arc  thick  and  measure  the  arc  angle. 

Drag  point  Caround  the  circle  and  watch  how  the  measure  of  BC  changes. 
Summarize  your  observations. 

Use  Sketchpad’s  calculator  to  calculate  the  value  of  the  sine,  cosine,  and  tangent 
of  the  measure  of  BC.  Conpare  these  values  to  the  coordinates  of  point  C and 
point  E.  Do  the  values  support  your  answers  to  Steps  4 and  7? 

Drag  point  C around  the  circle  and  watch  how  the  trigonometric  ratios  change 
for  angle  measures  between  0°  and  360°.  Answer  these  questions. 

a.  How  does  the  sine  change  as  the  measure  of  the  arc  angle  (and  therefore  the 
angle  of  rotation)  goes  from0°  to  90°  to  180°?  From  180°  to  270°  to  360°? 

b.  How  does  the  cosine  change? 
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c.  If  the  sine  of  one  angle  is  equal  to  the  cosine  of  another  angle,  how  are  the 
angles  related  to  each  other? 

d.  How  does  the  tangent  change?  What  happens  to  the  tangent  as  the  measure 
approaches  90°  or  270°?  Based  on  the  definition  of  tangent  and  the  side 
lengths  in  l^ADC,  what  do  you  think  is  the  value  of  the  tangent  of  90°? 


You  can  add  an  interesting  animation  that  will  graph  the  changing  sine  and  tangent 
values  in  your  sketch.  You  can  construct  points  that  will  trace  curves  that  represent 
the  functions  y = sin(x)  andy  = tan(x). 


+ 


F 


Animation  of  Sine  and  Tangent  Curves 

1.  In  your  unit  circle  sketch  from  Step  12,  move  pointC 
into  the  first  quadrant. 

2.  Construct  pointFon  the  x-axis.  Construct  AF. 

3.  Construct  point  G on  AF. 

4.  Construct  a line  perpendicular  to"^  through  pointG. 

5.  Construct  lines  parallel  to  the  x-axis  through  pointsC 
andE. 

6.  Construct  a point  where  the  horizontal  line  through C 
intersects  the  vertical  line  through G and  label  itS/h. 

7.  Construct  a point  where  the  horizontal  line  through E 
intersects  the  vertical  line  through G and  label  itTar?. 

8.  Select  pointsG  andC.  In  the  Edit  menu,  choose 
Animation  from  the  Action  Buttons  submenu.  On 
the  Animate  panel,  change  the  settings  to  Animate 
pointG  forward  at  medium  speed  and  pointC 
counterclockwise  at  medium  speed. 


Step  12 


Step  13 


Step  14 


Follow  the  Procedure  Note  to  add  an  animation  that  will  trace  curves 
representing  the  sine  and  tangent  functions. 

Measure  the  coordinates  of  point  F,  then  locate  it  as  close  to  (6.28,  0)  as  possible. 
Select  points  Sin  and  Tan  and  choose  Trace  Intersections  from  the  Display 
menu.  Move  point  G to  the  origin  and  move  point  C to  (1,  0).  Choose  Erase 
Traces  from  the  Display  menu  to  clear  the  screen.  Then  press  the  Animate  Points 
button  to  trace  the  sine  and  tangent  functions. 

What’s  special  about  6.28  as  the  x-coordinate  of  point  F ? Try  other  locations  for 
point  F to  see  what  happens.  Use  what  you  know  about  circles  to  explain  why 
6.28  is  a special  value  for  the  unit  circle. 


The  high  low  points  of 
tides  <^n  be  tnodelod  with 
tflgonon^iry.Thls  tide  table 
from  the  Savannah  River  In 
Fort  Jacksori  Gewgia,  shows 
a familiar  i>at[ern  in  Its  data. 
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step  15 


Step  16 


To  explore  negative  angle  measures,  choose  Preferences  from  the  Edit  menu.  On 
the  Units  panel,  set  Angle  Units  to  directed  degrees.  Select  in  order  points, 
points,  and  point  Q and  measure  LB  AC.  Drag  point  C around  the  circle  and 
watch  how  the  measure  of  LB  AC  changes.  How  is  it  related  to  the  measure  of  BC  ? 

Go  back  to  the  Units  panel  and  set  Angle  Units  to  radians.  Observe  how  the 
radian  measure  of  LB  AC  is  related  to  the  position  of  point  C and  the  traced 
functions.  You  will  probably  learn  much  more  about  radians  and  unit-circle 
trigonometry  in  a future  mathematics  course. 


TRIGONOMETRIC  FUNCTIONS 

Y ou’ ve  seen  many  applications  where  you  can  use 
trigonometry  to  find  distances  or  angle  measures. 
Another  inportant  application  of  trigonometry  is  to 
model  periodic  phenomena,  which  repeat  over  time. 

In  this  project  you’ll  discover  characteristics  of  the 
graphs  of  trigonometric  functions,  including  their 
periodic  nature.  The  three  functions  you’ll  look  at  are 

y = sin(x)  y = cos(x)  y = tan(x) 

These  functions  are  defined  not  only  for  acute  angles, 
but  also  for  angles  with  measures  less  than  0°  and 
greater  than  90°. 


The  swinging  motior  -of  a perdulum  is  ar 
example  of  perlodk  moilcin  th^t  can  be 
modeled  by  trlgonomet/y. 


Set  your  calculator  in  degree  mode  and  set  a window  with  anx-range  of -3  60  to  360 
and  ay-range  of -2  to  2.  One  at  a time,  graph  each  trigonometric  function.  Describe 
the  characteristics  of  each  graph,  including  maximum  and  minimum  values  for  y and  the 
period — the  horizontal  distance  after  which  the  graph  starts  repeating  itself  Use  what 
you  know  about  the  definitions  of  sine,  cosine,  and  tangent  to  explain  any  unusual 
occurrences.  Next,  try  graphing  pairs  of  trigonometric  ftjnctions.  Describe  any 
relationships  you  see  between  the  graphs.  Are  there  any  values  in  common? 

Prepare  an  organized  presentation  of  your  results.  Your  project  should  include 

► Clear  descriptions  and  sketches. 

► Explanations  of  your  findings,  using  what  you  know  about  sine,  cosine,  and  tangent 
definitions. 
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Using  Your  Algebra  Skills  12 


ING  YOUR  ALGEBRA  SKILLS  12  • USIN* 


Transforming  Functions 


Consider  how  the  various  measurements  of  a cube  are  related  to  the  length  of  an 
edge.  The  following  table  gives  some  measurements  for  the  cubes  shown  above. 


Edge  length  {cm) 

1 

2 

1 

4 

5 

... 

20.5 

... 

X 

Height  {cm) 

1 

1 

5 

4 

5 

... 

20.5 

X 

Face  perimeter  (cm) 

4 

S 

12 

L6 

20 

... 

82 

4x 

Face  iirw 

1 

■1 

9 

L6 

25 

120.25 

Serfage  area  (cm^) 

& 

2-1 

51 

96 

150 

2?21..^ 

Vdume  (cm^) 

1 

8 

27 

64 

I2S 

... 

8615.1^ 

You  can  model  these  data  using  functions.  For  exanple,  the  area  of  a face  can  be 
modeled  by  the  function  / (x)  = x^,  and  the  surface  area  can  be  modeled  by  the 
function  g(x)  = 6x^,  where  x is  the  edge  length. 

You  can  use  these  hinctions  to  find  values 
for  any  size  cube,  such  as  the  surface  area  of 
a cube  that  has  an  edge  length  of  20.5.  You 
substitute  the  value  in  for  x and  evaluate  the 
function. 

/(20.5)  = 6(20.5)^  = 2521.5  cm^ 

You  can  find  points  representing  the  area  and 
surface  area  for  several  edge  lengths  on  the 
graphs  at  right.  Graphs  of  quadratic  functions 
like  these  are  called  parabolas.  How  are  the 
graphs  of  the  points  different  from  the  graphs 
of  the  functions? 

The  graph  of  fonctiong  is  the  same  as  the  graph  ^ 

of  function  /,  except  that  it  is  stretched  vertically  t|ie  oi'g  is  sis  times 
by  a factor  of  6.  A vertical  stretch  (or  shrink)  is 
one  type  of  function  transformation. 
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You  are  already  familiar  with  another  type  of 
function  transformation  from  your  work 
with  ordered  pair  rules  and  vectors.  The  rule 
(x,  y)  — i (x  + 2,  y - 3)  results  in  a translation 
by  the  vector  <2,  -3).  This  rule  translates  the 
graph  of  cubic  function p{x)  = x^  to  produce 
the  graph  of  cubic  function  q{x)  = (x  - 2)^  - 3 
In  the  equation  for  function  q,  note  that  the 
horizontal  translation  is  subtracted  fromx. 


This  translbrcnalion  oonslsls  of  a 
horizontiil  translation  of  2 and 
a verfkal  translation  of  -3, 


In  general,  if  a cubic  function  is  translated  by  {h,  k)  and  stretched  by  a factor  of  a, 
the  function  can  be  written  like  this. 


f{x)  = 


represents  ihe 

wrtLcal  stretch 


j V 


Jfc  represents  the 
vertical  translation 


h represecits  the 
horizontal  translation 


You  will  be  looking  at  the  transformations  of  these  families  of  functions,  including 
some  of  those  related  to  the  trigonometry  you  have  been  studying  in  this  chapter. 


Families  of  Functions 


fix)  - fix  - h)  + k 
fix)  - fix  - hfi  + k 
fix)  - fix  - h)^  + k 
fix)  — a\x  - h\+k 
fix)  = a sin(x  ~h)  + k 


Linear  frinctions 
Quadratic  functions 
Cubic  functions 
Absolute-value  functions 

Sine  functions  (one  of  the  trigonometric  functions) 


Each  family  has  a parent  function  that  is  the  basic  form  of  the  function  with 
a = 1,  /z  = 0,  and  A:  = 0.  Other  members  of  a family  result  from  transforming 
the  parent  function. 


EXAMPLE 


Write  an  equation  for  function  g in  the  graph 
at  right,  and  describe  the  function  as  a 
transformation  of  its  parent  function. 
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► Solution 


I ih-  1^1 

Rr^^cstipc 


Because  the  graph  is  a parabola,  the  parent 
function  is / (x)  = x^.  The  vertex  of  the 
parent  function  is  (0,  0),  while  the  vertex  of 
function  g is  ( -2,  -7),  so  function  g has 
horizontal  translation  -2  and  vertical 
translation  -7.  The  equation  so  far  is 
g(x)  = a[x  - (-2)]^  - 7,  or  simplifying  the 
double  negative,  g(x)  = a(x  + 2)^-7. 

One  method  for  finding  the  vertical  stretch, 
a,  is  to  think  about  corresponding  points  on 
the  two  graphs.  For  any  horizontal  distance 

from  the  vertex,  the  corresponding  vertical  distance  from  the  vertex  of  graph  h 
is  half  that  of  graph  /.  So,  the  vertical  stretch  is  a = *. 


In  parent  function / when  you  move 
1 units  left  of  the  verteXv  >'oii  move 
4 units  Lip  to  tlnd  a point  on  the  graph. 


In  transfcirnied  fuiictior  g when  you 
move  2 uniti  left  of  the  vertex,  you  move 
2 units  up  to  tind  a point  on  the  graph. 


Another  method  for  finding  a is  to  substitute  one  point  from  the  graph 
(other  than  the  vertex)  into  the  equation  containing  the  translation,  then  solve 
for  a algebraically. 


g(x)  = a{x  + if -1 
-5  = a(  -4  + if  - 1 
-5  = 4a  -7 


Equation  with  translation. 

Use  the  point  (~4,  -5). 

Simplify  the  parentheses  and  square. 
Add  7 to  both  sides  and  divide  by  4. 
Substitute  in  the  value  of  a to  write  the  equation  for  frinction  g. 


g(x)  - + 2)^  - 7 

Function  g has  a vertical  stretch  by  a factor  of  ^ horizontal  translation  left 
2 units,  and  a vertical  translation  down  7 units. 


^ EXERCISES 

1.  Sketch  the  parent  function  of  the  linear,  quadratic,  and  cubic  function 
families.  You  may  use  a graphing  calculator  or  software. 


You  will  need 

oof or/ofor 
kir  Ewmse 


2.  Absolute  value  measures  the  distance  from  zero,  so  it  is  always  positive  or  zero. 

For  exanple,  | -4|  =4.  Sketch  the  parent  absolute- value  function  /(x)  = |x|^  the 
function  g[x)  = |x  — 5\y  and  the  function  ft  [x)  “ |x|  — 5.  Explain  the  similarities 
and  differences  between  the  three  graphs. 
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3.  Sketch  the  graphs  — |a“|j  andi:(x)  = —xl  Explain  how  a vertical 

stretch  by  a factor  of-1  transforms  a graph. 

4.  Graph  the  function/>(x)  = 2(x  + 3)  - 5 using  transformations.  Sinplifythe 
expression  on  the  ri^t  side  of  the  equation  and  graph  it  again  using  the  slope  and 
y-intercept.  How  is  the  slope  of  a line  related  to  the  vertical  stretch?  What  is  the 
value  of  the  y-intercept  for  the  general  linear  hinction  / (x)  = a(x  - h)  + k7 

For  Exercises  5-8,  describe  each  function  as  a transformation  of  its  parent  function,  then 
graph  the  function. 

5.  fix)  = 2x^-5  6.  g(x)  = (x  - 5)3  + 2 7.  p(x)  = ^\x  - 2|  - 5 

For  Exercises  8-16,  write  the  equation  of  each  graph,  and  describe  each  hinction  as  a 
transformation  of  its  parent  function. 


14.  Using  the  degree  mode  of  your  graphing  calculator,  set  your  graphing  window  so 
that  X- values  go  from -360  to  360  and  y- values  go  from -2  to  2.  Sketch  the  parent 
trigonometric  functions  p(x)  = sin(x)  and  ^(x)  = cos(x).  Explain  the  similarities 
and  differences  between  the  two  graphs. 


15.  What  type  of  function  transformation  transforms  the  parent  cosine  function 
into  the  parent  sine  function?  Find  the  values  of  a,  h,  and  k so  that  the  graph 
of  function  q{x)  = a cos(x  - h)  + k is  identical  to  the  graph  of 

hinction /7(x)  = sin(x). 

16.  Sketch  the  ^aphs  p{x)  - 2 sinx,  q{x)  = | sinx,  and  r(x)  = -sinx.  How 
does  changing  the  vertical  stretch  of  the  sine  function  conpare  with 
other  families  of  functions? 

17.  Write  the  equation  of  this  graph  and  describe  the  hinction  as  a 
transformation  of  the  parent  sine  hinction. 
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Three  Types  of  Proofs 


In  previous  explorations,  you  learned 
four  forms  of  valid  reasoning:  Modus 
Ponens  (MP),  Modus  Pollens  (MT),  the 
Law  of  Syllogism  (LS),  and  the  Law  of 
Contrapositive  (LC).  You  can  use  these 
forms  of  reasoning  to  make  logical 
arguments,  or  proofs.  In  this  exploration 
you  will  learn  the  three  basic  types  of 
proofs:  direct  proofs,  conditional  proofs, 
and  indirect  proofs. 

In  a direct  proof,  the  given 
information  or  premises  are  stated, 
then  valid  forms  of  reasoning  are  used 
to  arrive  directly  at  a conclusion.  Here 
is  a direct  proof  given  in  two-column 
form.  In  a two-column  proof,  each 
statement  in  the  argument  is  written  in 
the  left  column,  and  the  reason  for 
each  statement  is  written  directly 
across  in  the  right  column. 

Direct  Proof 

Premises:  P^Q 

R->P 

-e 

Conciusion: 


P^Q 

1.  Premise 

^ Q 

2.  Premise 

3.  From  lines  1 and  2,  using  MT 

R^P 

4.  Premise 

■■■  ~ R 

5.  From  lines  3 and  4,  using  MT 

A conditional  proof  is  used  to  prove  that  diP  Q statement  follows  from  a 
set  of  premises.  In  a conditional  proof,  the  first  part  of  the  conditional  statement, 
called  the  antecedent,  is  assumed  to  be  true.  Then  logical  reasoning  is  used  to 
demonstrate  that  the  second  part,  called  the  consequent,  must  also  be  true. 

If  this  process  is  successful,  it’s  demonstrated  that  if  P is  true,  then  Q must  be  true. 
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In  other  words,  a conditional  proof  shows  that  the  antecedent  inplies  the 
consequent.  Here  is  an  exanple. 


Conditional  Proof 
Premises:  r 

R 

Conclusion:  s 


1.  P 

2.  P^  R 

3.  R 

4.  R 

5.  - S 


1.  Assume  the  antecedent 

2.  Premise 

3.  From  lines  1 and  2,  using  MP 

4.  Premise 

5.  From  lines  3 and  4,  using  MT 


Assuming  P is  true,  the  truth  of  -S  is  established. 


■ p S 


An  indirect  proof  is  a clever  approach  to  proving  something.  To  prove  indirectly 
that  a statement  is  true,  you  begin  by  assuming  it  is  not  true.  Then  you  show  that 
this  assumption  leads  to  a contradiction.  For  example,  if  you  are  given  a set  of 
premises  and  are  asked  to  show  that  some  conclusion  T’  is  true,  begin  by  assuming 
that  the  opposite  of  P,  namely  — P,  is  true.  Then  show  that  this  assunption  leads  to 
a contradiction  of  an  earlier  statement.  If  ■ ■ P leads  to  a contradiction,  it  must  be 
false  and  P must  be  true.  Here  is  an  exanple. 


Indirect  Proof 
Premises:  R^  s 

-R^-  P 
P 

Conclusion:  S 


1.  - ^ 

2.  R-^  S 

3.  - R 

4.  -R^  - P 

5.  -P 

6.  P 


1.  Assume  the  opposite  of  the  conclusion 

2.  Premise 

3.  From  lines  1 and  2,  using  MT 

4.  Premise 

5.  From  lines  3 and  4,  using  MP 

6.  Premise 


But  lines  5 and  6 contradict  each  other.  It’s  inpossible  for  both/’  and  — P 
to  be  true. 

Therefore,  the  original  assumption,  is  false.  If  ~ is  false,  then  is  true. 

.-.s 


Many  logical  arguments  can  be  proved  using  more  than  one  type  of  proof  For 
instance,  you  can  prove  the  argument  in  the  example  above  by  using  a direct  proof 
(Try  it!)  With  practice  you  will  be  able  to  tell  which  method  will  work  best  for  a 
particular  argument. 


680 


CHAPTER  12 


Trigonometry 


© 2008  Key  Curriculum  Press 


step  1 


Step  2 


Step  3 


Activity 
Prove  It! 


Copy  the  direct  proof  below,  including  the  list  of  premises  and  the  conclusion. 
Provide  each  missing  reason. 

Premises:  P^Q 

Q^~R 

R 


Conclusion:  '-P 

1.  Q^-R 

2.  R 

3.  ~e 

4.  P^Q 

5.  -'P 


Copy  the  conditional  proof  below,  including  the  list  of  premises  and  the 
conclusion.  Provide  each  missing  statement  or  reason. 


Premises:  '-R  ^ Q 

T^-R 

S^T 


Conclusion:  S~>  ~ Q 


1.  S 

2.  T 

3.  T 

4.  R 

5.  ^ 

6.  ? 

7.  L 


1.  _L 

2.  7 

3.  From  lines  1 and  2,  using  J_ 

4.  -L 

5.  -L 

6.  ? 

7.  ± 


Assuming  S is  true,  the  truth  of  Q is  established. 

. 7 


Copy  the  indirect  proof  below  and  at  the  top  of  page  682,  including  the  list  of 
premises  and  the  conclusion.  Provide  each  missing  statement  or  reason. 


Premises:  P->  (Q^R) 

Q 

Conclusion:  ^P 


1.  P 

2.  P^{Q^R) 

3.  Q^R 

4.  Q 


1.  Assume  the  _L  of  the  _L 

2.  -L 

3.  -L 

4.  -L 


© 2008  Key  Curriculum  Press 


EXPLORATION  Three  Types  of  Proofs  681 


step  3 
(continued) 


Step  4 


Step  5 


5.  R 5.  _L 

6.  _L  6.  J_ 

7.  L 7.  From  lines  _L  and  _L,  using 

But  lines  J and  _L  contradict  each  other. 

Therefore,  P,  the  assumption,  is  false. 

Provide  the  steps  and  reasons  to  prove  each  logical  argument.  You  will  need  to 
decide  whether  to  use  a direct,  a conditional,  or  an  indirect  proof 


a.  Premises:  P-*  Q 

b.  Premises:  {R  -^S)^P 

Q^~  R 

Q 

T^R 

- T^~P 

Conclusion:  t-^  ~ P 

- Q 

Conclusion:  ■ (R  ^S) 

c.  Premises:  S^Q 

d Premises: 

P^S 

-P^  S 

-R^P 

R-^~  S 

~ Q 

- Q 

Conclusion: 

Conclusion:  - R 

Translate  each  argument  into  symbolic  terms,  then  prove  it  is  valid. 

a.  If  all  wealthy  people  are  happy,  then  money  can  buy  happiness.  If  money  can 
buy  happiness,  then  true  love  doesn’t  exist.  But  true  love  exists.  Therefore,  not 
all  wealthy  people  are  happy. 

b.  If  Clark  is  performing  at  the  theater  today, 
then  everyone  at  the  theater  has  a good 
time.  If  everyone  at  the  theater  has  a 
good  time,  then  Lois  is  not  sad. 

Lois  is  sad.  Therefore,  Clark  is  not 
performing  at  the  theater  today. 

c.  If  Evette  is  innocent,  then  Alfa 
is  telling  the  truth.  If  Romeo  is 
telling  the  truth,  then  Alfa  is 
not  telling  the  truth.  If  Romeo 
is  not  telling  the  truth,  then  he 
has  something  to  gain.  Romeo 
has  nothing  to  gain.  Therefore,  if 
Romeo  has  nothing  to  gain,  then 
Evette  is  not  innocent. 
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T rigonometry  was  first  developed  by  astronomers  who  wanted  to 
map  the  stars.  Obviously,  it  is  hard  to  directly  measure  the 
distances  between  stars  and  planets.  That  created  a need  for  new 
methods  of  indirect  measurement.  As  you’ve  seen,  you  can  solve 
many  indirect  measurement  problems  by  using  triangles.  Using 
sine,  cosine,  and  tangent  ratios,  you  can  find  unknown  lengths  and 
angle  measures  if  you  know  just  a few  measures  in  a right  triangle. 
You  can  extend  these  methods  to  any  triangle  using  the  Law  of 
Sines  or  the  Law  of  Cosines. 

What’s  the  least  you  need  to  know  about  a right  triangle  in  order 
to  find  all  its  measures?  What  parts  of  a nonright  triangle  do  you 
need  to  know  in  order  to  find  the  other  parts?  Describe  a situation 
in  which  an  angle  of  elevation  or  depression  can  help  you  find  an 
unknown  height. 


EyPPriRFR 


You  will  need 


For  Exercises  1-3,  use  a calculator  to  find  each  trigonometric  ratio  accurate 
to  four  decimal  places. 


A fsi'rvJatff 
for  Effircisfls  1-3, 
51  ard  53 


1.  sin  57°  2.  cos  9° 

For  Exercises  4-6,  find  each  trigonometric  ratio. 


3.  tan  88° 


4.  sin  A = - 
cos  A = ^ 
tanA  = ^ 

T 


5.  sin  5 = _L 
cos  5 = _L 
tan  B = ? 


5.  siin/j  = 

cos  cfy  = J- 

tan  ip  = -L 


A 


For  Exercises  7-9,  find  the  measure  of  each  acute  angle  to  the  nearest  degree. 

7.  sin  A = 0.5447  8.  cos  B = 0.0696  9.  tan  C = 2.9043 

10.  shaded  area  ^ J_  11.  volume  * _L 


\ U2^ 
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12.  Application  According  to  the  Americans  with 
Disabilities  Act,  enacted  in  1990,  the  slope  of  a 
wheelchair  ranp  must  be  less  than  and  there  must 
be  a minimum  5 -by- 5 ft  landing  for  every  2.5  ft  of 
rise.  These  dimensions  were  chosen  to  accommodate 
handicapped  people  who  face  physical  barriers  in 
public  buildings  and  at  work.  An  architect  has 
submitted  the  orthographic  plan  shown  below.  Does 
the  plan  meet  the  requirements  of  the  act?  What  will 
be  the  ranp’s  angle  of  ascent? 

2.S 

‘ I-  5 I- 

Front  view 


Top 

view 

I-' — 

Side 

Al]  dimensions  are 
l^iven  In  fwU 


5 

2 

2: 

.0 

25  25 


The  Pix\i  Darce  Compary  indudes  performers  ir 
wheelchairs.  Increased  tolerance  and  accessibility 
laws  have  broadened  the  opportunities  available 
to  people  with  disabilities. 


13.  Application  A lighthouse  is  east  of  a sailboat.  The  sailboat’s  dock  is  30  km  north  of 
the  lighthouse.  The  captain  measures  the  angle  between  the  lighthouse  and  the  dock 
and  finds  it  to  be  35°.  How  far  is  the  sailboat  from  the  dock? 


14.  Application  An  air  traffic  controller  must  calculate  the  angle  of  descent  (the  angle  of 
depression)  for  an  incoming  jet.  The  jet’s  crew  reports  that  their  land  distance  is 
44  km  from  the  base  of  the  control  tower  and  that  the  plane  is  flying  at  an  altitude 
of  5.6  km.  Find  the  measure  of  the  angle  of  descent. 


15.  Application  A new  house  is  32  feet  wide.  The  rafters  will  rise  at  a 
36°  angle  and  meet  above  the  center  line  of  the  house.  Each  rafter 
also  needs  to  overhang  the  side  of  the  house  by  2 feet.  How 
long  should  the  carpenter  make  each  rafter? 

16.  Application  During  a flood  relief  effort,  a Coast  Guard 
patrol  boat  spots  a helicopter  dropping  a package  near  the 
Florida  shoreline.  Officer  Duncan  measures  the  angle  of 

elevation  to  the  helicopter  to  be  15°and  the  distance  to  the  helicopter  to  be  6800  m. 
How  far  is  the  patrol  boat  from  the  point  where  the  package  will  land? 


17.  At  an  air  show,  Amelia  sees  a jet  heading  south  away  from  her  at  a 42°  angle  of 
elevation.  Twenty  seconds  later  the  jet  is  still  moving  away  from  her,  heading  south 
at  a 15°  angle  of  elevation.  If  the  jet’s  elevation  is  constantly  6.3  km,  how  fast  is  it 
flying  in  kilometers  per  hour? 
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For  Exercises  18-23,  find  each  measure  to  the  nearest  unit  or  to  the  nearest  square  unit. 
18.  area  — J_  19.  w = _L 


20.  ihABC  is  acute. 
m^A  = _L  g 


24.  Find  the  length  of  the  apothem  of  a regular  pentagon  with  a side  measuring  36  cm 

25.  Find  the  area  of  a triangle  formed  by  two  12  cm  radii  and  a 16  cm  chord  in  a circle. 

26.  A circle  is  circumscribed  about  a regular  octagon  with  a perimeter  of  48  cm  Find 
the  diameter  of  the  circle. 

27.  A 16  cm  chord  is  drawn  in  a circle  of  diameter  24  cm  Find  the  area  of  the  segment 
of  the  circle. 


28.  Leslie  is  paddling  his  kayak  at  a bearing  of  45°. 
In  still  water  his  speed  would  be  13  km/h  but 
there  is  a 5 km/h  current  moving  west.  What  is 
the  resulting  speed  and  direction  of  Leslie’s 
kayak? 


5 km/h 
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I 

► 


Mixed  review 


For  Exercises  29-41,  identify  each  statement  as  true  or  false.  For  each  false  statement, 
explain  why  it  is  false  or  sketch  a counterexanple. 


29.  An  octahedron  is  a prism  that  has  an  octagonal  base. 

30.  If  the  four  angles  of  one  quadrilateral  are  congruent  to  the  four  corresponding 
angles  of  another  quadrilateral,  then  the  two  quadrilaterals  are  similar. 

31.  The  three  medians  of  a triangle  meet  at  the  centroid. 

32.  To  use  the  Law  of  Cosines,  you  must  know  three  side  lengths  or  two  side  lengths 
and  the  measure  of  the  included  angle. 

33.  If  the  ratio  of  corresponding  sides  of  two  similar  polygons  is  „ p then  the  ratio  of 
their  areas  is 

34.  The  measure  of  an  angle  inscribed  in  a semicircle  is  always  90°. 


35.  If  21  r is  an  acute  angle  in  a right  triangle,  then 


tangent  of 


lengtli  of  leg  adjacent  to  / T 
length  of  leg  oppo-jite  / T 


36.  If  C ^ is  the  area  of  the  base  of  a pyramid  and  C is  the  height  of  the  pyramid,  then 
the  volume  of  the  pyramid  is 

37.  If  two  different  lines  intersect  at  a point,  then  the  sum  of  the  measures  of  at  least 
one  pair  of  vertical  angles  will  be  equal  to  or  greater  than  180°. 

38.  If  a line  cuts  two  sides  of  a triangle  proportionally,  then  it  is  parallel  to  the  third  side. 

39.  If  two  sides  of  a triangle  measure  6 cm  and  8 cm  and  the  angle  between  the  two 
sides  measures  60°,  then  the  area  of  the  triangle  is  12  \/T  cm-r 

40.  A nonvertical  line  ^ i has  slope  m and  is  perpendicular  to  line  ^2.  The  slope  of  ^2  is 
also  m. 


41.  If  two  sides  of  one  triangle  are  proportional  to  two  sides  of  another  triangle,  then 
the  two  triangles  are  similar. 


For  Exercises  42-53,  select  the  correct  answer. 

42.  The  diagonals  of  a parallelogram 

i.  Are  perpendicular  to  each  other. 

ii.  Bisect  each  other. 

iii.  Form  four  congruent  triangles. 

A.  i only  B.  ii  only  C.  iii  only  D.  i and  ii 
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43.  What  is  the  formula  for  the  volume  of  a sphere? 

A,  y-4-nr’  B.  y- C.V^jTrr’’  D.V=-j-jrf^h 

44.  For  the  triangle  at  right,  what  is  the  measure  of  £L  to  the  nearest  degree?  / 

A.  34°  B.  44° 

C.  52°  D.  Cannot  be  determined 

45.  The  diagonals  of  a rhombus 

i.  Are  perpendicular  to  each  other. 

ii.  Bisect  each  other. 

iii.  Form  four  congruent  triangles. 

A.  i only  B.  iii  only  C.  i and  ii  D.  All  of  the  above 

46.  The  ratio  of  the  surface  areas  of  two  similar  solids  is  What  is  the  ratio  of  the 

volumes  of  the  solids? 

A.1  B.A  C.^  D.l^ 

3 27  729  81 

47.  A cylinder  has  height  T and  base  area  K.  What  is  the  volume  of  the  cylinder? 

A.  y-  B.  y-  CT  c.  y-  2itKT  d.  y= 

48.  Which  of  the  following  is  not  a similarity  shortcut? 

A.  SSA  B.  SSS  C.  AA  D.  SAS 


49.  If  a triangle  has  sides  of  lengths  a,  Z?,and  c,  and  C is  the  angle  opposite  the  side  of 
length  c,  which  of  these  statements  must  be  true? 


50. 


51. 


A.  - lab  cos  C B.  + 

C.  + b^  + lab  cos  C T>.  a^  - b^  + 

In  the  drawing  at  right,  Yz\  BC.  What  is  the  value  of  m? 

A.  6 ft  B.  8 ft 

C.  12  ft  D.  16  ft 

When  a rock  is  added  to  a container  of  water,  it  raises  the  water 
level  by  4 cm  If  the  container  is  a rectangular  prism  with  a base 
that  measures  8 cm  by  9 cm,  what  is  the  volume  of  the  rock? 

A.  4 cm^  B.  32  cm^ 


b^  - lab  cos  C 


C.  36  cm^  D.  288  cm^ 

52.  Which  law  could  you  use  to  find  the  value  of  v? 

A.  Law  of  Supply  and  Demand 

B.  Law  of  Syllogism 

C.  Law  of  Cosines 

D.  Law  of  Sines 


r 
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53.  A 32-foot  telephone  pole  casts  a 12-foot  shadow  at  the  same  time  a boy  nearby  casts 
a 1.75-foot  shadow.  How  tall  is  the  boy? 

A.  4 ft  8 in.  B.  4 ft  6 in.  C.  5 ft  8 in.  D.  6 ft 


Exercises  54-56  are  portions  of  cones.  Find  the  volume  of  each  solid. 


5 


57.  Each  person  at  a family  reunion  hugs  everyone  else  exactly  once.  There  were 
528  hugs.  How  many  people  were  at  the  reunion? 

58.  Triangle  TRI  with  vertices  T(  -7,  0),  R(  -5,  3),  and  /(  -1,  0)  is  translated  by  the 
rule  (x,  y)— > (x+  2,y  - 1).  Then  its  image  is  translated  by  the  rule  (x,  y)-^ 

(x  - I,  y - 2).  What  single  translation  is  equivalent  to  the  conposition  of  these 
two  translations? 


61.  The  diameter  of  a circle  has  endpoints  (5,  -2)  and  (5,  4).  Find  the  equation  of 
the  circle. 


62.  Explain  why  a regular  pentagon  cannot  create 
a monohedral  tessellation. 

63.  Archaeologist  Ertha  Diggs  uses  a clinometer 
to  find  the  height  of  an  ancient  temple.  She 
views  the  top  of  the  temple  with  a 37°  angle 
of  elevation.  She  is  standing  130  meters  from 
the  center  of  the  temple’s  base,  and  her  eye 

is  1.5  meters  above  the  ground.  How  tall  is 
the  tenple? 
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64.  In  the  diagram  below,  the  length  of  HK  is 
20  IT  ft.  Find  the  radius  of  the  circle. 


65.  The  shaded  area  is  10 


66.  Triangle  ABC  is  isosceles  with  A6congruent  to  BC  . Point  D is  on  AC  such  that 
BD  is  perpendicular  to  AC.  Make  a sketch  and  answer  these  questions, 
a.  mLABC—  J~m/.ABD 
h.  What  can  you  conclude  about  BD  ? 

Take  another  look 

1.  You  learned  the  Law  of  Sines  as 

sin  A _ sin  J?  _ sinC 
a b c 

Use  algebra  to  show  that 
a = fa  ^ II- 
sin  A sin /I  ^iinC 

2.  Recall  that  SSA  does  not  determine  a triangle.  For  that 
reason,  you’ve  been  asked  to  find  only  acute  angles  using 
the  Law  of  Sines.  Take  another  look  at  a pair  of  triangles, 
ilABiC  and  ilABiC,  determined  by  SSA.  How  is  ^CB\A 
related  to  £ CB2AI  Find  m£  CB\A  and  m £ CBiA  Find  the 
sine  of  each  angle.  Find  the  sines  of  another  pair  of  angles 
that  are  related  in  the  same  way,  then  complete  this 
conjecture:  For  any  angle  S,  sin^  = sinf  I ). 

3.  The  Law  of  Cosines  is  generally  stated  using  £ C. 

- lab  cos  C 

State  the  Law  of  Cosines  in  two  different  ways,  using  £A  and  £R. 

4.  Draw  several  triangles  ABC  where  £ C is  obtuse.  Measure  the  sides  a and  b and 
angle  C.  Use  the  Law  of  Cosines  to  calculate  the  length  of  side  c,  then  measure  side  c 
and  conpare  these  two  values.  Does  the  Law  of  Cosines  work  for  obtuse  angles? 
What  happens  to  the  value  of  the  tQxm-lab  cos  C when  £ C is  obtuse? 


C 
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5.  Developing  Proof  Derive  the  Law  of  Cosines  for  an  obtuse  triangle, 
using  the  diagram  at  right. 


A 


6.  Is  there  a relationship  between  the  measure 
of  the  central  angle  of  a sector  of  a circle 
and  the  angle  at  the  vertex  of  the  right 
cone  formed  when  rolled  up? 


[&  jf  rddtcd  to 


7. 


Fi 


Developing  Proof  Pick  any  measure  of  and  find  the  value  of  the  expression 
(sin  A)^  + (cos  A)^.  Repeat  for  other  measures  of  £A  and  make  a conjecture.  Then 
write  ratios  for  sin  A and  cos  A,  using  the  diagram  at  right,  and  substitute  these 
ratios  into  the  expression  above.  Sinplify,  using  algebra  and  the  Pythagorean 
Theorem,  to  prove  your  conjecture. 


A 


Attesting  What  You've  Learnt 


UPDATE  YOUR  PORTFOLIO  Choose  a real-world  indirect  measurement  problem  that 
uses  trigonometry,  and  add  it  to  your  portfolio.  Describe  the  problem,  explain  how 
you  solved  it,  and  explain  why  you  chose  it  for  your  portfolio. 


ORGANIZE  YOUR  NOTEBOOK  Make  sure  your  notebook  is  complete  and  well 
organized.  Write  a one-page  chapter  summary.  Reviewing  your  notes  and  solving 
sanple  test  items  are  good  ways  to  prepare  for  chapter  tests. 


®GIVE  A PRESENTATION  Demonstrate  how  to  use  an  angle-measuring  device  to 
make  indirect  measurements  of  actual  objects.  Use  appropriate  visual  aids. 


WRITE  IN  YOUR  JOURNAL  The  last  five  chapters  have  had  a strong  problem-solving 
focus.  What  do  you  see  as  your  strengths  and  weaknesses  as  a problem  solver?  In 
what  ways  have  you  inproved?  In  what  areas  could  you  inprove  or  use  more  help? 

Has  your  attitude  toward  problem  solving  changed  since  you  began  this  course? 
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CHAPTER 


Geometry  as  a 

Mathematical 

System 


OBJECTIVES 

This  search  for  new  possibilities,  this 

In  this  chapter  you  will 
m look  at  geometry  as  a 

discovery  of  new  jigsaw  puzzle  pieces,  which 

mathematical  system 

in  the  first  place  surprises  and  astonishes 

m see  how  some  conjectures 

the  designer  himself,  is  a game  that  through 

are  logically  related  to 
each  other 

the  years  has  always  fascinated  and  enthral leo 

*■  review  a number  of  proof 

me  anew. 

strategies,  such  as  working 

M.  C.  ESCHER 

backward  and  analyzing 
diagrams 

Another  World  (Other  World),  M.  C.  Escher,  1947 
©2002  Cordon  Art  B.  V.-Baarn-Holland. 

-j  ■ ■ 

All  rights  reserved. 
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Geometry  is  the  art  of 
correct  reasoning  on 
incorrect  figures. 
GEORGE  POLYA 


The  Premises  of  Geometry 

A,  you  learned  in  previous  chapters,  for  thousands  of  years  Babylonian,  Egyptian, 
Chinese,  and  other  mathematicians  discovered  many  geometry  principles  and 
developed  procedures  for  doing 
practical  geometry. 

By  600  B.C.E.,  a prosperous  new 
civilization  had  begun  to  grow  in 
the  trading  towns  along  the  coast 
of  Asia  Minor  (present-day 
Turkey)  and  later  in  Greece, 

Sicily,  and  Italy.  People  had  free 
time  to  discuss  and  debate  issues 
of  government  and  law.  They 
began  to  insist  on  reasons  to 
support  statements  made  in 
debate.  Mathematicians  began  to 
use  logical  reasoning  to  deduce 
mathematical  ideas. 

History 

CONNECTION 

Greek  mathematician  Thales  of  Miletus  (ca.  625-547  B.C.E.) 
made  his  geometry  ideas  convincing  by  supporting  his 
discoveries  with  logical  reasoning.  Over  the  next  300  years, 
the  process  of  supporting  mathematical  conjectures  with 
logical  arguments  became  more  and  more  refined.  Other 
Greek  mathematicians,  including  Thales’  most  famous 
student,  Pythagoras,  began  linking  chains  of  logical  reasoning.  The  tradition 
continued  with  Plato  and  his  students.  Euclid,  in  his  famous  work  about 
geometry  and  number  theory,  established  a single  chain  of  deductive 

arguments  for  most  of  the  geometry  known  then. 

Tim  cl  ire  of  wHy  Greet  m^ithenn<iticj 


I 

EA/^NIKH  ^HMOKPATLA  90 


This  mn^io  d^t^ll  Sklly,  It^ lyr  and  Asia 
Minot  along  tl>e  north  coast  of  the  Modltorranean 
Sea.  The  roap  was  drawn  by  Italian  painter  and 
architect  Pietro  da  Cortona 


Tii.-\i.rs 

GDI?  AS 

ca.5a5B.CE. 

ca.SQQ 

I IILIZ.E. 

ca.  B.C.E.  ca.  545  B.C.E. 


l...\TO 

El.-C'LiP  1 

t 

ca.  427  B.C.E. 

+ 1 

Cd.  317  B.ci:.  " 

ca.  300  H.C.B 

You  have  learned  that  Euclid  used  geometric  constructions  to  study  properties  of 
lines  and  shapes.  Euclid  also  created  a deductive  system — a set  of  premises, 
or  accepted  facts,  and  a set  of  logical  rules — to  organize  geometry  properties. 

He  started  from  a collection  of  sinple  and  useful  statements  he  called  postulates. 
He  then  systematically  demonstrated  how  each  geometry  discovery  followed 
logically  from  his  postulates  and  his  previously  proved  conjectures,  or  theorems. 
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Up  to  now,  you  have  been  discovering  geometry  properties  inductively,  the  way 
many  mathematicians  have  over  the  centuries.  You  have  studied  geometric  figures 
and  have  made  conjectures  about  them  Then,  to  explain  your  conjectures,  you 
turned  to  deductive  reasoning.  You  used  informal  proofs  to  explain  why  a 
conjecture  was  true.  However,  you  did  not  prove  every  conjecture.  In  fact,  you 
sometimes  made  critical  assumptions  or  relied  on  unproved  conjectures  in  your 
proofs.  A conclusion  in  a proof  is  true  if  and  only  if  your  premises  are  true  and  all 
your  arguments  are  valid.  Faulty  assunptions  can  lead  to  the  wrong  conclusion. 
Have  all  your  assumptions  been  reliable? 


Inductive  reawnir^  process 


Deductive  reasoning  process 


In  this  chapter  you  will  look  at  geometry  as  Euclid  did.  You  will  start  with 
premises:  definitions,  properties,  and  postulates.  From  these  premises  you  will 
systematically  prove  your  earlier  conjectures.  Proved  conjectures  will  become 
theorems,  which  you  can  use  to  prove  other  conjectures,  turning  them  into 
theorems,  as  well.  You  will  build  a logical  framework  using  your  most  important 
ideas  and  conjectures  from  geometry. 


Premises  for  Logical  Arguments  in  Geometry 

1.  Definitions  and  undefined  terms 

2.  Properties  of  arithmetic,  equality,  and  congruence 

3.  Postulates  of  geometry 

4.  Previously  proved  geometry  conjectures  (theorems) 

You  are  already  familiar  with  the  first  type  of  premise  on  the  list:  the  undefined 
terms — ^point,  line,  and  plane.  In  addition,  you  have  a list  of  basic  definitions  in 
your  notebook. 

You  used  the  second  set  of  premises,  properties  of  arithmetic  and  equality,  in  your 
algebra  course. 
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These  Mayan  s-torfce  carvingsr 
found  In  Tikal.  Guaternalan 
tfte  glyphin  or  symbolsp 
used  In  the  Mayan  number 
system.  Learn  more  about 
Mayan  nurrierals  at 

www.keymath.com/DG  . 


I Properties  of  Arithmetic 

For  any  numbers  a,  b,and  c: 

Commutative  property  of  addition 

a + b = b + a 

Commutative  property  of  muitipiication 

ab  = ba 

Associative  property  of  addition 

{a  + b)  + c = a + {b  + c) 

Associative  property  of  muitipiication 

{ab)c  = a{bc) 

Distributive  property 

a{b  + c)  = ab  + ac 

I Properties  of  Equaiity 

For  any  numbers  a,  b,  c,and  d\ 

Refiexive  property 

a = a (Any  number  is  equal  to  itself.) 

Transitive  property 

lia  = b and  b=  c,  then  a = c.  (This  property  often  takes  the  form  of  the 
substitution  property,  which  says  that  if  Z?  = c,  you  can  substitute  c for  b.) 

Symmetric  property 

lia  = b,  then  b = a. 

Addition  property 

= b,  then  a + c = b + c. 

(Also,  ifa  = b and  c = d,  then  a + c = b + d.) 

Subtraction  property 

If  a = b,  then  a - c = b - c. 

(Also,  ifa  = b and  c = d,  then  a - c = b - d.) 

Muitipiication  property 

If  a = b,  then  ac  - be. 

(Also,  ifa  = b and  c = J,  then  ac  - bd.) 

Division  property 

lfa  = b,  then  J provided  c ^ 0. 

(Also,  ifa^b  and  c = J,  then  = jj  provided  that  c ^ Q andt:/  0=) 

Square  root  property 

Ifa^  = b,  then 

Zero  product  property 

I lfab=  0,  then  a = 0 or  Z?  = 0 or  both  a and  Z?  = 0. 
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Whether  or  not  you  remember  their  names,  you’ve  used  these  properties  to  solve 
algebraic  equations.  The  process  of  solving  an  equation  is  really  an  algebraic  proof 
that  your  solution  is  valid.  To  arrive  at  a correct  solution,  you  must  support  each 
step  by  a property.  The  addition  property  of  equality,  for  exanple,  permits  you  to 
add  the  same  number  to  both  sides  of  an  equation  to  get  an  equivalent  equation. 


EXAMPLE  I Solve  for  v:  5x  - 12  = 3(x  + 2) 


► Solution 


5x  - 12  = 3(x  + 2) 
5x  - 12  = 3x  + 6 
5x=  3x  + 18 
2v=  18 
x = 9 


Given. 

Distributive  property. 

Addition  property  of  equality. 
Subtraetion  property  of  equality. 
Division  property  of  equality. 


Why  are  the  properties  of  arithmetic  and  equality  inportant  in  geometry?  The 
lengths  of  segments  and  the  measures  of  angles  involve  numbers,  so  you  will  often 
need  to  use  these  properties  in  geometry  proofs.  And  just  as  you  use  equality  to 
express  a relationship  between  numbers,  you  use  congruence  to  express  a 
relationship  between  geometric  figures. 


Definition  of  Congruence 

IfAB  =CD,  thenAF  = ^ and  conversely,  if  A5  = CD,  thmAB  = CD. 

Ifm^A  = mLB,  then  21 A = LB,  and  conversely,  if21  A = 215,  then 
mLA  = mLB. 


fr^fndlidlE  ncfliltflfinii  iit^JLnueifl*  Uimcjh 

Eoia  libiEE‘}h£aiii9  er^diHctic  Eiy  othb  i&flnboU 
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tki» 


4 


I 4 


A page  frctri  a Latin  translation  of 
Euclid^  Eiemef?ts.  Which  of  these 
definitions  do  you  recognize? 


Congruence  is  defined  by  equality,  so  you  can 
extend  the  properties  of  equality  to  a reflexive 
property  of  congruence,  a transitive  property 
of  congruence,  and  a symmetric  property  of 
congruence.  This  is  left  for  you  to  do  in  the 
exercises. 

The  third  set  of  premises  is  specific  to  geometry. 
These  premises  are  traditionally  called  postulates. 
Postulates  should  be  very  basic.  Like  undefined 
terms,  they  should  be  useful  and  easy  for  everyone 
to  agree  on,  with  little  debate. 

As  you’ve  performed  basic  geometric  constructions 
in  this  class,  you’ve  observed  some  of  these  “obvious 
truths.”  Whenever  you  draw  a figure  or  use  an 
auxiliary  line,  you  are  using  these  postulates. 
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Postulates  of  Geometry 


Line  Postulate  You  can  construct 
exactly  one  line  through  any 
two  points.  In  other  words,  two 
points  determine  a line. 


Line  Intersection  Postuiate  The 

intersection  of  two  distinct  lines  is 
exactly  one  point. 


STOP 


There  are  certain  rules  that 
everyrrne  needs  Lo  agree  on 
so-  we  can  drive  safely!  Wtiat 
are  the  "road  rules"  of 
geometry? 


Segment  Dupiication  Postuiate 

You  can  construct  a segment 
congruent  to  another  segment. 


Angie  Dupiication  Postuiate  You 

can  construct  an  angle  congruent  to 
another  angle. 


Midpoint  Postuiate  You  can 

construct  exactly  one  midpoint  on 
any  line  segment. 


Angie  Bisector  Postuiate  You  can 

construct  exactly  one  angle  bisector 
in  any  angle. 


Paraiiei  Postuiate  Through  a point  

not  on  a given  line,  you  can  construct  ""  " ^ 

exactly  one  line  parallel  to  the  given  ^ 

line. 


Perpendicuiar  Postuiate  Through 
a point  not  on  a given  line,  you 
can  construct  exactly  one  line 
perpendicular  to  the  given  line. 


Segment  Ad^ion  Postuiate  If  , , , 

points  is  on  AC  and  between  points  A H C 

A and  C,  then  AB  + BC  = AC. 


Angie  Addition  Postuiate  If  point/) 
lies  in  the  interior  of  LABC,  then 
mLABD  + rrijLDBC  = mLABC. 
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Linear  Pair  Postulate  If  two  angles 
are  a linear  pair,  then  they  are 
supplementary. 


Corresponding  Angles  Postulate 
(CA  Postulate)  If  two  parallel  lines 
are  cut  by  a transversal,  then  the 
corresponding  angles  are  congruent. 
Conversely,  if  two  coplanar  lines  are 
cut  by  a transversal  forming  congruent 
corresponding  angles,  then  the  lines 
are  parallel. 


SSS  Congruence  Postulate  If 

the  three  sides  of  one  triangle  are 
congruent  to  three  sides  of  another 
triangle,  then  the  two  triangles 
are  congruent. 


SAS  Congruence  Postulate  If  two 

sides  and  the  included  angle  in  one 
triangle  are  congruent  to  two  sides 
and  the  included  angle  in  another 
triangle,  then  the  two  triangles 
are  congruent. 


ASA  Congruence  Postulate  If  two 

angles  and  the  included  side  in  one 
triangle  are  congruent  to  two  angles 
and  the  included  side  in  another 
triangle,  then  the  two  triangles 
are  congruent. 


Mathematics 

CONNECTION 

Euclid  wrote  13  books  covering,  among  other  topics,  plane  geometry  and  solid 
geometry.  He  started  with  definitions,  postulates,  and  “common  notions”  about 
the  properties  of  equality.  He  then  wrote  hundreds  of  propositions,  which  we 
would  call  conjectures,  and  used  constructions  based  on  the  definitions  and 
postulates  to  show  that  they  were  valid.  The  statements  that  we  call  postulates 
were  actually  Euclid’s  postulates,  plus  a few  of  his  propositions. 
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To  build  a logical  framework  for  the  geometry  you  have  learned,  you  will  start  with 
the  premises  of  geometry.  In  the  exercises,  you  will  see  how  these  premises  are  the 
foundations  for  some  of  your  previous  assumptions  and  conjectures.  You  will  also 
use  these  postulates  and  properties  to  see  how  some  geometry  statements  are 
logical  consequences  of  others. 


1.  What  is  the  difference  between  a postulate  and  a theorem? 

2.  Euclid  might  have  stated  the  addition  property  of  equality  (translated  from  the 
Greek)  in  this  way:  “If  equals  are  added  to  equals,  the  results  are  equal.”  State  the 
subtraction,  multiplication,  and  division  properties  of  equality  as  Euclid  might  have 
stated  them  (You  may  write  them  in  English — extra  credit  for  the  original  Greek!) 

3.  Write  the  reflexive  property  of  congruence,  the  transitive  property  of  congruence, 
and  the  symmetric  property  of  congruence.  Add  these  properties  to  your  notebook. 
Include  a diagram  for  each  property.  Illustrate  one  property  with  congruent 
triangles,  another  property  with  congruent  segments,  and  another  property  with 
congruent  angles.  (These  properties  may  seem  ridiculously  obvious.  This  is  exactly 
why  they  are  accepted  as  premises,  which  require  no  proof!) 

4.  When  you  state  AC  = AC,  what  property  are  you  using?  When  you  state  AC  sf  AC, 
what  property  are  you  using?  ^ 

5.  Name  the  property  that  supports  this  statement:  If iL ACE  =^LBDF  and 
/BDF  = LHKM,  then  ACE  = LHKM. 

6.  Name  the  property  that  supports  this  statement:  Ifv  + 120  = 180,  thenx  = 60. 

7.  Name  the  property  that  supports  this  statement:  If  2(v  + 14)  = 36,  then 
x+I4  = I8. 

In  Exercises  8 and  9,  provide  the  missing  property  of  equality  or  arithmetic  as  a reason 
for  each  step  to  solve  the  algebraic  equation  or  to  prove  the  algebraic  argument. 

8.  Solve  for  x:  lx -12  = 4(x  + 2) 


Exebclses. 


Solution:  lx -11  = 4(x  + 2) 

7x  - 22  = 4x  + 8 
3x  - 22  = 8 


Given. 


property. 


property  of  equality, 
property  of  equality, 
property  of  equality. 


3x  = 30 

X = 10 


9.  Conjecture:  If  ~ thenx  = m(c  + J),  providedthat  m 0. 


Proof:  m “ ^ ^ 


X = m(d  + c) 
X = m{c  + d) 
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In  Exercises  10-17,  identify  each  statement  as  true  or  false.  Then  state  which  definition, 

property  of  algebra,  property  of  congruence,  or  postulate  supports  your  answer. 

10.  IfM  is  the  midpoint  oiAB,  then  AM  = BM. 

11.  IfM  is  the  midpoint  of  CD  and  N is  the  midpoint  of  CD,  then  M and  N are  the 
same  point. 

12.  liAB  bisects  ^CAD,  then  ^CAB  =ADAB. 

13.  IfAB  bisects  LCAD  and  AF  bisects  LCAD,  thenAF  and  AF  are  the  same  ray. 

14.  Lines  I and  m can  intersect  at  different  points  A and  B. 

15.  If  line  I passes  through  points  A and  B and  line  m passes  through  points  A and  B, 
lines  I and  m do  not  have  to  be  the  same  line. 

16.  If  point  F is  in  the  interior  of  LRAT,  then 
mCRAP  + mLPAT  = mLRAT. 

17.  Ifpoint  Mis  on  AC  and  between  points  A 
and  C,  then  AM  + MC  = AC. 

18.  The  Declaration  of  Independence 
states,  “We  hold  these  truths  to  be  self- 
evident  . . . ,”  then  goes  on  to  list  four 
postulates  of  good  government.  Look  up 
the  Declaration  of  Independence  and  list 
the  four  self-evident  truths  that  were  the 
original  premises  of  the  United  States 
government.  You  can  find  links  to  this 
topic  at  www.keymath.com/DG  . 


Arthur  Siyk  (le^-l^Sl)ra  Polisti  Arwrican 
whow  art  helped  aid  ih^  Allied  ^ar 

■effort  durhg  World  War  Up  created  thh  palrlo-tk 
Illustrated  version  of  the  Odaratiori  of 
Irideperidence. 


19.  Copy  and  complete  this  flowchart  proof  Lor  each  reason,  state  the  definition,  the 
property  of  algebra,  or  the  property  of  congruence  that  supports  the  statement. 


Given:  AO  and  BO  are  radii 
Show:  i^AOB  is  isosceles 


1 ? 

-►1*  1 

L 

Given 

OcfinifLpn  of  circle 

l>cfinition  of  J_ 
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For  Exercises  20-22,  copy  and  complete  each  flowchart  proof. 


20.  Given:  2.1  = 2.2 
Show:  2.3  = 2.4 


i' 

-►  I ^ 2.3  = J_ 

Corresponding 

Angles  PostuLite 

21.  Given:  AC  = BD,  AD  = BC 
Show:  2.Z)  = 2.C 


I ' 4C  Bf> 


J J' 

t 


AB=SA 


Rct'l  csivc  p 10  pcrty 
of  congruence 


D C 


^ 5 ^ 

crcrc 


22.  Given:  Isosceles  triangle with 245 

Show:  LA 


I C4jnHtriJcr  anjj;[e 
bisector 

LUseccor 


2 ? 


Given 


LABD^-=J_\ 


Definition 
of  Jl 

r**  W sMJ 


ABAD-L.  i- 


? 


23.  You  have  probably  noticed  that  the  sum  of  two  odd  integers  is  always  an  even 
integer.  The  rule  2n  generates  even  integers  and  the  rule  2^-1  generates  odd 
integers.  Let  2n  - I and  2m-  \ represent  any  two  odd  integers,  and  prove  that  the 
sum  of  two  odd  integers  is  always  an  even  integer. 
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24.  Let  2n-  I and  2m represent  any  two  odd  integers,  and  prove  that  the  product 
of  any  two  odd  integers  is  always  an  odd  integer. 

25.  Show  that  the  sum  of  any  three  consecutive  integers  is  always  divisible  by  3. 


^ Review 


26.  Shannon  and  Erin  are  hiking  up  a mountain.  Of  course,  they  are  packing  the 
clinometer  they  made  in  geometry  class.  At  point  A along  a flat  portion  of 
the  trail,  Erin  sights  the  mountain  peak  straight  ahead  at  an  angle 
of  elevation  of  22°.  The  level  trail  continues  220  m straight 
to  the  base  of  the  mountain  at  point  B.  At  that  point. 

Shannon  measures  the  angle  of  elevation  to 
be  38°.  From 5 the  trail  follows  a ridge 
straight  up  the  mountain  to  the 

peak.  At  point  B,  how  far  ^ 

are  they  from  the  ' ^ _ 

A Tr;ti!  tt 

I- 220  IT. -I 


mountain  peak? 


27. 

]2'cm 

Co-nc 


Sphere 


^ ..'j  c m 
Cylinder 


Arrange  the  names  of  the  solids  in  order,  greatest  to  least. 
Volume:  J- 

Surface  area:  J- 

Length  of  the  longest  rod  that  will  fit  inside: 


i 


28.  Two  communication  towers  stand  64  ft  apart.  One  is  80  ft  high  and  the  other  is  48  ft 
high.  Each  has  a guy  wire  from  its  top  anchored  to  the  base  of  the  other  tower.  At 
what  height  do  the  two  guy  wires  cross? 
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In  Exercises  29  and  30,  all  length  measurements  are  given  in  meters. 


29.  What’s  wrong  with  this  picture? 


31.  Each  arc  is  a quarter  of  a circle  with  its  center  at  a vertex  of  the  square. 
Given:  Each  square  has  side  length  1 unit  Find:  The  shaded  area 


IMPROVIMG  YOUR  REASONING  SKILLS 

Logical  Vocabulary 

Here  is  a logical  vocabulary  challenge.  It  is  sometimes  possible  to  change  one  word  to 
another  of  equal  length  by  changing  one  letter  at  a time.  Each  change,  or  move,  you 
make  gives  you  a new  word.  For  example,  DOG  can  be  changed  to  CAT  in  exactly 
three  moves. 

DOG^  DOT=^  CO^  CAT 

Change  MATH  to  each  of  the  following  words  in  exactly  four  moves. 

1.  MATH=>  ± ^ ± ± ROSE  2.  MATH=>  _L  _L  _L  CORE 

3.  MATH=^  X i =>  X =>  HOST  4.  MATH=s  X =s  X =s  X =s  LESS 

5.  MATH^J'  X X =>  X LIVE 

Now  create  one  of  your  own.  Change  MATH  to  another  word  in  four  moves. 
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What  is  now  proved  was 
once  only  imagined. 
WILLIAM  BLAKE 


Planning  a Geometry  Proof 

A proof  in  geometry  consists  of  a sequence  of  statements,  starting  with  a given 
set  of  premises  and  leading  to  a valid  conclusion.  Each  statement  follows  from  one 
or  more  of  the  previous  statements  and  is  supported  by  a reason.  A reason  for  a 
statement  must  come  from  the  set  of  premises  that  you 
learned  about  in  Lesson  13.1. 

In  earlier  chapters  you  informally  proved  r 
conjectures.  Now  you  can  formally  prove 
them,  using  the  premises  of  geometry.  In 
this  lesson  you  will  identify  for  yourself 
what  is  given  and  what  you  must  show,  in 
order  to  prove  a conjecture.  You  will  also 
create  your  own  labeled  diagrams. 

As  you  have  seen,  you  can  state  many 
geometry  conjectures  as  conditional 
statements.  For  example,  you  can  write  the 
conjecture  “Vertical  angles  are  congruent” 
as  a conditional  statement:  “If  two  angles 
are  vertical  angles,  then  they  are 
congruent.”  To  prove  that  a conditional 

statement  is  true,  you  assume  that  the  first  part  of  the  conditional  is  true,  then 
logically  demonstrate  the  truth  of  the  conditional’s  second  part.  In  other  words, 
you  demonstrate  that  the  first  part  implies  the  second  part.  The  first  part  is  what 
you  assume  to  be  true  in  the  proof;  it  is  the  given  information.  The  second  part 
is  the  part  you  logically  demonstrate  in  the  proof;  it  is  what  you  want  to  show. 


Given  Show 

Two  angles  vcrticaJ  dju^lcs.  They  aretongnicnt 


Next,  draw  and  label  a diagram  that  illustrates  the  given  information.  Then  use  the 
labels  in  the  diagram  to  restate  graphically  what  is  given  and  what  you  must  show. 

Once  you’ve  created  a diagram  to  illustrate  your  conjecture  and  you  know  where 
to  start  and  where  to  go,  make  a plan  using  the  reasoning  strategies  you’ve  been 
developing.  Use  your  plan  to  write  the  proof.  Here’s  the  complete  process. 

Writing  a Proof 

Task  1 From  the  conditional  statement,  identify  what  is  given  and  what  you 
must  show. 

Task  2 Draw  and  label  a diagram  to  illustrate  the  given  information. 

Task  3 Restate  what  is  given  and  what  you  must  show  in  terms  of  your 
diagram 

T ask  4 Plan  a proof  using  your  reasoning  strategies.  Organize  your  reasoning 
mentally  or  on  paper. 

Task  5 From  your  plan,  write  a proof. 
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by  Sidrey  Haiii^^Amsfican  SdentiEl  Magazine. 


In  Chapter  2,  you  proved  the  Vertical  Angles  Conjecture  using  conjectures  that  have 
now  become  postulates. 


Lilies  rrr  4ind  n 
interse^T  ta  form 
vicrtiCfil  I ^nd  2 

G Lven 


Liriciir  Pair  PosUilare 


flfZll  = m^2 


Start  a theorem  list  separate 
from  your  conjecture  list. 


So  the  Vertical  Angles  Conjecture  becomes 
the  Vertical  Angles  (VA)  Theorem.  It  is 
irrportant  when  building  your  mathematical 
system  that  you  use  only  the  premises  of 
geometry.  These  include  theorems,  but  not 
unproved  conjectures.  You  can  use  all  the 
theorems  on  your  theorem  list  as  premises 
for  proving  other  theorems.  For  instance,  in 
Exanple  A you  can  use  the  VA  Theorem 
to  prove  another  theorem 


Subtratliori  prrsperry 
ut  et|ua]ity 

\ 

DefinitLon  of 


You  may  have  noticed  that  in  the  previous  lesson  we  stated  the  CA  Conjecture 
as  a postulate,  but  not  the  AJA  Conjecture  or  the  AEA  Conjecture.  In  this  first 
exanple  you  will  see  how  to  use  the  five  tasks  of  the  proof  process  to  prove  the 
AJA  Conjecture. 


EXAMPLE  A 


Prove  the  Alternate  Interior  Angles  Conjecture:  If  two  parallel  lines  are  cut  by  a 
transversal,  then  the  alternate  interior  angles  are  congruent. 


► Solution 


For  Task  1,  identify  what  is  given  and  what  you  must  show. 

Given:  Two  parallel  lines  are  cut  by  a transversal 

Show:  Alternate  interior  angles  formed  by  the  lines  are  congruent 

For  Task  2,  draw  and  label  a diagram 
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For  Task  3,  restate  what  is  given  and  what  you  must  show  in  terms  of  the 
diagram 

Given:  Parallel  lines/  i and/  2 cut  by  transversal/  3 to  form  alternate  interior 
angles iil  and  1.2 
Show:  L\  -=  L.2 

For  Task  4,  plan  a proof.  Organize  your  reasoning  mentally  or  on  paper. 


Plam 

1 iwedtoshotvthat  l\  = 1-1- 

Lookups  over  ihe 
usefui  atetlieCA 

From  the  CA  Fostdate,  1 know  that  L2-^ 

VA  Theorem,  Z-1  = ^ 

,f  / 7 ^ / 3 and  /Ll  = ^5,  then  by  substitution 


For  Task  5,  create  a proof  from  your  plan. 

Flowchart  Proof 


II  t^pWLth  tran&veisal 
lormiiigAIA  I iiid  2 


Given 


VeiTLCil  Angles 
Thecifin  1^1  ^ Z2 


^3af  ^2 


yTijin^itivc  property 
of  congruence 


OjiTcsporiJing 
Angles  Po^iTLilaTc 


So,  the  AIA  Conjecture  becomes  the  AIA  Theorem  Add  this  theorem  to  your 
theorem  list. 

In  Chapter  4,  you  informally  proved  the  Triangle  Sum  Conjecture.  The  proof  is 
short,  but  clever  too,  because  it  required  the  construction  of  an  auxiliary  line. 
All  the  steps  in  the  proof  use  properties  that  we  now  designate  as  postulates. 
Example  B shows  the  flowchart  proof.  For  exancple,  the  Parallel  Postulate 
guarantees  that  it  will  always  be  possible  to  construct  an  auxiliary  line  through 
a vertex,  parallel  to  the  opposite  side. 
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EXAMPLE  B I Prove  the  Triangle  Sum  Conjecture:  The  sum  of  the  measures  of  the  angles  of  a 
triangle  is  180°. 


► Solution 


COnj'n.Lcncc 


ZL,Z2,iicid2l3  I 

CoiiiLruct 

^ I rJt£.4  4 tn/-2  “ ^ 

(r^Z-1  H-  riJZ2  H- 

orAA/iC  I 

k'C  AB 

■^l  mAMOB  ' 

= ISO" 

Given 

Pamllti  Pnifukte-  Angle  Addition 

3u[^HrLtutii>^  J 

Po  Htulate 

prtjptrry  of  ^ 

equality  ^ 

^ iCCB  ^uid  21^  are  ^ 

mLKCB-^ 

supplementary 

Lineal'  Piir  Postulate 

Delhi  iliotio-f 

/ 


Substitution 

ol -equaJit)' 


siip|.>leiin?ii[iry 


So,  the  Triangle  Sum  Conjecture  becomes  the  Triangle  Sum  Theorem  Add  it  to 
your  theorem  list.  Notice  that  each  reason  we  now  use  in  a proof  is  a postulate, 
theorem,  definition,  or  property. 


you  cr-ac^  bdick  your  f-stmily  tr^,  you  indud^  th^ 
of  your  parents,  the  r^mes  th^lr  parents,  and  so  on. 


To  make  sure  a particular  theorem  has  been  properly 
proved,  you  can  also  check  the  “logical  family  tree”  of 
the  theorem  When  you  create  a family  tree  for  a 
theorem,  you  trace  it  back  to  all  the  postulates  that  the 
theorem  relied  on.  You  don’t  need  to  list  all  the 
definitions  and  properties  of  equality  and  congruence; 
list  only  the  theorems  and  postulates  used  in  the  proof. 
For  the  theorems  that  were  used  in  the  proof,  which 
postulates  and  theorems  were  used  in  their  proofs,  and 
so  on.  In  Chapter  4,  you  informally  proved  the  Third 
Angle  Conjecture.  Let’s  look  again  at  the  proof. 

Third  Angle  Conjecture:  If  two  angles  of  one  triangle 
are  congruent  to  two  angles  of  a second  triangle,  then 
the  third  pair  of  angles  are  congruent. 

C J- 


A R D 1-: 
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Triiiii^ltf  Su  in  Theoi^  rti  Ti  ansiii ve  proj.it  n y of  eq  uilic  )■ 


What  does  the  logical  family  tree  of  the  Third  Angle  Theorem  look  like? 

You  start  by  putting  the  Third  Angle  Theorem  in  a box.  Find  all  the  postulates  and 
theorems  used  in  the  proof.  The  only  postulate  or  theorem  used  was  the  Triangle 
Sum  Theorem.  Put  that  box  above  it. 


Triangle  Sum  Theorem 

I 

Third  Angle  Thwarem 


Next,  locate  all  the  theorems  and  postulates  used  to  prove  the  Triangle  Sum 
Theorem.  Place  them  in  boxes  above  the  Triangle  Sum  Theorem.  Connect  the  boxes 
with  arrows  showing  the  logical  connection.  Now  the  family  tree  looks  like  this: 

Pai'allel  fn>slLjlale  Lintai'  Piir  Postulate  Atigltf  Addition  PosUilaie 

A]  A Theorem 

V ' ^ y 

[ri^tigl-eSum  theorem 

4 

Third  Angle  Thetjrem 


To  prove  the  AJA  Theorem,  we  used  the  CA  Postulate  and  the  VA  Theorem,  and  to 
prove  the  VA  Theorem,  we  used  the  Linear  Pair  Postulate.  The  Linear  Pair  Postulate 
is  already  in  the  family  tree,  but  move  it  up  so  it’s  above  both  the  Triangle  Sum 
Theorem  and  the  VA  Theorem.  The  completed  family  tree  looks  like  this: 

Paiallel  l^ostulate  CA  Linear  Pair  Postulate  Angle  Addition  Po^Liilaie 
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The  family  tree  shows  that,  ultimately,  the  Third  Angle  Theorem  relies  on  the 
Parallel  Postulate,  the  CA  Postulate,  the  Linear  Pair  Postulate,  and  the  Angle 
Addition  Postulate.  You  might  notice  that  the  family  tree  of  a theorem  looks  similar 
to  a flowchart  proof.  The  difference  is  that  the  family  tree  focuses  on  the  premises 
and  traces  them  back  to  the  postulates. 

Notice  how  the  Third  Angle  Theorem  follows  directly  from  the  Triangle  Sum 
Theorem  without  using  any  other  theorems  or  postulates.  A theorem  that  is  the 
immediate  consequence  of  another  proven  theorem  is  called  a corollary.  So,  the 
Third  Angle  Theorem  is  a corollary  of  the  Triangle  Sum  Theorem 


2.  Which  postulate(s)  does  the  Triangle  Sum  Theorem  rely  on? 

3.  If  you  need  a parallel  line  in  a proof,  which  postulate  allows  you  to  construct  it? 


4.  If  you  need  a perpendicular  line  in  a proof,  which  postulate  allows  you  to 
construct  it? 

In  Exercises  5-14,  write  a paragraph  proof  or  a flowchart  proof  of  the  conjecture. 

Once  you  have  completed  their  proofs,  add  the  statements  to  your  theorem  list. 

5.  If  two  angles  are  both  congruent  and 
supplementary,  then  each  is  a right  angle. 

(Congruent  and  Supplementary  Theorem) 

6.  Supplements  of  congruent  angles  are 
congruent.  (Supplements  of  Congruent 
Angles  Theorem) 

7.  All  right  angles  are  congruent.  (Right 
Angles  Are  Congruent  Theorem) 

8.  If  two  lines  are  cut  by  a transversal  forming 
congruent  alternate  interior  angles,  then 
the  lines  are  parallel.  (Converse  of  the 
ALA  Theorem) 

9.  If  two  parallel  lines  are  cut  by  a transversal, 
then  the  alternate  exterior  angles  are 
congruent.  (AEA  Theorem) 

10.  If  two  lines  are  cut  by  a transversal  forming 
congruent  alternate  exterior  angles,  then  the 
lines  are  parallel.  (Converse  of  the  AEA  Theorem) 

11.  If  two  parallel  lines  are  cut  by  a transversal,  then  the  interior  angles  on  the  same 
side  of  the  transversal  are  supplementary.  (Interior  Supplements  Theorem) 

12.  If  two  lines  are  cut  by  a transversal  forming  interior  angles  on  the  same  side  of  the 
transversal  that  are  supplementary,  then  the  lines  are  parallel.  (Converse  of  the 
Interior  Supplements  Theorem) 
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13.  If  two  lines  in  the  same  plane  are  parallel  to  a third  line,  then  they  are  parallel  to 
each  other.  (Parallel  Transitivity  Theorem) 

14.  If  two  lines  in  the  same  plane  are  perpendicular  to  a third  line,  then  they  are  parallel 
to  each  other.  (Perpendicular  to  Parallel  Theorem) 

15.  Prove  that  the  acute  angles  in  a right  triangle  are  complementary.  Explain  why  this  is 
a corollary  of  the  Triangle  Sum  Theorem 

16.  Draw  a family  tree  of  the  Converse  of  the  Alternate  Exterior  Angles  Theorem 


Review 


17.  Suppose  the  top  of  a pyramid  with  volume  1 107  cm^  is  sliced  off  and  discarded, 
resulting  in  a truncated  pyramid.  If  the  cut  was  parallel  to  the  base  and  two-thirds 
of  the  distance  to  the  vertex,  what  is  the  volume  of  the  truncated  pyramid? 


18.  Abraham  is  building  a dog  house  for 
his  terrier.  His  plan  is  shown  at  right. 

He  will  cut  a door  and  a window  later. 
After  he  builds  the  frame  for  the 
structure,  can  he  complete  it  using  one 
piece  of  4-by- 8-foot  plywood?  If  the 
answer  is  yes,  show  how  he  should  cut 
the  plywood.  If  no,  explain  why  not. 


19.  A triangle  has  vertices  A(7,  -4),  .6(3,  -2),  and  C(4,  1).  Eind  the  coordinates  of  the 
vertices  after  a dilation  with  center  (8,  2)  and  scale  factor  2.  Complete  the  mapping 
rule  for  the  above  dilation:  (x,  y)  (_L,  _L).  ^ 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Mental  Blocks 


In  the  top  figure  at  right,  every  cube  is  lettered  exactly 
alike.  Copy  and  complete  the  two-dimensional 
representation  of  one  of  the  cubes  to  show  how  the 
letters  are  arranged  on  the  six  faces. 
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Triangle  Proofs 

Now  that  the  theorems  from  the  previous  lesson  have  been  proved,  make  sure 
you  have  added  them  to  your  theorem  list.  They  will  be  usefol  to  you  in  proving 
future  theorems. 


The  most  violent  element 
in  our  society  is  ignorance. 
EMMA  GOLDMAN 


Triangle  congruence  is  so  usefril  in  proving  other  theorems  that  we  will  focus  next 
on  triangle  proofs.  You  may  have  noticed  that  in  Lesson  13.1,  three  of  the  four 
triangle  congruence  conjectures  were  stated  as  postulates  (the  SSS  Congruence 
Postulate,  the  SAS  Congruence  Postulate,  and  the  ASA  Congruence  Postulate).  The 
SAA  Conjecture  was  not  stated  as  a postulate.  In  Lesson  4.5,  you  used  the  ASA 
Conjecture  (now  the  ASA  Postulate)  to  explain  the  SAA  Conjecture.  The  family 
tree  for  SAA  congruence  looks  like  this: 


ASA  Posruldtc  Piira]]d  CA  Linear  lAiir  Pn^tulate 


1 ^ 

T VA  Theoi’ein 

AlAThcDrcm 

t 

Trianjj;]c  Sum  Theorem 


Anj^lc  Adflition 
Po^tlilfitc 


Third  An^lc  Theorem 


SAA  Cotigrue  lice  Theorem 


So  the  SAA  Conjecture  becomes  the  SAA  Theorem.  Add  this  theorem  to  your 
theorem  list.  This  theorem  will  be  useful  in  some  of  the  proofs  in  this  lesson. 

Let’s  use  the  five-task  proof  process  and  triangle  congruence  to  prove  the  Angle 
Bisector  Conjecture. 


EXAMPLE 


Prove  the  Angle  Bisector  Conjecture:  Any  point  on  the  bisector  of  an  angle  is 
equidistant  from  the  sides  of  the  angle. 


► Solution 


Given:  Any  point  on  the  bisector  of  an  angle 

Show:  The  point  is  equidistant  from  the  sides  of  the  angle 


Given:  AP  bisecting  Y QA7? 

Show:  P is  equally  distant  from  sides  AQ  and  JAR 
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Plan:  The  distance  from  a point  to  a line  is  measured  along  the  perpendicular 
from  the  point  to  the  line.  So  I begin  by  constructing  PB  1 AQ  and 
PC  (the  Perpendicular  Postulate  permits  me  to  do  this).  I can 
show  that  PB  = PC  if  they  are  corresponding  parts  of  congruent  triangles. 

AP  = AP  by  the  identity  property  of  congruence,  and  1.  QAP  = ^RAP  by 
the  definition  of  an  angle  bisector.  LABP  and  LACP  are  right  angles  and  thus 
they  are  congruent. 

So  ^ iiACP  by  the  SAA  Theorem  If  the  triangles  are  congruent, 

then^  = R^byCPCTC. 

Based  on  this  plan,  I can  write  a flowchart  proof 


ConstruLt  pei  pcndicularK 
from  P To  sides,  of  anj^le. 
PC_lSC  aodP£  _L  aI 

Pcipcndwl^r  PQjtlilatC 


■*l  m/AnP=90'- 
m£ACP = W" 

—^\  / APP^/  ACP 

Riyht  Angles  \ 

Cotigrueiic  Theorem  \ 

Definition  of 
petpeiidiaiUf 

af  = Jp 

aabp  - aacp 

HeHcxive  propci  ty  i 

ofcoiij^iucncc  / 

f SAA  ['heorem 

\ 

U 



AP  IjLHectH  AQAR  , 

PB  ^ PC 

G Lven 

Detin  it  io  n of 
.^nj'lc  bisector 

CPC.TC 

Thus  the  Angle  Bisector  Conjecture  becomes  the  Angle  Bisector  Theorem 

As  our  own  proofs  build  on  each  other,  flowcharts  can  become  too  large  and 
awkward.  You  can  also  use  a two-column  format  for  writing  proofs.  A two-column 
proof  is  identical  to  a flowchart  or  paragraph  proof,  except  that  the  statements  are 
listed  in  the  first  column,  each  supported  by  a reason  (a  postulate,  definition, 
property,  or  theorem)  in  the  second  column. 

Here  is  the  same  proof  from  the  exanple  above,  following  the  same  plan,  presented 
as  a two-column  proof  Arrows  link  the  steps. 


Statement 


AP  bisects  Y QAP 
^QAP  = ^RAP 
AP  = ^ 

Construct  perpendiculars 
from  P to  sides  of  angle  so 
that  PC  1 AC  and  PB  J AB 

mLABP  = 90°,  mLACP  = 90° 
/ APP  = LACP 
AAPP=  AACP 
PB  = Tc 


Reason 

1.  Given 

2.  Definition  of  angle  bisector 

3.  Reflexive  property  of  congruence 

4.  Perpendicular  Postulate 

5.  Definition  of  perpendicular 

6.  Right  Angles  Congruent  Theorem 

7.  SAA  Theorem 

8.  CPCTC 
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Conpare  the  two-column  proof  you  just  saw  with  the  flowchart  proof  in 
Exanple  A.  What  similarities  do  you  see?  What  are  the  advantages  of  each  format? 

No  matter  what  format  you  choose,  your  proof  should  be  clear  and  easy  for 
someone  to  follow. 


OOGS^^iOrc 

rcnnEmgER 

rKpVirQ? 


Exercises 


zRllPfl  a«d  PZIIflR 
PARZ  IS  apaRlLLELoCRaWI, 

If  PAt^  is_a  paRa^Lo^art, 

thE»i  PZ^AR..  a4^SEPT. 
"ThEREFaRE  ^ = 
thEKZaafZS- 
aud  _ _ 


You  will  need 


In  Exercises  1-13,  write  a proof  of  the  conjecture.  Once  you  have  conpleted 
the  proofs,  add  the  theorems  to  your  list. 


fof  E^erdse  2? 


1.  If  a point  is  on  the  perpendicular  bisector  of  a segment,  then  it  is  equally  distant 
from  the  endpoints  of  the  segment.  (Perpendicular  Bisector  Theorem) 

2.  If  a point  is  equally  distant  from  the  endpoints  of  a segment,  then  it  is  on  the 
perpendicular  bisector  of  the  segment.  (Converse  of  the  Perpendicular  Bisector 
Theorem) 

3.  If  a triangle  is  isosceles,  then  the  base  angles  are  congruent.  (Isosceles  Triangle 
Theorem) 

4.  If  two  angles  of  a triangle  are  congruent,  then  the  triangle  is  isosceles.  (Converse  of 
the  Isosceles  Triangle  Theorem) 

5.  If  a point  is  equally  distant  from  the  sides  of  an  angle,  then  it  is  on  the  bisector  of 
the  angle.  (Converse  of  the  Angle  Bisector  Theorem) 

6.  The  three  perpendicular  bisectors  of  the  sides  of  a triangle  are  concurrent. 
(Perpendicular  Bisector  Concurrency  Theorem) 

7.  The  three  angle  bisectors  of  the  sides  of  a triangle  are  concurrent.  (Angle  Bisector 
Concurrency  Theorem) 

8.  The  measure  of  an  exterior  angle  of  a triangle  is  equal  to  the  sum  of  the  measures  of 
the  two  remote  interior  angles.  (Triangle  Exterior  Angle  Theorem) 

9.  The  sum  of  the  measures  of  the  four  angles  of  a quadrilateral  is  360°.  (Quadrilateral 
Sum  Theorem) 
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10.  In  an  isosceles  triangle,  the  medians  to  the  congruent  sides  are  congruent.  (Medians 
to  the  Congruent  Sides  Theorem) 

11.  In  an  isosceles  triangle,  the  angle  bisectors  to  the  congruent  sides  are  congruent 
(Angle  Bisectors  to  the  Congruent  Sides  Theorem) 

12.  In  an  isosceles  triangle,  the  altitudes  to  the  congruent  sides  are  congruent.  (Altitudes 
to  the  Congruent  Sides  Theorem) 


13.  In  Lesson  4.8,  you  were  asked  to  complete  informal  proofs  of  these  two  conjectures: 
The  bisector  of  the  vertex  angle  of  an  isosceles  triangle  is  also  the  median  to  the  base. 
The  bisector  of  the  vertex  angle  of  an  isosceles  triangle  is  also  the  altitude  to  the  base. 


To  demonstrate  that  the  altitude  to  the  base,  the 
median  to  the  base,  and  the  bisector  of  the 
vertex  angle  are  all  the  same  segment  in  an 
isosceles  triangle,  you  really  need  to  prove  three 
theorems.  One  possible  sequence  is  diagrammed 
at  right. 

Prove  the  three  theorems  that 
confirm  the  conjecture,  then 
add  it  as  a theorem  to  your 
theorem  list.  (Isosceles  Triangle 
Vertex  Angle  Theorem) 


( 


A:  1 1'  CD  is  d m n , f h cn 
Cf>  IS-  an  single  bisector. 


C:  [f  CD  i H an  alt  itu-de^ 
then  CD  a rn-eilian. 


11:,  I f CD  is  ati  angle  h i secto  iv 
rhen  CD  in  an  altitude. 


Review 


14.  Find  X and  y. 


15.  Two  bird  nests,  3.6  m and  6. 1 m high,  are  on  trees 
across  a pond  from  each  other,  at  points  P and  Q. 
The  distance  between  the  nests  is  too  wide  to 
measure  directly  (and  there  is  a pond  between  the 
trees).  A birdwatcher  at  point  R can  sight  each 
nest  along  a dry  path.  RP  = 16.7  m and 

RQ  = 27.4  m £ QPR  is  a right  angle.  What 
is  the  distance  d between  the  nests? 

16.  Apply  the  glide  reflection  rule  twice  to  find  the  first 
and  second  images  of  the  point  A(-2,  9). 

Glide  reflection  rule:  A reflection  across  the  line 
x + y = 5 and  a translation  (x,  y)  — ^ (x  + 4,  y - 4). 
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17.  Explain  why  ^1  = L.1. 

Given: 

B,  G,  F,  E are  collinear 
m LDFE  = 90° 

BC  = FC 
AF  'BC 
BE  II  CD 
AB  \ FC\\  ED 


18.  Each  arc  is  a quarter  of  a circle  with  its  center  at  a vertex  of  the  square. 

Given:  The  square  has  side  length  1 unit  Find:  The  shaded  area 

a.  Shaded  area  =_L  b.  Shaded  area  =_L  c.  Shaded  area  = _L 


19.  Given  an  arc  of  a circle  on  patty  paper  but  not  20.  Find  mF  BAC  in  this  right  rectangular 

the  whole  circle  or  the  center,  fold  the  paper  to  prism 

construct  a tangent  at  the  midpoint  of  the  arc. 


21.  Choose  A if  the  value  of  the  expression  is  greater  in  Figure  A. 
Choose  B if  the  value  of  the  expression  is  greater  in  Figure  B. 
Choose  C if  the  values  are  equal  for  both  figures. 

Choose  D if  it  cannot  be  determined  which  value  is  greater. 


10  cm  (Collinear, 


Fl^Ul'i  A 

a.  Perimeter  of  hWXY 

b.  AreaofAXOW 
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22.  Technology  Use  geometry  software  to  construct  a circle  and  label  any  three  points  on 
the  circle.  Construct  tangents  at  those  three  points  to  forma  circumscribed  triangle 
and  connect  the  points  of  tangency  to  form  an  inscribed  triangle. 

a.  Drag  the  points  and  observe  the  angle  b.  What  is  the  relationship  between  the  angle 

measures  of  each  triangle.  What  measures  of  a circumscribed  quadrilateral 

relationship  do  you  notice  between  x,  and  the  inscribed  quadrilateral  formed  by 

a,  and  c?  Is  the  same  true  for  yand  z?  connecting  the  points  of  tangency? 


IMPROVING  YOUR  REASONING  SKILLS 

Sudoku 

Fill  in  every  box  with  a digit  from  1 through  9 so  that  every  row,  every  column,  and 
every  3x3  region  contains  each  digit  exactly  once.  Can  you  solve  these  puzzles 
logically?  Find  links  to  free  online  sudokus  a www.keymath.com/DG  . 
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All  geometric  reasoning  is, 
in  the  last  result,  circular. 
BERTRAND  RUSSELL 


Quadrilateral  Proofs 


In  Chapter  5,  you  discovered  and  informally  proved  several  quadrilateral 
properties.  As  reasons  for  the  statements  in  some  of  these  proofs,  you  used 
conjectures  that  are  now  postulates  or  that  you  have  proved  as  theorems.  So  those 
steps  in  the  proofs  are  valid.  Occasionally,  however,  you  may  have  used  unproven 
conjectures  as  reasons.  In  this  lesson  you  will  write  formal  proofs  of  some  of  these 
quadrilateral  conjectures,  using  only  definitions,  postulates,  and  theorems.  After 
you  have  proved  the  theorems,  you’ll  create  a family  tree  tracing  them  back  to 
postulates  and  properties. 


You  can  prove  many  quadrilateral  theorems  by  using  triangle  theorems.  For 
example,  you  can  prove  some  parallelogram  properties  by  using  the  fact  that  a 
diagonal  divides  a parallelogram  into  two  congruent  triangles.  In  the  example 
below,  we’ll  prove  this  fact  as  a lemma.  A lemma  is  an  auxiliary  theorem  used 
specifically  to  prove  other  theorems. 


EXAMPLE 


Prove:  A diagonal  of  a parallelogram  divides  the  parallelogram  into  two 
congruent  triangles. 


► Solution 


Given:  Parallelogram A6CZ)  with  diagonal  AC 
Show:  ij:ABC  = ACDA 


Two-Column  Proof 
Statement 


1. ABCD  is  a parallelogram 

2, AB~\\  DC  Sind  AD  '' BC 

X^CAB  = ^ACD  nnd 
^BCA  = LDAC 

4. A^  = AC 

5.  AABC  = ACDA 


A H 


Reason 

1.  Given 

2.  Definition  of  parallelogram 

3.  AJA  Theorem 

4.  Reflexive  property  of  congruence 

5.  ASA  Congruence  Postulate 


We’ll  call  the  lemma  proved  in  the  example  the  Parallelogram  Diagonal  Lemma. 
You  can  now  add  it  to  your  theorem  list  and  use  it  to  prove  other  parallelogram 
conjectures. 


Devgloping  Proof 

Proving  Parallelogram  Conjectures 


Work  with  your  group  to  prove  three  of  your  previous  conjectures  about 
parallelograms.  Remember  to  draw  a diagram,  restate  what  is  given  and  what 
you  must  show  in  terms  of  your  diagram,  and  then  make  a plan  before  you  prove 
each  conjecture. 


Step  1 


The  Opposite  Sides  Conjecture  states  that  the  opposite  sides  of  a parallelogram 
are  congruent.  Write  a two-column  proof  of  this  conjecture. 
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step  2 


Step  3 


The  Opposite  Angles  Conjecture  states  that  the  opposite  angles  of  a 
parallelogram  are  congruent.  Write  a two-column  proof  of  this  conjecture. 

State  the  converse  of  the  Opposite  Sides  Conjecture.  Then  write  a two-column 
proof  of  this  conjecture. 


After  you  have  successfully  proved  the  parallelogram  conjectures  above,  you  can 
call  them  theorems  and  add  them  to  your  theorem  list. 


Step  4 I Create  a family  tree  that  shows  the  relationship  among  these  theorems  in 
I Steps  1-3  and  that  traces  each  theorem  back  to  the  postulates  of  geometry. 


Exercises 

In  Exercises  1-12,  write  a two-column  proof  or  a flowchart  proof  of  the  conjecture. 

Once  you  have  completed  the  proofs,  add  the  theorems  to  your  list. 

1.  If  the  opposite  angles  of  a quadrilateral  are  congruent,  then  the  quadrilateral  is  a 
parallelogram  (Converse  of  the  Opposite  Angles  Theorem) 

2.  If  one  pair  of  opposite  sides  of  a quadrilateral  are  parallel  and  congruent,  then  the 
quadrilateral  is  a parallelogram  (Opposite  Sides  Parallel  and  Congruent  Theorem) 

3.  Each  diagonal  of  a rhombus  bisects  two  opposite  angles.  (Rhombus  Angles  Theorem) 

4.  The  consecutive  angles  of  a parallelogram  are  supplementary.  (Parallelogram 
Consecutive  Angles  Theorem) 

5.  If  a quadrilateral  has  four  congruent  sides,  then  it  is  a rhombus.  (Pour  Congruent 
Sides  Rhombus  Theorem) 

6.  If  a quadrilateral  has  four  congruent  angles,  then  it  is  a rectangle.  (Pour  Congruent 
Angles  Rectangle  Theorem) 

7.  The  diagonals  of  a rectangle  are  congruent.  (Rectangle  Diagonals  Theorem) 

8.  If  the  diagonals  of  a parallelogram  are  congruent,  then  the  parallelogram  is  a 
rectangle.  (Converse  of  the  Rectangle  Diagonals  Theorem) 

9.  The  base  angles  of  an  isosceles  trapezoid  are  congruent.  (Isosceles  Trapezoid 
Theorem) 

10.  The  diagonals  of  an  isosceles  trapezoid  are  congruent.  (Isosceles  Trapezoid 
Diagonals  Theorem) 

11.  If  a diagonal  of  a parallelogram  bisects  two  opposite  angles,  then  the  parallelogram  is 
a rhombus.  (Converse  of  the  Rhombus  Angles  Theorem) 
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12.  If  two  parallel  lines  are  intersected  by  a second  pair  of  parallel  lines  that  are  the 
same  distance  apart  as  the  first  pair,  then  the  parallelogram  formed  is  a rhombus. 
(Double-Edged  Straightedge  Theorem) 

13.  Create  a family  tree  for  the  Parallelogram  Consecutive  Angles  Theorem 

14.  Create  a family  tree  for  the  Double-Edged  Straightedge  Theorem 


Review 

15.  M is  the  midpoint  of  AC  and  BD.  Eor  each  statement,  select 
always  (A),  sometimes  (S),  or  never  (N). 

a.  LEAD  and  LADC  are  supplementary. 

b.  LADM  and  LMAD  are  complementary. 

c.  AD  + BC<  AC 
± AD  + CD  < AC 


16.  Yan  uses  a 40  ft  rope  to  tie  his  horse  to 
the  corner  of  the  barn  to  which  a fence  is 
attached.  How  many  square  feet  of 
grazing,  to  the  nearest  square  foot,  does 
the  horse  have? 


17.  Concplete  the  following  chart  with  the  symmetries  and  names  of  each  type  of 

special  quadrilateral:  parallelogram,  rhombus,  rectangle,  square,  kite,  trapezoid,  and 
isosceles  trapezoid. 


Name 

Lines  of  symmetry 

Rotational  symmetry 

none 

trapezoid 

I diagonal 

4-\\Ad 

2 I bis^x'tors  of 

rhombus 

none 

18.  Eind  the  length  and  the  bearing  of  the  resultant 
vector  V\  + V2 

V\  has  length  5 and  a bearing  of  40°. 

Vi  has  length  9 and  a bearing  of  90°. 


718  CHAPTER  13  Geometry  as  a Mathematical  System 


© 2008  Key  Curriculum  Press 


19.  Consider  the  rectangular  prisms  in  Figure  A and  Figure  B. 
Choose  A if  the  value  of  the  expression  is  greater  in  Figure  A. 
Choose  B if  the  value  of  the  expression  is  greater  in  Figure  B. 
Choose  C if  the  values  are  equal  in  both  rectangular  prisms. 
Choose  D if  it  cannot  be  determined  which  value  is  greater. 


5 Z 5 / 


Figure  U 

a.  Measure  of  LXYZ 

b.  Shortest  path  from  A to  Y along  the  surface  of  the  prism 


20.  Given: 

A,  O,  D are  collinear 
GF  is  tangent  to  circle  O at  point  D 
m ^EOD  = 38° 
m\\EC  GF 

Find: 

a.  m^AEO 

b.  mLDGO 

c.  mFBOC 

d.  mEAB 

e.  m^LHED 


IMPROVING  YOUR  VISUAL  THINKING  SKILLS 

Folding  Cubes  II 

Each  cube  has  designs  on  three  faces.  When  unfolded,  which  figure  at  right  could 
it  become? 
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SllEIEiiPJU) 


Proof  as  Challenge 
and  Discovery 

So  far,  you  have  proved  many  theorems  that  are  useful  in  geometry.  You  can  also 
use  proof  to  explore  and  possibly  discover  interesting  properties.  You  might  make 
a conjecture,  and  then  use  proof  to  decide  whether  it  is  always  true. 

These  activities  have  been  adapted  from  the  hook  Rethinking  Proof  with  The 
Geometer's  Sketchpad,  2003,  by  Michael  deVilliers. 


Activity 

Exploring  Properties  of  Special  Constructions 

Use  Sketchpad  to  construct  these  figures.  Drag  them  and  notice  their  properties. 
Then  prove  your  conjectures. 


Parallelogram  Angle  Bisectors 


Construct  a parallelogram  and  its  angle  bisectors.  Label  your  sketch  as  shown. 


Step  1 

Step  2 
Step  3 
Step  4 
Step  5 


Is  EFGH  a special  quadrilateral?  Make  a conjecture.  Drag  the  vertices  around. 
Are  there  cases  when  EFGH  does  not  satisfy  your  conjecture? 

Drag  so  thdXABCD  is  a rectangle.  What  happens? 

Drag  so  thdXABCD  is  a rhombus.  What  happens? 

Prove  your  conjectures  for  Steps  1-3. 

Construct  the  angle  bisectors  of  another  polygon.  Investigate  and  write  your 
observations.  Make  a conjecture  and  prove  it. 
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Parallelogram  Squares 

Construct  parallelogram  A5CZ)  and  a square  on  each  side.  Construct  the  center  of 
each  square,  and  label  your  sketch  as  shown. 


Step  6 

Step  7 
Step  8 


Connect  E,  F,  G,  and  H with  line  segments.  (Try  using  a different  color.)  Drag 
the  vertices  of  ABCD.  What  do  you  observe?  Make  a conjecture.  Drag  your 
sketch  around.  Are  there  cases  when  EFGH  does  not  satisfy  your  conjecture? 

Drag  so  that  A,  B,  C,  and  D are  collinear.  What  happens  to  EEGHl 

Prove  your  conjectures  for  Steps  6 and  7. 


Step  9 


Investigate  other  special  quadrilaterals  and  the  shapes  formed  by  connecting  the 
centers  of  the  squares  on  their  sides.  Write  your  observations.  Make  a conjecture 
and  prove  it. 


IMPROVING  YOUR  ALGEBRA  SKILLS 


A Precarious  Proof 

You  have  all  the  money  you  need. 

Let  h = the  money  you  have. 
Let  n = the  money  you  need. 


Most  people  think  that  the  money  they  have  is  some  amount  less  than  the  money  they 
need.  Stated  mathematically,  h = n - p for  some  positive  p. 

If  h = n - p,  then 

h(h  - n)  = (n-  p)(h  - n) 

- hn  = hn  - - hp  + np 

- hn  + hp  = hn  - + np 

h(h  - n + p)  = n(h  - n + p) 

Therefore  h = n. 


So  the  money  you  have  is  equal  to  the  money  you  need! 
Is  there  a flaw  in  this  proof? 


✓ 
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How  often  have  I said  to 
you  that  when  you  have 
eliminated  the  impossible, 
whatever  remains,  however 


Indirect  Proof 


In  the  proofs  you  have  written  so  far,  you  have  shown  directly,  through  a sequence 
of  statements  and  reasons,  that  a given  conjecture  is  true.  In  this  lesson  you  will 
write  a different  type  of  proof,  called  an  indirect  proof.  In  an  indirect  proof  ,you 
show  something  is  true  by  eliminating  all  the  other  possibilities.  You  have  probably 
used  this  type  of  reasoning  when  taking  multiple-choice  tests.  If  you  are  unsure 
of  an  answer,  you  can  try  to  eliminate  choices  until  you  are  left  with  only  one 
possibility. 

This  mystery  story  gives  an  example  of  an  indirect  proof. 


improbable,  must  be  the 
truth? 

SHERLOCK  HOLMES  IN  THE 
SIGN  OF  THE  FOUR  BY  SIR 
ARTHUR  CONAN  DOYLE 


Detective  Sheerluck  Holmes  and  three  other  people  are  alone  on  a tropical 
island.  One  morning,  Sheerluck  entertains  the  others  by  playing  show 
tunes  on  his  ukulele.  Later  that  day,  he  discovers  that  his  precious  ukulele  has 
been  smashed  to  bits.  Who  could  have  committed  such  an  antimusical  act? 
Sheerluck  eliminates  himself  as  a suspect  because  he  knows  he  didn’t  do  it. 

He  eliminates  his  girlfriend  as  a suspect  because  she  has  been  with  him  all 
day.  Colonel  Moran  recently  injured  both  arms  and  therefore  could  not  have 
smashed  the  ukulele  with  such  force.  There  is  only  one  other  person  on  the 
island  who  could  have  committed  the  crime.  So  Sheerluck  concludes  that  the 
fourth  person.  Sir  Charles  Mortimer,  is  the  guilty  one. 


EXAMPLE  A 


For  a given  mathematical  statement,  there  are  two  possibilities:  either  the  statement 
is  true  or  it  is  not  true.  To  prove  indirectly  that  a statement  is  true,  you  start  by 
assuming  it  is  not  true.  You  then  use  logical  reasoning  to  show  that  this  assuncption 
leads  to  a contradiction.  If  an  assumption  leads  to  a contradiction,  it  must  be  false. 
Therefore,  you  can  eliminate  the  possibility  that  the  statement  is  not  true.  This 
leaves  only  one  possibility — namely,  that  the  statement  is  true! 


Conjecture:  If  m^O  in  iiNOT, 

thenA^r  #OT. 

Given:  i^NOT with mLN  i=  m^O 

Show:  NT  r OT 
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► Solution 


EXAMPLE  B 


► Solution 


To  prove  indirectly  that  the  statement  NT  ^OT  is  true,  start  by  assuming  that  it 
is  not  true.  That  is,  assume  NT  =OT  Then  show  that  this  assuncption  leads  to  a 
contradiction. 


Paragraph  Proof 

Assume  A^r=  OT.  MNT  =OT,  then  mil  A = mLO  by  the  Isosceles  Triangle 
Theorem  But  this  contradicts  the  given  fact  that  mLN  ’imL  O.  Therefore,  the 
assumption  AT  = OT  is  false  and  so  NT  ^OT  is  true.  ■ 

Here  is  another  example  of  an  indirect  proof. 


Conjecture:  The  diagonals  of  a trapezoid  do  not  bisect  each  other. 

Given:  Trapezoid  ZOID  with  parallel  bases 
ZO  and  ID  and  diagonals  DO  and  IZ 
intersecting  at  point  Y 

Show:  The  diagonals  of  trapezoid  ZOID  do 
not  bisect  each  other;  that  is,  DY  I-OY 
and  ZY  t lY 


Paragraph  Proof 

Assume  that  one  of  the  diagonals  of  trapezoid  ZOID,  say  ZI,  does  bisect  the 
other.  Then  DY  = OY.  Also,  by  the  AIA  Theorem,  ^DIY  = 1.  OZY,  and 
^Y^YOZ.  Therefore^Z)I7  = A:OTZby  the  SAA Theorem  By  CPCTC, 

ZO  = ID.  It  is  given  that  ZO  " ID.  In  Lesson  13.4,  you  proved  that  if  one 
pair  of  opposite  sides  of  a quadrilateral  are  parallel  and  congruent,  then  the 
quadrilateral  is  a parallelogram  So,  ZOID  is  a parallelogram  Thus,  ZOID  has 
two  pairs  of  opposite  sides  parallel.  But  because  it  is  a trapezoid,  it  has  exactly 
one  pair  of  parallel  sides.  This  is  contradictory.  Similarly,  you  can  show  that  the 
assumption  that  OD  bisects  ZI  leads  to  a contradiction.  So  the  assuncption  that 
the  diagonals  of  a trapezoid  bisect  each  other  is  false  and  the  conjecture  is  true.  ■ 

In  the  developing  proof  activity  you’ll  write  an  indirect  proof  of  the  Tangent 

Conjecture  from  Chapter  6. 


Developing  Proof 

Proving  the  Tangent  Conjecture 


Copy  the  information  and  diagram  below,  then  work 
with  your  group  to  concplete  an  indirect  proof  of  the 
T angent  Conj  ec  ture . 

Conjecture:  A tangent  is  perpendicular  to  the  radius 
drawn  to  the  point  of  tangency. 

Given:  Circle  O with  tangent  ATknd  radius  AO 

Show:  AO  1 AT 
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step  1 


Step  2 

Step  3 
Step  4 
Step  5 
Step  6 

Step  7 
Step  8 


Assume  AO  is  not  perpendicular  to  AT.  Construct  a 
perpendicular  from  point  O to  AJ  and  label  the 
intersection  point  5 (05  ^ AJ).  Which  postulate 
allows  you  to  do  this? 

Select  a point  C on  AT,  on  the  other  side  of  B from 
A,  such  that  5C  = AB.  Which  postulate  allows  you 
to  do  this? 

Next,  construct  OC.  Which  postulate  allows  you  to  do  this? 

£ ABO  = ^CBO.  Why? 

OB  = OB.  What  property  of  congruence  tells  you  this? 

Therefore,  liABO  = ACBO.  Which  congruence  shortcut  tells  you  the  triangles 
are  congruent? 

IfAA50=  hCBO,  then  AO  = CO.  Why? 

C must  be  a point  on  the  circle  (because  a circle  is  the  set  of  all  points  in  the 
plane  at  a given  distance  from  the  center,  and  points  A and  C are  both  the  same 
distance  from  the  center).  Therefore,  AT  intersects  the  circle  in  two  points 
(A  and  C)  and  thus,  AT  is  not  a tangent.  But  this  leads  to  a contradiction.  Why? 


Step  9 Discuss  the  steps  with  your  group.  What  was  the  contradiction?  What  does  it 
prove?  Now  write  a complete  indirect  proof  of  the  Tangent  Conjecture. 

Step  1 0 Plan  and  write  an  indirect  proof  of  the  converse  of  the  Tangent  Conjecture: 

A line  that  is  perpendicular  to  a radius  at  its  endpoint  on  the  circle  is  tangent  to 
the  circle. 


Add  the  Tangent  Conjecture  and  the  Converse  of  the  Tangent  Theorem  to  your  list 
of  theorems. 


Exercises 


For  Exercises  1 and  2,  the  correct  answer  is  one  of  the  choices  listed.  Determine  the 
correct  answer  by  indirect  reasoning,  explaining  how  you  eliminated  each  incorrect 
choice. 


1.  Which  is  the  capital  of  Mali? 

A.  Paris  B.  Tucson  C.  London  D.  Bamako 

2.  Which  Italian  scientist  used  a new  invention  called  the  telescope  to  discover  the 
moons  of  Jupiter? 

A.  Sir  Edmund  Halley  B.  Julius  Caesar  C.  Galileo  Galilei  D.  Madonna 
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3.  Is  the  proof  in  Exanple  A claiming  that  if  two  angles  of  a triangle  are  not 
congruent,  then  the  triangle  is  not  isosceles?  Explain. 

4.  Is  the  proof  in  Exancple  B claiming  that  if  one  diagonal  of  a quadrilateral  bisects  the 
other,  then  the  quadrilateral  is  not  a trapezoid?  Explain. 


5.  Eill  in  the  blanks  in  the  indirect  proof  below. 
Conjecture:  No  triangle  has  two  right  angles. 
Given:  liABC 

Show:  No  two  angles  are  right  angles 

Two-Column  Proof 
Statement 

1.  Assume  CiABC  has  two  right  angles 
(Assume  mLA  = 90°  and  mLB  = 90° 
andO°<m/C  < 180°.) 

2.  nisLA  + + mLC  = 180° 

3.  90°  + 90° + m/C=  180° 

4.  C =J- 


But  if  rrijL  C = 0,  then  the  two  sides  AC  and  BC  coincide,  and  thus  there  is  no  angle 
at  C.  This  contradicts  the  given  information.  So  the  assumption  is  false.  Therefore, 
no  triangle  has  two  right  angles. 


6.  Write  an  indirect  proof  of  the  conjecture  below. 
Conjecture:  No  trapezoid  is  equiangular. 

Given:  Trapezoid  ZOID  with  bases  Z6^nd  ID 
Show:  ZOID  is  not  equiangular 

7.  Write  an  indirect  proof  of  the  conjecture  below. 

Conjecture:  In  a scalene  triangle,  the  median  cannot  be 
the  altitude. 

Given:  Scalene  triangle  ABC  with  median  CD 
Show:  Median  CD  is  not  the  altitude  to  AB 


8.  Write  an  indirect  proof  of  the  conjecture  below. 

Conjecture:  The  bases  of  a trapezoid  have  unequal  lengths. 

Given:  Trapezoid  ZOID  with  parallel  bases  and  ZOand  ID 
Show:  ZO  ^ ID 

9.  Write  the  “given”  and  the  “show,”  and  then  plan  and  write  the  proof  of  the 
Perpendicular  Bisector  of  a Chord  Conjecture:  The  perpendicular  bisector  of  a 
chord  passes  through  the  center  of  the  circle.  When  you  have  finished  your  proof, 
add  this  to  your  list  of  theorems. 
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► Review 


10.  Find  a,  b,  and  c. 


11.  A clear  plastic  container  is  in  the  shape  of 
a right  cone  atop  a right  cylinder,  and  their 
bases  coincide.  Find  the  volume  of  the 
container. 


3ft 


A 


s ft\ 


12.  Each  arc  is  a quarter  of  a circle  with  its  center  at  a vertex  of  the  square. 
Given:  The  square  has  side  length  1 unit  Find:  The  shaded  area 

a.  Shaded  area  =_L  b.  Shaded  area  =X 


13.  For  each  statement,  select  always  (A),  sometimes  (S),  or  never  (N). 

a.  An  angle  inscribed  in  a semicircle  is  a right  angle. 

b.  An  angle  inscribed  in  a major  arc  is  obtuse. 

c.  An  arc  measure  equals  the  measure  of  its  central  angle. 

d.  The  measure  of  an  angle  formed  by  two  intersecting  chords  equals  the  measure  of 
its  intercepted  arc. 

e.  The  measure  of  the  angle  formed  by  two  tangents  to  a circle  equals  the 
supplement  of  the  central  angle  of  the  minor  intercepted  arc. 


IMPROVING  YOUR  REASONING  SKILLS 

Symbol  Juggling 

If  y = ^ BH,  B =2^{a  b),  h = 2x,  a = 2b,  b = x,  and  Hx  = 12,  find  the  value 

of  V in  terms  of  x 
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When  people  say,  “It 
can’t  be  done,  ”or“  You 
don’t  have  what  it  takes, 
it  makes  the  task  all  the 
more  interesting. 

LYNN  HILL 


Circle  Proofs 


In  Chapter  6,  you  completed  the  proof  of  the  three  cases  of  the  Inscribed  Angle 
Conjecture:  The  measure  of  an  inscribed  angle  in  a circle  equals  half  the  measure 
of  its  intercepted  arc.  There  was  a lot  of  algebra  in  the  proof.  You  may  not  have 
noticed  that  the  Angle  Addition  Postulate  was  used,  as  well  as  a property  that  we 
called  arc  addition.  Arc  Addition  is  a postulate  that  you  need  to  add  to  your  list. 

I Arc  Addition  Postulate 

I If  point  5 is  on  AC  and  between  points  A and  C,  then  mAB  + mBC  = mAC. 


Is  the  proof  of  the  Inscribed  Angle  Conjecture  now  completely  supported  by  the 
premises  of  geometry?  Can  you  call  it  a theorem?  To  answer  these  questions,  trace 
the  family  tree. 


!>SS  Co  iiyruence  Li  iied.r  \ v CA  Postii  latt  Pat  idkl  Angle  Addition  Arc  Add  it  io  n 

Poiluiale  Posluiale  Poslalace  Poslalace  Posculiile 


So,  the  Inscribed  Angle  Conjecture  is  completely  supported  by  premises  of 
geometry;  therefore  you  can  call  it  a theorem  and  add  it  to  your  theorem  list. 


A double  rainbow  creates 
arcs  In  the  sky  over 
Stoneheivge  nesr  WiltsMrep 
England.  Built  from  bluestone 
and  iandEtone  fram  BO&Q  to 
1S00  H.[  .h.,  Stonetienge  itself 
is  laid  out  in  ttie  shape  oi  a 
major  arc. 
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In  the  exercises,  you  will  create  proofs  or  family  trees  for  many  of  your  earlier 
discoveries  about  circles. 


Exercises 


You  will  need 


In  Exercises  1-7,  set  up  and  write  a proof  of  each  conjecture.  Once  you  have 
completed  the  proofs,  add  the  theorems  to  your  list. 


■ forEwicia  17 


for  tueiicis?  15 


1.  Inscribed  angles  that  intercept  the  same  or  congruent  arcs  are  congruent. 

(Inscribed  Angles  Intercepting  Arcs  Theorem) 

2.  The  opposite  angles  of  an  inscribed  quadrilateral  are  supplementary.  (Cyclic 
Quadrilateral  Theorem) 

3.  Parallel  lines  intercept  congruent  arcs  on  a circle.  (Parallel  Secants  Congruent  Arcs 
Theorem) 

4.  If  a parallelogram  is  inscribed  within  a circle,  then  the  parallelogram  is  a rectangle. 
(Parallelogram  Inscribed  in  a Circle  Theorem) 

5.  Tangent  segments  from  a point  to  a circle  are  congruent.  (Tangent  Segments 
Theorem) 

6.  The  measure  of  an  angle  formed  by  two  intersecting  chords  is  half  the  sum  of  the 
measures  of  the  two  intercepted  arcs.  (Intersecting  Chords  Theorem) 

7.  Write  and  prove  a theorem  about  the  arcs  intercepted  by  secants  intersecting  outside 
a circle,  and  the  angle  formed  by  the  secants.  (Intersecting  Secants  Theorem) 

8.  Prove  the  Angles  Inscribed  in  a Semicircle  Conjecture:  An  angle  inscribed  in  a semicircle 
is  a right  angle.  Explain  why  this  is  a corollary  of  the  Inscribed  Angle  Theorem 

9.  Create  a family  tree  for  the  Tangent  Segments  Theorem 

10.  Create  a family  tree  for  the  Parallelogram  Inscribed  in  a Circle  Theorem 


Review 


11.  Eind  the  coordinates  of  A and  P to 
the  nearest  tenth. 


12.  Given:  AA=  6,X5  = 2,5C  = 4,ZC  = 3 
Find:  BY=  ±,YC^±,AZ^± 


c 
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13.  List  the  five  segments  in  order  from 
shortest  to  longest. 


14.  is  a common  external  tangent.  Find  the 
length  of  AB  (to  a tenth  of  a unit) . 


15.  Technology  P is  any  point  inside  an  equilateral  triangle.  Is  there 
a relationship  between  the  height  h and  the  sum  a + b + cl 
Use  geometry  software  to  explore  the  relationship  and  make 
a conjecture.  Then  write  a proof  of  your  conjecture, 


16.  Find  each  measure  or  conclude  that  it  “cannot  be  determined.” 


a.  mjLP 

b. 

mLQON 

c.  m^QRN 

d. 

mjLQMP 

e.  rrijLONF 

f. 

mMN 

17.  Construction  Use  a compass  and  straightedge  to  construct  the  two  tangents  to  a circle 
from  a point  outside  the  circle.  ^ 


IMPROVING  YOUR  REASONING  SKILLS 


Seeing  Spots 


The  arrangement  of  green  and  yellow  spots  at 
right  may  appear  to  be  random,  but  there  is  a 
pattern.  Each  row  is  generated  by  the  row 
immediately  above  it.  Find  the  pattern  and  add 
several  rows  to  the  arrangement.  Do  you  think  a row 
could  ever  consist  of  all  yellow  spots?  All  green  spots? 

Could  there  ever  be  a row  with  one  green  spot?  Does 
^ repeat  itself? 


C ) 


f 1 


o • o • 

o o o • o 

• • o o • o 

► o « o o o 
o o o • • o 

• • o • o o 
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f Student  ’ 

I Web  Links 

I^Keyim^th.cDin 

1 

LESSON 

13.7 

Mistakes  are  part  of  the 
dues  one  pays  for  a 
full  life. 

SOPHIA  LOREN 


Similarity  Proofs 

T o prove  conjectures  involving  similarity,  we  need  to  extend  the  properties  of 
equality  and  congruence  to  similarity. 

Properties  of  Similarity 

Reflexive  property  of  similarity 

Any  figure  is  similar  to  itself 

Symmetric  property  of  similarity 

If  Figure  A is  similar  to  Figure  B,  then  Figure  B is  similar  to  Figure  A. 

Transitive  property  of  similarity 

If  Figure  A is  similar  to  Figure  B and  Figure  B is  similar  to  Figure  C,  then 
Figure  A is  similar  to  Figure  C. 


The  AA  Similarity  Conjecture  is  actually  a similarity  postulate. 


AA  Similarity  Postulate 

If  two  angles  of  one  triangle  are  congruent 
to  two  angles  of  another  triangle,  then 
the  two  triangles  are  similar. 


EXAMPLE 


In  Chapter  II,  you  also  discovered  the  SAS  and  SSS  shortcuts  for  showing  that 
two  triangles  are  similar.  In  the  exanple  that  follows,  you  will  see  how  to  use  the 
AA  Similarity  Postulate  to  prove  the  SAS  Similarity  Conjecture,  making  it  the 
SAS  Similarity  Theorem 

Prove  the  SAS  Similarity  Conjecture:  If  two 
sides  of  one  triangle  are  proportional  to  two 
sides  of  another  triangle  and  the  included 
angles  are  congruent,  then  the  two 
triangles  are  similar. 


► Solution 


Given:  and  such  that  % and 

Show:  ^ £DEF 

Plan:  The  only  shortcut  for  showing  that  two  triangles  are  similar  is  the 

AA  Similarity  Postulate,  so  you  need  to  find  another  pair  of  congruent  angles. 
One  way  of  getting  two  congruent  angles  is  to  find  two  congruent  triangles. 
You  can  draw  a triangle  within  CiABC  that  is  congruent  to  ihDEE.  The 
Segment  Duplication  Postulate  allows  you  to  locate  a point  P on  AB  such  that 
PB  = DE.  The  Parallel  Postulate  allows  you  to  construct  a line  PQ  parallel 
to  AC.  Then  £A  = iil  by  the  C A Postulate. 
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f 


Now,  if  you  can  show  that  ilPBQ  = ilDEF,  then  you  will  have  two  congruent 
pairs  of  angles  to  prove  iiABC  ....  ilDEF.  So,  how  do  you  show  that 
ilPBQ  = LhDEF  ? If  you  can  get  LlABC  ....  ilPBQ , then  ^ . It  is  given 
that  and  you  constructed  PB  = DE.  With  some  algebra  and 

substitution,  you  can  get  EE  =BQ.  Then  the  two  triangles  will  be  congruent 
by  the  SAS  Congruence  Postulate. 


Here  is  the  two-column  proof 


Statement 

Locate  P such  that  PB  =DE 
Construct  PQ  iiAC 
ilA  =^QPB 
^B  = LB 
lABC  ....  LPBQ 

AJ3  _ BC 
PB 

DE  BQ 

Aif  _ BC 
DE  ~ W 

BQ  EF 
BQ  =EF 
LB  = LE 
LPBQ  = LDEF 
LQPB  = LD 
LA  = LD 
LABC  ....  LDEF 


Reason 

1.  Segment  Duplication  Postulate 

2.  Parallel  Postulate 

3.  CA  Postulate 

4.  Reflexive  property  of  congruence 

5.  AA  Similarity  Postulate 

6.  Corresponding  sides  of  similar 
triangles  are  proportional  (CSSTP) 

7.  Substitution 

8.  Given 

9.  Transitive  property  of  equality 

10.  Algebra  operations 

11.  Given 

12.  SAS  Congruence  Postulate 

13.  CPCTC 

14.  Substitution 

15.  AA  Similarity  Postulate 


This  proves  the  SAS  Similarity  Conjecture. 


The  proof  in  the  exanple  above  may  seem  conplicated,  but  it  relies  on  triangle 
congruence  and  triangle  similarity  postulates.  Reading  the  plan  again  can  help  you 
follow  the  steps  in  the  proof 

You  can  now  call  the  SAS  Similarity  Conjecture  the  SAS  Similarity  Theorem  and 
add  it  to  your  theorem  list. 

In  the  following  developing  proof  activity  you  will  use  the  SAS  Similarity  Theorem 
to  prove  the  SSS  Similarity  Conjecture. 
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step  1 
Step  2 


Step  3 


Step  4 


Step  5 


Developing  Proof 

Proving  the  SSS  Similarity  Conjecture 

Similarity  proofs  can  be  challenging.  Follow  the  steps  and  work  with  your  group 
to  prove  the  SSS  Similarity  Conjecture:  If  the  three  sides  of  one  triangle  are 
proportional  to  the  three  sides  of  another  triangle,  then  the  two  triangles 
are  similar. 

Identify  the  given  and  show. 

Restate  what  is  given  and  what  you  must  show  in  terms  of  this  diagram 


Plan  your  proof  {Hint:  Use  an  auxiliary  line  like  the  one  in  the  exanple.) 


Copy  the  first  ten  statements  and  provide  the  reasons.  Then  write  the  remaining 
steps  and  reasons  necessary  to  corrplete  the  proof 


Statement 

1.  Locate  R such  that  RL  = NP 

2.  Construct  !i  KM 

3.  ^SRL  = LK 

4.  LRSL  = LM 


ClKLM  .... 

ARL5 

Kl 

MK 

RL  " 

LS 

SR 

KL 

LM 

NF  " 

!S 

KL 

LM 

HP  ~ 

PQ 

K!. 

MK 

HP  ~ 

SR 

KL 

MK 

NP 

QN 

Reason 

1.  -L  Postulate 

2.  -L  Postulate 

3.  ^ Postulate 

4.  _L  Postulate 

5.  X 

6.  -L 

7.  — 

8.  ^ 

9.  -L 

10.  -L 


Draw  arrows  to  show  the  flow  of  logic  in  your  two-column  proof 
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When  you  have  conpleted  the  proof,  you  can  call  the  SSS  Similarity  Conjecture  the 
SSS  Similarity  Theorem  and  add  it  to  your  theorem  list. 


Exercises 

In  Exercises  1 and  2,  write  a proof  and  draw  the  family  tree  of  each  theorem 
If  the  family  tree  is  completely  supported  by  theorems  and  postulates,  add 
the  theorem  to  your  list 


1 1^1 
RrjiGfiqc 


You  will  need 


fortMerciseslFandi  ao 


1.  If  two  triangles  are  similar,  then  corresponding  altitudes  are  proportional  to  the 
corresponding  sides.  (Corresponding  Altitudes  Theorem) 

2.  If  two  triangles  are  similar,  then  corresponding  medians  are  proportional  to  the 
corresponding  sides.  (Corresponding  Medians  Theorem) 

In  Exercises  3-10,  write  a proof  of  the  conjecture.  Once  you  have  conpleted  the  proofs, 
add  the  theorems  to  your  list.  As  always,  you  may  use  theorems  that  have  been  proved  in 
previous  exercises  in  your  proofs. 


3.  If  two  triangles  are  similar,  then  corresponding  angle  bisectors  are  proportional  to 
the  corresponding  sides.  (Corresponding  Angle  Bisectors  Theorem) 


4.  If  a line  passes  through  two  sides  of  a triangle  parallel  to  the  third  side,  then  it 
divides  the  two  sides  proportionally.  (Parallel/Proportionality  Theorem) 

5.  If  a line  passes  through  two  sides  of  a triangle  dividing  them  proportionally,  then  it 
is  parallel  to  the  third  side.  (Converse  of  the  Parallel/Proportionality  Theorem) 

6.  If  you  drop  an  altitude  from  the  vertex  of  a right  angle  to  its  hypotenuse,  then  it  divides 
the  right  triangle  into  two  right  triangles  that  are  similar  to  each  other  and  to  the 
original  right  triangle.  (Three  Similar  Right  Triangles  Theorem) 


7.  The  length  of  the  altitude  to  the  hypotenuse  of  a right  triangle  is  the  geometric 
mean  of  the  lengths  of  the  two  segments  on  the  hypotenuse.  (Altitude  to  the 
Hypotenuse  Theorem) 


8.  The  Pythagorean  Theorem 

10.  If  the  hypotenuse  and  one  leg  of  a right 
triangle  are  congruent  to  the  hypotenuse 
and  one  leg  of  another  right  triangle,  then 
the  two  right  triangles  are  congruent. 
(Hypotenuse-Leg  Theorem) 

11.  Create  a family  tree  for  the 
Parallel/Proportionality  Theorem 

12.  Create  a family  tree  for  the  SSS  Similarity 
Theorem 

13.  Create  a family  tree  for  the  Pythagorean 
Theorem 


9.  Converse  of  the  Pythagorean  Theorem 


ThiE  monument  in  Weillngrton,  New  Zealand,  wse  deiigned  by 
fAaori  ar-chitect  Rewi  "Ttiompson.  How  would  you  deiciibe  ttie 
shape  of  the  rronument?  How  might  theartiEl  have  used 
geometry  in  planning  the  construction? 
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Review 


14.  A circle  with  diameter  9.6  cm  has  two  parallel  chords  with  lengths  5.2  cm  and 
8.2  cm  How  far  apart  are  the  chords?  Find  two  possible  answers. 

15.  Choose  A if  the  value  is  greater  in  the  regular  hexagon. 

Choose  B if  the  value  is  greater  in  the  regular  pentagon. 

Choose  C if  the  values  are  equal  in  both  figures. 

Choose  D if  it  cannot  be  determined  which  value  is  greater. 

10  cm  [2  cm. 


a.  Perimeter  b.  Apothem  c.  Area 

d.  Sum  of  interior  angles  e.  Sum  of  exterior  angles 


16. 


Mini-Investigation  Cut  out  a small  nonsymmetric  concave  quadrilateral.  Number  the 
vertices.  Use  your  cut-out  as  a template  to  create  a tessellation.  Trace  about 
10  images  that  fit  together  to  cover  part  of  the  plane.  Number  the  vertices  of 
each  image  to  match  the  numbers  on  your  cut-out. 


a. 


b. 


Draw  two  different  translation  vectors  that  map  your 
tessellation  onto  itself  How  do  these  two  vectors  relate  to 
your  original  quadrilateral? 

Pick  a quadrilateral  in  your  tessellation.  What 
transformation  will  map  the  quadrilateral  you  picked 
onto  an  adjacent  quadrilateral?  With  that 
transformation,  what  happens  to  the  rest  of  the 
tessellation? 


17.  Technology  Use  geometry  software  to  draw  a small  nonsymmetric  concave 
quadrilateral. 


a.  Describe  the  transformations  that  will  make  the  figure  tessellate. 

b.  Describe  two  different  translation  vectors  that  map  your  tessellation  onto  itself 


18.  Given: 

Circles  P and  Q 

PS  and  PT  are  tangent  to  circle  Q 
m^SPQ=  5T 
mGS  =118^ 

Find: 

a.  mjLGLT  b.  mLSQT 

c.  mLTSQ  d.  mSL 

e.  Explain  why  PSQT  is  cyclic. 

f.  Explain  why  50s  tangent. 
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19.  Each  arc  is  a quarter  of  a circle  with  its  center  at  a vertex  of  the  square. 
Given:  The  square  has  side  length  1 unit  Find:  The  shaded  area 

a.  Shaded  area  = _L  b.  Shaded  area  = ^ - 


20.  Technology  The  diagram  below  shows  a scalene  triangle  with  angle  bisector  CG,  and 
perpendicular  bisector  GE  of  side  AB.  Study  the  diagram 


a.  Which  triangles  are  congruent? 

b.  You  can  use  congruent  triangles  to  prove  that 
llABC  is  isosceles.  How? 

c.  Given  a scalene  triangle,  you  proved  that  it  is 
isosceles.  What’s  wrong  with  this  proof? 

d.  Use  geometry  software  to  re-create  the 
construction.  What  does  the  sketch  tell  you 
about  what’s  wrong? 

21.  Dakota  Davis  is  at  an  archaeological  dig  where  he 
has  uncovered  a stone  voussoir  that  resembles  an 
isosceles  trapezoidal  prism  Each  trapezoidal  face 
has  bases  that  measure  27  cm  and  32  cm,  and 
congruent  legs  that  measure  32  cm  each.  Help 
Dakota  determine  the  rise  and  span  of  the  arch 
when  it  was  standing,  and  the  total  number  of 
voussoir s.  Explain  your  method. 


C 


IMPROVING  YOUR  ALGEBRA  SKILLS 


The  Eye  Should  Be  Quicker  Than  the  Hand 

How  fast  can  you  answer  these  questions? 

1.  If  2v  + y = 12  and  3x  - 2y  = 17,  what  is  5x  - yl 

2.  If  Ax  - 5y=  19  and  6v  + 7y  = 31,  what  is  lOv  + 2y? 

3.  If  3v  + 2y  = 1 1 and  2v  + y = 7,  what  is  v + y? 
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Coordinate  Proof 


Y ou  can  prove  conjectures  involving  midpoints,  slope,  and  distance  using  analytic 
geometry.  When  you  do  this,  you  create  a coordinate  proof.  Coordinate  proofs  rely 
on  the  premises  of  geometry  and  these  three  properties  from  algebra. 

I Coordinate  Midpoint  Property  I 

If  (vi,  yi)  and  (v2,  y2)  are  the  coordinates  of  the  endpoints  of  a segment,  then 
the  coordinates  of  the  midpoint  are  {^'  ^ ^ - j, 

I Parallel  Slope  Property  I 

In  a coordinate  plane,  two  distinct  lines  are  parallel  if  and  only  if  their  slopes 
are  equal. 

I Perpendicular  Slope  Property  I 

In  a coordinate  plane,  two  nonvertical  lines  are  perpendicular  if  and  only  if 
^^^^leirslupes^re^opposite^e^^ 

For  coordinate  proofs,  you  also  use  the  coordinate  version  of  the  Pythagorean 
Theorem,  the  distance  formula. 


Distance  Formula 

The  distance  between  points  A(x\,  y\)  and  B (x2,  y2)  is  given  by 
AB^  = (X2  - xi)  + iyi  - y\f  or  AS  = V(jt2  “ “ /i)*- 


The  process  you  use  in  a coordinate  proof  contains  the  same  five  tasks  that  you 
learned  in  Lesson  13.2.  However,  in  Task  2,  you  draw  and  label  a diagram  on  a 
coordinate  plane.  Locate  the  vertices  and  other  points  of  your  diagram  so  that  they 
reflect  the  given  information,  yet  their  coordinates  do  not  restrict  the  generality  of 
your  diagram  In  other  words,  do  not  assume  any  extra  properties  for  your  figure, 
besides  the  ones  given  in  its  definition. 


EXAMPLE  A 


Write  a coordinate  proof  of  the  Square  Diagonals  Conjecture:  The  diagonals  of  a 
square  are  congruent  and  are  perpendicular  bisectors  of  each  other. 


► Solution 


Task  1 

Given:  A square  with  both  diagonals 

Show:  The  diagonals  are  congruent  and  are  perpendicular  bisectors  of 
each  other 
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Task  2 

y 


S [0, 0) 

1.  Placing  one  vertex  at  the  origin 
will  sinplify  later  calculations 
because  it  is  easy  to  work  with 
zeros. 


y 


fi  frj,  (l) 

S(O.O) 

Q(fNO)’" 

^ 2.  Placing  the  second  vertex  on  the 
v-axis  also  sinplifies  calculations 
because  the  y-coordinate  is 
zero.  To  remain  general,  call 
the  V- coordinate  a. 


y 


h 10,11) 

\ y 

\ 

\ 

\ y" 

\ ^ 

\ ^ 

\ y 

\ 

y'S 

y \ 

^ \ 

y'  \ 

^ \ 
y \ 

f 

5(0,0) 

Q{f?,  O)"' 

3.  RQ  needs  to  be  vertical  to  form  4.  The  last  vertex  is  placed  a units 
a right  angle  with  SQ,  which  is  above  S. 

horizontal.  RQ  also  needs  to  be 
the  same  length.  So,  R is  placed 
a units  vertically  above  Q. 


You  can  check  that  SQRE  fits  the  definition  of  a square — an  equiangular, 
equilateral  parallelogram. 

Slopeof^=f^  = ^ = 0 

SQ  = VCfl  0)-  + (0  W = V?  - n 

Slope  of  QR  = ^ ^ y (undefined) 

QR  = V(^1  - ay  + [a  - 0)^  - Vc^  = n 
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Slope  oiRE  = ^ " = -9-  = o 

0 - a -a 

RE  = V(0  (?)'  + (a  ^ = a 

Slope  of  £5=  J I J = -7"  (undefined) 

ES  = V'(0  - 0)^  + (0  - a)-  = = r) 

Opposite  sides  have  the  same  slope  and  are  therefore  parallel,  so  SQRE  is 
a parallelogram  Also,  from  the  slopes,  ^Qand  RE  are  horizontal  and  QR 
and  ES  are  vertical,  so  all  angles  are  right  angles  and  the  parallelogram  is 
equiangular.  Lastly,  all  the  sides  have  the  same  length,  so  the  parallelogram  is 
equilateral.  SQRE  is  an  equiangular,  equilateral  parallelogram  and  is  a square 
by  definition. 

Task  3 

Given:  Square  SQRE  with  diagonals  SR  and  QE 

Show:  SR  = QE,  SR  and  QE  bisect  each  other,  and  SR  1 QE 


To  show  that  SR  ^ QE, you  must  show  that  both  segments  have  the  same 
length.  To  show  that  SR  and  QE  bisect  each  other,  you  must  show  that  the 
segments  share  the  same  midpoint.  To  show  that  SR  1 QE,  you  must  show  that 
the  segments  have  opposite  reciprocal  slopes.  Because  you  know  the  coordinates 
of  the  endpoints  of  both  SR  and  QE , you  can  use  the  distance  formula,  the 
coordinate  midpoint  property,  and  the  definition  of  slope  to  do  the  necessary 
calculations,  and  to  show  that  the  perpendicular  slope  property  is  satisfied. 

Task  5 

Use  the  distance  formula  to  find  SR  and  QE. 

SR  = V(n  - 0)^  + (rt  - 0)2  = = i(\/l 

QE  = V(fr  — 0)^  + (0  — = frV2 

So,  by  the  definition  of  congruence,  SR  = QE  because  both  segments  have  the 
same  length. 

Use  the  coordinate  midpoint  property  to  find  the  midpoints  of  SR  and  QE. 


So,  SR  and  QE  bisect  each  other  because  both  segments  have  the  same 
midpoint. 


Task  4 
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Finally,  conpare  the  slopes  of  SR  and  QE. 


Slope  of  SR  = _ 0 = I 


Slope  of  QE  - ^ ^ - - 1 


So,  SR  ± QE  by  the  perpendicular  slope  property  because  the  segments  have 
opposite  reciprocal  slopes. 

Therefore,  the  diagonals  of  a square  are  congruent  and  are  perpendicular 
bisectors  of  each  other. 

Add  the  Square  Diagonals  Theorem  to  your  list. 

Here’s  another  example.  See  if  you  can  recognize  how  the  five  tasks  result  in 
this  proof 


quadrilateral  bisect  each  other,  then  the  quadrilateral  is  a parallelogram 


Opposite  sides  AB  and  CD  have  equal  slopes  ^ Opposite  sides  5Cand  DA 
have  equal  slopes,  ^ \ ^ So,  each  pair  is  parallel  by  the  parallel  slope  property. 
Therefore,  quadrilateral  ABCD  is  a parallelogram  by  definition.  Add  this  theorem 
to  your  list. 

It  is  clear  from  these  exanples  that  creating  a diagram  on  a coordinate  plane  is  a 
significant  challenge  in  a coordinate  proof  The  first  seven  exercises  will  give  you 
some  more  practice  creating  these  diagrams. 


EXAMPLE  B Write  a coordinate  proof  of  this  conditional  statement:  If  the  diagonals  of  a 


► Solution  Given:  Quadrilateral  A6 CD  with 


r 


diagonals  AC  and  BD  that 
bisect  each  other  (common 
midpoint  M) 


Show:  ABCD  is  a parallelogram 


SlopeofAB  = 
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Exercises 


► 


In  Exercises  1-3,  each  diagram  shows  a convenient  general  position  of  a polygon  on  a 
coordinate  plane.  Find  the  missing  coordinates. 


1.  Triangle  A5C  is  isosceles.  2.  Quadrilateral  A5CZ)  is  3.  Quadrilateral  A5CZ)  is 

a parallelogram  a rhombus. 


In  Exercises  4-7,  draw  each  figure  on  a coordinate  plane.  Assign  general  coordinates  to 
each  point  of  the  figure.  Then  use  the  coordinate  midpoint  property,  parallel  slope 
property,  perpendicular  slope  property,  and/or  the  distance  formula  to  check  that  the 
coordinates  you  have  assigned  meet  the  definition  of  the  figure. 

4.  Rectangle 

5.  Triangle  TRl  with  its  three  midsegments 

6.  Isosceles  trapezoid  TRAP 

7.  Equilateral  triangle  EQU 

In  Exercises  8-13,  write  a coordinate  proof  of  each  conjecture.  If  it  cannot  be  proven, 
write  “cannot  be  proven.” 


8.  The  diagonals  of  a rectangle  are  congruent. 

9.  The  midsegment  of  a triangle  is  parallel  to  the  third  side  and  half  the  length  of  the 
third  side. 


10.  The  midsegment  of  a trapezoid  is  parallel  to  the  bases. 

11.  If  only  one  diagonal  of  a quadrilateral  is  the  perpendicular  bisector  of  the  other 
diagonal,  then  the  quadrilateral  is  a kite. 


12.  The  figure  formed  by  connecting  the  midpoints  of  the  sides  of  a quadrilateral  is  a 
parallelogram 

13.  The  quadrilateral  formed  by  connecting  the  midpoint 
of  the  base  to  the  midpoint  of  each  leg  in  an 
isosceles  triangle  is  a rhombus. 


E is  the  midpoint  of  ha^c  BC. 

D ^Tiiii  Fjirc  the  midpoints  of  the  legs. 
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SPECIAL  PROOFS  OF  SPECIAL  CONJECTURES 

In  this  project  your  task  is  to  research  and  present  logical  arguments  in  support  of  one 
or  more  of  these  special  properties. 

1.  Prove  that  there  are  only  five  regular  polyhedra. 


▲ 


Yts 


2.  You  discovered  Euler’s  rule  for  determining 
whether  a planar  network  can  or  cannot 
be  traveled.  Write  a proof  defending  Euler’s 
formula  for  networks. 


3.  You  discovered  that  the  formula  for  the 
sum  of  the  measures  of  the  interior  angles 
of  an  ^-gon  is  {n  - 2)180°.  Prove  that  this 
formula  is  correct. 


4.  You  discovered  that  the  conposition  of  two  reflections  over 
intersecting  lines  is  equivalent  to  one  rotation.  Prove  that  this 
always  works. 


Nrj 


5.  The  coordinates  of  the  centroid  of  a triangle  are 
equal  to  the  average  of  the  coordinates  of  the 
triangle’s  three  vertices.  Prove  that  this  is 
always  true. 


6.  Prove  that  is  irrational. 


A (j.  ;j> 


8 (c, 


7.  When  you  explored  all  the  1 -uniform  tilings 

(Archimedean  tilings),  you  discovered  that  there  are  exactly  1 1 Archimedean  tilings 
of  the  plane.  Prove  that  there  are  exactly  1 1 . 


© 2008  Key  Curriculum  Press 


USING  YOUR  ALGEBRA  SKILLS  13  Coordinate  Proof  741 


Non-Euclidean  Geometries 


Hungariam  matl^terviaticiain 
J^nos  Bolyalporte  of  the 
discoverers  of  hyperbolic 
geometr/rSaidH^'l  have 
discovered  such  wonderfijl 
thkings  that  I was  amazed  . . . 
out  of  nothing  I have 
created  a strange  new 
uriverse/ 


Have  you  ever  changed  the  rules  of  a game? 
Sometimes,  changing  just  one  simple  rule 
creates  a conpletely  different  game.  You 
can  conpare  geometry  to  a game 
whose  rules  are  postulates.  If  you 
change  even  one  postulate,  you  may 
create  an  entirely  new  geometry. 


The  list  below  contains  the  first  five  of 
Euclid’s  postulates. 


Euclidean  geometry — the  geometry 
you  learned  in  this  course — is  based 
on  several  postulates.  A postulate, 
according  to  the  contenporaries  of 
Euclid,  is  an  obvious  truth  that 
cannot  be  derived  from  other 
postulates. 


Postulate  1: 

Postulate  2: 
Postulate  3: 


You  can  draw  a straight  line 
through  any  two  points. 

You  can  extend  any  segment  indefinitely. 

You  can  draw  a circle  with  any  given  point  as 
center  and  any  given  radius. 


Postulate  4:  All  right  angles  are  equal. 

Postulate  5 : Through  a given  point  not  on  a given  line,  you  can  draw  exactly  one 
line  that  is  parallel  to  the  given  line. 


The  fifth  postulate,  known  as  the  Parallel  Postulate,  does  not  seem  as  obvious  as 
the  others.  In  fact,  for  centuries,  many  mathematicians  did  not  believe  it  was  a 
postulate  at  all  and  tried  to  show  that  it  could  be  proved  using  the  other  postulates. 
Attempting  to  use  indirect  proof,  mathematicians  began  by  assuming  that  the  fifth 
postulate  was  false  and  then  tried  to  reach  a logical  contradiction. 


If  the  Parallel  Postulate  is  false,  then  one  of  these  assumptions  must  be  true. 


Assunption  1 : Through  a given  point  not  on  a given  line,  you  can  draw  more 
than  one  line  parallel  to  the  given  line. 

Assunption  2:  Through  a given  point  not  on  a given  line,  you  can  draw  no  line 
parallel  to  the  given  line. 
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¥oy  will  need 

• a sphere  that  you  can 
draw  on 

• a compass 


Interestingly,  neither  of  these  assunptions  contradict  any  of  Euclid’s  other 
postulates.  Assunption  1 leads  to  a new  deductive  system  of  non-Euclidean 
geometry,  called  hyperbolic  geometry.  Assunption  2 leads  to 
another  non-Euclidean  system,  called  elliptic  geometry. 

One  type  of  elliptic  geometry  called  spherical 

geometry  applies  to  lines  and  angles  on  a 

sphere.  On  Earth,  if  you  walk  in  a “straight  line” 

indefinitely,  what  shape  will  your  path  take?  ; * 

Theoretically,  if  you  walk  long  enough,  you  ■ i 

will  end  up  back  at  the  same  point,  after  |l  i 

walking  a conplete  circle  around  Earth!  . l , 

(Find  a globe  and  check  it!)  So,  on  a sphere, 
a “straight  line”  is  not  a line  at  all,  but  a circle. 

Hyperbolic  geometry  is  confined  to  a circular  disk. 

The  edges  of  the  disk  represent  infinity  so  lines  curve 
and  come  to  an  end  at  the  edge  of  the  circle.  This  may 
sound  like  a strange  model,  but  it  fits  physicists’  theory  that 
we  live  in  a closed  universe. 


In  hyperbolic  eieonnetryi  m^ny 
lli^s  <an  be  tbrougb 
point  parallel  to  another  line. 
Lines  p,  r,  and  i all  pass  tbrougb 
point  ykl  and  are  parallel  to  line  t 


In  this  activity  you  will  explore  spherical  geometry. 

Activity 

Spherical  Geometry 

You  can  use  the  surface  of  a sphere  to  explore  spherical  geometry.  Of  course,  you 
can’t  draw  a straight  line  on  a sphere.  On  a plane,  the  shortest  distance  between  two 
points  is  measured  along  a line.  On  a sphere,  the  shortest  distance  between  two 
points  is  measured  along  a great  circle.  Recall  that  a great  circle  is  a circle  on  the 
surface  of  a sphere  whose  diameter  passes  through  the  center  of  the  sphere.  So,  in 
spherical  geometry,  a “segmenf  ’ is  an  arc  of  a great  circle. 
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In  spherical  geometry,  “lines”  (that  is,  great  circles)  never  end;  however,  their  length 
is  finite!  Because  all  great  circles  have  the  same  diameter,  all  “lines”  have  the  same 
length. 


Any  type  of  elliptic  geometry  must  satisfy  the  assumption  that,  through  a given 
point  not  on  a given  line,  there  are  no  lines  parallel  to  the  given  line.  Simply  put, 
there  are  no  parallel  lines  in  elliptic  geometry.  In  spherical  geometry,  all  great 
circles  intersect,  so  spherical  geometry  satisfies  this  assumption. 


Step  1 
Step  2 

Step  3 
Step  4 

Step  5 

Step  6 


Write  a set  of  postulates  for  spherical  geometry  by  rewriting  Euclid’s  first  five 
postulates.  Replace  the  word  line  with  the  words  great  circle. 

In  Euclidean  geometry,  two  lines  that  are  perpendicular  to  the  same  line  are 
parallel  to  each  other.  This  is  not  true  in  spherical  geometry.  On  your  sphere, 
draw  an  exanple  of  two  “lines”  that  are  perpendicular  to  the  same  “line”  but  that 
are  not  parallel  to  each  other. 

On  your  sphere,  show  that  two  points  do  not  always  determine  a unique  “line.” 

Draw  an  isosceles  triangle  on  your  sphere.  (Remember,  the  “segments”  that  form 
the  sides  of  a triangle  must  be  arcs  of  great  circles.)  Does  the  Isosceles  Triangle 
Theorem  appear  to  hold  in  spherical  geometry? 

In  spherical  geometry,  the  sum  of  the  measures  of  the  three  angles  of  a triangle 
is  always  greater  than  180°.  Draw  a triangle  on  your  model  and  use  it  to  help  you 
explain  why  this  makes  sense. 

In  Euclidean  geometry,  no  triangle  can  have  two  right  angles.  But  in  spherical 
geometry,  a triangle  can  have  three  right  angles.  Find  such  a triangle  and 
sketch  it. 


balhn  colorful  baWi  of  thread  or 
scrap  rrvaterlal, are  einfibroidered  vwlth  geometrk  designs 
derived  from  raturer  like  flowers  ov  trees.  Also  called 
“priixess  ballSr^they  originated  in  700  cje^  when  young 
nobility  nnade  them  from  sHk  and  gave  them  as  gifts. 
Notice  that  each  ■'line  segment''  In  tl^  design  of  a 
IhII  is  actually  an  arc  of  a great  circle, 
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In  this  course  you  have  discovered  geometry  properties  and  made 
conjectures  based  on  inductive  reasoning.  You  have  also  used 
deductive  reasoning  to  explain  why  some  of  your  conjectures  were 
true.  In  this  chapter  you  have  focused  on  geometry  as  a deductive 
system  You  learned  about  the  premises  of  geometry.  Starting  fresh 
with  these  premises,  you  built  a system  of  theorems. 

By  discovering  geometry  and  then  examining  it  as  a mathematical 
system,  you  have  been  following  in  the  footsteps  of  mathematicians 
throughout  history.  Your  discoveries  gave  you  an  understanding  of 
how  geometry  works.  Proofs  gave  you  the  tools  for  taking  apart 
your  discoveries  and  understanding  why  they  work. 


I Exercises 

In  Exercises  1-7,  identify  each  statement  as  true  or  false.  For  each  false  statement,  sketch 

a counterexancple  or  explain  why  it  is  false. 

1.  If  one  pair  of  sides  of  a quadrilateral  are  parallel  and  the  other  pair  of  sides  are 
congruent,  then  the  quadrilateral  is  a parallelogram 

2.  If  consecutive  angles  of  a quadrilateral  are  supplementary,  then  the  quadrilateral  is  a 
parallelogram 

3.  If  the  diagonals  of  a quadrilateral  are  congruent,  then  the  quadrilateral  is  a 
rectangle. 

4.  Two  exterior  angles  of  an  obtuse  triangle  are  obtuse. 

5.  The  opposite  angles  of  a quadrilateral  inscribed  within  a circle  are  congruent. 

6.  The  diagonals  of  a trapezoid  bisect  each  other. 

7.  The  midpoint  of  the  hypotenuse  of  a right  triangle  is  equidistant  from  all  three 
vertices. 

In  Exercises  8-12,  complete  each  statement. 

8.  A tangent  is  _L  to  the  radius  drawn  to  the  point  of  tangency. 

9.  Tangent  segments  from  a point  to  a circle  are  _L. 

10.  The  perpendicular  bisector  of  a chord  passes  through  ^ . 

11.  The  three  midsegments  of  a triangle  divide  the  triangle  into  -L. 

12.  A lemma  is  _L. 

13.  Restate  this  conjecture  as  a conditional:  The  segment  joining  the  midpoints  of  the 
diagonals  of  a trapezoid  is  parallel  to  the  bases. 


Ew . CHA  CHAPTER 
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14.  Sometimes  a proof  requires  a construction.  If  you  need  an  angle  bisector  in  a proof, 
which  postulate  allows  you  to  construct  one? 


15.  If  an  altitude  is  needed  in  a proof,  which  postulate  allows  you  to  construct  one? 


16.  Describe  the  procedure  for  an  indirect  proof. 


17.  a.  What  point  is  this  anti-smoking  poster  trying  to  make? 

b.  Write  an  indirect  argument  to  support  your  answer  to  part  a. 

Developing  Proof  In  Exercises  18-23,  identify  each  statement  as  true  or  false. 
If  true,  prove  it.  If  false,  give  a counterexancple  or  explain  why  it  is  false. 

18.  If  the  diagonals  of  a parallelogram  bisect  the  angles,  then  the 
parallelogram  is  a square. 

19.  The  angle  bisectors  of  one  pair  of  base  angles  of  an  isosceles 
trapezoid  are  perpendicular. 

20.  The  perpendicular  bisectors  to  the  congruent  sides  of  an  isosceles 
trapezoid  are  perpendicular. 

21.  The  segment  joining  the  feet  of  the  altitudes  on  the  two  congruent 
sides  of  an  isosceles  triangle  is  parallel  to  the  third  side. 


SMOKING 
IS  VERY 

glamorous 


22.  The  diagonals  of  a rhombus  are  perpendicular. 


23.  The  bisectors  of  a pair  of  opposite  angles  of  a parallelogram  are  parallel. 


Developing  Proof  In  Exercises  24-27,  devise  a plan  and  write  a proof  of  each  conjecture. 


24.  Refer  to  the  figure  at  right. 

Given:  Circle  O with  chords  PN ,ET , NA,  TP,  AE 
Show:  mLP  + mLE  + mLN  mL  T + mzLA  = 180° 

25.  If  a triangle  is  a right  triangle,  then  it  has  at  least  one  angle  whose 
measure  is  less  than  or  equal  to  45°. 

26.  Prove  the  Triangle  Midsegment  Conjecture. 

27.  Prove  the  Trapezoid  Midsegment  Conjecture. 


Developing  Proof  In  Exercises  28-30,  use  construction  tools  or  geometry  software  to 
perform  each  mini-investigation.  Then  make  a conjecture  and  prove  it. 

28.  MinPInvestigatlon  Construct  a rectangle.  Construct  the  midpoint  of  each  side. 
Connect  the  four  midpoints  to  form  another  quadrilateral. 

a.  What  do  you  observe  about  the  quadrilateral  formed?  Erom  a previous  theorem, 
you  already  know  that  the  quadrilateral  is  a parallelogram  State  a conjecture 
about  the  type  of  parallelogram  formed. 

b.  Prove  your  conjecture. 
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29.  Mini-Investigstion  Construct  a rhombus.  Construct  the  midpoint  of  each  side. 

Connect  the  four  midpoints  to  form  another  quadrilateral. 

a.  You  know  that  the  quadrilateral  is  a parallelogram,  but  what  type  of 
parallelogram  is  it?  State  a conjecture  about  the  parallelogram  formed  by 
connecting  the  midpoints  of  a rhombus. 

b.  Prove  your  conjecture. 

30.  Mini-Investigation  Construct  a kite.  Construct  the  midpoint  of  each  side.  Connect  the 

four  midpoints  to  form  another  quadrilateral. 

a.  State  a conjecture  about  the  parallelogram  formed  by  connecting  the  midpoints 
of  a kite. 

b.  Prove  your  conjecture. 

31.  Developing  Proof  Prove  this  theorem  If  two  chords  intersect  in  a circle,  the  product  of 

the  segment  lengths  on  one  chord  is  equal  to  the  product  of  the  segment  lengths  on 

the  other  chord. 


Assessing  What  You've  Learned 


WRITE  IN  YOUR  JOURNAL  How  does  the  deductive  system  in  geometry  compare  to 
the  underlying  organization  in  your  study  of  science,  history,  and  language? 


UPDATE  YOUR  PORTFOLIO  Choose  a project  or  a challenging  proof  you  did  in  this 
chapter  to  add  to  your  portfolio. 


ORGANIZE  YOUR  NOTEBOOKReview  your  notebook  to  be  sure  it’ s complete  and 
well  organized.  Be  sure  you  have  all  the  theorems  on  your  theorem  list.  Write  a 
one-page  summary  of  Chapter  13. 


PERFORMANCE  ASSESSMENT  While  a classmate,  friend,  family  member,  or  teacher 
observes,  demonstrate  how  to  prove  one  or  more  of  the  theorems  proved  in  this 
chapter.  Explain  what  you’re  doing  at  each  step. 

GIVE  A PRESENT ATION  Give  a presentation  on  a puzzle,  exercise,  or  project  from 
this  chapter.  Work  with  your  group,  or  try  presenting  on  your  own. 
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Hints  for  Selected 
Exercises 


LESSON  0,£,  PAGE  2} 


...  there  are  no  answers  to  the  problems  of  life  in  the 
back  of  the  book. 

S0REN  KIERKEGAARD 

You  will  find  hints  below  for  exercises  that  are 
marked  with  an  £ in  the  text.  Instead  of  turning 
to  a hint  before  you’ve  tried  to  solve  a problem 
on  your  own,  make  a serious  effort  to  solve  the 
problem  without  help.  But  if  you  need  additional 
help  to  solve  a problem,  this  is  the  place  to  look. 


0 

L 

LHAf-'  I i ..  0 - 1 Li: 

1 LH  A-'  I I i^:  0 * C-IAP  1 [ i: 

r 

HESSaNO.IrFUQE^ 


7.  Here’s  the  title  of  the  sculpture. 

Early  morning  calm 

knotweed  stalks 

pushed  into  lake  bottom 

made  complete  by  their  own  reflection 

Derwent  Water,  Cumbria,  February  20  and 
March  8-9,  1988 


LE5S0NQ.1,  PASEe 


3.  Design  1 Use  one-half  of  the  Astrid  four 
times. 

Design  2 Draw  a triangle  whose  sides  are  the 
same  length.  Connect  the  midpoints  of  the  sides 
with  line  segments  and  leave  the  middle  triangle 
enpty.  Repeat  the  process  on  the  three  other 
triangles.  Then  repeat  the  rule  again. 

Design  3 Draw  a 6-sided  figure  whose  sides  are 
the  same  length.  Mark  the  point  on  each  side  that 
is  one-third  of  the  length  of  the  side.  Connect  the 
points  and  repeat  the  process. 


LE55DN  fl  .3,  PAS  t 12 


5.  Draw  two  identical  squares,  one  rotated  ^ 
turn,  or  45°,  from  the  other.  Where  is  the  center 
of  each  arc  located? 


1 

■■  HAPl  LR  1 ' ■ - A-‘ 

^ HAM  1 Lfi;  1 ^ ^ h AM  ■ L’«; 

LESSOH1,2rPfl;GET43-45 


13.  Find  mL  CQA  and  mLBQA  and  subtract. 

27.  Don’t  forget  that  at  half  past  the  hour,  the  hour 
hand  will  be  halfway  between  the  3 and  the  4. 

37.  K \ rotational  ■ 360°.  Subtract  the  sum  of 
15°  and  21°  from  that  result. 


LESS<Ji1.J.PHGE5S2-53 


19.  Do  not  limit  your  thinking  to  just  two 
dimensions. 

27.  The  measure  of  the  incoming  angle  equals  the 
measure  of  the  outgoing  angle  (just  as  in  pool). 

28.  Start  with  point  C and  use  trial  and  error. 


L ESSOIN  lA.  PtGES  S7-Sg 


15.  The  order  of  the  letters  matters. 
20.  Look  back  at  the  investigation. 
27.  Only  one  of  these  is  inpossible. 


LESSON  1.S,  PiGES  G2-G3 


14.  There  are  four  possible  locations  for 
point  R.  The  slope  of  CL  is  1^  so  the  slope  of 
the  perpendicular  segment  is  or  ^ 

23.  Locate  the  midpoint  of  each  rod.  Draw  the 
segment  that  contains  all  the  midpoints. 


2.  Use  isometric  dot  paper,  or  draw  a regular 
hexagon  with  sides  of  length  2.  Each  vertex  of 
the  hexagon  will  be  the  center  of  a circle  with 
radius  1.  Fit  the  seventh  small  circle  inside  the 
other  six.  The  large  circle  has  the  same  center  as 
the  seventh  small  circle,  but  with  radius  3. 


LESSON  1,C  PAGES  67-$S 


14.  Label  the  width  of  each  small  rectangle  as  w 
and  its  length  as  /.  The  perimeter  of  the  large 
rectangle  is  5w  + 41  = 198  cm. 
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22.  Draw  your  diagram  on  patty  paper  or 
tracing  paper.  Test  your  diagram  by  folding  your 
paper  along  the  line  of  reflection  to  see  whether 
the  two  halves  coincide.  Your  diagram  should 
have  only  one  pair  of  parallel  sides. 


LESSON  1.7.  mi  71 


20.  This  ordered  pair  rule  tells  you  to  double  the 
x-coordinate  and  double  they- coordinate. 


LI55DN  1.8,  PAGtS78-Sfl 


8.  The  biggest  face  is  3 m by  4 m Your  diagram 
will  look  similar  to  the  diagram  for  Step  4 on 
page  75,  except  that  the  shortest  segment  will  be 
vertical. 

9.  How  many  boxes  are  in  each  layer?  How  many 
layers  are  in  tiie  solid? 

22.  Do  not  limit  your  thinking  to  two 
dimensions.  This  situation  can  be  modeled  by 
using  three  pencils  to  represent  the  three  lines. 


LESSDN  1.9.  PAGES  «4~S« 


5.  Try  a vertical  number  line.  Look  closely  at  the 
last  few  days. 

6.  The  vertical  distance  from  the  top  of  the  pole 
to  the  lowest  point  of  the  cable  is  15  feet.  Conpare 
that  distance  with  the  length  of  the  cable. 

7.  Draw  a diagram  Draw  two  points,  A and  B, 
on  your  paper.  Locate  a point  that  appears  to  be 
equally  spaced  from  points  A and  B.  The  midpoint 
oiAB  is  only  one  such  point;  find  others.  Connect 
the  points  into  a line.  For  points  in  space,  picture  a 
plane  between  the  two  points. 


12.  Copy  trapezoid  ABCD  onto  patty  paper  or 
tracing  paper.  Rotate  the  tracing  paper  90°,  or  ^ 
turn,  counterclockwise.  Points  on  the  tracing 
paper  should  coincide  with  point  A on  the 
diagram  in  the  book. 

16.  The  number  of  hexagons  is  increasing  by 
one  each  time,  but  the  perimeter  is  increasing 

by  four. 


23.  Cut  out  a rectangle  like  the  one  shown  and 
tape  it  to  your  pencil.  Rotate  your  pencil  to  see 
what  shape  the  rotating  rectangle  forms. 


2 

L 

:L  HAM  ; , ■ Lf-  - L ; 

J. 

1 
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1.  Conjectures  are  statements  that  generalize 
from  a number  of  instances  to  “all.”  Therefore, 
Stony  is  saying,  “All  ^ 

4.  Change  all  fractions  to  the  same  denominator. 

7.  1 + 1 = 2,  1 + 2 =3,  2 + 3 = 5, 

3 + 5 = 8, ..  . 

8.  \\  2\  2>\  A\... 

17.  Substitute  1 for  n and  evaluate  the  expression 
to  find  the  first  term  Substitute  2 for  n to  find 
the  second  term,  and  so  on. 

21.  For  exanple,  “I  learned  by  trial  and  error 
that  you  turn  wood  screws  clockwise  to  screw 
them  into  wood  and  counterclockwise  to  remove 
them” 

22.  Factor  into  length  times  width.  See  table 
below. 

24.  Conpare  how  many  1 ’ s there  are  in  the 
numbers  that  are  multiplied  with  the  middle  digit 
of  the  answer;  then  conpare  both  quantities  with 
the  row  number. 


22.  {Lesson  2.1) 


Term  r umber 

1 

2 

3 

■i 

6 

7 

LO 

Mumber  pf  dots^  in 

2 

& 

12 

20 

30 

-12 

^0 

no 

Number  bf 

1 ■ I 

2 ■ J 

3 ■ 4 

4 " S 

5 ■ _L 
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28.  Imagine  folding  the  square  up  and 
“wrapping”  the  two  rectangles  and  the  other 
triangle  around  the  square. 

29.  Turn  your  book  so  that  the  red  line  is 
vertical.  Imagine  rotating  the  figure  so  that  the 
part  jutting  out  is  facing  back  to  the  right. 

44.  Remember  that  a kite  is  a quadrilateral  with 
two  pairs  of  consecutive,  congruent  sides.  One  of 
the  diagonals  does  bisect  the  angles  of  the  kite, 
the  other  does  not. 


LESSON  2. ZyPAGEncS  197 


1.  Look  for  a constant  difference,  then  adjust  the 
rule  for  the  first  term. 

4.  Draw  the  polygons  and  all  possible  diagonals 
from  one  vertex.  Fill  in  the  table  and  look  for  a 
pattern.  You  should  be  able  to  see  the  pattern  by 
the  time  you  get  to  a hexagon. 

5.  See  table  below.  18.  See  table  below. 


LtSSQH  3.},  F’AtiES  112-11J 


4.  Conpare  this  exercise  with  the  Investigation 
Party  Handshakes  and  with  Exercise  3.  What 
change  can  you  make  to  each  of  those  frmctions 
to  fit  this  pattern? 

5.  This  is  like  Exercise  4 except  that  you  add  the 
number  of  sides  to  the  number  of  diagonals. 

6.  In  other  words,  each  time  a new  line  is  drawn, 
it  passes  through  all  the  others.  This  also  gives 
the  maximum  number  of  intersections. 

9.  Let  a point  represent  each  team,  and  let  the 
segments  connecting  the  points  represent  one 
game  played  between  them. 

14.  What  happens  if  points  A and  B are  on  the 
same  side  of  point  El 

20.  See  table  below. 


LtSSQN  lA,  PAGES  117-1  IB 


9.  What  is  the  smallest  possible  size  for  an 
obtuse  angle? 

19.  The  number  of  rows  increases  by  two,  and 
the  number  of  columns  increases  by  one. 


5.  {Lesson  2.2) 


Fi9ur&  numb-&r 

1 

2 

3 

4 

.■5 

6 

n 

Number  of  tiles 

8 

]6 

24 

32 

Number  of  tiles  factored 

] ■ S 

2 ■ S 

3 ■ a 

4’ J.| 

18.  {Lesson  2.2) 


Term  number 

1 

2 

3 

4 

5 

fS 

Number  of  squares  in  array 

3 

& 

13 

2i 

35 

Number  of  squares  factiiDred 

1 ^ 3 

2 - 4 

3 * 3 

4 ^ J_ 

20.  {Lesson  2.3) 


Term  number 

1 

2 

3 

4 

5 

n 

Number  of  circles  in  array 

2 

9 

20 

35 

51 

Number  of  circles  factored 

2*  ] 

3 * 3 

■1  ^ 5 

5 * ± 
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LESSON  1,5,  PAGES  125-127 


4.  Here  is  how  to  begin: 

a = 60°  because  of  the  Vertical  Angles 
Conjecture,  b = 120°  because  of  the  Linear  Pair 
Conjecture. 

23.  Refer  to  Lesson  2.3,  Exercise  5. 

24.  Refer  to  Lesson  2.3,  Exercise  6. 

25.  Refer  to  Lesson  2.3,  Exercise  5,  but  subtract 
the  number  of  couples  from  each  term  because 
the  couples  don’t  shake  hands. 

27.  Refer  to  Lesson  2.3,  Exercise  4 and  use  trial 
and  error. 


LESSON  i.d,  PAGES  131  134 


LDAB  and  ^EDA  are  congruent  by  the  Alternate 
Interior  Angles  Conjecture.  So  are  LCBA  and 
LBCF. 

7.  Measures  a,  b,  c,  andJ  are  all  related  by 
parallel  lines.  Measures  e,f,  g,  h,  i,j,  k,  and^  are 
also  all  related  by  parallel  lines. 

11.  If  the  horizontal  dashed  lines  are  perpendicular 
to  the  vertical  dashed  line  in  the  diagram,  then 
the  incoming  and  outgoing  angles  are  equal  and 
conplementary,  so  they  each  measure  45°. 

18.  Squares,  rectangles,  rhombuses,  and  kites  are 
eliminated  because  they  have  reflectional  symmetry. 


22.  Proceed  in  an  organized  way. 

Number  of  1-by-l  squares  = _L 
Number  of  2-by-2  squares  = _L 
Number  of  3-by-3  squares  = _L 
Number  of  4-by-4  squares  = _L 

23.  Graph  the  original  triangle  and  the  new 
triangle  on  separate  graphs.  Cut  one  out  and  lay 
it  on  top  of  the  other  to  see  whether  they  are 
congruent. 

26.  You  can  add  the  first  two  frmction  rules  to 
find  the  third  frmction  rule. 


3 

^HA  TER  3 ‘ CH  " PTER 

CHA  TER  3 ■ CH  APTE*' 
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2.  Copy  the  first  segment  onto  a ray.  Copy  the 
second  segment  immediately  after  the  first. 

10.  You  duplicated  a triangle  in  Exercise  7.  You 
can  think  of  the  quadrilateral  as  two  triangles 
stuck  together  (they  meet  at  the  diagonal). 

14.  Fold  the  paper  so  that  the  two  congruent 
sides  of  the  triangle  coincide. 

17.  It  might  be  helpful  to  use  pieces  of  dry 
spaghetti  or  to  draw  segments  on  patty  paper 
and  physically  arrange  them  into  a triangle. 


LISSaN  PAGES  1 SI- 1 S3 


2.  Bisect,  then  bisect  again. 

3.  Construct  one  pair  of  intersecting  arcs,  then 
change  your  conpass  setting  to  construct  a 
second  pair  of  intersecting  arcs  on  the  same  side 
of  the  line  segment  as  the  first  pair. 

4.  Bisect  CD  to  get  the  length  ] CD.  Subtract  this 
length  from  2AB. 

5.  The  average  is  the  sum  of  the  two  lengths 
divided  by  the  number  of  segments  (two). 

Construct  a segment  of  length^  + CD.  Bisect 
the  segment  to  get  the  average  length.  Or,  take 
half  of  each,  then  add  them 

8.  Construct  the  median  from  the  vertex  to  the 
midpoint. 
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22.  It  might  be  helpful  to  draw  the  70°  angle  on 
patty  paper,  slide  it  to  the  appropriate  position, 
and  then  draw  the  triangle  on  the  patty  paper. 


LtSSdH  3.S,  F’AtiES  164-16E 


LESSON  3,3,  PAGES  156-158 


3.  _^nstruct  the  perpendicular  through  point  B 
to  TO.  The  altitude  from  point  T is  perpendicular 
to  BO. 

4.  Does  your  method  from  Investigation  I still 
work?  Can  you  modify  it? 

5.  Construct  right  angles  at  Q and  R. 

13.  Look  at  two  columns  as  a “group.” 

1st  rectangle  is  2 groups  of  1 
2nd  rectangle  is  3 groups  of  3 
3rd  rectangle  is  4 groups  of  5 
4th  rectangle  is  5 groups  of  7 

^th  rectangle  is  ^ + 1 groups  of  2^  - 1 

17.  Each  central  angle  of  a regular  pentagon 

measures  or  72°.  Construct  a circle,  measure 
5 ? 

off  the  five  central  angles,  and  then  connect  the 
points  where  the  sides  of  the  central  angles 
intersect  the  circle. 


LES50N  3.4,  PAGE  162 


17.  Each  central  angle  of  a regular  octagon 
measures  or  45°.  Construct  a circle,  measure 
off  the  eight  central  angles,  and  then  connect  the 
points  where  the  sides  of  the  central  angles 
intersect  the  circle. 

18.  Construct  two  lines  perpendicular  to  each 
other,  and  then  bisect  all  four  right  angles. 

21.  For  the  second  triangle,  it  might  be  helpful 
to  draw  the  60°  angle  on  patty  paper  and  slide  it 
to  the  appropriate  position. 


3.  If  the  perimeter  is  z,  then  each  side  has  length 
^2.  Construct  the  perpendicular  bisector  of  z to 
get  Construct  the  perpendicular  bisector  of  ^ z 
to  get 

13.  According  to  the  Perpendicular  Bisector 
Conjecture,  if  a point  is  on  the  perpendicular 
bisector,  then  it  is  equidistant  from  the  endpoints 
of  the  segment  (which  in  this  case  represent  fire 
stations).  Therefore,  if  a point  is  on  one  side  of 
the  perpendicular  bisector,  it  is  closer  to  the  fire 
station  on  that  side  of  the  perpendicular  bisector. 


LISS0H3.6,  PH^ES1?2  173 


5.  Duplicate  jLA  and  AB  on  one  side  of  ^A. 
Open  the  conpass  to  length  BC.  If  you  put  the 
conpass  point  at  point  B,  you’ll  find  two  possible 
locations  to  mark  arcs  for  point  C. 


6.  y - xis  the  sum  of  the  two  equal  sides.  Find 
this  length  and  bisect  it  to  get  the  length  of  the 
other  two  legs  of  your  triangle. 

16.  Start  by  drawing  AC  and  labeling  the 
endpoints.  Extend  the  segment  into  a ray  through 
point  C.  Draw  two  corresponding  110°  angles 
with  vertices  at  points  A and  C.  Use  the  same 
process  with  CE  to  draw  another  corresponding 
110°  angle  at  point  E as  shown  below,  and  finish 
by  extending  the  line  to  find  point  R. 

\ y 

\ i- 


LI5.SQH  3.7,  VmS  132-183 


6.  Find  the  incenter. 

7.  Find  the  c ir cumc enter . 
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8.  Draw  a slightly  larger  circle  on  patty  paper 
and  try  to  fit  it  inside  the  triangle. 

9.  Draw  a slightly  smaller  circle  on  patty  paper 
and  try  to  fit  it  outside  the  triangle. 

16.  Start  by  finding  points  whose  coordinates 
add  to  9,  such  as  (3,  6)  and  (7,  2).  Try  writing  an 
equation  and  graphing  it. 

17.  One  way  is  to  construct  the  incenter  by 
bisecting  the  two  given  angles.  Then  find  two 
points  with  your  conpass  on  the  unfinished  sides, 
equidistant  from  the  incenter  and  in  the  same 
direction  (both  closer  to  the  missing  point.)  Now 
find  a point  equidistant  from  those  two  points 
with  your  conpass.  Draw  the  missing  angle 
bisector  through  that  point  and  the  incenter. 

21.  The  diagonal  TE  is  a line  of  symmetry  for  the 
kite,  and  thus  it  divides  the  kite  into  two  congruent 
triangles. 


LESION  S.9,  PAGE 5 liB-1^0 


2.  IfCM=  16,then[/M  = i (16)  = 8.  If  T5  = 21, 
thenW=  .1(21)  = 7. 

8.  A quadrilateral  can  be  divided  into  two 
triangles  in  two  different  ways.  How  can  you  use 
the  centroids  of  these  triangles  to  find  the  centroid 
of  the  quadrilateral? 

15.  Construct  the  altitudes  for  the  two  other 
vertices.  From  the  point  where  the  two  altitudes 
meet,  construct  a line  perpendicular  to  the 
southern  boundary  of  the  triangle. 

16.  How  many  people  does  each  person  greet? 
Don’t  count  any  greeting  twice. 


1 ! a - lA  Ti  i. 


c;h  ’ ! . 4 - Ol  A T [ R 


tESSON  ^.1.  PACES  |0-2(1S 


4.  Ignore  the  100°  angle  and  the  line  that 
intersects  the  larger  triangle.  Find  the  three 
interior  angles  of  the  triangle.  Then  find  z. 

6.  The  total  measure  of  the  three  angles  is 
3 ■ 360°  minus  the  sum  of  the  interior 
angles  of  the  triangle. 


7.  The  sum  of  a linear  pair  of  angles  is  180°.  So 
the  total  measure  of  the  three  angles  is  3 ’1 80° 
minus  the  sum  of  the  interior  angles  of  the  triangle. 

8.  You  can  find  a by  looking  at  the  large  triangle 
that  has  40°  and  71°  as  its  other  measures.  To 
find  c,  you  first  need  to  find  the  measure  of  the 
unmarked  angle  that  is  in  the  same  triangle  as  a 
and  b. 

11.  Draw  a line  and  duplicate  LL.  Because  the 
measures  of  the  other  two  angles  are  equal,  you 
can  bisect  the  angle  that  is  supplementary  to  LL 
to  get  the  other  angles. 


12.  First,  construct  21 E. 

18.  mLA  + mLB  + x = 180°  and  msLD  + 
mLE  + y=  180°.  Then  use  substitution  to 
prove  X = y. 


LESSQH4.2..  PARIES  1 


I.  mjLH+  mLO  - 180°  - 22°  and 
mLH  = mLO. 

10.  Notice  that  d = e and  d + e + e + 66°  = 
180°.  Next,  find  the  alternate  interior  angle  to  c. 

II.  Notice  that  all  the  triangles  are  isosceles! 

15.  The  sides  do  not  have  to  be  congruent. 

16.  Make  GK  < MP.  18.  Find  the  slopes. 

24.  Move  each  point  right  5 units  and  down 
3 units. 


LISSOM  43.  Pli6ES2118-22fl 


5.  Find  the  value  of  the  unmarked  angle  and  use 
the  Side- Angle  Inequality  Conjecture. 

9.  Use  the  Side- Angle  Inequality  Conjecture  to 
find  an  inequality  of  sides  for  each  triangle,  then 
combine  the  inequalities. 
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11.  Any  side  must  be  smaller  than  the  sum  of 
the  other  two  sides.  What  must  it  be  larger  than? 

17.  You  need  to  show  that  x = a + b.  From 
the  Triangle  Sum  Conjecture,  you  know  that 
a + b + c = 180°.  Also,  LBCA  and  ^BCD  are 
a linear  pair,  sox  + c = 180°. 

21.  Try  using  the  Triangle  Sum  Conj ecture. 

22.  All  corresponding  sides  and  angles  are 
congruent.  Can  you  see  why?  Remember  to  order 
the  points  correctly  in  stating  the  answer. 


LESSON  ^.4.  PAGES  224-2 2 S 


4.  Rotate  one  triangle  180°. 

5.  The  shared  side  is  congruent  to  itself 

12.  Match  congruent  sides. 

15.  Take  a closer  look.  Are  congruent  parts 
corresponding? 

18.  UN  = YA  = 4,  RA  = US  = 3, 
m^A  = m£  U = 90° 


LESSON  ^.5,  PAGES  22 30 


6.  Flip  one  triangle  over. 

16.  Because  BL  II  CK,  you  can  show  that  various 
pairs  of  angles  are  congruent;  but  can  you  show 
any  sides  congruent? 

22.  The  sides  do  not  have  to  be  congruent. 


llESS0N4.&JPAGES2n-234 


1.  Don’t  forget  to  mark  the  shared  segment  as 
congruent  to  itself 

2.  UseiC/WandA^OA. 

4.  Use  Avir/ and  Acre. 

5.  Draw  auxiliary  line  UF 

7.  Draw  auxiliary  line  UT 

10.  Count  the  lengths  of  the  horizontal  and  vertical 
segments,  and  label  the  right  angles  congruent. 

17.  Make  the  included  angles  different. 


LESSON  4.7,  PAGES  341-742 


8.  Don’t  forget  about  the  shared  side  and  the 
Side- Angle  Inequality  Conjecture. 

10.  When  you  look  at  the  larger  triangles,  ignore 
the  marks  for  OS  — RS.  When  you  look  at  the 
smaller  triangles,  ignore  the  right-angle  mark  and 
the  given  statement  PO  ^ ' PR. 

11.  First,  mark  the  vertical  angles.  In  iiADM,  the 
side  is  included  between  the  two  angles.  In  iSCRM, 
the  side  is  not  included  between  the  two  angles. 

14.  Review  incenter,  circumcenter,  orthocenter, 
and  centroid. 

17.  You  might  use  sugar  cubes. 


LISS0H4.S,  245  ^ 248 


1.  AB  + BC+AC=4S 
AD=  ^AB 

8.  SL  = LN  = NS  and  SI  = LE  = NT.  If  you 
subtract  equal  lengths  from  equal  lengths,  then 
IL  - NE  - TS.  If  ASNL  is  equilateral,  then  it  is 
equiangular,  so  sLS  = N =^L.  Now  conplete 
the  explanation. 

9.  Use  the  vertex  angle  bisector  as  your  auxiliary 
line  segment. 

13.  At  3 : 1 5 the  hands  have  not  yet  crossed  each 
other.  At  3:20  the  hands  have  already  crossed  each 
other,  because  the  minute  hand  is  on  the  4,  but 
the  hour  hand  is  only  one- third  of  its  way  from 
the  3 toward  the  4.  So,  the  hands  overlap 
sometime  between  3: 15  and  3:20. 


15.  Make  a table  and  look  for  a pattern. 

18.  Cycloheptane  has  seven  carbons.  How  many 
H’s  branch  off  each  C? 


5 

CHAPTER  5 * CHAPTER 

LliSQH  5 J.  PflfiES  2S9-261 


2.  All  angles  are  equal  in  measure. 

6.  J+44°  + 30°=  180° 

7.  3g+  117°  + 108°  = 540 
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13.  (n- 2)  ■ 180°  = 2700' 


LtSSaii  S.C  PAGES  277-271 


14. 


(n  - 2)  - 130^ 

fi 


= 156^ 


17.  Use  the  Triangle  Sum  Conjecture  and  angle 
addition.  What  does  i + j + k + I equal? 


llESSDhI  S.2.  MGES  2G4-2GS 


2.  PO=^RA 

4.  Use  the  Three  Midsegments  Conjecture. 

9.  Draw  a diagonal  of  the  original  quadrilateral. 
Note  that  it’s  parallel  to  two  other  segments. 


3.  24°  =1^ 
n 

7.  First,  find  the  measure  of  an  angle  of  the 
equiangular  heptagon.  Then  find  c by  the  Linear 
Pair  Conjecture. 

12.  An  obtuse  angle  measures  greater  than  90°, 
and  the  sum  of  exterior  angles  of  a polygon  is 
always  360°. 

16.  Look  at  CiRAC  and  C:,DCA . 

17.  Draw  auxiliary  line  AT 


tESSON  PAGES  272-27A 


LiSSQIi  5.S,  PAGES  2 aj- 2 84 


4.  F/V  = -]-FF  and  NI  = ^ El 

8.  With  the  midpoint  of  the  longer  diagonal  as 
center  and  using  the  length  of  half  the  shorter 
diagonal  as  radius,  construct  a circle. 

10.  Complete  the  parallelogram  with  the  given 
vectors  as  sides.  The  resultant  vector  is  the 
diagonal  of  the  parallelogram  Refer  to  the 
diagram  right  before  the  exercises. 

11.  PR  = a.  Therefore,  MA  = a.  Solve  for  the 
X- coordinate  of  M:  ^ + a = Z?.  The  height  of  M 
is  equal  to  the  height  oiA. 


10.  Add  YE  to  the  diagram  in  Exercise  9. 

You  can  show  that  the  resulting  triangles  are 
congruent,  and  use  this  to  show  that  YE  is 
bisected  and  that  the  angles  formed  at  the 
intersection  of  the  diagonals  are  right  angles. 
Or,  you  can  show  that  B and  Y lie  on  the 
perpendicular  bisector  of  YE  because  they  both 
are  equidistant  from  the  endpoints  of  YE  . 

15.  Constmct  LI  and  LW dX  the  ends  of  WI  • 
Construct  IS . Construct  a line  through  point  S 

parallel  to 

18.  Look  at  LAFG  and  LBEH. 


12.  LP  and  LPAR  are  supplementary. 

17.  The  diagonals  of  a square  are  equal  in  length 
and  are  perpendicular  bisectors  of  each  other. 

18.  Construct  LB,  then  bisect  it.  Mark  off  the 
length  of  diagonal  BK  on  the  angle  bisector.  Then 
construct  the  perpendicular  bisector  oiBK. 

20.  Start  by  showing  that  two  congruent 
segments  that  bisect  each  other  form  four 
congruent  segments.  To  prove  that  the 
quadrilateral  connecting  the  endpoints  is  a 
rectangle,  use  SAS  to  find  two  congruent  pairs 
of  triangles.  Then  show  that  the  angle  at  each 
vertex  of  the  quadrilateral  is  made  up  of  the  same 
two  congruent  angles.  To  show  that  the  opposite 
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sides  are  parallel,  use  the  Converse  of  the  AIA 
Conjecture. 


27.  Use  the  Quadrilateral  Sum  Conjecture  to 
prove  the  measure  of  each  angle  is  90°.  Use  the 
Converse  of  the  Parallel  Lines  Conjecture  to 
prove  that  the  opposite  sides  are  parallel. 


LESSONS.?,  iPAGES  M1-30J 


4.  Use  what  is  given,  the  AIA  Conjecture  and 
that  fact  that  auxiliary  line  PO  is  shared  by  both 
triangles,  to  show  that  i\SOP  =iiAPO  by  SAS. 
Then  use  CPCTP  and  the  Converse  of  the  ALA 
Conjecture  to  show  thatP/4  ||  SO. 

6.  Look  at  hYIO  and  ilOGY. 


6 

CHAPTFR  6 ' CHAPTER 

CHAPTER  t,  CHAPTEr: 

LtSSQN  PliOES  ]13-316 


2.  X + X+  70°=  180° 

5.  CP  = PA  = AO=  OR,  CT=  TD  = DS=  SR 

8.  From  the  Tangent  Conj  ecture,  you  know  that 
the  tangent  is  perpendicular  to  the  radius  at  the 
point  of  tangency. 

15.  Draw  a diameter.  Then  bisect  it  repeatedly  to 
find  the  centers  of  the  circles. 

16.  Look  at  the  angles  in  the  quadrilateral  formed. 

19.  N .V 


+ ^ 


LiSSQN  6.2,  320-123 


9.  X + X + X + 72°  = 360° 

21.  Calculate  the  slope  and  midpoint  of  AB  • 
Recall  that  slopes  of  perpendicular  lines  are 
opposite  reciprocals. 


25.  Draw  the  triangle  formed  by  the  three  light 
switches.  The  center  of  the  circumscribed  circle 
would  be  equidistant  from  the  three  points. 


7.  Break  up  the  rectangle  into  four  triangles 
( ihEAR,  etc.),  and  show  that  they  are  congruent 
triangles. 

10.  Imagine  what  happens  to  the  rectangles 
when  you  pull  them  at  their  vertices. 


26.  Make  a list  of  the  powers  of  3,  beginning 
with  3°  = 1 . Look  for  a pattern  in  the  units  digit. 

27.  Use  a protractor  and  a centimeter  ruler  to 
make  an  accurate  drawing.  Let  1 cm  represent 
1 mile. 


11.  Calculate  the  measures  of  the  angles  of  the 
regular  polygons.  Remember  that  there  are  360° 
around  any  point. 


LIS60H  &.L  PA^ES  322-32? 


3.  c + 120°  = 2(95°) 


15.  You  miss  5 minutes  out  of  15  minutes. 

16.  The  container  is  ^ ^ full.  It  will  be^  full 

no  matter  which  face  it  rests  on. 


4.  Draw  in  the  radius  to  the  tangent  to  form  a 
right  triangle. 
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LtSSOMfiA  PAGES 


14.  The  measure  of  each  of  the  five  angles  is  half 
the  measure  of  its  intercepted  arc.  But  the  five 
arcs  add  up  to  the  corrplete  circle. 

15.  a = ;j(70''K  & ^ y=a  + b 


19.  Draw  the  altitude  to  the  point  where  the  side 
of  the  triangle  (extended  if  necessary)  intersects 

the  circle. 

20.  Onr  pywibl?  tcn;aTkiii 
fL>r  CLittieta  m 

alJ  students  in 
the  photo 

V - 


Studcnt&  Lined  up 
for  the  photo 

25.  Start  with  an  equilateral  triangle  whose 
vertices  are  the  centers  of  the  three  congruent 
circles.  Then  locate  the  center  of  the  triangle  to 
find  the  center  of  the  larger  circle. 


1.  See  flowchart  below. 2.  See  flowchart  below. 

3.  Note  that  mYLI  + mfCI  - 360°. 

4.  ii  1 ^ £2  by  AIA,  and  21 1 and  212  are 
inscribed  angles. 

5.  Apply  the  Cyclic  Quadrilateral  Conjecture. 

7.  Draw  four  radii  and  use  the  Parallel  Lines 
Intercepted  Arcs  Conjecture. 

9.  What  type  of  triangle  is  p^OABl  What  can  you 
say  about  21  OBCl  How  is  AB  related  to  any  of 
the  numbered  angles?  Use  the  Isosceles  Triangle 
Conjecture,  the  Triangle  Sum  Conjecture,  the 
Tangent  Conjecture,  and  use  the  Substitution 
Property  more  than  once. 

21.  Number  the  points  in  the  grid  1-9.  Make  a 
list  of  all  the  possible  combinations  of  three 
numbers.  Do  this  in  a logical  manner. 

Order  doesn’t  matter,  so  the  list  beginning  with  2 
will  be  shorter  than  the  list  beginning  with  1 . The 
3 list  will  be  shorter  than  the  2 list,  and  so  on.  See 
how  many  of  the  possibilities  are  collinear,  and 
divide  that  by  the  total  number  of  possibilities. 


1.  {Lesson  6.4) 

2l.4QJl&]iiscrib-e<l 

in  ACi? 

? 


m / rj 

? 


k inscribed 

In  Acd 

= _L 

? 



I m^ACD  =± 


DtLinLtion  of 
congRJCnt  fin^cs 


2.  {Lesson  6.4) 
Lsidiamelti' 
G h-cn 


mADB= 

I definition  of 
semiciTdc 


rJt21^Cf>  ■ \ mADB 

5 


N, 

I m^ACD  = _L 


jLACD  Ua  ? 


7 
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22.  Show  that  right  triangles  inside  congruent 
isosceles  triangles  are  congruent. 


LESSEN  (5. S.  PAG ESIlft-140 


9.  C=2TTr,  44=^  2(3.14)r 

12.  The  diameter  of  the  circle  is  6 cm 

17.  Use  the  Inscribed  Angle  Conjecture  and  the 
Triangle  Exterior  Angle  Conjecture. 

21.  Think  about  the  pair  of  angles  that  form  a 
linear  pair  and  the  isosceles  triangle. 


18.  The  overlaid  figure  consists  of  two  pairs  of 
congruent  equilateral  triangles.  The  length  of  the 
side  of  the  smaller  pair  is  half  the  length  of  the 
side  of  the  larger  pair.  All  of  the  arcs  use  the 
lengths  of  the  sides  of  the  triangles  as  radii. 

19.  It  is  not  1 80°.  What  fraction  of  a conplete 
cycle  has  the  minute  hand  moved  since  10:00? 
Hasn’t  the  little  hand  moved  that  same  fraction 
of  the  way  from  10:00  to  11:00? 

23.  Make  an  orderly  list.  Here  is  a beginning: 
to  AL  to  LG 
to  AN  to  NG 


LESSEN  6.6.  !PAGE5  M2-344 


_ _j  _ distance  _ ciroimference 

1-  - 12  hours 

_ 2t?-(2000  + 5400)  km 
~ 12  hours 

8.  Calculate  the  distance  traveled  in  one 
revolution,  or  the  circumference,  at  each  radius. 
Multiply  this  by  the  rpm  to  get  the  distance 
traveled  in  1 minute.  Remember,  your  answer  is 
in  inches.  Divide  your  answer  by  12  and  then  by 
60  to  change  its  units  into  feet  per  second. 


□ 

CHAPTER  7 * CHAPTER 

j CHARIER  7 - CHAPTER 

limn  7X  PAOis  m-u] 


2.  All  positive  y ’ s become  negative  y ’ s;  therefore, 
the  figure  is  reflected  across  the  x-axis. 

7.  Conpare  the  ordered  pairs  for  V and  V' , 

R and R' , and  Y and  T . 


limn  7.1  PACES 


10.  Use  the  Inscribed  Angle  Conjecture  and  the 
Triangle  Exterior  Angle  Conjecture. 


LESSON  6.7.  PAGES  351-351 


7.  Connect  a pair  of  corresponding  points  with 
a segment.  Construct  two  perpendiculars  to  the 
segment  with  half  the  distance  between  the  two 
given  figures  between  them 


3. 

8. 


mAR  + 70°  + mAR 


146°=  360° 


360° 


(2irr)  = 40  jT 


17.  Find  the  midpoint  of  the  segment  connecting 
the  two  points.  Connect  the  midpoint  to  one  of 
the  endpoints  with  a curve.  Copy  the  curve  onto 
patty  paper  and  rotate  it  about  the  midpoint. 


LESSON  7.4,  PAG  I 353 


9.  The  length  of  one  lap  is  equal  to  (2  • 100)  + 

(2  * 20  3t).  The  total  distance  covered  in  6 minutes 
is  4 laps. 

11.  "^  (2Trr)  12  meters 

16.  Refer  to  Lesson  6.6,  Exercise  10. 

17.  The  midsegment  of  a trapezoid  is  parallel  to 
the  bases,  and  the  median  to  the  base  of  an 
isosceles  triangle  is  also  the  altitude. 


18.  Work  backward.  Reflect  a point  of  the  8-ball 
over  the  S cushion.  Then  reflect  this  image  over 
the  N cushion.  Aim  at  this  second  image. 
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LLSSQN  1.5,  PAGE  39G 


LESSON  3.3.  PAGE  ili 


2.  Connect  centers  across  the  common  side. 


LtSSQN  7.6.  PAGE  401 


9.  If  you  are  still  unsure,  use  patty  paper  to 
trace  the  steps  in  the  “Pegasus”  exanple. 


Ih^inn  7.7,  PAGE  40? 


14.  5 -0  + 3 • 2 = 6,  5 • 0 + 3 • -1  = -3, . . . 
4 -10  +20  *0  +2  *3  = 46, . . . 


LBSQN  7.S.  PAGE  412 


5.  If  you  are  still  unsure,  use  patty  paper  to  trace 
the  steps  in  either  Escher  exanple. 


00 

rflA  T-R  ‘ r-IAPTER 

ntA.  TFR  S “Cii^PTER 

iLSsaN  0.1,  PAGE  426 


20.  I fl  6 ii]. 


LESION  S.2,  PAGE 5 


8.  50  = ^>t(7  + l3) 


12.  The  area  of  the  triangle  can  be  calculated  in 
three  different  ways,  but  each  should  give  the 
same  area:  ](5)y  = 2(15)x=  ;2(6)(9) 

22.  Refer  to  the  diagram  below. 


A re,=i  of  Al  = -^  ^ 


h ^1 


Area  of  AJ I = 


6.  Total  cost  is  $20/y<l^  = $20/9  ff; 
^carpet=  17  * 27  - (6  * 10  + 7 * 9)  tf 


IISSON  B.l,  PAGES  4^3-44 B 


9.  Construct  a circle  with  radius  4 cm  Mark  off 
six  4 cm  chords  around  the  circle. 

10.  Draw  a regular  pentagon  circumscribed  about 
a circle  with  radius  4 cm  Use  your  protractor  to 
create  five  72°  angles  from  the  center.  Use  your 
protractor  to  draw  five  tangent  segments. 

14.  Find  the  area  of  the  large  hexagon  and  subtract 
from  it  the  area  of  the  small  hexagon.  Because  they 
are  regular  hexagons,  the  distance  from  the  center 
to  each  vertex  equals  the  length  of  each  side. 

16.  Divide  the  quadrilateral  into  two  triangles 
(A  and  B).  Find  the  areas  of  the  two  triangles 
and  add  them 


LtSSQHa.S.  PAGES  ^ SI -4S2 


15.  Calculate  the  area  of  two  circles,  one  with 
radius  3 cm  and  one  with  radius  6 cm  Conpare 
the  two  areas. 

16. 


Hexagon  ]>CKlcc^'0n  lOO^pn 
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LESSON  S.S.  MGES  ISS-457 


LESSON  0.7,  E’AOES  43G-4S9 


6.  The  shaded  area  is  equal  to  the  area  of  the 
whole  circle  less  the  area  of  the  smaller  circle. 

12,  10  JT 

18.  A = l(b^+  b,)L  Because  the  length  of  the 
midsegment  is  + i?^),  the  formula  can 
be  rewritten^  = midsegment  • height. 


LlESS0HftJ.PACiE46« 


7.  Use  the  formula  for  finding  the  area  of  a 
regular  hexagon  to  find  the  area  of  each  base. 

To  find  the  area  of  the  six  lateral  faces,  imagine 
unfolding  the  six  rectangles  into  one  rectangle. 
The  lateral  area  of  this  unfolded  rectangle  is  the 
height  times  the  perimeter. 


Top  And  Outer  sii  ffaoe  J n iiei  iu  ifi^ce 

bottom 


9 

H I L : . -i  r I LI  : 

LESSCN9JriPII.GES4ftl-4ft2 


6.  6^+62= 


6,  must  exactly  equal  c^. 

10.  Drop  a perpendicular  from  the  ordered  pair 
to  the  x-axis  to  form  a right  triangle. 

12.  Check  the  list  of  Pythagorean  triples  in  the 
beginning  of  this  lesson  for  a right  triangle  that 
has  three  consecutive  even  integers. 

22.  Because  a radius  is  perpendicular  to  a 
tangent,  mLDCF  - 90°.  Because  all  radii  in  a 
circle  are  congruent,  iiDCE  is  isosceles. 

23.  You  could  use  the  Pythagorean  Theorem,  but 
what  if  you  just  draw  the  prism  unfolded? 


P A T 


J 

CVS 


LESSON  49^-495 


2.  b = hypotenuse  -!-  v'T 

4.  d =1 . 20,c  = d V'3 
2 

7.  Draw  diagonal  DRo  form  a right  triangle  on 
the  base  of  the  cube  and  another  right  triangle  in 
the  interior  of  the  cube. 

9.  Divide  by\/l  for  the  length  of  the  leg. 


11.  The  radius  of  the  circle  is  the  hypotenuse  of 
the  right  triangle. 

13.  Let  ^ represent  the  length  of  the  side  of  the 
square.  Then^^  + = 32^. 

15.  Three  consecutive  integers  can  be  written 
algebraically  as  ^ + l,and^  + 2. 

17.  Show  that  the  area  of  the  entire  square  (c^) 
is  equal  to  the  sum  of  the  areas  of  the  four  right 
triangles  and  the  area  of  the  smaller  square. 


12.  Refer  to  Exercise  20  on  page  490. 


2 


17.  Draw  an  altitude  of  the  equilateral  triangle  to 
form  two  30°-60°-90°  triangles. 

20.  Construct  an  isosceles  right  triangle  with 
legs  of  length  a;  construct  an  equilateral  triangle 
with  sides  of  length  2a  and  construct  an  altitude; 
and  construct  a right  triangle  with  legs  of  lengths 
a\/l  anda\/3. 

23.  Make  the  rays  that  form  the  right  angle  into 
lines,  or  draw  an  auxiliary  line  parallel  to  the 
other  parallel  lines  through  the  vertex  of  the 
right  angle. 


h c H 
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IIESSDN  ?. 4.  PAGES  lUA-SOl 


LtSSflH  A.S,  PAGES  5 PS- 5 Of 


2.  The  length  of  the  hypotenuse  is  (36  - x). 
Solve  for  X. 


jf 


3. 


4.  This  is  a two-step  problem,  so  draw  two  right 
triangles.  Find  h,  the  height  of  the  first  triangle. 
The  height  of  the  second  is  4 ft  less  than  the 
height  of  the  first.  Then  find  x. 


7 + jt 


6.  Find  the  apothem  of  the  hexagon. 


14.  Use  the  distance  formula  to  find  the  length 
of  the  radius. 

15.  This  is  the  same  as  finding  the  length  of  the 
space  diagonal  of  the  rectangular  prism. 

20.  In  the  45°-45°-90°  triangle,  m =vT  ■ 
in  the  30°-60°-90°  triangle,  m = A:v"3. 


22,  (x  + 8)2  = 4Q2  + x2 


3.  Find  m^DOB  using  the  Quadrilateral  Sum 
Conjecture. 

5.  Ci^HRT  is  a 30°-60°-90°  triangle  with  longer 
leg  J cm;  so  shorter  leg  RT  is  8 cm  long  and 
hypotenuse  HT  is  16  cm  long.  The  shaded  area  is 
the  difference  of  the  semicircle  area  and  right 
triangle  area. 

7.  From  the  center  of  the  circle,  drop  a 
perpendicular  to  chord  HO,  forming  two 
30°-60°-90°  triangles  with  longer  legs  4 vX 

11.  When  OT  and  OA  are  drawn,  they  form 
a right  triangle,  with  OA=  \5  (length  of 
hypotenuse)  and  OT  =12  (length  of  leg). 

12.  Draw  Jie  radius  OBo^  the  larger  circle  ^ 
the  radius  OT  of  the  smaller  circle.  Because  AB\^ 
tangent  to  the  smaller  circle,  AOTB  is  a ri^t 
triangle.  By  the  Pythagorean  Theorem,  OT  + 

18^  = OB^,  or  OB^  - OT^  - 18^.  But  the  area  of 
the  annulus  is  ^OB^  - "^OT^,  or  ( OB^  - OT^). 


16.  Use  the  Reflection  Line  Conjecture  and  13.  See  picture  equations  below, 

special  right  triangles. 


13.  {Lesson  9.6) 
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14.  The  triangle  formed  by  the  centers  of  the 
three  circles  is  an  equilateral  triangle  with  height 
6\-T 

15.  The  arc  length  ofviC  is  3^ 

Therefore,  the  circumference  of  the  base  of  the 
cone  is  4 IT.  From  this  you  can  determine  the 
radius  of  the  base.  The  radius  of  the  sector  (9) 
becomes  the  slant  height  (the  distance  from  the 
tip  of  the  cone  to  the  circumference  of  the  base). 
The  radius  of  the  base,  the  slant  height,  and  the 
height  of  the  cone  form  a right  triangle. 


10 

CHAPTER  CHAPTER 

C H A "^TER  1 0 > C HA  PTE  R 

Lt5SDN  10.1.  PA^E 


29.  Think  of  a prism  as  a stack  of  thin  copies  of 
the  bases. 


7a.  What  is  the  difference  between  this  prism 
and  the  one  in  Exercise  2?  Does  it  make  a 
difference  in  the  formula  for  the  volume? 

9.  Cutie  pie! 

26.  ^TA  is  a square,  so  the  diagonals,  ST 
and  OA^  are  congruent  and  are  perpendicular 
bisectors  of  each  other,  and  SM  = OM  = 6.  Use 
right  triangle  SMO  to  find  OS,  which  also  equals 
OP.  Find  with  the  equation  = OA  - OP. 


S A 


6*  V ^cylinder  kcone 

10a.  What  is  B,  the  area  of  the  triangular  base? 


LESSON  10. a.  [pftGES  5S1-S17 


2.  What  is  the  shape  of  the  base  and  how  do  you 
find  its  area?  Use  the  Pythagorean  Theorem  to 
find  the  missing  length. 

5.  You  have  only  2 of  a cylinder. 

B = \ 

6.  or  * of  the  cylinder  is  removed. 

Therefore,  you  need  to  find  4 of  the  volume  of 
the  whole  cylinder. 


15. 


18.  The  swimming  pool  is  a pentagonal  prism 
resting  on  one  of  its  lateral  faces.  The  area  of  the 
pentagonal  base  can  be  found  by  dividing  it  into 
a rectangular  region  and  a trapezoidal  region. 


3dfi 

4 ft  I ~ 


i ft 


].i  ft 
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LES5DN  1M,  PACES  SIS-S4S 


LESSON  10.7,  PAGES  SGS-SSS 


2.  The  base  of  the  prism  looks  like  this. 


z 2 


3.  Substituting  the  given  values  into  V = [bH 
gives  180  = \ 5(12).  Solve  for  5.  Then  substitute 
this  value  and  the  given  value  for  h into  B = )^bh 
and  solve  for  Z?. 


4. 


V=^BH;  3168=  y 


^(20  + im 


m) 


3.  The  surface  area  is  the  curved  hemisphere  and 
the  circular  bottom 

4.  The  surface  area  of  a sphere  is  how  many 
times  the  area  of  a circle  with  the  same  radius? 

19b.  Change  i to  and  a more  recognizable 
pattern  emerges  in  both  the  numerators  and 
denominators. 


11 

hAPTER  11  ‘ CHAPTfcS 

CHAPTER  11  - CHAPTER 

mm  IM,PAGE5S« 


Q y.  = V,  . - V . . 

riJif  krjKT  missing  |,insm 

[’(3vT)(36)|{2)  - |.;J(2\^)a^)'(2) 
Thenconpare  to 

10.  First,  change  8 inches  to  j foot. 


8.  All  the  corresponding  angles  are  congruent. 
(Why?)  Are  all  these  ratios  equal?  = _L, 
lizn  ? 14ft  — ? _ ? 

Is2f^  “ — ^ 15il  “ — ► 192  “ — 

13.  Because  the  segments  are  parallel, 
jLB  = LAED  and  21 C = LADE. 


LESSON  lO.S.  PACES  SSJ  SS3 


lESSOiN  11.7,  PACES  S91-SJJ 


145  5 

6.  0.97=7— ^ and  = (10)(10)// 

dL^ilOjUIKCtl 

8.  ^dis^aattniifiil  " ^ ^tikiuk  dS'  LlJ  Or 

0- 


V'"  = V 

7 disiilsociDcni.  bku:k  o\  kt 


= V.. 


LESSON  1D,G.  PACES  SSS-SGC 


4.  ^ LdEiwjlL^  2 f humbi-^uru  ^ ^ c^iLiiidL^i 


+ |i7(6)H12)J 


5.  or  of  the  hemisphere  is  missing.  What 
fraction  is  still  there? 


12.  972  7T  = jwE 


3.  It  helps  to  rotate  LARK  so  that  you  can  see 
which  sides  correspond. 


11.  Because  £//and  LD  are  two  angles 
inscribed  in  the  same  arc,  they  are  congruent. 

L T and  .£  G are  congruent  for  the  same  reason. 


15.  Draw  a perpendicular  segment  from  each 
point  to  the  x-axis.  Then  use  similar  triangles. 
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LESSON  11J.  F>AGES  S9S-G03 


3.  Use  the  Pythagorean  Theorem  to  first  find  the 
height  of  the  flagpole. 

7.  Because  AP/Jf-APOC,  then  Let 

X = PR.  Then  4 = ~ 

C.0  %\  ■ 


9.  Think  about  what  Juanita  did  in  Exercise  5 . 


11.  Draw  the  large  and  two  small  triangles 
separately  to  label  and  see  them  more  clearly. 


13. 


18.  The  golden  ratio  is  f-  LqI  AB  = 2 units. 
How  would  you  construct  the  length  V5?  How 
would  you  construct  the  length  -1? 


LB&ON 


^ a..  _ cs  Q 12  _ X 

}:S  ~ HP  15  “ 10  - .V 

12.  You  don’t  know  the  length  of  the  third  side, 
but  you  do  know  the  ratio  of  its  two  parts  is 


13.  Applying  the  Pythagorean  Theorem  to 

ihAB C ^YQs  AC^  + 5^  = 13^.  Solve  forvfC,  and 
then  write  an  expression  for  z in  terms  of  this 
value  and  x.  From  the  Angle  Bisector/Opposite 
Side  Conjecture  we  know^^^  = Substitute  your 
expression  in  for  z and  use  your  algebra  skills  to 
solve  the  proportion  for  x.  Then  solve  for  z and  y. 

16.  Use  the  AA  Similarity  Conjecture  for  this 
proof  One  pair  of  corresponding  angles  will  be  a 
nonbisected  pair.  The  other  pair  of  corresponding 
angles  will  consist  of  one-half  of  each  bisected 
angle. 

17.  b - \i-  then  I + I = -'  + 1,  then 

fj  , ^ _ L , l/ 
h~  if  ^ 


LE5S0*im.5jPASB61D-’ei5 


Area  of  AM.SE 
72 


3.  then  the  ratio  of  the 

lengths  of  corresponding  sides  is 


7 

IZ 

7 

Area  ■ 6nr  Area  = 


21.  What  kind  of  triangle  is  this? 


LESSaH11.6JPA(iB6l6-ei9 


, fiV ^^0 

• \7  / Volume  of  large  pyramid 

(Ji  y ^ y V^oluiTie  of  large  prism  _ i h 
flj  25  ’ Volume  of  small  prism  \/fJ 

8.  Volume  of  large  warehouse  = 2.5^-  (Volume 
of  small  warehouse) 

17.  Copy  the  diagram  on  your  own  paper,  and 
connect  the  centers  of  two  large  circles  and  the 
center  of  the  small  circle  to  forma  45°-45°-90° 
triangle.  Each  radius  of  the  larger  circles  will  be 
.5,  Use  the  properties  of  special  right  triangles  and 
algebra  to  find  the  radius  of  the  smaller  circle. 
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19.  During  a rotation,  each  vertex  of  the 
triangle  will  trace  the  path  of  a circle.  So,  if  you 
connect  any  vertex  of  the  original  figure  to  its 
corresponding  vertex  in  the  image,  you  will  get  a 
chord.  Now  recall  that  the  perpendicular  bisector 
of  a chord  passes  through  the  center  of  a circle. 


LEiEDN  11.7,  PLAGES S27-&29 


4 _ Jl_ 

1-  i + 12  20 

60  ^ c I 60 
40  70 

, 15  f.  25 
36  “ 55 

13.  a + b-  V(15  - 3)^  + (0  - 
have  solved  for  a + b,  then  j'j  = 

18.  uJ  “ ^ is  the  height  of  the  small 

missing  cone. 

w 

I \ 


and  the  center  of  the  circle.  Use  the  Pythagorean 
Theorem  to  find  the  length  of  half  of  the  chord. 


LESSON  IZ. 2.  IPAGtS 


5.  ^ = co3  56^ 

8.  First  find  the  length  of  the  diagonal  of  the 
base.  Then,  lanjG#  = 


s' 

y 

S' 

y 

s' 

y 

Scc-Diid 

sigtiling 

h — — A 


16a.  sin  44°  = where  h is  the  height  of  the 
balloon  above  Wendy’s  sextant. 


LESSON  12.3,  PAGES  SS7-fi59 


12 

*1]  1 2 ^ CH^.PTER 

CHAPTER  12* CHAPTER 

lEiiDN  IM,  PA^ES 


7.  The  length  of  the  side  opposite  LA  is  .y;  the 
length  of  the  side  adjacent  to  LA  is  r;  the  length 
of  the  hypotenuse  is  t. 

10.  Use  your  calculator  to  find  sin  ' (0.5). 

14,  tan30°=^„° 

21.  Use  sin  35°  = H5  to  find  the  length  of  the 
base,  and  then  use  cos  35°  = to  find  the  height. 

27.  First,  find  the  length  of  the  radius  of  the  circle 
and  the  length  of  the  segment  between  the  chord 


3.  Sketch  a diagonal  connecting  the  vertices  of 
the  unmeasured  angles.  Then  find  the  area  of  the 
two  triangles. 


4.  Divide  the  octagon  into  eight  isosceles 
triangles.  Then  use  trigonometry  to  find  the 
area  of  each  triangle. 
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5.  To  find  the  angle  between  the  8 km  side  and 
the  5 km  side,  first  find  S,  and  then  find  a. 

+ 

I 

I 


9. 


in  3 min 


l6.3  km 


km 


■!  -1 


11.  To  find  the  area  of  the  base,  divide  the 
pentagon  into  five  congruent  isosceles  triangles 
and  use  either  method  in  Exercise  10. 


13. 


mil 


[4.5  m \ 


t 

t 

i 

I 

/]].2  m 


\5g”/ 


imm  12,4.  nm 


1.  w^=  36^  + 412  - 2(36)(41)cos  49° 

4.  42^  = 34^  + 36^  - 2(34)(36)cos  yi 

8.  The  smallest  angle  is  opposite  the  shortest  side. 

10.  One  approach  divides  the  triangle  into  two 
right  triangles,  where  x = a + b.  When  you  have 
the  straight-line  distance,  conpare  that  time 
against  the  detour. 


I.  POmiiLulPs^ 

7Jj01{nVh  720  km/h 


16.  The  midpoint  of  the  base  can  be  used  to 
create  three  equilateral  triangles. 


X 


LISSOM  12.1,  PAGES 


LESSON  1 i.h  mis  es^e-?  01 


4.  If  s also  called  the  identity  property. 

9.  -i-  i-Lh  multiplication  property  of  equality,  ^ 

11.  The  Midpoint  Postulate  says  that  a segment 
has  exactly  one  midpoint. 

25.  Two  consecutive  integers  can  be  written  as  n 
and  n + 1 . 
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LESSON  13:.2,rAGE:  709 


19. 


CciH?r 


^ / 
B^-fA 

-i 

> 

f 


IISSON  nj.  PACES  712-71 S 


2.  Draw  an  auxiliary  line  from  the  point  to  the 
midpoint  of  the  segment. 

5.  Draw  an  auxiliary  line  that  creates  two 
isosceles  triangles.  Use  isosceles  triangle 
properties  and  angle  subtraction. 

14.  Use  similarity  of  triangles  to  set  up  two 
proportions. 

16.  Graph  point  A and  the  line.  Fold  the  graph 
paper  along  the  line  to  see  where  points  reflects. 


LESSCim.i  PACE  717 


1.  Use  the  Quadrilateral  Sum  Theorem 


LES50M15.6.  PACE  729 


15.  Divide  the  triangle  into  three  triangles  with 
common  vertex  P. 

17.  Draw  a segment  from  the  point  to  the  center 
of  the  circle.  Using  this  segment  as  a diameter, 
draw  a circle.  How  does  this  help  you  find  the 
points  of  tangency? 


LESSON  D7.  PACES  7J3-7JS 


m + n 
n 


I + s 
s 


ZZL  + iL  = £ _|_  1 
n i 


12 


5.  Try  revising  the  steps  of  the  proof  for  the 
Parallel  Proportionality  Theorem 

6.  In  £!hATH,  let  m^A  = a,  ml.  T=  t,  then 
a + ^ = 90.  In  i\LTH,  ml-T-  t,  mLH-  h, 

then  /z  + ^ = 90.  Therefore,  h + t = a + t and 
so /z  - a.  Therefore,  liATH  ■ ■ iiHTL  byAA. 

In  like  manner  you  can  demonstrate  that 
i\ATH  LAHL,  and  thus  by  the  transitive 
property  of  similarity  all  three  are  similar. 

H 


7.  If  a is  the  geometric  mean  of  b and  c,  then 
^ J , or  - be. 

8.  Construct^  so  that  it’s  perpendicular  to  AB 
and  intersects  BC  at  point  D. 

A 


D 


C fl  U 


Use  the  Three  Similar  Right  Triangles  Theorem  to 
write  proportions  and  solve. 


Construct  right  triangle  DEF  with  legs  of  lengths 
a and  b and  hypotenuse  of  length  x. 

Then  + b^  by  the  Pythagorean  Theorem 

It  is  given  that  + b^.  Therefore,  x^  = 

orx  = c. 

If X = c,  then  ilDEF  = ilABC. 

10.  See  Exercise  18  in  Lesson  9.1. 

19a. 


19b. 


- 

2 

Q 
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Answers  for  Chapter  Reviews 


CWTIRBEVliW 


CKAraRREVIElA/ 


1.  Possible  answer:  Islamic,  Hindu,  Celtic 

2.  Sometimes  the  large  hexagons  appear  as  blocks 
with  a corner  removed,  and  sometimes  they  appear 
as  corners  with  small  cubes  nestled  in  them 


3.  Compass:  A geometry  tool  used  to  construct 
circles. 


Straightedge:  A geometry  tool  used  to  construct 
straight  lines. 


6.  Possible  answers:  hexagon:  honeycomb, 
snowflake;  pentagon:  starfish,  flower 

7.  Answers  will  vary.  Should  be  some  form  of  an 
interweaving  design. 

8.  Wheel  A has  four  lines  of  reflectional 
symmetry;  Wheel  C has  five  lines  of  reflectional 
symmetry.  Wheels  B and  D do  not  have 
reflectional  symmetry. 

9.  Wheels  B and  D have  only  rotational  symmetry. 
Wheels  A and  B have  4-fold,  Wheel  C has  5 -fold, 
and  Wheel  D has  3 -fold  rotational  symmetry. 

10, 11.  Drawing  should  contain  concentric 
circles  and  symmetry  in  some  of  the  rings. 

12.  The  mandala  should  contain  all  the  required 
elements. 

13a.  The  flag  of  Puerto  Rico  is  not  symmetric 
because  of  the  star  and  the  colors. 

13b.  The  flag  of  Kenya  does  not  have  rotational 
symmetry  because  of  the  spearheads. 

13c.  Possible  answers: 
lapari  Nigeria 


1.  True  2.  False;  it  is  written  as  QP. 

3.  True 

4.  False;  the  vertex  is  point  D. 

5.  True  6.  True 

7.  False;  its  measure  is  less  than  90°. 

8.  False;  two  possible  counterexarrples: 


LA  PD  and  LAIX:  LAPD  and  / Al*C 

■h  rf  a iLnea  r piir.  re-  the  wme  a ngje. 


9.  True 

11.  False; 

12.  True 

14.  True 

15.  False; 

16.  True 
18.  G 
20.  J 
22.  I 
24.  A 
26. 


10.  True 

they  are  supplementary. 

13.  True 

it  has  five  diagonals. 

17.  F 
19.  L 
21.  C 

23.  No  match 
25.  No  match 


K 


27.  N 
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37. 


40.  X = I2,y  =4 
42.  X = I0;y  =8 

44.  96° 

46.  30° 


39.  X =2,y  = 1 
41.  X =4,  y = 2.5 
43.  AB  = 16  cm 
45.  105° 
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50.  The  path  taken  by  the  midpoint  of  the  ladder 
is  an  arc  of  a circle  or  a quarter-circle  if  the 
ladder  slides  all  the  way  from  the  vertical  to  the 
horizontal. 


51.  He  will  get  home  at  5:46  (assuming  he  goes 
inside  before  he  gets  blown  back  again). 

52.  (2,  3) 

53.  54. 


55.  56. 


CHAPTER  REVIEW 


1.  Poor  inductive  reasoning,  but  Diana  was 
probably  just  being  funny 

2.  Answers  will  vary.  3.  Answers  will  vary. 

4.  19,-30  5.  S,36 

6.  2,  5,  10,  17,  26,  37  7.  1,  2,  4,  8,  16,  32 

. 930 


10.  900 
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12.  ^th  term  = -3^  + 5;  20th  term  =-55 

13.  ^th term  = 20th term  =210 


14. 

15. 

16. 
17. 


n^,  30^  = 900 


n(?r-lj  100(101) 


= 5050 


]) 

~2 

rT(?T-  1) 


= 741;  therefore,  n=  39 
= 2926;  therefore,  n - 11 


18.  -2,  54-2  = 52 

19a.  Possible  answers:  LEFC  and  LAFG,  LAFE 
and  LCFG,  LFGD  and  / BGH,  or  LBGF  and 
LHGD 

19b.  Possible  answers:  LAFE  and  LEFC,  LAFG 
and  LCFG,  / 5GFand  LFGD,  or  LBGH and 
LHGD  (there  are  four  other  pairs) 

19c.  Possible  answers:  LEFC  and  LFGD, 

LAFE  and  LBGF,  LCFG  and  LDGH,  or 
LAFG  and  LBGH 

19d.  Possible  answers:  LAFG  and  LFGD  or 
L CFG  and  LBGF 

20.  Possible  answers:  L GFC  by  the  Vertical 
Angles  Conjecture,  2L5GFby  the  Corresponding 
Angles  Conjecture,  and  LDGH,  using  the 
Alternate  Exterior  Angles  Conjecture 

21.  True.  Converse:  “If  two  polygons  have  the 
same  number  of  sides,  then  the  two  polygons  are 
congruenf ’;  false.  Counterexanples  may  vary; 
you  might  draw  a concave  quadrilateral  and  a 
convex  quadrilateral. 


23.  Py ' RX  and  SU  ! VX\  explanations  will  vary. 

24.  The  bisected  angle  measures  50°  because  of 
ALA.  So  each  half  measures  25°.  The  bisector  is  a 
transversal,  so  the  measure  of  the  other  acute 
angle  in  the  triangle  is  also  25°  by  ALA.  LLowever, 
this  angle  forms  a linear  pair  with  the  angle 
measuring  165°,  and  25°  + 165°  ^ 180°,  which 
contradicts  the  Linear  Pair  Conjecture. 

25.  a = 38°,  b = 38°,  c = 142°,  d = 38°,  ^ = 50°, 
/=  65°,  g=  106°,/z=  74°. 

The  angle  with  measure  e forms  a linear  pair  with 
an  angle  with  measure  130°  because  of  the 


Corresponding  Angles  Conjecture.  So  e measures 
50°  because  of  the  Linear  Pair  Conjecture.  The 
angle  with  measure/ is  half  of  the  angle  with 
measure  130°,  so/=  65°.  The  angle  with  measure  g 
is  congruent  to  the  angle  with  measure  106°  by  the 
Corresponding  Angles  Conjecture,  so  g = 106°. 


CHAPTER  3 * CHAPTER 


CHAPTER  3 * CHAPTER 


CHii^PTER  REVIEW 


1.  Lalse;  a geometric  construction  uses  a 
straightedge  and  a compass. 

2.  Lalse;  a diagonal  connects  two  non-consecutive 
vertices. 

3.  True  4.  True 

5.  Lalse 

JJ 


6.  Lalse;  the  lines  can’t  be  a given  distance  from 
a segment  because  the  segment  has  finite  length 
and  the  lines  are  infinite. 

7.  Lalse 

/;>  c 


4 

8.  True  9.  True 

10.  Lalse;  the  orthocenter  does  not  always  lie 
inside  the  triangle. 

11.  A 12.  Bor K 13.  I 14.  H 


15. 

19. 


16.  D 


17. 

20. 


18.  C 


21. 


23.  Construct  a 90°  angle  and  bisect  it  twice. 
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24. 


25.  Incenter 


■7"-i 

V 

26.  Dakota  Davis  should  locate  the  circumcenter 
of  the  triangular  region  formed  by  the  three  stones, 
which  is  the  location  equidistant  from  the  stones. 


y . y I X 

I ^ ' T" 

li  Sf^mcnl  p I 2^ 

29. 


30.  my. A - mLO.  You  must  first  find  LB. 
mLB  =180°  - 2{mLA). 


33.  Rotational  symmetry 

34.  Neither  35.  Both 

36.  Reflectional  symmetry 

37.  D 38.  A 39.  C 40.  B 

41.  False;  an  isosceles  triangle  has  two  congruent 
sides. 

42.  True 

43.  False;  any  non-acute  triangle  is  a 
counter  exanple. 

44.  False;  possible  explanation:  The  orthocenter 
is  the  point  of  intersection  of  the  three  altitudes. 

45.  True 

46.  False;  any  linear  pair  of  angles  is  a 
counter  exarrple. 

47.  False;  each  side  is  adjacent  to  one  congruent 
side  and  one  noncongruent  side,  so  two 
consecutive  sides  may  not  be  congruent. 

48.  False 


49.  False;  the  measure  of  an  arc  is  equal  to  the 
measure  of  its  central  angle. 

50.  False;  TD  = 2DR 

51.  False;  a radius  is  not  a chord. 

52.  True 

53.  False;  inductive  reasoning  is  the  process  of 
observing  data,  recognizing  patterns,  and  making 
generalizations  about  those  patterns. 

54.  Paradox 

55a.  L2  and  L6  or  L3  and  L5 
55b.  ^land^5  55c.  138° 

56.  55 
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57.  Possible  answer: 

"©000® 

58a.  Yes 

58b.  If  the  month  has  3 1 days,  then  the  month 
is  October. 

58c.  No 
59. 


60.  f(n)  = 3n~4;  20th  term=  56 

61.  f(n)  = n^  - 1;  20th  term  = 399 

62.  a = 38°,  b = 38°,  c = 142°,  d = 38°,  ^ = 50°, 

/=  65°,  106°,/z=  74°. 

Possible  explanation:  The  angle  with  measure  c is 
congruent  to  an  angle  with  measure  142°  because  of 
the  Corresponding  Angles  Conjecture,  so  c = 142°. 
The  angle  with  measure  130°  is  congruent  to  the 
bisected  angle  by  the  Corresponding  Angles 
Conjecture.  The  angle  with  measure  / has  half  the 
measure  of  the  bisected  angle,  so  /=  65°. 

63.  Triangles  will  vary.  Check  that  the  triangle  is 
scalene  and  that  at  least  two  angle  bisectors  have 
been  constructed. 

64.  mLFAD  - 30°  so  mLADC  = 30°,  but  its 
vertical  angle  has  measure  26°.  This  is  a 
contradiction. 

65.  Minimum:  101  regions  by  100  parallel  lines; 
maximum:  5051  regions  by  100  intersecting, 
noncurrent  lines 


CHAlPIERItEVIEW 


1.  Their  rigidity  gives  strength. 

2.  The  Triangle  Sum  Conjecture  states  that  the 
sum  of  the  measures  of  the  angles  in  every 
triangle  is  180°.  Possible  answers:  It  applies  to  all 
triangles;  many  other  conjectures  rely  on  it. 

3.  The  angle  bisector  of  the  vertex  angle  is  also 
the  median  and  the  altitude. 


4.  The  distance  between  A and  B is  along  the 
segment  connecting  them  The  distance  from  A 
to  C to  5 can’t  be  shorter  than  the  distance  from 
A to  B.  Therefore,  AC  + CB  > AB.  Points  A,  B, 
and  C form  a triangle.  Therefore,  the  sum  of  the 
lengths  of  any  two  sides  is  greater  than  the  length 
of  the  third  side. 

5.  SSS,  SAS,  ASA,  or  SAA 

6.  In  some  cases,  two  different  triangles  can  be 
constructed  using  the  same  two  sides  and  non- 
included  angle. 

7.  Cannot  be  determined 

8.  Z4PbySAA  9.  05t/bySSS 

10.  Cannot  be  determined 

11.  APR  by  SAS  12.  NGI  by  SAS 

13.  Cannot  be  determined 

14.  by  SAA  or  ASA 

15.  RBO  or  OBR  by  SAS 

16.  ilAMD  = AUMThy  SAS  jjThy  CPCTC 

17.  Cannot  be  determined 

18.  Cannot  be  determined 

19.  hTRI  = F:ALS  by  SAA;  AL  by  CPCTC 

20.  ij:SVE  = miKby  SSS;  KV  by  overlapping 
segments  property 

21.  Cannot  be  determined 

22.  Cannot  be  determined 

23.  ALAZ=  A/A7?byASA,  ihLRI  = FIZL  by 
ASA,  and  FpRD  = ihlZD  by  ASA 

24.  Yes;  LPTS  = IsTPO  by  ASA  or  SAA 

25.  AAAG  is  isosceles,  so  AA  = AG.  However, 
the  sum  of  mAA  + mLN  + mZG  - 188°.  The 
measures  of  the  three  angles  of  a triangle  must 
sum  to  180°. 

26.  ihROW  = AAGG  by  ASA,  inplying  that 
OW  = OG.  However,  the  two  segments  shown 
are  not  equal  in  measure. 

27.  a = g<  e = d = h = f < c.  Thus,  c is  the 
longest  segment,  and  a and  g are  the  shortest. 

28.  v = 20° 

29.  Yes.  iSTRE  = ^SAE  by  SAA,  so  sides  are 
congruent  by  CPCTC. 

30.  Yes.  AT’i^M  = iiREA  by  SAA.  ^REM  = 
i^ERA  by  CPCTC.  Because  base  angles  are 
congruent,  i\ERD  is  isosceles. 

31.  v = 48° 
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32.  The  legs  form  two  triangles  that  are 
congruent  by  SAS.  Because  alternate  interior 
angles  are  congruent  by  CPCTC,  the  seat  must  be 
parallel  to  the  floor. 

33.  Construct  LP  and  LA  to  be  adjacent  The 
angle  that  forms  a linear  pair  with  the  conjunction 
of  iiP  and  LA  is  LL.  Construct  LA  Mark  off  the 
length  AL  on  one  ray.  Construct  LL.  Extend  the 
unconnected  sides  of  the  angles  until  they  meet 
Label  the  point  of  intersection  P. 


34.  Construct  LP.  Mark  off  the  length  PB  on 
one  ray.  From  point  B,  mark  off  the  two  segments 
that  intersect  the  other  ray  of  LP  dX  distance  x 


35.  See  flowchart  below. 

36.  Given  three  sides,  only  one  triangle  is 
possible;  therefore,  the  shelves  on  the  right  hold 
their  shape.  The  shelves  on  the  left  have  no 
triangles  and  move  freely  as  a parallelogram 


37.  Possible  method:  Construct  an  equilateral 
triangle  and  bisect  one  angle  to  obtain  30°. 
Adjacent  to  that  angle,  construct  a right  angle  and 
bisect  it  to  obtain  45°. 

38.  d,  a = b,  c,  e,  f 


5 

HAPn=?  5 * CHAPTER 

CHAPTER  5 * ,HAPr-"=^ 

CHAPTER  REVIEW 


1.  360°  divided  by  the  number  of  sides 

2.  Sample  answers:  Using  an  interior  angle,  set 
interior  angle  measure  formula  equal  to  the  angle 
and  solve  for  n.  Using  an  exterior  angle,  divide 
into  360°.  Or  find  the  interior  angle  measure  and 
go  from  there. 

3.  Trace  both  sides  of  the  ruler  as  shown  below. 


4.  Make  a rhombus  using  the  double-edged 
straightedge,  and  draw  a diagonal  connecting  the 
angle  vertex  to  the  opposite  vertex. 


5.  Sample  answer:  Measure  the  diagonals  with 
string  to  see  if  they  are  congruent  and  bisect  each 
other. 


35.  {Chapter  4 Review) 


M ig 

otTKindm 

Given 


/ 

\ 


VcTtic,4  angles 

^ ^ £iTMI=AEMR 

DelliiiCipn  cif 
midpL^ino: 

t SAE 

Jm^mr 

L'Jeflniliyn  pf 
miiipoLnt 

' 

^ LT-:^LE 

* ^ Tf  1 flfi 

or 

LR^  Li 

CfM-iVipsi  of 
A] A CorajcctUK 

CKjrc 
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6.  Possible  answer:  Draw  a third  point  and  20. 

connect  it  with  each  of  the  two  points  to  form 
two  sides  of  a triangle.  Find  the  midpoints  of  the 
two  sides  and  connect  them  to  construct  the 
midsegment.  The  distance  between  the  two  points 
is  twice  the  length  of  the  midsegment. 

I.  x=  10°,  y - 40°  8.  X = 60  cm 

9.  116°,c  = 64°  10.  100 

II.  X = 38  cm 

12.  y = 34  cm,  z = 5l  cm 

13.  See  table  below.  14.  a = 72°,  Z?  = 108° 

15.  a = 120°,  b = 60°,  c = 60°,  d = 120°, 

^ = 60°,  /=  30°,  g=  108°,m=  24°,/?=  84°; 

Possible  explanation:  Because  c = 60°,  the  angle 
that  forms  a linear  pair  with  e and  its  congruent 
adjacent  angle  measures  60°.  So  60°  + 2e  = 180°, 
and  e = 60°.  The  triangle  containing  / has  a 60° 
angle.  The  other  angle  is  a right  angle  because  it 
forms  a linear  pair  with  a right  angle.  So/  = 30° 
by  the  Triangle  Sum  Conjecture.  Because  g is  an 
interior  angle  in  an  equiangular  pentagon,  divide 
540°  by  5 to  get  g = 108°. 

16.  15  stones  17.  (1,0) 

18.  When  the  swing  is  motionless,  the  seat,  the  23. 

bar  at  the  top,  and  the  chains  form  a rectangle. 

When  you  swing  left  to  right,  the  rectangle 
changes  to  a parallelogram  The  opposite  sides  stay 
equal  in  length,  so  they  stay  parallel.  The  seat  and 
the  bar  at  the  top  are  also  parallel  to  the  ground. 

19.  a = 60°,  b = 120° 


vector 


900  km/h 


50  ktWh 

Speed:  » 901.4  km/h.  Direction:  slightly  west  of 
north.  Figure  is  approximate. 


N i ’ >■  j: 


{Chapter  5 Review) 

Kite 

Isosceles 

trapezoid 

Farallelograrn 

Fhombus 

Rectangle 

Square 

Opposite  sides 
parallel 

No 

No 

Yes 

Yes 

Yes 

Yes 

Opposite  sides 
are  cc>n^rLieriL 

No 

No 

Yes 

Yes 

Yes 

Yes 

Opposite  angles 
are  eongruemt 

No 

No 

Yes 

Yes 

Yes 

Yes 

Diagonals  bisect 
each  other 

No 

No 

Yes 

Yos 

Yes 

Y« 

Diagonals  are 
perpendicular 

Yes 

No 

No 

Yw 

No 

Yes 

Diagonals  are 
congruent 

No 

Yes 

No 

No 

Yes 

Yes 

Exactly  one  line 
of  symmetry 

Yes 

Yes 

No 

No 

No 

No 

Exactly  two  lines 
of  symmetry 

No 

No 

No 

Yes 

Yes 

No 
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24.  Possible  answers: 


6 


25.  20  sides  26.  12  cm 

27.  See  flowchart  below. 

28.  See  flowchart  below. 


CHAPTEB  REVIEW 


1.  Answers  will  vary. 

2.  Draw  two  nonparallel  chords.  The  intersection 
of  their  perpendicular  bisectors  is  the  center  of 
the  circle. 

Fold  the  paper  so  that  two  semicircles  coincide. 
Repeat  with  two  different  semicircles.  The  center 
is  the  intersection  of  the  two  folds. 

Place  the  outside  or  inside  corner  of  the  L in  the 
circle  so  that  it  is  an  inscribed  right  angle.  Trace 
the  sides  of  the  corner.  Draw  the  hypotenuse  of 
the  right  triangle  (which  is  the  diameter  of  the 
circle).  Repeat.  The  center  is  the  intersection  of 
the  two  diameters. 


27.  {Chapter  5 Review) 


/ 

^ DE=Dl 

' DFNI  h 
a rlmiubus 

licfinition 
of  rhornbtis 

\ 

Given 

\ 

^ NE  = jVJ 

— ADEN  ^ad:n 

^ I3jV  bisects 

Defiri  Lt  io  n c 

Ff  / sss 

^ tDF  dud  / 

rhomlmH 

CPCTC 

Detlnition  of 

bisector 

28.  {Chapter  5 Review) 
Possible  answer: 


Given:  Parallelogram A5CD 
Show:  M =^andAD  = ^ 

Flowchart  Proof 


^ Z]  ^Z3 

\ 

^ Jd\\^ 

A]  A 

Del  in  itio  ti  u f 
parallclo^^ram 

* A BCD  is  a parallelo^rani 

^ ’ AABD  = ACDB 

Cl*CTC 


Given 


ABICD 

I ^ ~ " ^ 

Definition  of 


6 


Same  segmeiu 
Z4 


/ 


ASA 


^ AD  =CB 


ClCTC 


paralklo^l'ram  aiA 


776  ANSWERS  FOR  CHAPTER  REVIEWS 


© 2008  Key  Curriculum  Press 


3.  The  velocity  vector  is  always  perpendicular  to 
the  radius  at  the  point  of  tangency  to  the  object’s 
circular  path. 

4.  Sanple  answer:  An  arc  measure  is  between  0° 
and  360°.  An  arc  length  is  proportional  to  arc 
measure  and  depends  on  the  radius  of  the  circle. 


5. 

55°  6. 

o^ 

o 

7. 

128° 

9. 

91° 

10. 

66° 

11. 

125.7  cm 

12. 

42.0  cm 

13. 

15  cm 

14. 

14  JT  ft 

15. 

2-57°  + 

2 ■ 35 

° ^ 

180° 

16. 

84°  + 56° 

+ 56° 

+ 158°  ^ 360° 

17. 

rrijLEKL  = 

ImiTi 

-1 

00 

o 

0 

1 

mLKLY.  Therefore  KE  II YL  by  Converse  of  the 
Parallel  Lines  Conjecture. 

18.  mJI  = 360°  - 56°  - 152°  = 1^°  = mMI . 

Therefore  m£JMI  = \tnjf  — =mjLMJI, 

so  liy/M  is  isosceles.  " 

19.  mKIM  = Im^KEM  = 140°,  so  r^I  = 

140°  = 70°  = 70°  = mML  Therefore  m£lKM  = 

I fnMI  = i mKl.  = m LIMK,  so  LKIM  is  isosceles. 

20.  Ertha  can  trace  the  incomplete  circle  on 
paper.  She  can  lay  the  corner  of  the  pad  on  the 
circle  to  trace  an  inscribed  right  angle.  Then 
Ertha  should  mark  the  endpoints  of  the 
intercepted  arc  and  use  the  pad  to  construct  the 
hypotenuse  of  the  right  triangle,  which  is  the 
diameter  of  the  circle. 

21.  Sample  answer:  Construct  perpendicular 
bisectors  of  two  sides  of  the  triangle.  The  point  at 
which  they  intersect  (the  circumcenter)  is  the  center 
of  the  circle.  The  distance  from  the  circumcenter  to 
each  vertex  is  the  radius. 


22.  Sanple  answer:  Construct  the  incenter  (from 
the  angle  bisectors)  of  the  triangle.  From  the 
incenter,  which  is  the  center  of  the  circle, 
construct  a perpendicular  to  a side.  The  distance 


from  the  incenter  to  the  foot  of  the  perpendicular 
is  the  radius. 


23.  Sanple  answer:  Construe^  a right  angle  and 
label  the  vertex  R.  Mark  off  /?Eand  RT  with  any 
lengths.  From  point  E,  swing  an  arc  with  radius 
RT.  From  point  T,  swing  an  arc  with  radius  RE. 
Label  the  intersection  of  the  arcs  as  C.  Construct 
the  diagonals  ET  and  RC.  Their  intersection  is 
the  center  of  the  circumscribed  circle.  The  circle’s 
radius  is  the  distance  from  the  center  to  a vertex. 

It  is  not  possible  to  construct  an  inscribed  circle 
in  a rectangle  unless  it  is  a square. 


24.  Sanple  answer:  Construct  acute  angle  R. 
Mark  off  equal  lengths  RM  and  RH.  From  points 
M and  H,  swing  arcs  of  lengths  equal  to  RM. 
Label  the  intersection  of  the  arcs  as  O.  Construct 
RHOM.  The  intersection  of  the  diagonals  is  the 
center  of  the  inscribed  circle.  Construct  a 
perpendicular  to  a side  to  find  the  radius.  It  is 
not  possible  to  construct  a circumscribed  circle 
unless  the  rhombus  is  a square. 


25.  4x+  3y=  32  26.  (-3,  2) 

27.  J = 0.318  m 

28.  Melanie:  151  m/min  or  9 km/h;  Melody: 
94  m/min  or  6 km/h. 

29-  1-849  < 1.852  < 1.855 

360  ’ 60 

_ 2n{6i7B) 

^ 360  ’ 60 
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33.  The  circumference  is  •2n-(45)  = 127t; 
12  cm  is  the  diameter. 


hlliCED  KEVIEW 


34.  False.  20°  + 20°  + 140°  = 180°.  An  angle 
with  measure  140°  is  obtuse. 

35.  True  36.  False 


37.  True  38.  True  39.  True  40.  True 

41.  False.  (7  -2)  • 180°  = 900°.  It  could  have 
seven  sides. 

42.  False.  The  sum  of  the  measures  of  any 
triangle  is  180°. 

43.  False.  The  sum  of  the  measures  of  one  set  of 
exterior  angles  for  any  polygon  is  360°.  The  sum 
of  the  measures  of  the  interior  angles  of  a 
triangle  is  180°  and  of  a quadrilateral  is  360°. 
Neither  is  greater  than  360°,  so  these  are  two 
counterexanples. 

44.  False.  The  consecutive  angles  between  the 
bases  are  supplementary. 

45.  False.  48°  + 48°  + 132°  180° 

46.  False.  Inscribed  angles  that  intercept  the 
same  arc  are  congruent. 

47.  False.  The  measure  of  an  inscribed  angle  is 
half  the  measure  of  the  arc. 

48.  True 

49.  False.  AC  and  BD  bisect  each  other,  but  AC 
is  not  perpendicular  to  BD . 

ly  C 


50.  False.  It  could  be  isosceles. 

51.  False.  100°  +_100°  + 100°  + 60°  = 360° 

52.  False.  ~AB  ^ CD 


A C 


55.  True  56.  This  is  a paradox. 

57.  a = 58°,  b = 61°,  c = 58°,  d = 122°, 

58°,/=  64°,  g=  116°, /z=  52°,/=  64°, 

k = 64°,  / = 105°,  m = 105°,  n = 105°,;?  = 75°, 

^ = 1 16°,  r = 90°,  ^ = 58°,  t = 122°,  u = 105°, 
v=  75°,  w=  61°,x=  29°,y  = 151° 

58.  ATAR  =E  AYRAhySAS 

59.  LhFTO  = AlTObySAA, 

AFLO  = AYLO  by  SAA,  AFTL  = AYTL  by  SSS 

60.  APTR  = AARThySAS,ATPA=  ARAP 
by  SAS 

61.  ASA 

62.  mAC  = 84°,  length  of  AC  = 1 1 .2  ?r  as  35.2  in. 

63.  v=  63°,y  = 27°,  w=  126° 

64.  Sanple  answer: 


65.  f(n)  = 9 - 4n;  20th  term  = -71 
66a.  The  circle  with  its  contents  has  3 -fold 
rotational  symmetry,  the  entire  tile  does  not. 


67. 


68.  9.375  cm 
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□ 

CMAf'-’TFR  7 - CHAPTErI 

CMA  T7R  7 •=  C1APTEB 

1 

CHAFER  IREVIEW 


I.  True  2.  True  3.  True 

4.  True  5.  True  6.  True 

7.  False;  a regular  pentagon  does  not  create  a 
monohedral  tessellation  and  a regular  hexagon 
does. 

8.  True  9.  True 

10.  False;  two  counterexanples  are  given  in 
Lesson  7.5. 

II.  False;  any  hexagon  with  all  opposite  sides 
parallel  and  congruent  will  create  a monohedral 
tessellation. 

12.  This  statement  can  be  both  true  and  false. 

13.  6-fold  rotational  symmetry 

14.  Translational  symmetry 

15.  Reflectional;  color  arrangements  will  vary, 
but  the  white  candle  must  be  in  the  middle. 

16.  The  two  towers  are  not  the  reflection  (or 
even  the  translation)  of  each  other.  Each  tower 
individually  has  bilateral  symmetry.  The  center 
portion  has  bilateral  symmetry. 

17.  Answers  will  vary. 

18.  Answers  will  vary. 

19.  3^/3^.4.3.4;  2-  uniform 


20.  4.8^;  semiregular 

21.  See  diagram  below. 

22.  See  diagram  below. 

23.  Use  a grid  of  squares.  Tessellate  by 
translation. 


24.  Use  a grid  of  equilateral  triangles.  Tessellate 
by  rotation. 

25.  Use  a grid  of  parallelograms.  Tessellate  by 
glide  reflection. 


26.  Yes.  It  is  a glide  reflection  for  one  pair  of  sides 
and  midpoint  rotation  for  the  other  two  sides. 


27.  No.  Because  the  shape  is  suitable  for  glide 
reflection,  the  rows  of  parallelograms  should 
alternate  the  direction  in  which  they  lean  (row  1 
leans  right,  row  2 leans  left,  row  3 leans  right, . . .). 


28. 


CHAPTER  REVIEW 


1.  B (parallelogram) 
3.  C (trapezoid) 

5.  F (regular  polygon) 


2.  A (triangle) 
4.  E (kite) 

6.  D (circle) 


21.  {Chapter  7 Review) 


22.  {Chapter  7 Review) 
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7.  J (sector)  8.  I (annulus) 

9.  G (cylinder)  10.  H(cone) 


14.  Sanple  answer:  Construct  an  altitude  from 
the  vertex  of  an  obtuse  angle  to  the  base.  Cut  off 
the  right  triangle  and  move  it  to  the  opposite  side, 
forming  a rectangle.  Because  the  parallelogram’s 
area  hasn’t  changed,  its  area  equals  the  area  of  the 
rectangle.  Because  the  area  of  the  rectangle  is 
given  by  the  formula  A = bh,  the  area  of  the 
parallelogram  is  also  given  by  A = hh. 


15.  Sanple  answer:  Make  a copy  of  the  trapezoid 
and  put  the  two  copies  together  to  form  a 
parallelogram  with  base  {b\  + ) and  height  h. 

Thus  the  area  of  one  trapezoid  is  given  by  the 
formula  A = 


16.  Sanple  answer:  Cut  a circular  region  into 
1 6 wedges  and  arrange  them  into  a shape  that 
resembles  a rectangle.  The  base  length  of  this 
“rectangle”  is  ttv  and  the  height  is  r,  so  its  area  is 
itH.  Thus  the  area  of  a circle  is  given  by  the 
formula  A — 


17. 

800  cm^ 

18. 

5990.4  cm^ 

19. 

60n'cm^  or 

about  188.f 

5 crn^ 

20. 

32  cm 

21. 

32  cm 

22. 

15  cm 

23. 

81ircm^ 

24. 

48?rcm 

25. 

40° 

26. 

153.9  crn^ 

27. 

72  cm^ 

28. 

30.9  crn^ 

29. 

300  crn^ 

30. 

940  cm^ 

31. 

1356  cm^ 

32. 

Area  is  1 12  square  units. 

33.  Area  is  81  square  units. 


34.  6 cm  35.  172.5  cm^ 

36.  Sanple  answers: 


‘1  ^ M / i 

: 1 Ml; 

1 Ml:’  ’ 

■ 1 - \ \ } ' 

1 111  = 

^ '•  1 

\ \ 

\ \ 1 

\ \ 1 
\ 1 

11; 

M MM  ^ 

\ \ 

37.  1250 

38.  Circle.  For  the  square,  100  = 45-,  5-  = 25, 

A = 25^  = 625  fP.  For  the  circle,  100  = 2jrr, 
r ^ 15.9,  A ^ it(15.9)2  * 795  fP. 

39.  A round  peg  in  a square  hole  is  a better  fit. 
The  round  peg  fills  about  78.5%  of  area  of  the 
square  hole,  whereas  the  square  peg  fills  only 
about  63.7%  of  the  area  of  the  round  hole. 

40.  Giant  41.  About  14  oz 
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42.  One-eighth  of  a 12-inch  diameter  pie; 
one-fourth  of  a 6-inch  pie  and  one-eighth  of  a 
12-inch  pie  both  have  the  same  length  of  crust, 
and  more  than  one-sixth  of  an  8-inch  pie 

43a.  96  ft;  40  ft  43b.  3290  fP 
44.  $3000  45.  $4160 

46.  It’s  a bad  deal.  2jrn  = 44  cm  lirri  = 22  cm, 

which  irrplies  Attvi  - 44  cm  Therefore  r\  - Iri. 
The  area  of  the  large  bundle  is  -I  . The 

combined  area  of  two  small  bundles  is  2ir(?-^)- 
crn^.  Thus  he  is  getting  half  as  much  for  the 
same  price. 

47.  $2002  48.  $384  (16  gal) 


CH  PTERy  ^ CHAPT  = =l 


CHAPTERS  • CHAP^=R 


CHARIER  REVIEW 


1.  20  cm  2.  10  cm  3.  obtuse  4.  26  cm 


7.  200\^ 


6-  i Wl 

8.  J = 12vT  cm 


9.  246  crn^  10.  72jt  in^ 

11.  24rr  crn^  12.  (2sr  - 4)  crn^ 

13.  222.8  crn^  14.  isosceles  right 

15.  No.  The  closest  she  can  come  to  canp  is 
10  km 


16.  No.  The  15  cm  diagonal  is  the  longer 
diagonal. 

17.  1.4krn;S2mLn 

18.  Yes  19.  29  ft  20.  * 45  ft  21.  50  mi 

22.  707  m^  23.  6VJ  and  18 

24.  12  m 25.  42 

26.  No.  If  you  reflect  one  of  the  right  triangles 
into  the  center  piece,  you’ll  see  that  the  area  of 
the  kite  is  almost  half  again  as  large  as  the  area  of 
each  of  the  other  triangles. 


Or  you  might  corrpare  areas  by  assuming  the 
short  leg  of  the  30°-60°-90°  triangle  is  1.  The  area 
of  each  triangle  is  then  ^ and  the  area  of  the 
kite  is  3 


28.  The  quarter-circle  gives  the  maximum  area. 
Triangle: 


29.  1.6  m 


MIXED  Rimm 


30. 


31.  4;  0;  10.  The  rule  is?  if  n is  even,  but  0 if  ^ is 
odd. 

32.  4 jt,  or  approximately  12.6  in./s 

33.  True  34.  True 


© 2008  Key  Curriculum  Press 


ANSWERS  FOR  CHAPTER  REVIEWS781 


35.  False.  The  hypotenuse  is  of  lengths  V^. 

36.  True 

37.  False;  (j^.  Ti)' 

38.  False.  A glide  reflection  is  a combination  of  a 
translation  and  a reflection. 

39.  False.  Equilateral  triangles,  squares,  and 
regular  hexagons  can  be  used  to  create  monohedral 
tessellations. 

40.  True  41.  D 42.  B 43.  A 

44.  C 45.  C 46.  D 

47.  See  flowchart  below. 

48.  N 


w 


/ 


49.  34  cni^;  22  +4V2  ^ 27.7  cm 

50.  ^cra-  51.  About  55.9  m 

52.  About  61.5  cm^  53.  48  cm 

54.  322 


CHAPTIR  REVIEW 


1.  They  have  the  same  formula  for  volume: 
y=  BH. 


2.  They  have  the  same  formula  for  volume: 
y = IBJL 


3.  6240  cm^ 

4. 

1029a-cm^ 

5.  1200  cm^ 

6. 

32  cm^ 

7.  lOOn-cm^ 

8. 

2250a-cm^ 

9.  H = 12.8  cm 

10. 

h = 1 cm 

11.  r = 12  cm 

12. 

r = 8 cm 

13.  960  cm^ 

14. 

9m 

15.  851  cm^ 

16. 

Four  times 

17a.  y^xtra  large 

F^mbo  * 20 1 . 1 in 
ycoiossai  * 785.4  in 

17b.  14.5  times  as  great 

18.  Cylinder  B weighs  times  as  much  as 
cylinder  A. 

19.  2129  kg;  9 loads 

20.  H =2r  * • Thus,  52.4%  of  the  box 

is  filled  by  the  ball. 

21.  Approximately  358  yd^ 

22.  No.  The  unused  volume  is  98 sr  in^,  and  the 
volume  of  the  meatballs  is  32a-  in^. 

23.  Platinum 


47.  {Chapter  9 Review) 


' ABCD  \i 

a reclangle 

Given 

i 

^ ABCLi  is 

apai'illelogi'ain 

Uefinitioii  ot 
recLan^le 


Detinitioiiof 


AC  = AC 


AJA  Coiijectiiie 


SAACoiigLueiKt 

Q>iijtciu33e 


Same  negme  tir 
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24.  No.  The  ball  weighs  253  lb. 

25.  256  lb 

26.  Approximately  3 in. 

27.  (|--  ) m-' - 0.23  m-* 

28.  1 60 JT cubic  units 


CH  tl  » CHAPTER 

11 

jcHAPTER  1 *CHAP^ 

CHAIPIER  [REVIEW 


1.  x = 24 

2.  X = 66 

3.  x = ±6 

4.  x=  11 

5.  w = 6 cm;  x = 4.5  cm;  y = 7.5  cm;  z = 3 cm 

6.  = 4-g  cm;y  = 

7.  13  ft  2 in. 

8.  It  would  still  be  a 20°  angle. 


10.  Yes.  If  two  triangles  are  congruent, 
corresponding  angles  are  congruent  and 
corresponding  sides  are  proportional  with 
ratio  so  the  triangles  are  similar. 

11.  15  m 

12.  4 gal;  8 times 

13.  Possible  answer:  You  would  measure  the 
height  and  weight  of  the  real  clothespin  and  the 
height  of  the  sculpture. 

^SLii^J'lijru  / ^■^M.nJ|.ilurt 

~W  ~ l77  J 

drthc^in  V ili)(hi:js|jin/ 

If  you  don’t  know  the  height  of  the  sculpture,  you 
could  estimate  it  from  this  photo  by  setting  up  a 
ratio,  for  exanple 

^^pecicin  •^•^^LuJpliira 

14.  9:49  or  ^ 

49 

5 1 ? 

15.  Ratio  of  radii  = ratio  of  volumes= 


16.  $266.67 

17.  640jrcm^ 

18.  w = 32;  X = 24;  y = 40;  z = 126 

19.  841  coconuts 

20a.  1 to  Y to  or  4 to  irto  2 
20b.  3 to  2 to  1 

20c.  Answers  will  vary. 

21.  Possible  answer:  If  food  is  proportional  to 
body  volume,  then  of  the  usual  amount  of 
food  is  required.  If  clothing  is  proportional  to 
surface  area,  then  toe  usual  amount  of 
clothing  is  required.  It  would  take  20  times  longer 
to  walk  a given  distance. 

22.  The  ice  cubes  would  melt  faster  because  they 
have  greater  surface  area. 


(HAPTEIt  REVIEW 


I.  0.8387  2.  0.9877 

3.  28.6363 

4.  sin  A = cosA  = tan  A = ^ 

5.  sinJj  = cosJi  = -Jy;  tanfi  = 

6.  sinr^  - li;  cos^(>  = f;  filing  - y 

7.  33°  8.  86° 

9.  71°  10.  1823  cm^ 

II.  15,1 16  cm^ 

12.  Yes,  the  plan  meets  the  act’s  requirements. 
The  angle  of  ascent  is  approximately  4.3°. 

13.  Approximately  52  km 

14.  Approximately  7.3° 

15.  Approximately  22  ft 

16.  Approximately  6568  m 

17.  Approximately  2973  km/h 

18.  393  cm2 

20.  78  ° 21.  105  cm 

22.  51°  23.  759  cm2 

24.  Approximately  25  cm 

25.  72  cm2 

26.  Approximately  15.7  cm 

27.  Approximately  33.5  crn^ 

28.  Approximately  10. 1 km/h  at  an  approximate 
bearing  of  24. 5° 
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CHAPTER  REVIEW 


29.  False;  an  octahedron  is  a polyhedron  with 
eight  faces. 

30.  False 


Q 


31.  True  32.  True 

33.  False;  the  ratio  of  their  areas  is^- 

34.  True 


35.  False; 
tangent  of  ^T  = 


length  o(  Ifg  cTpchutc  ZT 
length  at  kg  adjacent  to  Z'f 


36.  True  37.  True 

38.  True  39.  True 

40.  False;  the  slope  of  line  is"!- 

41.  False 


42. 

B 

43. 

C 

44. 

A 

45. 

46. 

B 

47. 

B 

48. 

A 

49. 

50. 

C 

51. 

D 

52. 

C 

53. 

54. 

on’ 

55. 

28jt 

cm^ 

56. 

30.5ff  cm^ 

57. 

33 

58. 

(x,  y)  (x 

+ L 

.y-3) 

59. 

w = 

48  cm. 

X = 

24  cm. 

y = 

28.5 

cm 

60.  Approximately  18  cm 

61.  (x-  5)^  + (y-  1)^=  9 


D 

B 

A 


62.  Sanple  answer:  Each  interior  angle  in  a 
regular  pentagon  is  108°.  Three  angles  would  have 
a sum  of  324°,  36°  short  of  360°,  leaving  a gap. 
Four  angles  would  have  a sum  exceeding  360°, 
creating  an  overlap. 


63.  Approximately  99.5  m 

64.  30  ft  65.  4 cm 


66a.  mLABC  = 2 ■ mLABD 

66b.  Possible  answers:  BD  is  the  perpendicular 
bisector  of  AC  It  is  the  angle  bisector  of  LABC; 
a median,  and  divides  LABC  into  two  congruent 
right  triangles. 


1.  False.  It  could  be  an  isosceles  trapezoid. 

2.  True 

3.  False.  It  could  be  an  isosceles  trapezoid  or  a kite. 

4.  True 

5.  False.  The  angles  are  supplementary,  but  not 
necessarily  congruent. 

6.  False.  See  Lesson  13.5,  Exanple  B. 

7.  True 

8.  perpendicular 

9.  congruent 

10.  the  center  of  the  circle 

11.  four  congruent  triangles  that  are  similar  to 
the  original  triangle 

12.  an  auxiliary  theorem  proven  specifically  to 
help  prove  other  theorems 

13.  If  a segment  joins  the  midpoints  of  the 
diagonals  of  a trapezoid,  then  it  is  parallel  to  the 
bases. 

14.  Angle  Bisector  Postulate 

15.  Perpendicular  Postulate 

16.  Assume  the  opposite  of  what  you  want  to 
prove,  then  use  valid  reasoning  to  derive  a 
contradiction. 

17a.  Smoking  is  not  glamorous. 

17b.  If  smoking  were  glamorous,  then  this 
smoker  would  look  glamorous.  This  smoker  does 
not  look  glamorous,  therefore  smoking  is  not 
glamorous. 

18.  False.  The  parallelogram  could  be  any 
rhombus. 

19.  False.  Possible  counterexanple: 


20.  False.  The  sum  of  measures  of  the  interior 
angles  formed  by  the  perpendicular  bisectors  is 
540°,  so  X + 90°  + /?  + /?+  90°  = 540°,  which 
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21.  True  (except  in  the  special  case  of  an 
isosceles  right  triangle,  in  which  the  segment  is 
not  defined  because  the  feet  coincide). 

Given:  Isosceles  with  AC=  BC\  ^ 
altitudes  AD  and  BE,  ED  A, 

Show:^Z)|A5  / \ 

Paragraph  Proof: 

jLEAB  = £Z)5Aby  the  Isosceles 
Triangle  Theorem  LAEB  = ^BDA 
by  the  definition  of  altitude  and  the^ight  Angles 
Are  Congruent  Theorem  AB  = AB  by  the 
reflexive  property  of  congruence.  LiAEB  = 

LhBDA  by  SAA. Therefore  AE  ^BD  by  CPCTC. 
By  the  definition  of  congruence,  AC  = BC  and 
AE  = BD,  so  EC  = DC  by  the  subtraction 
property  of  equality.  By  the  division  property  of 
equality,  — /uJi  so  ED  divides  the  sides  of 
iAABC  proportionally.  Therefore  ED  \ AB  by  the 
Converse  of  the  Parallel/Proportionality  Theorem 

22.  True 


Given:  Rhombus  ROME  with  diagonals  i?Mand 
EO  intersecting  at  B 


Statement  Reason 


1.  ^ 1 = ^2 

2.  RO  = RE 

3.  RO=RE 

4. 

5.  ilROB  = iiREB 

6.  ^3  = ^4 

7.  21 3 and  .-■■  4 are 
a linear  pair 

8.  213  and  214  are 
supplementary 


1 . Rhombus  Angles  Theorem 

2.  Definition  of  rhombus 

3 . Definition  of  congruence 

4.  Reflexive  property  of 
congruence 

5.  SAS  Congruence  Postulate 

6.  CPCTC 

7.  Definition  of  linear  pair 

8.  Linear  Pair  Postulate 


9.  213  and  .V  4 are  9.  Congruent  and 

right  angles  Supplementary  Theorem 

10.  RM^EO  10.  Definition  of 

perpendicular 

23.  True.  See  flowchart  proof  below. 

NOTE:  The  answers  to  Exercises  21-23  are 
models  of  what  a thorough  proof  should  look 
like.  The  answers  to  Exercises  24-31  explain  the 
logic  of  each  proof  without  showing  the  details 
required  for  a thorough  proof 


23.  {Chapter  13  Review) 

Given:  Parallelogram  AS  CD;  AEbisects  21SAD;  CE  bisects  ^BCD 
Show:  AE  II  CE 
Flowchart  Proof: 


* .4.BCD  is-  A 

^ AB  CD 

^ 2 2 and  / die 

piLrallclogram 

DefilucLon  of 

supplemcnTary 

Given 


piariilldogr^m 


V 


[iircTLEsr  SupplemcnTs 

Theorem 


\ 


mLBAD  = mCBCD 


DpjM>.site  Angles 
ThcEsrem 


^ )^m^3AD  = jtttABCD 


MalLiplLcicLoii  pi^ipert^- 

ut  ct|LiaJity 


A I and  213  are 
^npplcincntdiy 

5iih.stituticin 


* A f;  bisects  i BAD 

rjici  L = BAD 

1 

A£||CF 

CF  bisects  A3CD 

mC2  = \tn^BCD 

Sub^timrlon 

Convert  Cit 

Given 

2 

the  Imerior 

Detinition  ot 
angle  bisector 


Supplements 

TKeoreiti 
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24.  Use  the  Inscribed  Angle  Theorem,  the 
addition  property,  and  the  distributive  property  to 
get  m^P  + mLE  + m^N  + T + mLA 

= + mAf  + mW\  + mSiP  + mM). 

Because  there  are  360°  in  a circle,  mAP  + mAE  + 
mLN  + m^T  + mAA  - 180°. 

25.  T 


Assume  mLH  > 45°  and  m£.T>  45°.  Use  the 
Triangle  Sum  Theorem,  the  substitution  property, 
and  the  subtraction  property  to  get  mLH  + 
m^T  > 90°,  which  creates  a contradiction. 
Therefore  mLH  ^ 45°  or  mZ.  45°. 

26.  r 


Use  the  definition  of  midpoint,  the  Segment 
Addition  Postulate,  the  substitution  property,  and 
the  division  property  to  get  ^ and  = 2- 
Then  use  the  reflexive  property  and  the  SAS 
Similarity  Theorem  to  get  AMSY^  ATRY. 
Therefore,  MS=  i TR  by  CSSTP  and  the 
multiplication  property  and  MS  ' TR  by  CASTC 
and  the  CA  Postulate. 


Use  the  Line  Postulate  to  extend  ZO  and  DR  .Then 
use  the  Line  Intersection  Postulate  to  label  P as  the 
intersection  of  ZOand  DR.^DYR  = t^POR  by 
the  SAA  Theorem;  thus  DY  ^ OP  by  CPCTC.  Use 
the  Triangle  Midsegment  Theorem  and  the 
substitution  property  to  get  TH  =*  |(/f>  + OlO, 

28a.  The  quadrilateral  formed  when  the 
midpoints  of  the  sides  of  a rectangle  are 
connected  is  a rhombus. 


Use  the  Right  Angles  Are  Congruent  Theorem 
and  the  SAS  Congruence  Postulate  to  get 
AAP7T  = ihBEE  = ihDGH  = iSCGE.  Then  use 
CPCTC  to  prove  that  EEGH  is  a rhombus. 

29a.  The  quadrilateral  formed  when  the 
midpoints  of  the  sides  of  a rhombus  are 
connected  is  a rectangle. 

29b.  / 


By  the  Triangle  Midsegment  Theorem  both  PM 
and  ON  are  parallel  to  L/and  both  PO  and  MN 
are  parallel  to  /iTBecause  L/and  IK  are 
perpendicular,  we  can  use  corresponding  angles 
on  parallel  lines  to  prove  that  the  lines  that 
are  adjacent  sides  of  the  quadrilateral  are  also 
perpendicular. 

30a.  The  quadrilateral  formed  when  the 
midpoints  of  the  sides  of  a kite  are  connected  is  a 
rectangle. 

30b.  / 


By  the  Triangle  Midsegment  Theorem  both  PM 
and  ON  are  parallel  to  LJ  and  both  PO  and  MN 
are  parallel  to  IK  Because  L/and  IK  are 
perpendicular,  we  can  use  the  CA  Postulate  to 
prove  that  the  lines  that  are  adjacent  sides  of  the 
quadrilateral  are  also  perpendicular. 

31.  c 


Use  the  Line  Postulate  to  construct  chords  DB 
and  AC.  Then  use  the  Inscribed  Angles 
Intercepting  Arcs  Theorem  and  the  AA  Similarity 
Postulate  to  get  iiAPC  iiDPB.  Therefore, 
by  CSSTP  and  the  multiplication  property, 

AP  • PB  = DP  • PC. 
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The  number  in  parentheses  at  the  end  of  each 
definition  gives  the  page  where  each  term  is 
introduced  in  the  text.  Some  terms  have  multiple 
page  numbers  listed  because  they  have  different 
applications  in  different  lessons.  Most  terms, 
including  those  that  you  define  in  investigations, 
include  either  a visual  representation  or  a 
reference  to  a related  definition  that  includes  a 
visual  representation. 


abscissa  The  x- coordinate  in  an  ordered  pair 
(x,  y),  measuring  horizontal  distance  from  the 
y-axis  on  a coordinate  plane.  (672) 

absolute  value  A number’s  distance  from  zero 
on  the  number  line.  (679) 

acute  angle 


You  define  this 
Angles.  (49) 

acute  triangle 

A 


it  C 

You  define  this 
Triangles.  (60) 

adjacent  angles 

^ 1 and  / 2 bie  adjac-entangilei. 


Two  non-overlapping  angles  with  a common 
vertex  and  one  common  side.  (43) 

adjacent  interior  angle  The  angle  of  a polygon 
that  forms  a linear  pair  with  a given  exterior  angle 
of  a polygon.  See  remote  interior  angles.  (217) 


ar  acut€  angle. 


term  in  the  Investigation  Defining 


If  AJi,  zC  are  ^nglies, 

AA&C  is  an  atute  triaogile. 


term  in  the  Investigation 


adjacent  leg  (of  an  acute  angle  in  a right  triangle) 


SK  Is  theside 
adjacent  to  ZZ 


The  side  of  the  angle  that  is  not  the 
hypotenuse.  (640) 


adjacent  sides  See  consecutive  sides. 


alternate  exterior  angles 


Zl  andzziire 
alternate  exterior 
angles. 


A pair  of  angles,  formed  by  a transversal 
intersecting  two  lines,  that  do  not  lie  between  the 
two  lines  and  are  on  opposite  sides  of  the 
transversal.  (128) 


alternate  interior  angles 


zl  and  Z2are 
alternate  Inteior 
angles. 


A pair  of  angles,  formed  by  a transversal 
intersecting  two  lines,  that  lie  between  the  two  lines 
and  are  on  opposite  sides  of  the  transversal.  (128) 

altitude  (of  a cone,  pyramid,  or  triangle) 

4 

SZJisan 

\ altitude 

ofAABC. 

'D  it  C 

A perpendicular  segment  from  a vertex  to  the 
base  or  to  the  line  or  plane  containing  the  base. 

See  cone,  pyramid,  and  triangle.  (156) 
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altitude  (of  a parallelogram,  trapezoid,  prism,  or 
cylinder) 


li  f 


-IL 


A perpendicular  segment  from  a base  to  the 
parallel  base  or  to  the  line  or  plane  containing 
the  parallel  base.  See  cylinder,  parallelogram, 
prism,  and  trapezoid.  (424) 

angle 


is  an  angle. 


Two  noncollinear  rays  having  a common 
endpoint  (38) 

angle  (of  a polygon)  An  angle  having  two  adjacent 
sides  of  the  polygon  as  its  sides.  See  polygon.  (54) 

angle  addition  A property  that  states  if  D is  in  the 
interior  of  LCAB,  then m£ CAD  + mLDAB  - 
mLCAB.  (73) 


angle  bisector 


CD  is  the  angle  bisector  of  ^ BCA. 


A ray  that  has  its  endpoint  at  the  vertex  of  the 
angle  and  that  divides  the  angle  into  two 
congruent  angles.  (40) 

angle  bisector  (of  a triangle) 

Q 


flS  h an  angle 
bisector  ■oJiPQfl'. 


A segment  that  lies  on  an  angle  bisector  and  that 
has  one  endpoint  at  the  vertex  and  the  other  on 
the  opposite  side  of  the  triangle.  (159) 


angle  of  depression  The  angle  formed  by  a 
horizontal  line  and  the  line  of  sight  of  a viewer 
looking  down.  See  angle  of  elevation.  (647) 


angle  of  elevation 


The  angle  formed  by  a horizontal  line  and  the 
line  of  sight  of  a viewer  looking  up.  (647) 


angle  of  rotation 


. AngLt  of 
ryUJlioi] 


Ttie  image-  has  been  rotated 
by  the  angle  of  rotation. 


The  angle  between  a point  and  its  image  under  a 
rotation,  with  its  vertex  at  the  center  of  the 
rotation  and  sides  that  go  through  the  point  and 
its  image.  (369) 

angular  velocity  (of  an  object  moving  around  a 
circle)  The  rate  of  change,  with  respect  to  time, 
of  the  measure  of  the  arc  between  an  object  and 
its  starting  position.  (352) 

annulus 


The  shaded  region  bet^veen 
th«  drdeshaoannuliis. 


The  region  between  two  concentric  circles  of 
unequal  radius.  (453) 

antecedent  The  first  or  “if”  clause  of  a 
conditional  statement.  (679) 
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antiprism 


I / ' ' Xi 

cx» 


A polyhedron  with  two  parallel,  congruent  bases 
and  triangular  lateral  faces.  (543) 

apothem  (of  a regular  polygon) 


OP  is  the  ^tH>thervi 
ofABCDE. 


A perpendicular  segment  from  the  center  of  the 
polygon’s  circumscribed  circle  to  a side  of  the 
polygon.  Also,  the  length  of  that  segment.  (442) 


arithme  tic  se que nee  A pattern  in  which  each 
term  is  generated  by  adding  a constant  to  the 
previous  term  (580) 

assume  To  accept  as  true  without  facts  or  proof 
(59) 


EC  is  an  auxiliary  Una 
that  helps  prove  that 
mC2  + -I- 

equals  160^ 


An  extra  line  or  line  segment  drawn  in  a figure  to 
help  with  a proof  (201) 

axis  (of  a cone  or  cylinder)  The  line  segment 
connecting  the  center  of  the  base  to  the  vertex  or 
center  of  the  other  base.  See  cone  and  cylinder.  (523) 


.Af  is  ar  arc. 


Two  points  on  a circle  and  the  continuous  part  of 
the  circle  between  them  (71) 

arc  length  The  portion  of  the  circumference  of 
the  circle  described  by  an  arc,  measured  in  units 
of  length.  (349) 

arc  measure 


THe  measure  of 
arc  ^c:is45'=. 


The  measure  of  the  central  angle  that  intercepts 
an  arc,  measured  in  degrees.  (71) 

Archimedean  tiling  A regular  or  semiregular 
tessellation.  See  regular  tessellation  and 
semiregular  tessellation.  (391) 

area  The  measure  of  the  size  of  the  interior  of  a 
figure,  expressed  in  square  units.  (422) 


hase  (of  a polygon)  A side  of  the  polygon  used  for 
reference  to  determine  an  altitude  or  other  feature. 

See  parallelogram,  trapezoid,  and  triangle. 

(61,269,  423) 

hase  (of  a solid)  A polygon  or  circle  used  for 
reference  to  determine  an  altitude  or  other  feature 
of  the  solid,  or  to  classify  the  solid.  See  cone, 
cylinder,  prism,  and  pyramid.  (461,  522,  523) 

hase  angles  (of  an  isosceles  triangle)  The  two 
angles  opposite  the  two  congruent  sides.  See 

isosceles  triangle.  (61) 

hase  angles  (of  a trapezoid)  A pair  of  angles 
with  a base  of  the  trapezoid  as  a common  side. 

See  trapezoid.  (269) 

hearing  The  clockwise  measure  of  the  angle 
from  due  north  to  the  path  of  travel.  (3 1 6) 

biconditional  statement  A statement  that  includes 
both  a conditional  statement  and  its  converse, 
usually  written  in  “if  and  only  if”  form  (254) 

bilateral  symmetry  Reflectional  symmetry  with 
only  one  line  of  symmetry.  (3) 


arithmetic  mean  See  mean. 


bisect  To  divide  into  two  congruent  parts.  (31) 


© 2008  Key  Curriculum  Press 


GLOSSARY  789 


ossary 


Glossary 


C 


center  (of  a circle)  The  coplanar  point  from 
which  all  points  of  the  circle  are  the  same 
distance.  See  circle.  (69) 


circumcenter 


Point  D is  the  circumcenter 
of 


center  (of  a sphere)  The  point  from  which  all 
points  on  the  sphere  are  the  same  distance.  See 
sphere.  (524) 

center  of  gravity  The  balancing  point  of  an 
object.  (187) 


The  point  of  concurrency  of  a triangle’s  three 
perpendicular  bisectors.  (179) 

circumference  The  perimeter  of  a circle,  which  is 
the  distance  around  the  circle.  Also,  the  curved 
path  of  the  circle  itself  (335) 


central  angle 


I.SPT  is  a c&ntrAl 
ofdrcleP. 


An  angle  whose  vertex  is  the  center  of  a circle 
and  whose  sides  pass  through  the  endpoints  of  an 
arc.  (71) 


circumscribed  (about  a circle) 
Ff 


is  <ircumsciib€ci 
about  th&drde. 

C 

Having  all  sides  tangent  to  the  circle,  such  as  a 
triangle  circumscribed  about  a circle.  (86) 


centroid 


Point  £>1b  the  centroid 
diAAEC. 


The  point  of  concurrency  of  a triangle’s  three 
medians.  (185) 


chord 


circumscribed  (about  a polygon) 


The  circle  is  clrojmscribed 
about 


Passing  through  each  vertex  of  the  polygon,  such 
as  a circle  circumscribed  about  a triangle.  (181) 


AE  ha  chord  QfdrcleQ. 


You  define  this  term  in  the  Investigation  Defining 
Circle  Terms.  (70) 


classify  and  differentiate  Defining  a term  by 
categorizing  it,  then  distinguishing  it  from  other 
members  of  the  same  group,  according  to  chosen 
characteristics.  (48) 

clinometer  A tool  for  measuring  an  angle  of 
elevation  or  depression,  consisting  of  an  edge  to 
sight  along,  a plumb  line,  and  a protractor.  (652) 


The  set  of  all  points  in  a plane  at  a given  distance 
from  a given  point.  (69) 


coincide  To  lie  exactly  on  top  of  each  other.  (3) 

collinear 


A E c 

On  the  same  line.  (29) 


Points  A i&i  andC 
a re  col  II  near. 
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compass  A tool  used  to  construct  circles.  (4) 

complementary  angles 

Z.1  and  £2  are 
comptementary  an^  les. 


You  define  this  term  in  the  Investigation  Defining 
Angles.  (50) 

composition  (of  transformations)  The  single 
transformation  that  gives  the  same  image  as  a 
transformation  applied  to  a figure  followed  by  a 
second  transformation  applied  to  the  image  of 
the  first.  (383) 

concave  polygon 

ABCDE  is  a concave  polygon. 

C 


A polygon  with  at  least  one  diagonal  outside  the 
polygon.  (54) 

concentric  circles 


Three  concentric  circles 


Circles  that  share  the  same  center.  (71) 


concurrent  lines 


Lirws  ^1,13,3111^^31 
ar-e  toncurrent 


Two  or  more  lines  that  intersect  in  a single  point. 
(178) 


conditional  proof  A proof  of  a conditional 
statement.  (679) 


cone 


A solid  consisting  of  a circle  and  its  interior,  a 
point  not  in  the  plane  of  the  circle,  and  all  points 
on  line  segments  connecting  that  point  to  points 
on  the  circle.  (76,  523) 


congruent  (angles,  line  segments,  or  polygons) 


AA&C  ti  congruent  to  AXY7.  Alkorresponding  parts  are 
congruent.  For  instance,  AS  Is.  congruent  to  AYr 
and  .-■  C is  congruent  to  /Z. 

Identical  in  shape  and  size.  (31,  40,  55) 

conjecture  A generalization  resulting  from 
inductive  reasoning.  (96) 


consecutive  (angles,  sides,  or  vertices  of  a polygon) 


Two  angles  that  share  a common  side,  two  sides 
that  share  a common  vertex,  or  two  vertices  that 
are  the  endpoints  of  one  side.  Consecutive  sides 
are  also  called  adjacent  sides.  (54) 


consequent  The  second  or  “then”  clause  of  a 
conditional  statement.  (679) 


contrapositive  The  statement  formed  by 
exchanging  and  negating  the  antecedent  and  the 
consequent  of  a conditional  statement.  (631) 


conditional  statement  A statement  that  can  be 
expressed  in  “if-then”  form  (569) 


converse  The  statement  formed  by  exchanging 
the  antecedent  and  the  consequent  of  a 
conditional  statement.  (124) 
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convex  polygon  A polygon  with  no  diagonal 
outside  the  polygon.  See  concave  polygon.  (54) 

coordinate  proof  A proof  using  coordinates  of 
points  in  a coordinate  system  (736) 

coplanar 

Points  A £.  and 

In  the  same  plane.  (29) 

corollary  A theorem  that  is  the  immediate 
consequence  of  another  proven  theorem  (708) 

corresponding  angles 


1 and  Z2are 
£orr«sporidln^ 
angles. 


Two  angles  formed  by  a transversal  intersecting 
two  lines  that  lie  in  the  same  position  relative  to 
the  two  lines  and  the  transversal.  (128) 

cosine  (of  an  acute  angle  in  a right  triangle) 

cos  A — ^ 

ft 


C 

The  cosine  o/f  AA  is  the  ratio  of  .AC  to  AS. 

The  ratio  of  the  length  of  the  leg  adjacent  to  the 
angle  to  the  length  of  the  hypotenuse.  (641) 

counterexample  An  exanple  that  shows  a 
conjecture  to  be  incorrect  or  a definition  to  be 
inadequate.  (47) 

cube  A regular  polyhedron  with  six  faces.  See 

hexahedron.  (78) 


cyclic  quadrilateral 

[/ 


i^AD  is  a cyclic  q uad  ri  lalera  I. 


A quadrilateral  that  can  be  inscribed  in  a circle. 
(326) 

cylinder 


A solid  consisting  of  two  congruent,  parallel 
circles  and  their  interiors,  and  the  segments 
having  an  endpoint  on  each  circle  that  are  parallel 
to  the  segment  between  the  centers  of  the 
circles.  (76,  523) 


4C^D1saclart. 


decagon  A polygon  with  ten  sides.  (54) 

deductive  argument  Support  for  a conjecture 
based  on  deductive  reasoning.  (115) 

deductive  reasoning  The  process  of  showing 
that  certain  statements  follow  logically  from 
agreed-upon  assunptions  and  proven  facts.  (1 14) 

deductive  system  A set  of  premises  and  logical 
rules  used  to  organize  the  properties  of  geometry, 
in  which  each  theorem  can  be  proved  by  deductive 
reasoning  using  only  the  premises  and  previous 
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theorems,  and  in  which  each  definition  uses  only 
terms  that  have  been  defined  previously  in  the 
system  (692) 

definition  A statement  that  clarifies  or  explains 
the  meaning  of  a word  or  phrase.  (29) 

degree  A unit  of  measure  for  angles  and  arcs 
equivalent  to  of  a rotation  around  a circle.  (39) 

density  The  ratio  of  the  mass  of  an  object  to  its 
volume.  (551) 

determine  To  provide  the  characteristics 
necessary  to  specify  a figure.  For  exanple,  three 
sides  determine  a triangle;  three  angles  do  not 
determine  a triangle.  (86,  170,  696) 


diagonal 

E 

DF  is  a diagtona  I of  DEFG. 

A line  segment  connecting  two  nonconsecutive 
vertices  of  a polygon  or  polyhedron.  (54) 

diameter 

diarnelerof  cir<k  Q, 

A chord  of  a circle  that  contains  the  center,  or  the 
length  of  that  chord.  (70) 


dilation 


The  Image  Is  a dilation 
original  [rl^n^l^. 


A nonrigid  transformation  that  enlarges  or 
reduces  a geometric  figure  by  a scale  factor 
relative  to  a point.  (584) 


direct  proof  A proof  requiring  a statement  of 
premises  and  the  use  of  valid  forms  of  reasoning  to 
arrive  at  a conclusion  in  the  simplest  way  without 
need  for  any  assumptions.  (679) 

displacement  The  volume  of  fiuid  that  rises 
above  the  original  fiuid  line  when  a solid  object  is 
submerged  in  the  fiuid.  (551) 

dissection  The  result  of  dividing  a figure  into 
pieces.  (478) 

distance  (between  two  points)  The  length  of  the 
line  segment  between  the  two  points.  (30) 

distance  (from  a point  to  a line  or  plane) 


The  distsrce  from 
point line  f lithe 
length  of  PO. 


The  length  of  the  perpendicular  line  segment 
from  the  point  to  the  line  or  plane.  (156) 

distance  (of  a translation)  The  length  of  the  line 
segment  between  a point  and  its  image  in  a 
translation.  (368) 

dodecagon  A polygon  with  12  sides.  (54) 

dodecahedron 


The  faces  of  thh  doclecahedifon 
are  regular  pentagonE. 


A polyhedron  with  12  faces.  (521) 


dual  (of  a tessellation) 


The  new  tessellation  formed  by  constructing  line 
segments  between  the  centers  of  polygons  having 
a common  edge  in  a tessellation.  (392) 
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edge  The  intersection  of  two  faces  in  a 
polyhedron.  See  polyhedron.  (521) 

elliptic  geometry  A deductive  system  of  geometry 
in  which  there  are  no  parallel  lines.  (743) 

endpoint 


A and  8 are  endixsintSv 

The  point  at  either  end  of  a segment  or  an  arc,  or 
the  first  point  of  a ray.  (30) 

equiangular  polygon 

This  is  eqiuiangular. 


You  define  this  term  in  the  Investigation  Special 
Polygons.  (56) 

equilateral  polygon 


This  Qcteg-w  is  equilateral. 


You  define  this  term  in  the  Investigation  Special 
Polygons.  (56) 

equilateral  triangle 

C 


triangle. 


You  define  this  term  in  the  Investigation 
Triangles.  (61) 

Euler  line  The  line  through  three  of  the  four 
points  of  concurrency  of  a triangle.  (191) 

Euler  segment  The  line  segment  on  the  Euler  line 
determined  by  the  three  points  of  concurrency  of 
the  triangle.  (192) 


exterior  angle 


/ AH)  is  an  exterior 
angle  of  AABC. 


An  angle  that  forms  a linear  pair  with  one  of  the 
interior  angles  of  a polygon.  (217) 


externally  tangent  circles  Two  tangent  circles 
having  centers  on  opposite  sides  of  their  common 
tangent.  See  tangent  circles.  (313) 


face  A surface  of  a polyhedron  formed  by  a 
polygon  and  its  interior.  (521) 

flowchart  A concept  map  that  shows  a step-by- 
step  process.  Boxes  represent  the  steps  and  arrows 
connect  the  boxes  to  show  how  they  are 
sequenced.  (237) 


flowchart  proof 


Given  QtvcT\ 

1 

SSS  Coni^ruience 
Cotiieccune 

1 

^ / E 55  / A 


ci'Cit: 


A logical  argument  presented  in  the  form  of  a 
flowchart.  (237) 
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fractal 


glide  reflection 


This  fractal  is 
formed  by 
CDfirecTirg 
midpoints 
of  th*  sides 
of  triangles. 


(137) 

frustum  (of  a cone  or  pyramid) 


A solid  formed  by  cutting  a cone  or  pyramid 
with  a plane  parallel  to  the  base  and  removing 
the  vertex  portion.  Also  called  a truncated  cone 
or  truncated  pyramid.  (467,  619) 

function  notation  A convention  for  expressing  a 
function  rule  in  terms  of  its  input.  For  exanple, 
f(x)  is  the  output  of  a function  / whose  input  is  v. 

(103) 

function  rule  A rule  that,  when  applied  to  one 
set  of  numbers,  generates  another  set  of  numbers 
with  at  most  one  output  value  for  each  input 
value.  (102) 


geometric  mean  The  positive  number  whose 
square  equals  the  product  of  two  given  positive 
numbers.  (580) 

geometric  sequence  A pattern  in  which  each  term 
is  generated  by  multiplying  the  previous  term  by  a 
constant.  (580) 


y 


F-DotElepE  a re  an  example  of  a ^lide  r-Eflection. 

An  isometry  that  is  a composition  of  a 
translation  and  a reflection  across  a line  parallel 
to  the  translation  vector.  (386) 

glide  - re  fie  ctional  symme  try  The  property  that  a 
figure  coincides  with  its  image  under  a glide 
reflection.  (386) 


golden  cut 
A 


AX 


AX 

XH 


Point X lithe  

golden  cut  of  AB. 


The  point  that  divides  a line  segment  into  two 
segments  so  that  the  ratio  of  their  lengths  is  the 
golden  ratio.  (602) 

golden  ratio  The  ratio  of  two  numbers  whose 
ratio  to  each  other  equals  the  ratio  of  their  sum 
to  the  larger  number.  (602) 

golden  rectangle  A rectangle  in  which  the  ratio  of 
the  lengths  of  the  sides  is  the  golden  ratio.  (630) 


golden  spiral 


l5  a golden  rectangle. 
Ttie  curve  from  D tof  to 
Gt<nJlsthe  beginning 
of  ^ golden  spiralr 


A spiral  through  vertices  of  nested  golden 
rectangles.  (630) 

great  circle 


The  intersection  of  a sphere  with  a plane  that 
passes  through  its  center.  (524) 
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height  The  length  of  an  altitude.  See  cone, 
cyUnder,  parallelogram,  prism,  pyramid, 
trapezoid,  and  triangle.  (522) 

hemisphere 


Half  of  a sphere  and  its  great  circle  base.  (77,  524) 
heptagon  A polygon  with  seven  sides.  (54) 


a The  first 

is^  regular  hexagon, 

A polygon  with  six  sides.  (54) 

hexahedron 


hexagon 


Th&seconrd  hexahedron 
is  a regular  hexahedroni. 


A polyhedron  with  six  faces.  (544) 


horizon  line  A horizontal  line  representing  eye 
level  in  a perspective  drawing,  containing  one  or 
two  vanishing  points,  toward  which  lines  from 
foreground  to  background  converge.  See 

one-point  perspective  and  two-point 
perspective.  (174) 


hyperbolic  geometry  A deductive  system  of 
geometry  in  which  there  are  infinitely  many  lines 
parallel  to  a given  line  through  a point  not  on  the 
line.  (743) 


icosahedron 


This  is  a regular 
icosahedron. 


A polyhedron  with  20  faces.  (544) 

if-then  statement  See  conditional  statement. 

image  The  result  of  moving  all  points  of  a figure 
according  to  a transformation.  (368) 

incenter 


Point  D is  X\t^  irKenter  of  AA&C 

The  point  of  concurrency  of  a triangle’s  three 
angle  bisectors.  (179) 

included  angle 

c 

£A  Is  I nc\  uded  by  and  AC 

An  angle  formed  between  two  consecutive  sides 
of  a polygon.  (222) 

included  side 


A side  of  a polygon  between  two  consecutive 
angles.  (227) 


hypotenuse  The  side  opposite  the  right  angle  in 
a right  triangle.  See  right  triangle.  (478) 
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incoming  angle 


The  angle  formed  between  the  path  of  an 
approaching  object  and  the  surface  from  which  it 
rebounds,  such  as  a billiard  ball  rolling  toward  a 
cushion  or  a ray  of  light  traveling  toward  a 
mirror.  (41) 

indirect  measurement  Finding  a distance  or 
length  by  using  properties  of  similar  triangles  or 
trigonometry.  (618) 

indirect  proof  A proof  of  a statement  that  begins 
by  assuming  that  the  statement  is  not  true  and 
then  shows  that  this  leads  to  a contradiction.  (680) 

inductive  reasoning  The  process  of  observing 
data,  recognizing  patterns,  and  making 
generalizations  about  those  patterns.  (96) 


You  define  this  term  in  the  Investigation  Defining 
Angles  in  a Circle.  (317) 


inscribed  (in  a polygon) 
n 

The  circle  1b  Inscribed 
in  iAfiiC. 

C 

Intersecting  each  side  of  the  polygon  exactly 
once,  such  as  a circle  inscribed  in  a triangle.  (181) 


intercepted  arc 

A 


Is  Intercepted 
by 


An  arc  that  lies  in  the  interior  of  an  angle  with 
endpoints  on  the  sides  of  the  angle.  (313) 

interior  angle  An  angle  of  a polygon  that  lies 
inside  the  polygon.  (262) 


internally  tangent  circles  Two  tangent  circles 
having  centers  on  the  same  side  of  their  common 
tangent.  See  tangent  circles.  (313) 

intersection 


Poirt  £ is  thke  int0rsEcTion 
oMSand  CD. 


The  point  or  set  of  points  common  to  two 
geometric  figures.  (53) 


inscribed  (in  a circle) 


Having  each  vertex  on  the  circle,  such  as  a 
triangle  inscribed  in  a circle.  (181) 


inverse  cosine,  sine,  or  tangent  (of  a number) 
A fiinction  that  gives  the  measure  of  an  acute 
angle  whose  cosine,  sine,  or  tangent  is  the  given 
number.  (644) 


inverse  (of  a conditional  statement)  The 
statement  formed  by  negating  the  antecedent 
and  the  consequent.  (631) 
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isometric  drawing 


K 


An  isometric  drawing  of 
a prism  usirig  isometric 
dot  paper. 


A drawing  of  a three-dimensional  object  that 
shows  three  faces  in  one  view.  Also  called  an 
edge  view.  (75) 

isometry  A transformation  that  preserves  size 
and  shape.  The  image  of  a figure  under  an 
isometry  is  congruent  to  the  original  figure.  Also 
called  a rigid  transformation.  See  reflection, 
rotation,  and  translation.  (368) 

isosceles  trapezoid 


Tft>iPisan 

trapezoid. 


A trapezoid  whose  two  nonparallel  sides  are 
congruent.  (183) 


isosceles  triangle 


A 


A^ftCisan  isosceles 
triangle. 


You  define  this  term  in  the  Investigation 
Triangles.  (61) 


kite 


Nonvcitcx  ^nj^lcs 


Vertex  angles 


AffCDis  a kite. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (64) 


lateral  edge  The  intersection  of  two  lateral  faces 
of  a polyhedron.  See  prism  and  pyramid.  (522) 

lateral  face  A face  of  a polyhedron  other  than  a 
base.  See  prism  and  pyramid.  (522) 

Law  of  Contrapositive  A type  of  valid  reasoning 
that  concludes  the  truth  of  a statement  from  the 
truth  of  its  contrapositive.  (632) 

Law  of  Syllogism  A type  of  valid  reasoning  that 
uses  “if  P then  2”  and  “if  Q then  i?”  to  conclude 
that  “if  P then  R.  ” (63 1 ) 

leg  (of  an  isosceles  triangle)  One  of  the 
congruent  sides  of  an  isosceles  triangle.  See 
isosceles  triangle.  (206) 

leg  (of  a right  triangle)  One  of  the  perpendicular 
sides  of  a right  triangle.  See  right  triangle.  (478) 

lemma  An  auxiliary  theorem  used  specifically  to 
prove  other  theorems.  (716) 

line 

aline. 

An  undefined  term  thought  of  as  a straight, 
continuous  arrangement  of  infinitely  many  points 
extending  forever  in  two  directions.  A line  has 
length,  but  no  width  or  thickness,  so  it  is 
one-dimensional.  (28) 
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line  of  best  fit 


The  line  that  passes  closest  to  all  of  a given 
collection  of  points.  (107) 


locus  The  set  of  all  points  that  satisfy  some  given 
conditions.  (83) 

logical  argument  A set  of  premises  followed  by 
statements,  each  of  which  relies  on  the  premises 
or  on  previous  statements,  and  ending  with  a 
final  statement  called  a conclusion.  An  argument 
is  valid  if  the  conclusion  has  been  arrived  at 
through  deductive  reasoning.  (114) 


M 


line  of  reflection  The  line  over  which  every 
point  of  a figure  is  moved  by  a reflection.  See 

reflection.  (370) 


line  of  symmetry 


hAifour 
lines  of  iymmetify. 


An  arc  of  a circle  that  is  greater  than  a semicircle. 
(71) 

mathematical  model  A mathematical  way  of 
representing  a real-world  situation,  such  as  a 
geometric  figure,  graph,  table,  or  equation.  (108) 


The  line  of  reflection  of  a figure  having 
reflectional  symmetry.  (3) 

line  segment 

if  _ 

Afls  a line  segrnenL 

Two  points  and  all  the  points  between  them  that 
are  collinear  with  the  two  points.  Also  called  a 
segment.  The  measure  of  a line  segment  is  its 
length.  (30) 

linear  function  A hmction  rule  that,  when 
applied  to  consecutive  whole  numbers,  generates 
a sequence  with  a constant  difference  between 
consecutive  terms.  (104) 

linear  pair  (of  angles) 

Zl  a lirwar 

palrofsn-gies. 


mean  The  number  obtained  by  dividing  the  sum 
of  the  values  in  a data  set  by  the  number  of 
values.  Often  called  the  average  or  the  arithmetic 
mean.  (580) 

measure  (of  an  angle) 

V 

)P  ■pierineasunecifzGPSli  136®, 


The  smallest  amount  of  rotation  about  the  vertex 
from  one  ray  to  the  other,  measured  in  degrees. 
(39) 


You  define  this  term  in  the  Investigation  Defining 
Angles.  (50) 
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median 

E 


AD  is  the  median 
of  ^ ABC. 

A 


A line  segment  connecting  a vertex  of  a triangle 
to  the  midpoint  of  the  opposite  side.  (151) 

midpoint 

.Vf 

Point  Wh  the 
midpolrl  of  W. 

P 

The  point  on  the  line  segment  that  is  the  same 
distance  from  both  endpoints.  The  midpoint 
bisects  the  segment.  (31) 

midsegment  (of  a trapezoid) 
p 


MS  is  the 
inid  segment 
ofnwP. 

The  line  segment  connecting  the  midpoints  of  the 
two  nonparallel  sides  of  the  trapezoid.  (275) 

midsegment  (of  a triangle) 

Sts  is  a 
mid  segment 
of  LABC 


C 

A line  segment  connecting  the  midpoints  of  two 
sides  of  the  triangle.  (151) 

minimal  path  The  path  of  shortest  length.  (3 1 8) 


minor  arc 


^Clsarrilnorarc. 


An  arc  of  a circle  that  is  less  than  a semicircle. 
(71) 

Modus  Ponens  The  type  of  valid  reasoning 
that  uses  “if  P then  2”  and  the  statement  P to 
conclude  that  Q must  be  true.  (570) 

Modus  Pollens  The  type  of  valid  reasoning  that 
uses  “if  P then  2”  and  the  statement  “not  2”  to 
conclude  that  “not  P”  must  be  true.  (570) 

monohedral  tessellation  A tessellation  that  uses 
only  one  shape.  See  regular  tessellation.  (389) 


negation  (of  a statement)  A statement  that  is 
false  if  the  original  statement  is  true,  and  true  if 
the  original  statement  is  false.  The  negation  can 
usually  be  made  by  adding  or  removing  the  word 
not  to  the  statement.  (570) 


net 


Tbh  n&i  folds  Into  a cube. 

A two-dimensional  pattern  that  can  be  folded  to 
form  a three-dimensional  figure.  (78) 

network  A collection  of  points  connected  by 
paths.  (108) 

w-gon  A polygon  with  n sides.  (259) 

nonagon  A polygon  with  nine  sides.  (54) 

nonrigid  transformation  A transformation  that 
does  not  preserve  the  size  of  the  original  figure, 
such  as  a dilation  by  a scale  factor  other  than  zero 
or  one.  (368) 
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nonvertex  angle  (of  a kite)  An  angle  formed  by 
two  noncongruent  sides.  See  kite.  (268) 

nth  term  The  number  that  a function  rule 
generates  as  output  for  a counting  number  n.(102) 

numerical  name  See  vertex  arrangement. 


o 


one -point  perspective 


Vanishing  pomt 

liiJt 


A rectangulitr  prism 
as  s^nirKHD^-poInt 
perspective. 


oblique  (cone,  cylinder,  prism)  A cone  or  cylinder 
in  which  the  axis  is  not  perpendicular  to  the 
base(s),  or  a prism  in  which  the  lateral  edges  are 
not  perpendicular  to  the  bases.  See  cone,  cylinder, 
and  prism.  (522,  523) 

obtuse  angle 


Kan  obtuse 

angle. 


c 

You  define  this  term  in  the  Investigation  Defining 
Angles.  (49) 

obtuse  triangle 


It  / A or  / ff  or  / C 
Is  an  obtuse  angle, 
A^lfiiCIsan  obtus* 
triangle. 


A perspective  drawing  that  uses  one  vanishing 
point.  (175) 


opposite  angle  or  side  (in  a triangle) 

Is  thie  angle 

^ ^poslte  W,  and 
is  the  side 
opposite 

The  angle  that  does  not  contain  a given  side,  or 
the  side  that  is  not  a side  of  a given  angle.  (61) 


opposite  leg  (of  an  acute  angle  in  a right  triangle) 


/. 


fftlsthe  side 
opposite  jL  J. 


The  side  of  the  triangle  that  is  not  a side  of  the 
angle.  (640) 


You  define  this  term  in  the  Investigation  opposite  sides  (of  a quadrilateral)  Two  sides  that 

Triangles.  (60)  do  not  share  a vertex.  (1 17) 


octagon  A polygon  with  eight  sides.  (54) 


octahedron 


Tbefirst 
□ctehedron 
Is  ^ regular 
octahedifpn. 


An  polyhedron  with  eight  faces.  (544) 


ordered  pair  rule  A rule  that  describes  how  to 
transform  points  on  a coordinate  plane.  For 
example,  the  ordered  pair  rule  (x , y)-^  (x  + h, 
y + k)  describes  a translation  horizontally  by 
h units  and  vertically  by  k units.  (63) 

ordinate  The  y-coordinate  in  an  ordered  pair 
{x,  y),  measuring  vertical  distance  from  the  v-axis 
on  a coordinate  plane.  (672) 
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orthocenter 


Point  01s  the  wthocenter 
o^A^. 


The  point  of  concurrency  of  a triangle’s  three 
altitudes  (or  of  the  lines  containing  the  altitudes). 
(179) 

orthographic  drawing 


Tf>p  — - 


Fronl-^ 


Right  sid-c 


Top 


3c£: 

Front  Rl;ght  aide 


A drawing  of  the  top,  front,  and  right  side  views 
of  a solid.  (555) 

outgoing  angle  The  angle  formed  between  the 
path  of  a rebounding  object  and  the  surface  it 
collided  with,  such  as  a billiard  ball  bouncing  off 
a cushion  or  a ray  of  light  reflecting  off  a mirror. 
See  incoming  angle.  (41) 


parabola  See  quadratic  equation. 

paragraph  proof  A logical  explanation  presented 
in  the  form  of  a paragraph.  (201) 


parallel  (planes  or  figures) 


1 

1 

parallel  planes. 

Planes  are  parallel  if  they  do  not  intersect.  Figures 
are  parallel  if  they  lie  in  parallel  planes.  (80) 


parallelogram 

r. 


JKLM  ha 
F^arallelogram. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (65) 


parent  function  The  most  basic  form  of  a 
frinction.  (676) 


pentagon 


PLATE  and 

both  pentagons. 
HOMER  is  a regular 
pentagon. 


A polygon  with  five  sides.  (54) 


perimeter  The  length  of  the  boundary  of  a 
two-dimensional  figure.  For  a polygon,  the 
perimeter  is  the  sum  of  the  lengths  of  its  sides.  (55) 


period  (of  a frinction)  The  horizontal  distance 
after  which  the  graph  of  the  frinction  starts 
repeating  itself  (674) 


periodic  Repeating  at  regular  intervals.  (674) 


parallel  (lines,  line  segments,  or  rays) 


Lln«-s/ani:l;ar&  parallel. 


perpendicular  (lines,  line  segments,  or  rays) 


Lines  ^ and  fare 
perpendicular. 


Lines  are  parallel  if  they  lie  in  the  same  plane  and 
do  not  intersect.  Line  segments  or  rays  are 
parallel  if  they  lie  on  parallel  lines.  (48) 


Lines  are  perpendicular  if  they  meet  at  90° 
angles.  Line  segments  and  rays  are  perpendicular 
if  they  lie  on  perpendicular  lines.  (48) 
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perpendicular  bisector 


li 

n 1 

A ' 

li 

Lire  i is  thre 
blwctorof  AS. 


A line  that  divides  a line  segment  into  two 
congruent  parts  and  is  perpendicular  to  the  line 
segment.  (149) 

perspective  A technique  of  portraying  solid 
objects  and  spatial  relationships  on  a flat  surface 
by  drawing  objects  smaller  as  they  recede  into 
the  distance.  See  one-point  perspective  and 
two-point  perspective.  (174) 

pi  (jt)  The  ratio  of  the  circumference  of  a circle 
to  its  diameter.  (335) 

plane 


point  symmetry 


Thisfigune  has 
p&lntsytnrrwtfy. 


The  property  that  a figure  coincides  with  itself 
under  a rotation  of  180°.  Also  called  two-fold 
rotational  symmetry.  (371) 


point  of  tangency  The  point  of  intersection  of  a 
tangent  line  and  a circle.  See  tangent  line.  (70) 


The  [fiangle  and 
pentagon  ane 
examples  of  polygons. 


A closed  figure  in  a plane,  formed  by  connecting 
line  segments  endpoint  to  endpoint  with  each 
segment  intersecting  exactly  two  others.  (54) 


is  a plare. 

An  undefined  term  thought  of  as  a flat  surface 
that  extends  infinitely  along  its  edges.  A plane  has 
length  and  width  but  no  thickness,  so  it  is  two- 
dimensional.  (28) 


polyhedron 

r EdiJe  ..--T--..  Lacc 

X'i\  I'.xH 

I ■ I'  '■■■■' 


Vertex  ^ 


Platonic  solids  The  five  regular  polyhedrons.  See 

dodecahedron,  hexahedron,  icosahedron, 
octahedron,  and  tetrahedron.  (544) 

point 

Pisa  point. 


A solid  formed  by  polygonal  surfaces  that  enclose 
a single  region  of  space.  (521) 

postulates  A collection  of  simple  and  useful 
statements  about  geometry  accepted  without 
proof  (692) 


An  undefined  term  thought  of  as  a location  with 
no  size  or  dimension.  It  is  the  most  basic  building 
block  of  geometry.  In  a two-dimensional 
coordinate  system,  a point’s  location  is  represented 
by  an  ordered  pair  of  numbers  (x,  y).  (28) 

point  of  concurrency  The  point  at  which  two  or 
more  lines,  line  segments,  or  rays  intersect.  See 

concurrent  lines.  (178) 


premises  (of  a deductive  system)  A set  of 
accepted  facts,  including  undefined  terms, 
definitions,  properties  of  algebra  and  equality, 
and  postulates,  used  to  organize  the  properties 
of  the  system  and  to  prove  hirther  conclusions. 
(569) 
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prism 


pLisni  pi-Lsm 


A polyhedron  with  two  congruent,  parallel  bases 
connected  by  lateral  faces  that  are  parallelograms. 
(76,  522) 

probability  The  likelihood  of  a particular 
outcome,  expressed  as  the  ratio  of  the  number  of 
successful  outcomes  to  the  number  of  possible 
outcomes.  (88) 

proportion  A statement  of  equality  between  two 
ratios.  (214,  578) 


Pythagorean  Theorem 


The  relationship  among  the  lengths  of  the  sides 
of  a right  triangle  that  the  sum  of  the  squares  of 
the  lengths  of  the  legs  equals  the  square  of  the 
length  of  the  hypotenuse.  (478) 

Pythagorean  triple  Three  positive  integers  with 
the  property  that  the  sum  of  the  squares  of  two  of 
the  integers  equals  the  square  of  the  third.  (484) 


protractor 


A polygon  with  four  sides.  (54) 


A tool  used  to  measure  the  size  of  an  angle  in 
degrees.  (39) 


pyramid 


Tr4ipez-L>iJ^]  He-xdig(]  riiil  pyrniriLJ 

A polyhedron  consisting  of  a polygon  base  and 
triangular  lateral  faces  that  share  a common 
vertex.  (77,  522) 


quadratic  equation  An  equation  of  the  form 
ax^  + bx  + c = 0 where  a,  b,  and  c are  constants. 
The  graph  of  the  quadratic  function  y = ax  + 
bx+  c\^  called  a parabola.  The  point  where  a 
parabola  intersects  its  line  of  symmetry  is  called 
its  vertex.  (440) 


radius 


Segment  f Isa 
radius. 


A line  segment  from  the  center  of  a circle  or 
sphere  to  a point  on  the  circle  or  sphere.  Also,  the 
length  of  that  line  segment.  (69) 
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ratio  An  expression  that  conpares  two  quantities 
by  division.  (88) 


ray 

■ w A6  IE  3 ray. 
A H 

A point  on  a line,  and  all  the  points  of  the  line 
that  lie  on  one  side  of  this  point  (32) 


rectangle 

E 


flfCTiia  rectangle. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (65) 


rectangular  numbers  Numbers  that  can  be 
represented  by  a rectangular  array  of  dots  or 
squares.  (Ill) 


recursive  rule  A rule  that  uses  the  previous 
term(s)  of  a sequence  to  find  the  current  term 
(137) 


reflection 

Oiiginal  i Linage 


The  image  is  a 
reflection  of 
the  original 
figure  across  the 
line  of  reflection. 


An  isometry  in  which  every  point  and  its  image 
are  on  opposite  sides  and  the  same  distance  from 
a fixed  line.  (370) 


reflectional  symmetry  The  property  that  a 
figure  coincides  with  itself  under  a reflection. 

Also  called  line  symmetry  or  mirror  symmetry.  (3) 

reflex  measure  (of  an  angle) 


The  ensure 

of  / GPS  is 


The  largest  amount  of  rotation  less  than  360° 
about  the  vertex  from  one  ray  to  the  other, 
measured  in  degrees.  (39) 

regular  hexagon  A polygon  with  six  congruent 
sides  and  angles  that  can  be  constructed  using  a 
single  conpass  setting.  See  hexagon.  (11) 

regular  polygon 

Thisoaagonisa 
regular  lOQly-g  on. 

You  define  this  term  in  the  Investigation  Special 
Polygons.  (56) 

regular  polyhedron 


A polyhedron  whose  faces  are  enclosed  by 
congruent  regular  polygons,  which  meet  at  all 
vertices  inexactly  the  same  way.  (521) 

regular  tessellation 

Equilateral  trianglei^ 
EquareE,  or  regular 
heKBgons  form 
regular  tessellations. 

A tessellation  of  congruent  regular  polygons. 

(390) 
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remote  interior  angles  (of  a triangle) 


Exterior 


Aidjscml: 
intciior  angle 


and 

are  the  remote 
irterior  angles 
of  exterior 
angle 


7^ 

Etemote  interim  ^ni^Lcs 


Interior  angles  of  the  triangle  that  do  not  share  a 
vertex  with  a given  exterior  angle.  (217) 

resultant  vector 


T\i  the  resultanl 
vector  of  o and  b. 


The  result  of  adding  two  vectors.  Also  called  a 
vector  sum.  (283) 

rhombus 


ASCD  Is  5 rhombus. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (65) 

right  (cone,  cylinder,  or  prism)  A cone  or 
cylinder  in  which  the  axis  is  perpendicular  to  the 
base(s),  or  a prism  in  which  the  lateral  edges  are 
perpendicular  to  the  bases.  See  cone,  cylinder, 
and  prism.  (522,  523) 

right  angle 


£ ASC  is  s right  angle. 


You  define  this  term  in  the  Investigation  Defining 
Angles.  (49) 


right  triangle 


£sA£C\s  a right  tfiangle. 


You  define  this  term  in  the  Investigation 
Triangles.  (60) 


rigid  transformation  See  isometry, 
rotation 


The  image  l-s  a 
rotation  olthe 
original  figure 
about  th«  c«nt«r 
of  rotation. 


An  isometry  in  which  each  point  is  moved  by  the 
same  angle  measure  in  the  same  direction  along  a 
circular  path  about  a fixed  point.  (369) 

rotational  symmetry  The  property  that  a figure 
coincides  with  itself  under  some  rotation.  If  the 
angle  of  rotation  is  degrees  for  some  positive 
integer  n,  the  symmetry  is  called  fi-fold  rotational 
symmetry.  (3) 


scale  factor  The  ratio  of  corresponding  lengths 
in  similar  figures.  (585) 


scalene  triangle 


c 


£i.AB€  ii  a scalerbe  triangle. 


You  define  this  term  in  the  Investigation 
Triangles.  (61) 


secant 


A3  if  a secant  erf 
circle  O. 


A line  that  intersects  a circle  in  two  points.  (326) 
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section  The  intersection  of  a solid  and  a plane. 
(79) 

sector  of  a circle 


shaded  regiof]  bounded 
by  OW,  OBr  and  AB  is  a 
iKl-MOfdrdeO. 


The  region  between  two  radii  and  an  arc  of  the 
circle.  (362) 


semiregular  tessellation 


This  semiregular 
tessellatloin, 
formed  by  regular 
octagons  and 
squares,  has 
a vertex 
anran^nwrii 


A tessellation  of  two  or  more  different  kinds  of 
regular  polygons  that  meet  in  the  same  order  at 
each  vertex.  (390) 


segment  See  line  segment. 

segment  addition  A property  that  states  if  A,  B, 
and  C are  collinear  and  B is  between  A and  C, 
then  A5  + BC  = AC.  (46) 


side  (of  a polygon)  A line  segment  connecting  con- 
secutive vertices  of  the  polygon.  See  polygon.  (54) 

side  (of  an  angle)  One  of  the  two  rays  that  form 
the  angle.  See  angle.  (38) 


segment  bisector 


Unas  f.,  and  n 


A line,  ray,  or  segment  that  passes  through  the 
midpoint  of  a line  segment  in  a plane.  (149) 

segment  of  a circle 


The  shaded  region  between 
and  M is  a segme-nt  of  drde  0. 


The  region  between  a chord  and  an  arc  of  the 
circle.  (453) 

self-similar  The  property  that  a figure  is  similar 
to  part  of  itself  (137) 

semicircle 


APD]s  a semicircle. 


An  arc  of  a circle  whose  endpoints  are  the 
endpoints  of  a diameter.  (71) 


Sierpiiiski  triangle  A fractal  based  on 
recursively  removing  the  interior  of  the  triangle 
formed  by  connecting  the  midpoints  of  the  sides 
of  a triangle.  See  fractal.  (137) 


similar  (figures,  polygons,  or  solids) 


is  si  mildf  to  Pl£/i5  if  ofid  only  if 


Identical  in  shape  but  not  necessarily  in  size.  Two 
figures  are  similar  if  and  only  if  all  corresponding 
angles  are  congruent  and  lengths  of  all  corresponding 
sides,  edges,  or  other  one-dimensional  measures 
are  proportional.  (496,  583,  614) 


sine  (of  an  acute  angle  in  a right  triangle) 

H 


The  sine  of  jLA  K the  ratio  of  ffC  to 

The  ratio  of  the  length  of  the  leg  opposite  the 
angle  to  the  length  of  the  hypotenuse.  (641) 
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skew  lines 


solid  of  revolution 


£ 


Line^f  and 
m are  skew. 


Lines  that  are  not  in  the  same  plane  and  do  not 
intersect.  (48) 

slant  height 

SNiiit  h?L[i;lil 

The  length  i.  is 
the  slant  height 
of  a lateral 


The  height  of  each  triangular  lateral  face  of  a 
pyramid.  (463) 

slope  In  a two-dimensional  coordinate  system, 
the  ratio  of  the  vertical  change  to  the  horizontal 
change  between  two  points  on  a line.  (138) 

slope  triangle 


The  triangle 
foriTted  by  the 
line,  rise,  and 
run  Is  a slope 
triangle. 


A right  triangle  used  to  find  the  slope  of  a line. 
The  hypotenuse  of  a slope  triangle  is  the  segment 
between  two  points  on  the  line  and  its  legs  are 
parallel  to  the  coordinate  axes.  (135) 


solid  A three-dimensional  geometric  figure  that 
conpletely  encloses  a region  of  space.  See  cone, 
cylinder,  hemisphere,  polyhedron,  prism, 
pyramid,  and  sphere.  (75) 


The  solid  is  formed 
by  a revolution  of 
ch«  irl-single. 


A solid  formed  by  rotating  a two-dimensional 
figure  about  a line.  (86) 

space  An  undefined  term  thought  of  as  the  set 
of  all  points.  Space  extends  infinitely  in  all 
directions,  so  it  is  three-dimensional.  (75) 


sphere 


The  set  of  all  points  in  space  at  a given  distance 
from  a given  point.  (77,  524) 

spherical  geometry  A model  of  elliptic  geometry 
which  applies  to  lines  and  angles  on  a sphere.  (743) 


square 


a square. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (65) 


straightedge  A tool  used  to  construct  lines,  rays, 
and  line  segments.  (4) 


supplementary  angles 

'4 


ill  and  are 
supplementary  angks. 


You  define  this  term  in  the  Investigation  Defining 
Angles.  (50) 
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surface  area  The  sum  of  the  areas  of  all  the 
surfaces  of  a solid.  (461) 

symmetry  The  property  that  a figure  coincides 
with  itself  under  an  isometry.  (3) 


tangent  (of  an  acute  angle  in  a right  triangle) 

H 


Ian  A 


Th*  lAn^^nt  of  Is  th&  ratio  of  ^ loAC 

The  ratio  of  the  length  of  the  leg  opposite  the 
angle  to  the  length  of  the  leg  adjacent  to  the 
angle.  (70) 


tangent  circles 


Cirde:^^  ard  Fare  externally  TangenL 
Circles  P and  Q are  internally  tangrenL 


Circles  that  are  tangent  to  the  same  line  at  the 
same  point.  They  can  be  internally  tangent  or 
externally  tangent.  (313) 


tangent  segment 


ANandGN 
are  tangent 
segmerts 
from  point 
fVto  circle  T 


A line  segment  that  lies  on  a tangent  line  with 
one  endpoint  at  the  point  of  tangency.  (511) 

tangential  velocity  The  speed  of  an  object  at  a 
point  as  it  moves  around  the  circumference  of  a 
circle.  (353) 


tessellation 


A repeating  pattern  of  shapes  that  conpletely 
cover  a plane  without  overlaps  or  gaps.  (20,  389) 

tetrahedron 


This  is  a regular 
tetrahedron. 


A polyhedron  with  four  faces.  (521) 


You  define  this  term  in  the  Investigation  Defining 
Circle  Terms.  (311) 


theorem  A conjecture  that  has  been  proved 
within  a deductive  system  (496) 

tiling  See  tessellation. 

transformation  A rule  that  assigns  to  each  point 
of  a figure  another  point  in  the  plane,  called  its 
image.  See  dilation,  reflection,  rotation,  and 
translation.  (368) 
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translation 


TKe  ima^  is  3 tTanslatior 
of  the  cniglnal  Criangla  by 
th&trunildtiori  vector. 


triangular  numbers  Numbers  that  can  be 
represented  by  a triangular  array  of  dots  or 
squares.  (Ill) 

trigonometry  The  study  of  the  relationships 
between  the  measures  of  sides  and  angles  of 
triangles.  See  cosine,  sine,  and  tangent.  (640) 

truncated  (cone  or  pyramid)  See  frustum. 


An  isometry  in  which  each  point  is  moved  by  the 
same  translation  vector.  (368) 

translation  vector  A directed  line  segment  from  a 
point  to  its  translated  image.  See  translation. 

(368) 


two-column  proof  A form  of  proof  in  which 
each  statement  in  the  argument  is  written  in  the 
left  column,  and  the  reason  for  each  statement  is 
written  directly  across  from  it  in  the  right 
column.  (679) 


transversal 


i. 


Linet  is -a 
iransvi&fsal. 


A line  that  intersects  two  or  more  other  coplanar 
lines.  (128) 


trapezoid 


t*lLr  of  base  angles 


ABCD  is  a 
trapezoid. 


You  define  this  term  in  the  Investigation  Special 
Quadrilaterals.  (64) 


triangle 


a irl^ngk. 


sides.  (54) 


two-point  perspective 


] loriiDn  line 


A r-ectangol^r  prhmas  in  mo-poiot  p«rsp«cti^. 

A perspective  drawing  that  uses  two  vanishing 
points.  (176) 


undecagon  A polygon  with  11  sides.  (54) 

undefined  term  In  a deductive  system,  terms 
whose  general  meaning  is  assumed  and  whose 
characteristics  are  understood  only  from  the 
postulates  or  axioms  that  use  them.  See  line, 
plane,  point,  and  space.  (693) 
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and  radius  1 unit.  (689) 
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vertex  angles  (of  a kite)  The  angles  between  the 
pairs  of  congruent  sides.  See  kite.  (268) 


valid  reasoning  An  argument  that  reaches  its 
conclusion  through  accepted  forms  of  reasoning. 
(569) 

vanishing  point  A point  at  the  horizon  line 
toward  which  parallel  lines  converge  in  a 
perspective  drawing.  See  one-point  perspective 
and  two-point  perspective.  (174) 

vector  A quantity  that  has  both  magnitude  and 
direction.  A vector  is  represented  by  an  arrow 
whose  length  and  direction  represent  the 
magnitude  and  direction  of  the  vector.  (282) 

vector  sum  See  resultant  vector. 


Venn  diagram 


A V-enrt  dlAgram  ihowln^  th&  r&lailonshipsam&rig 
some  quadrilaterals. 

A concept  map  of  overlapping  circles  or  ovals 
that  shows  the  relationships  among  members  of 
different  sets.  (83) 


vertex  arrangement  A notation  that  uses 
positive  integers  and  other  symbols  to  describe 
the  arrangement  of  regular  polygons  about 
vertices  of  a semiregular  tessellation.  Also  called 
the  numerical  name.  (390) 

vertical  angles 

V 

lY^  z.1and^2are 

A verticail  anqies. 

A 


You  define  this  term  in  the  Investigation  Defining 
Angles.  (50) 

volume  A measure  of  the  amount  of  space 
contained  in  a solid,  expressed  in  cubic  units.  (520) 


w 


work  The  measure  of  force  applied  over  distance, 
calculated  as  the  product  of  the  force  and  the 
distance.  (500) 


j-intercept  The  y-coordinate  of  the  point  at 
which  a line  or  a curve  crosses  the  y-axis.  (287) 


vertex  A point  of  intersection  of  two  or  more 
rays  or  line  segments  in  a geometric  figure.  The 
plural  of  vertex  is  vertices.  See  angle,  polygon,  and 
polyhedron.  (38,  54,  521) 

vertex  angle  (of  an  isosceles  triangle)  The  angle 
between  the  two  congruent  sides.  See  isosceles 
triangle.  (206) 


z 


zero-product  property  The  property  of  equality 
that  if  the  product  of  two  or  more  factors  is  zero, 
at  least  one  of  the  factors  is  zero.  (440) 
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AF 

line 

ilABC 

triangle  ABC 

AB 

rayAB 

ABCD... 

polygon  with  consecutive 

vertices  A,  B,  C,D,... 

AB 

AB  or  mAB 

line  segment  A6 

QA 

circle  with  center  at  point  A 

length  of  line  segment  AB 

TT 

pi,  approximately  equal  to  3.14 

angle  A 

AB 

arc 

LABC 

angle  with  vertex  at  point  B 

mAB 

measure  of  arc  AB 

mLA 

measure  of  angle  A 

mABC 

measure  of  major  arc  ABC 

0 

degree(s) 

is  equal  to 

(a,  b) 

ordered  pair  with 

= 

V- coordinate  a and 
y- coordinate  b 

iff 

is  approximately  equal  to 

is  not  equal  to 

{ a,b) 

vector  with  horizontal 
conponent  a and  vertical 

5 

is  this  equal  to? 

conponent  b 

> 

is  greater  than 

A 

vector  A 

< 

is  less  than 

A 

image  of  point  A resulting 
from  a transformation 

— 

is  congruent  to 

^ or  a : b 

ratio  of  a to  Z? 

is  similar  to 

II 

is  parallel  to 

P^Q 

if  P then  2 
not  P 

-P 

_L 

is  perpendicular  to 

therefore 

j is  parallel  to  k 

sin 

sine 

k 

cos 

cosine 

j is  perpendicular  to  k 

tan 

tangent 

sin“l 

inverse  sine 

K 

AB  is  congruent  to  CD 

cos 

inverse  cosine 

Af  \|> 

tan~l 

inverse  tangent 

£A  is  congruent  to  ^B 

V Cl 

nonnegative  square  root  of  a 

H 

absolute  value  of  a 
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AA  Similarity  Conjecture,  589 
AA  Similarity  Postulate,  720 
AAA  (Angle-Angle-Angle),  22 1 , 
228-229,589,591 
absolute  value,  677 
absolute-value  functions,  676 
Achuleta-Sagel,  Teresa,  267 
Acoma,  66 
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Boxes  in  Space,  175-176 
Calculating  Area  in  Ancient 
Egypt,  469-470 
Chances  Are,  88-89 
Climbing  the  Wall,  507 
Convenient  Sizes,  620-622 
Conway  Hexagons,  408-409 
Dilation  Creations,  595-597 
Dinosaur  Footprints  and  Other 
Shapes,  447-448 
Exploring  Properties  of  Special 
Constructions,  720-721 
Exploring  Secants  and  Chords, 
355-357 

Exploring  Star  Polygons,  266-267 
Exploring  Tangents,  357-358 
Isometric  and  Orthographic 
Drawings,  557 
It’s  Elementary!,  570-571 
Modeling  the  Platonic  Solids, 
544-546 

Napoleon  Triangles,  249-250 
Prove  It!,  68 1-682 
The  Right  Triangle  Fractal,  497 
Spherical  Geometry,  743-744 
The  Sierpin'ski  Triangle,  138-139 
Symbolic  Proofs,  633 
Three  Out  of  Four,  191-192 
Toothpick  Polyhedrons,  528-529 
Traveling  Networks,  1 20- 121 
The  Unit  Circle,  67 1-674 
Using  a Clinometer,  652-653 
Where  the  Chips  Fall,  458-460 
acute  angle,  49 

acute  triangle,  60,  656,  661, 60 
addition 

of  angles,  73,  696 
of  segments,  46,  696 
properties  of,  694 
addition  property  of  equality, 
212,694 

adjacent  interior  angles,  217 
adjacent  leg,  640 
AEA  Conjecture,  129 
AEA  Theorem,  708 
Africa,  18,51,  126,374 


agriculture.  See  Applications 
AIA  Conjecture,  129,  131 
AIA  Theorem,  704-705 
AIDS  Memorial  Quilt,  535 
aircraft.  See  Applications 
Alexander  the  Great,  1 8 
algebra 

properties  of,  in  proofs, 
670-671,736 

See  also  Improving  Your  Algebra 
Skills;  Using  Your  Algebra 
Skills 

Alhambra,  20,  399 
Alice ’s  Adventures  in  Wonderland 
(Carroll),  632 
alkanes,  106, 248 
alkenes,  126 
alkynes,  189 

Almagest  (Ptolemy),  640 
alternate  exterior  angles  (AEA), 
128-130 

Alternate  Exterior  Angles  Conjecture 
(AEA  Conjecture),  129 
Alternate  Exterior  Angles  Theorem 
(AEA  Theorem),  708 
alternate  interior  angles,  128-129, 
131,704-705 

Alternate  Interior  Angles  Conjecture 
(AIA  Conjecture),  129, 131 
Alternate  Interior  Angles  Theorem 
(AIA  Theorem),  704-705 
altitude 

of  a cone,  523 
of  a cylinder,  523 
of  a parallelogram,  424 
of  a prism,  522 
of  a pyramid,  522 
of  a triangle,  156,  179,243-244, 
413,603 

See  also  orthocenter 
Altitude  Concurrency 
Conjecture,  179 
Altitude  to  the  Hypotenuse 
Theorem,  733 

Altitudes  to  the  Congruent  Side 
Theorem,  713 
Amador,  Andres,  182 
Amish  quilts,  297 
analytic  geometry.  See  coordinate 
geometry 
Andrade,  Edna,  24 
angle(s) 
acute,  49 
addition,  73,  696 
and  arcs,  318,  324-325 
base.  See  base  angles 
bearing,  316,  667 


bisectors  of,  40-41,  115,  159-160, 
178-181,239,604 
central.  See  central  angle 
complementary,  50 
congruent,  40 

consecutive.  See  consecutive 
angles 

corresponding,  128,  129,  130,  697 
definitions  of,  38 
of  depression,  647 
duplicating,  146 
of  elevation,  647 
exterior.  See  exterior  angles 
included,  222 
incoming,  4 1 
inscribed,  317,  324-325, 
330-332,508 
interior.  See  interior  angles 
linear,  50,51,  122-124 
measure  of,  39-40 
naming  of,  38-39 
obtuse,  49, 1 15 
outgoing,  4 1 
picture  angle,  328 
proving  conjectures  about, 
704-705,710-712 
of  recovery,  40 
right,  49 
of  rotation,  369 
sides  of,  38 
supplementary,  50 
symbols  for,  38 

tessellations  and  total  measure  of, 
389-390 

transversals  forming,  128 
vertical,  50,  123-124,  131, 
703-704 

Angle  Addition  Postulate,  696, 
707-708 

Angle-Angle-Angle  (AAA),  221, 
228-229,589,591 
angle  bisector(s) 

of  an  angle,  40-41,  115, 159-160, 
178-181,239,604 
incenter,  179,  180, 181,  191 
of  a triangle,  178-181,  603,  604 
of  a vertex  angle,  s244-245 
Angle  Bisector  Concurrency 
Conjecture,  178 
Angle  Bisector  Concurrency 
Theorem,  712 

Angle  Bisector  Conjecture,  159 
Angle  Bis ector/Oppo site  Side 
Conjecture,  604 
Angle  Bisector  Postulate,  696 
Angle  Bisector  Theorem, 

710-711 
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Angle  Bisectors  to  the  Congruent 
Sides  Theorem,  7 1 3 
Angle  Duplication  Postulate,  696 
Angle-Side-Angle  (ASA),  221, 227, 
591,697 

Angles  Inscribed  in  a Semicircle 
Conjecture,  325 

Angles  Inscribed  in  a Semicircle 
Theorem,  728 
Angola,  18, 126 
angular  velocity,  352 
animal  care.  See  Applications 
annulus,  453 

Another  World  (Other  World) 

(Escher),  691 
antecedent,  679-680 
antiprism(s),  526 
Apache,  3 
aperture,  265 
apothem,  442 
Applications 

agriculture,  72,  125,451,468,469, 
564, 669 

aircraft,  107,282-283,323,341, 
344,402,435,664,668, 

669,  684 

animal  care,  426,  433,  451,  552, 
553,593,612,709,718 
archaeology,  260, 278,  305,  321, 
360,364,510,658,664, 

688,735 

architecture,  6,  7,  9,  12,  15,  20,  22, 
23,38,64,  75,78,  136,  176,206, 
215,251,273,280,324,352, 
353,373,389,426,461,464, 
465,510,521,522,536,555, 
561,564,580,582,630,651, 
659,  733 

astronomy,  315,  349,  363,  638,  640 
biology,  270,  317,  373,  389,  451, 
506,560,562,618, 

620-622,  637 
botany,  338,  342 
business,  435,  475,  61 1,629 
chemistry,  9,  97,  106,  126,  189, 
248,520,552,561 
computers,  50,  237,  627 
construction  and  maintenance, 
200,247,254,261,280,295, 
305,323,339,422,426,431, 
432,434,435,436,456,467, 
475,486,511,535,542,549, 
564,574,587,608,611,635, 
665,684,709 

consumer  awareness,  342,  348, 
436,456,467,474,475,548, 
549,560,573,580,587,617, 
635,646 

cooking,  455,  474,  5 14,  574,  629 
design,  3-4,  7,  10,  12,  18, 20-22, 
24-25,35,46,49,51,55,60, 


61,67,72,84,86,90,  112,  125, 
158,  161,  165,  172,  177,  181, 
182,  188,  189,273,302,343, 
361,362,365,372,381,396, 
399-401,426,433,436,444, 
474,481,517,534,  541,549, 
554,561,574,580,590,613, 

635.668.684 

distance  calculations,  85,  93,  118, 
125,  152,225,235,242,278, 
279,352,361,401,407,480, 
498,506,513,514,515,594, 
598-600,601,634,  641,647 
648,659,664,  668,669,688, 
703,713 

earth  science,  541, 669 
engineering,  84,  96,  136,  224,  235, 
285,549,590,  627 
environment,  535,  542,  593 
flags,  4,  26 
forestry,  653 
genetics,  18 

geography,  341,  352,  361, 407, 
458,564,565,618 
geology,  520 
government,  699 
landscape  architecture,  436, 

535,542 

law  and  law  enforcement,  7 8 , 
114,426 

manufacturing,  222,  474,  475, 
510,565,568,617 
maps  and  mapping,  36,321, 

584,692 

medicine  and  health,  40,  107 
meteorology  and  climatology, 
116,338,499,  649 
moviemaking,  581, 614,  622 
music,  90,  343 

navigation,  133,219,235,316, 
323,648-649,650,  665, 

668.684 

oceanography,  593,  673 
optics,  45,  52,  133,  274,  317,  375, 
600,635 

photography,  265,  328,  600 
physics,  69,  187,274,312,500, 
520,551-553,553,574, 
622,659 
public  transit,  89 
resources,  consumption  of,  435, 
560,580,617,651,669 
seismology,  231 
sewing  and  weaving,  3,  7,  9,  10, 
14,49,51,60,  67,267,293,303, 
371,373,374,427 
shipping,  482, 498,  513,  664 
sound,  45, 248,  361 
sports,  40,  71,  84,  113,  187,  188, 
219,314,316,338,348,373, 
377-378,379-380,381,412, 


451,459,481,517,520,580, 

667.668.685 
surveying  land,  36,  96,  200, 

469,485 

technology,  237,  265,  274,  285, 
312,328,343,435,514,649, 
650,  668 

telecommunications,  45 1 , 5 14 
velocity  and  speed  calculations, 
136,282-283,341,352-353, 

361.499.668.669.685 
approximately  equal  to,symbol  for,40 
arc(s) 

addition  of,  727 
and  angles,  318,  324-325 
and  chords,  318 
defined,  7 1 
endpoints  of,  7 1 

inscribed  angles  intercepting,  325 
intercepted,  313,  325,  326 
length  of,  and  circumference, 
349-351 
major,  71,313 

measure  of,  71,  313,  324-326, 
349-351 
minor,  71,313 
nautical  mile  and,  361 
parallel  lines  intercepting,  326 
semicircles,  71, 325,  508 
symbol,  71 

Arc  Addition  Postulate,  727 
Arc  Length  Conjecture,  350 
archaeology.  See  Applications 
arches,  273, 280,  324,  510 
Archimedean  screw,  668 
Archimedean  tilings,  391 
Archimedes,  391,  552,  636,  668 
architecture.  See  Applications 
Archuleta- Sagel,  Teresa,  267 
area 

ancient  Egyptian  formula  for,  469 
ancient  Greek  formula  for, 
437,470 
of  an  annulus,  453 
of  a circle,  449-450,  453-454, 
508-509 
defined,  422 

Hero’s  formula  for,  437,  470 
of  irregularly  shaped  figures,  423, 
434, 446-448 
of  a kite,  430 
maximizing,  433 
as  model  for  product  of  two 
numbers,  438-439 
modeled  by  functions,  675 
of  a parallelogram,  424-425 
Pick’s  formula  for,  446-448 
of  a polygon,  23,  442-443 
probability  and,  458-460 
proportion  and,  608-6 10,616 
of  a rectangle,  422-423, 438-440 
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of  a regular  polygon,  442-443 
of  a sector  of  a circle,  453-454 
of  a segment  of  a circle,  453-454 
surface.  See  surface  area 
of  a trapezoid,  429-430 
of  a triangle,  423,  429,  470, 
654-655 

units  of  measure  of,  25 
arithmetic  mean,  580 
arithmetic  sequences,  580 
Around  the  World  in  Eighty  Days 
(Verne),  341 
art 

circle  designs,  10-11 
Cubist,  262 
Dada  Movement,  262 
geometric  patterns  in,  3-4 
Islamic  tile  designs,  20-22 
knot  designs,  2,  16,  16-17,406 
line  designs,  7-8 
mandalas,  25,  593 
murals,  588 
op  art,  13-14,  15 
perspective,  174 
proportion  and,  584,  608,  614, 
617,621,622,635,636 
similarity  and,  587,  636 
spiral  designs,  35 
symbolic,  19 
symmetry  in,  5,  372,  374 
See  also  drawing 

ASA  (Angle-Side-Angle),  221, 227, 
591,697 

ASA  Congruence  Conjecture,  227 
ASA  Congruence  Postulate,  697 
Asian  art/architecture.  See  China; 
India;  Japan 

Assessing  What  You’ve  Learned 

Giving  a Presentation,  308,  366, 
420,476,518,576,  638, 

690. 747 

Keeping  a Portfolio,  26,  94,  142, 

198,256,308,366,420,476, 
518,576,638,690,  747 
Organize  Your  Notebook,  94,  142, 

198.256.308.366.420.476, 
518,576,638,690,  747 

Performance  Assessment,  198, 

256.308.366.420.476, 

576.747 

Write  in  Your  Journal,  142,  198, 
256,308,366,420,476,518, 

576.638.690.747 

Write  Test  Items,  256,  366,  476, 
518,576 

associative  property 
of  addition,  694 
of  multiplication,  694 
assumptions,  diagrams  and,  59-60 
astrid,  8 

astronomy.  See  Applications 


Austria,  66 

auxiliary  line,  201, 330,  331,  705 
Axis  Dance  Company,  684 
axis  of  a cylinder,  523 
Aztecs,  25 


B 


Babylonia,  96,  479,  485 
Balance  (Amador),  182 
base(s) 

of  a cone,  523 
of  a cylinder,  523 
of  an  isosceles  triangle,  6 1 , 206 
of  a prism,  461, 522 
of  a pyramid,  461,  522 
of  a rectangle,  423 
of  solids,  461 
of  a trapezoid,  269 
base  angles 

of  an  isosceles  trapezoid,  271 
of  an  isosceles  triangle,  61, 206, 
207-208 

of  a trapezoid,  269 
bearing,  316,  667 
“Behold”  proof,  482 
Belvedere  (Escher),  639 
Benson,  Mabry,  303 
be  St- fit  line,  107 
Bhaskara,  482 

biconditional  statements,  243 
bilateral  symmetry,  3 
billiards  geometry  of,  41-42,  45, 
377-378 
binoculars,  274 
biology.  See  Applications 
bisector 

ofan  angle,  40-41, 115,  159-160, 
178-181,239,604 
of  a kite,  269 

perpendicular.  See  perpendicular 
bisectors 

of  a segment,  31,  149-151 
of  a triangle,  178-181, 603,  604 
of  a vertex  angle,  24-25 
body  temperature,  620-621 
Bolyai,  Janos,  742 
bone  and  muscle  strength,  621-622 
Bookplate  for  Albert  Ernst  Bosnian 
(Escher),  81 
Borro mean  Rings,  18 
Borromini,  Francesco,  176 
botany.  See  Applications 
Botswana,  374 
Breezing  Up  (Homer),  649 
Brewster,  David,  402 
Brickwork,  Alhambra  (Escher),  399 
buckyballs,  520 
buoyancy,  553 
business.  See  Applications 


C 


CA Conjecture  (Corresponding 
Angles  Conjecture),  129,  131 
CA  Postulate  (Corresponding 
Angles  Postulate),  697,  707-708 
calendars,  25 
Canada,  463 
carbon  molecules,  520 
Carroll,  Lewis,  632 
Cartesian  coodinate  geometry. 

See  coordinate  geometry 
ceiling  of  cloud  formation,  649 
Celsius  conversion,  287 
Celtic  knot  designs,  2,  16 
center 

ofacircle,  69,  319,  330-331 
of  gravity,  46,  1 86-187 
of  rotation,  369 
of  a sphere,  524 

Center  of  Gravity  Conjecture,  187 
central  angle 

ofacircle,  71,313,  317-318 
intercepting  arc,  3 1 3 
of  a regular  polygon,  286 
centroid,  185-187,  191 
finding,  414 

Centroid  Conjecture,  186 
Chagall,  Marc,  55 
chemistry.  See  Applications 
Chichen  Itza,  66,  659 
China,  10,  29,  36,  324,  337, 479,  495, 
500,518,536,648 
Chokwe,  18 
Cholula  pyramid,  543 
chord(s) 

arcs  and,  318 
center  of  circle  and,  319 
central  angles  and,  3 1 7-3 1 8 
defined,  70 

intersections  and,  355-357,  358 
perpendicular  bisectors  of, 
319-320 

properties  of,  317-320 
tangent  intersections,  358 
Chord  Arcs  Conjecture,  3 1 8 
Chord  Central  Angles 
Conjecture,  318 
Chord  Distance  to  Center 
Conjecture,  319 

Christian  art  and  architecture,  12, 

25,  161,251,353,417,543 
circle(s) 

annulus  of  concentric,  453 
arcs  of.  See  arc(s) 
area  of,  449-450,  453-454, 
508-509 

center  of,  69,  319,  330-331 
central  angles  of,  7 1 , 3 1 3 , 

317-318 
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chords  of.  See  chord(s) 
circumference  of,  335-337, 
349-351 

eireumseribed,  181 
eoneentrie,  71 
eongruent,  7 1 
defined,  69 
designs,  10-1 1 
diameter  of.  See  diameter 
equations  of,  504 
externally  tangent,  313 
inseribed,  181 

inseribed  angles  of,  317,  324-325, 
330-332,508 
internally  tangent,  313 
interseeting  lines  through, 

355-358 
naming  of,  69 
in  nature  and  art,  2 
proofs  involving,  723-724,  727 
proving  properties  of,  330-332 
and  Pythagorean  Theorem,  504, 
508-509 
radius  of,  69 

seeants  of,  326,  355-356,  357-358 
seetors  of,  362,  453-454 
segments  of,  453-454 
squaring  a,  456 
tangent,  3 1 3 

tangents  to.  See  tangent(s) 
trigonometry  using,  671-674 
Cirele  Area  Conjeeture,  450 
eireume  enter 
defined,  179 
finding,  346-347 
properties  of,  179,  191 
Cireumeenter  Conjeeture,  179, 
180-181 

eireumferenee,  335-337,  349-351 
Cireumferenee  Conjeeture,  336 
eireumferenee/ diameter  ratio, 
335-337 

eireumseribed  eirele,  181 
eireumseribed  triangle,  72,  181 
Claudel,  Camille,  617 
elinometer,  652-653 
eloeks,38,315,349 
eloekwise  rotations,  369 
Clothespin  (Oldenburg),  635 
eoineiding  patty  papers,  149 
eollinear  points,  29 
eombining  like  terms,  212 
eommutative  property 
of  addition,  694 
of  multiplieation,  694 
eompass,  7,  144,  145 
seetor,  628 

eomplementary  angles,  50 
eomposition  of  isometries,  383-386 
eomputer  programming,  237 
eomputers.  See  Applieations 


eoneave  kite.  See  dart 
eoneave  polygons,  54 
eoneentrie  eireles,  71 
eonelusion,  114,  115 
eoneurreney,  point  of.  See  point(s)  of 
eoneurreney 

eoneurrent  lines,  112,  178 
eonditional  proof,  679-680 
eonditional  statement(s),  569 
bieonditional,  243 
eontrapositive  of,  631-632 
eonverse  of,  124,  631 
forming,  703 
inverse  of,  63 1 
proving.  See  logie;  proof(s) 
symbol  for,  551 
eone(s) 

altitude  of,  523 
base  of,  523 
defined,  523 
drawing,  76 
frustum  of,  467,  619 
height  of,  523 
radius  of,  523 
right,  523,  615 
similar,  615 

surfaee  area  of,  464-465 
vertex  of,  523 
volume  of,  538-540 
eongruenee 
of  angles,  40 
ASA,  221, 227,  591, 697 
of  eireles,  71 

CPCTC  (eorresponding  parts 
of  eongruent  triangles  are 
eongruent),  232-233 
defined,  695 
diagramming  of,  59 
Hypotenuse-Leg  Conjeeture,  518 
of  polygons,  55 
as  premise  of  geometrie 
proofs,  695 
properties  of,  695 
SAA,  221, 228,  591,  710 
SAS,  221, 223,  591,  662-663,  697, 
730-731 
of  segments,  31 
SSA,  221,223,591,656 
SSS,  221, 222,  590,  662,  663,  697 
symbols  for,  and  use  of,  3 1 , 

40,59 

oftriangle(s),  170-171,221-223, 
227-229,232-233,518 
Congruent  and  Supplementary 
Theorem,  708 
eonjeetures 

data  quality  and  quantity  and,  98 
defined,  96 
proving.  See  proof(s) 

See  also  specific  conjectures  listed 
by  name 


Connections 

arehiteeture,  9, 23,  66,  206, 

251,273 

art,  172,  182,353,372,427,581 
astronomy,  315,  640 
eareer,  34,  40,  55,  222,  237,  293, 
434,436,444,499,555,590 
eonsumer,  4 

eultural,  25,  132,  349,  374,  396, 

426,  564 

geography,  361, 584 
history,  36,  335,  370,  468,  479,  482, 
485,552,565,658,659,692 
language,  96,  168,  299 
literature,  341, 632 
mathematies,  144,  337,  391,  395, 
456,  697 

reereation,  65,  219,  343,  500 
seienee,  18,69, 116,  126,  187,270, 
274,  338,  500,  520,  536,  553,  649 
teehnology,  265,  312,  435,  514, 

650,  668 

eonseeutive  angles,  54,  281 
of  a parallelogram,  282 
of  a trapezoid,  270 
eonseeutive  sides,  54 
eonseeutive  vertiees,  54 
eonsequent,  679-680 
eonstant  differenee,  102-104 
Constantine  the  Great,  584 
Constantinople,  584 
eonstruetion,  144-146 
of  altitudes,  156 
of  angle  biseetors,  159-160 
of  angles,  146 

of  auxiliary  lines,  proofs  and,  201 
with  eompass  and  straightedge, 

144, 145-146 
defined,  144-145 
of  a dilation  design,  595-597 
of  an  equilateral  triangle,  145 
Euelidand,  144 
of  Islamie  design,  158 
of  an  isoseeles  triangle,  207 
of  aline  segment,  145 
of  medians,  151 
of  midpoints,  150-151 
of  midsegments,  151 
of  parallel  lines,  163-164 
with  patty  paper,  144,145,146,149 
of  a perpendieular  biseetor, 

149-151 

of  perpendieulars,  154-156 
of  Platonie  solids,  545-546 
of  points  of  eoneurreney, 

178-181, 185-186 
of  a regular  hexagon,  1 1 
of  a regular  pentagon,  546 
of  a rhombus,  291-292 
of  a triangle,  145,  170-171, 

202,207 
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construction  and  maintenance.  See 
Applieations 

Construction,  24,  147,  151,  152, 
156-157,  160-161, 164,  171-172, 
182,  183,  188,  194-195,204,210, 
225,  230,  231, 234,  247,  254,  273, 
278,  280,  283,  284,  295,  296,  297, 
306,314,315,316,321,329,353, 
360,  361,  365,  366,  373,  382,  396, 
412,  443,  456,  467,  495,  511,515, 
518,  550,  588,  601, 619,  628,  635, 
660,  665,729 

eonsumer  awareness  Applieations 
eontrapositive,  631-632 
Contrapositive,  Law  of,  632 
eonverse  of  a statement,  124, 243,  63 1 
Converse  of  Parallel/Proportionality 
Conjeeture,  733 

Converse  of  Parallel/Proportionality 
Theorem,  733 

Converse  of  the  AEA  Theorem,  708 
Converse  of  the  AIA  Theorem,  708 
Converse  of  the  Angle  Biseetor 
Theorem,  712 

Converse  of  the  Equilateral  Triangle 
Conjeeture  (Equiangular 
Triangle  Conjeeture),  245 
Converse  of  the  Interior 
Supplements  Theorem,  708 
Converse  of  the  Isoseeles  Triangle 
Conjeeture,  208 

Converse  of  the  Isoseeles  Triangle 
Theorem,  712 

Converse  of  the  Opposite  Angles 
Theorem,  717 

Converse  of  the  Opposite  Sides 
Theorem,  717 

Converse  of  the  Parallel  Lines 
Conjeeture,  130 
Converse  of  the  Perpendieular 
Biseetor  Conjeeture,  151 
Converse  of  the  Perpendieular 
Biseetor  Theorem,  712 
Converse  of  the  Pythagorean 
Theorem,  484-486 
Converse  of  the  Reetangle  Diagonals 
Theorem,  717 

Converse  of  the  Rhombus  Angles 
Theorem,  717 
eonvex  polygons,  54 
Conway  eriterion,  408-409 
Conway,  John  Horton,  408 
eooking.  See  Applieations 
eoordinate  geometry 

as  analytie  geometry,  168 
eentroid,  finding,  414 
eireumeenter,  finding,  346-347 
dilation  in,  585,  637 
distanee  in,  502-504 
linear  equations  and,  287-288 
ordered  pair  rules,  376 


ortho e enter,  finding,  413 
points  of  eoneurreney  on,346-347 
proofs  with,  736-739 
refleetion  in,  377 
slope  and,  167-168 
systems  of  equations  in,  413-414 
three-dimensional  system,  505 
translation  in,  369,  376,  383 
trigonometry  and,  671-674 
Coordinate  Midpoint  Property, 

36,  736 

Coordinate  Transformations 
Conjeeture,  377 
eoplanar  points,  29 
eorollary,  708 
Corresponding  Altitudes 
Theorem,  733 

Corresponding  Angle  Biseetors 
Theorem,  733 

eorresponding  angles,  128,  129, 
130,697 

Corresponding  Angles  Conjeeture 
(CA  Conjeeture),  129,  131 
Corresponding  Angles  Postulate 
(CA Postulate),  697,  707-708 
Corresponding  Medians 
Theorem,  733 

eorresponding  parts  of  eongruent 
triangles  are  eongruent 
(CPCTC),  232-233 
eorresponding  sides  of  similar 
triangles  are  proportional 
(CSSTP),  623,731 
Cortona,  Pietro  da,  692 
eosine  ratio  (eos),  641-642 
Cosines,  Law  of,  661-663,  667 
eountereloekwise  rotation,  369 
eounterexamples,  47-48 
CPCTC,  232-233 
Crawford,  Ralston,  156 
Crazy  Horse  Memorial,  587 
CSSTP,  623,  731 
eube(s) 
net  for,  78 

table  relating  measurements 
of,  675 

eubie  funetions,  676 

eubie  units,  530,  535 

Cubist  style,  262 

Curl-Up  (Escher),  309 

eyelie  quadrilateral,  326 

Cyelie  Quadrilateral  Conjeeture,  326 

Cyelie  Quadrilateral  Theorem,  728 

eyeloparaffins,  248 

eylinder(s) 

altitude  of,  523 
axis  of,  523 
bases  of,  523 
defined,  523 
drawing,  76 
height  of,  523 


oblique,  523,  532-533 
radius  of,  523 
right,  523,531-532,614 
similar,  614 

surfaee  area  of,  462-463 
volume  of,  53 1-533 
Czeeh  Republie,  315 


D 


Dada  Movement,  262 
daisy  designs,  1 1 
Dali,  Salvador,  62 1 
dart 

defined,  298 

nonperiodie  tessellations 
with,  398 

properties  of,  298-299 
data  quantity  and  quality, 
eonjeeture  and,  98 
Day  and  Night  (Escher),  419 
deeagon,  54 

Deelarationof  Independenee,  699 
deduetive  reasoning,  114-116 
defined,  114 
geometrie.  See  proof(s) 
induetive  reasoning  eompared 
with,  115 

logie  as.  See  logie 
deduetive  system,  692 
definitions,  29 

undefined  terms,  building 
bloeks  of  geometry  as,  29 
using  a labeled  diagram,  5 1 
writing,  tips  on,  47-5 1 
degrees,  39 

dendroelimatology,  338 
density,  531-532 
design.  See  Applieations 
determining 
a line,  696 
a plane,  86 
a triangle,  170 
Developing  Proof 

aetivities,  116, 123, 131, 181,201, 
218,239,244,259,271,331, 
486,492,509,518 
exereises,!  17,1 18,125,132,133, 
141,142,165,166,197,198,204, 
205,209,219,225,226,230,233, 
234,239,240,241,246,247,252, 
253,254,255,256,260,261,264, 
265,274,278,279,284,286,294, 
295,296,300-302,305,307, 
308,316,321,322,323,328,329, 
332,333,334,339,344,353,364, 
365,366,375,402,428,433,437, 
452,468,475,476,482,487,488, 
494,495,501,506,510,517,518, 
549,554,566,607,611,613,618, 
637,638,670,690,709,746,747 
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Proving  Parallelogram 
Conjectures,  7 1 6-7 1 7 
Proving  the  SSS  Similarity 
Conjecture,  732 

Proving  the  Tangent  Conjecture  , 
723-724 

de  Villiers,  Michael,  720 
diagonal(s) 
of  a kite,  269 
of  a parallelogram,  282 
of  a polygon,  54 
of  a rectangle,  293 
of  a regular  pentagon,  214 
of  a rhombus,  292 
of  a square,  294 
of  a trapezoid,  27 1 , 723 
diagrams 

assumptions  possible  and  not 
possible  with,  59-60 
geometric  proofs  with,  703 
labeled,  definitions  and,  5 1 
problem  solving  with,  8 1-83, 498 
rectangle,  area  as  model  for 
products  and,  438-439 
vector  diagrams,  282-283 
Venn  diagrams,  83 
diameter 
defined,  70 

ratio  to  circumference,  335-337 
solving  formula  for,  567 
dice,  probability  and,  88 
dilation(s),  585,  637 

constructing  design  with, 
595-597 

Dilation  Similarity  Conjecture,  585 
direct  proof,  679 
direction  of  a translation,  368 
disabilities,  persons  with,  499, 
668,684 

displacement,  551-552 
dissection,  478 
distance 

incoordinate  geometry,  502-504 
defined,  from  point  to  line,  156 
formula,  502-504,  736 
of  a translation,  368 
distance  calculations.  See 
Applications 

distributive  property,  212,213,  694 
division  property  of  equality,  212, 
213,694 

DO  YOU  THINK  A IS  B? 

(Williams),  87 
dodecagon,  54,  390 
dodecahedron,  521 
Dodgson,  Charles  Lutwidge,  632 
Dome  of  the  Rock,  20 
Double-Edged  Straightedge 
Conjecture,  291 
Double-Edged  Straightedge 
Theorem,  718 


double  negation,  570 

Double  Splash  Evidence  (Greve),  310 

doubling  the  angle  on  the  bow,  219 

drawing 

circle  designs,  10-11 
congruence  markings  in,  145 
daisy  designs,  1 1 
defined,  144 
equilateral  triangle,  144 
geometric  solids,  75-77 
isometric,  75-77,  555-557 
knot  designs,  16,  406 
line  designs,  708 
mandalas,  25,  593 
op  art,  13-14,  15 
orthographic,  555-557 
perspective,  174-177 
polygons,  regular,  286 
to  scale,  585 
tessellations,  399-401, 

403-406 

Drawing  Hands  (Escher),  143 
dual  of  a tessellation,  392 
Dudeney,  Henry  E.,  506 
Dukes,  Pam,  314 
duplication  of  geometric  figures, 
144-146 
defined,  145 

Dynamic  Geometry  Explorations, 

11,35,39,49,83,  131,  138,  183, 
185,  191,210,210216,235,243, 
263,  268, 277, 282, 283, 294,  339, 
343,425,430,480,604,661 


E 


earth  science.  See  Applications 
edge,  521 

Edison,  Thomas,  343 
Egypt,  2,  36,  96,  144,  247,  337,  396, 
469,  479, 485,  522,  535,  600,  668 
8 -pointed  star,  8 
El  Nino,  116 

Elements  (Euclid),  144,  299,  692,  695 
elimination  method  of  solving 
equation  systems,  345-346, 
413-414 

elliptic  geometry,  743-744 
Emerging  Order  (Hoch),  262 
endpoints 
of  an  arc,  71 
of  a line  segment,  30 
engineering.  See  Applications 
England,  38,  727 
environment.  See  Applications 
equal  symbol,  use  of,  3 1 , 40 
equality,  properties  of,  212,  213, 
694-695 
equations 

of  a circle,  504 
defined,  212 


for  functions,  solving,  677-678 
linear.  See  linear  equations 
properties  for  solving,  212-213 
solution  to,  212 

variable  of,  solving  for  any,  567 
equator,  361,  524 
equiangular  polygon,  56 
Equiangular  Polygon 
Conjecture,  263 

equiangular  triangle.  See  equilateral 
triangle(s) 

Equiangular  Triangle 
Conjecture,  245 
equidistant,  defined,  150 
Equilateral/Equiangular  Triangle 
Conjecture,  244-245 
equilateral  polygon,  56 
equilateral  triangle(s) 
angle  measures  of,  244 
constructing,  145 
defined,  6 1 
drawing,  144 
as  equiangular,  244-245 
as  isosceles  triangle,  207, 244 
Napoleon’s  theorem  and, 

249-250 

properties  of,  207-208 
tessellations  with,  389-391, 
404-405 

and  30°-60°-90°  triangles,  492 
Equilateral  Triangle  Conjecture, 
244-245 
Eratosthenes,  352 

Escher,  M.  C.,  1,27,81,95,  143,  199, 
257,  309,  367,  399,  419,  421, 477, 
519,577,639,  691 
dilation  and  rotation  designs  of, 
595,597 

knot  designs  of,  17 
and  Napoleon’s  Theorem,  250 
and  tessellations,  399, 403-405, 
410-411,419 

Euclid,  144, 299, 479,  692,  695, 

697, 742 

Euclidean  geometry,  144,  692-698, 
742-743 

Euler,  Leonhard,  120,  191, 528 
Euler  line,  191-192 
Euler  Line  Conjecture,  191 
Euler  segment,  1 92 
Euler  Segment  Conjecture,  192 
Euler’s  Formula  for  Networks, 
120-121 

Euler’s  Formula  for  Polyhedrons, 
528-529 
‘Eureka!,”  552 

European  art  and  architecture,  15, 

17,  18,25,38,  161, 174,  176, 193, 

280,315,353,406,417,461, 

659,727 

Evans,  Minnie,  416 
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Explorations 

Alternate  Area  Formulas, 

469-470 

Construeting  a Dilation  Design, 
595-597 

The  Euler  Line,  191-192 
Euler’s  Formula  for  Polyhedrons, 
528-529 

The  Five  Platonie  Solids,  544-546 
Geometrie  Probability  I,  88-89 
Geometrie  Probability  II, 

458-460 

Indireet  Measurement,  652-653 
Interseeting  Lines  Through  a 
Cirele,  355-358 
Ladder  Climb,  507 
Napoleon’s  Theorem,  249-250 
Non-Euelidean  Geometries, 
742-744 

Ortho  graphie  Drawing,  555-557 
Patterns  in  Fraetals , 137-139 
Perspeetive  Drawing,  174-177 
Piek’s  Formula  for  Area,  446-448 
Proof  as  Challenge  and 
Diseovery,  720-721 
A Pythagorean  Fraetal,  496-497 
The  Seven  Bridges  of 
Konigsberg,  120-121 
Sherloek  Holmes  and  Forms  of 
Valid  Reasoning,  5 69-5 7 1 
Star  Polygons,  266-267 
Tessellating  with  the  Conway 
Criterion,  408-409 
Three  Types  of  Proofs,  679-682 
Trigonometrie  Ratios  and  the 
Unit  Cirele,  671-674 
Two  More  Forms  of  Valid 
Reasoning,  631-633 
Why  Elephants  Have  Big  Ears, 
620-622 

Extended  Parallel/Proportionality 
Conjeeture,  626,  629 
Exterior  Angle  Sum  Conjeeture,  263 
exterior  angles 

alternate,  128-130 
of  a polygon,  262-263 
sum  of,  263 

transversal  forming,  128 
of  a triangle,  2 1 7-2 1 8 
externally  tangent  eireles,  313 
Exxon  Valdez,  535 


faee(s) 

and  area,  461 
lateral,  461, 522 
naming  of,  52 1 
of  a polyhedron,  521 
faetors,  area  of  reetangle  as  model 
and,,  438-440 


Fahrenheit  eonversion,  287 
Fallingwater  (Wright),  9 
families  of  funetions,  676 
family  tree,  logieal,  706-708 
Fathom  Projects 
Best-Fit  Lines,  107 
Different  Diee,  460 
In  Seareh  of  the  Perfeet 
Reetangle,  613 
Needle  Toss,  340 
Random  Reetangles,  428 
Random  Triangles,  220 
flags.  See  Applieations 
flowehart,  237 
flowehart  proofs,  237-239 

eirele  eonjeetures,  proeedures  for, 
330-331 

quadrilateral  eonjeetures, 
proeedures  for,  298-299 
triangle  eonjeetures,  proeedures 
for,  710-711 
forestry.  See  Applieations 
formulas,  solving  for  any  variable 
in,  567 

45°_45°_90°  triangle,  491-492 
Four  Congruent  Angles  Reetangle 
Theorem,  717 

Four  Congruent  Sides  Rhombus 
Theorem,  717 
fraetals 

defined,  137 
Pythagorean,  496-497 
Sierpin'ski  triangle,  138-139 
as  term,  139 
fraetions,  578 
See  also  ratio 

Franee,  25,  64,  280,  353,  417,  456, 
461,584,617 
frustum  of  a eone,  467,  619 
Fuller,  Buekminster,  520 
fullerenes,  520 
funetion(s) 

eubie,  676 
defined,  102 
evaluating,  675 
families  of,  676 
linear,  104,  676 
notation  for,  103 
parent,  676 
quadratie,  675-677 
rule,  102-104 
sine,  676 

transforming,  675-677 
trigonometrie.  See  trigonometry 


G 


Galileo  Galilei,  659 
Gardner,  Martin,  395 
Garfield,  James,  479 
Gaudi,  Antoni,  15 


genealogy,  706 
geneties.  See  Applieations 
geography.  See  Applieations 
geology.  See  Applieations 

Geometer’s  Sketchpad 
Explorations 

Alternate  Area  Formulas, 

469-470 

Construeting  a Dilation  Design, 
595-597 

Interseeting  Lines  Through  a 
Cirele,  355-358 
Napoleon’s  Theorem,  249-250 
Patterns  in  Fraetals,  137-139 
Proof  as  Challenge  and 
Diseovery,  720-721 
A Pythagorean  Fraetal,  496-497 
Star  Polygons,  266-267 
Tessellating  with  the  Conway 
Criterion,  408-409 
Trigonometrie  Ratios  and  the 
Unit  Cirele,  671-674 
Geometer’s  Sketchpad  Projects 
Is  There  More  to  the 
Orthoeenter?,  192 
geometrie  figures 

eongruent.  See  eongruenee 
eonstrueting.  See  eonstruetion 
drawing.  See  drawing 
numbers  eorresponding  to, 

100, 111 

relationships  of,  83 
similar.  See  similarity 
sketehing,  144,  145 
squaring,  456 

See  also  specific  figures  listed 
by  name 

geometrie  mean,  580 
geometrie  proofs.  See  proof(s) 
geometrie  sequenees,  580 
geometrie  solids.  See  solid(s) 
geometry 

eoordinate.  See  eoordinate 
geometry 

Euelidean,  144,  692-698,  742-743 
non-Euelidean,  742-744 
as  word,  96 
Gerdes,  Paulus,  126 
Girodet,  Anne-Louis,  249 
given.  See  anteeedent 
glide  refleetion,  386, 410-411 
glide-refleetional  symmetry,  386 
Goethe,  Johann  Wolfgang  von 
golden  eut,  602 
golden  ratio,  602,  613 
golden  reetangle,  613,  630 
golden  spiral,  630 
golden  triangle,  214 
Goldsworthy,  Andy,  5 
Golomb,  Solomon,  53 
Gordian  knot,  18 
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gou  gu,  495,  518 
government.  See  Applieations 
Graphing  Calculator  Projects 
Drawing  Regular  Polygons,  286 
Line  Designs,  134 
Lines  andlsoseeles  Triangles,  250 
Maximizing  Area,  433 
Maximizing  Volume,  554 
Trigonometrie  Funetions,  674 
graphs  and  graphing 

interseetions  of  lines  found  by, 
288-289 

of  linear  equations,  287-288 
of  linear  funetions,  104 
of  quadratie  funetions,  675,  677 
of  system  of  equations,  345, 
413-414 

of  three-dimensional  eoordinate 
system,  505 

of  trigonometrie  funetions,  674 
gravity 

and  air  resistanee,  622 
eenter  of,  46, 186-187 
satellites  and,  312 
great  eirele(s),  361,  524,  743-744 
Great  Pyramid  of  Khufu,  535,  600 
Greeks,  aneient,  18,  29,  36,  66,  144, 
235,  352,  391, 437,  479,  544,  600, 
630,  636,  640,692 
Guatemala,  7,  694 


H 


Hall,  Diana,  365 
Hand  with  Reflecting  Sphere 
(Eseher),  95 

Harlequin  (Vasarely),  13 
Harryhausen,  Ray,  622 
Hawaii,  468,  593 
Hawkinson,  Tim,  595 
height 

of  aeone,  523 
of  a eylinder,  523 
of  a parallelogram,  424 
of  a prism,  522 
of  a pyramid,  463,  522 
of  areetangle,  423 
of  a trapezoid,  429 
of  a triangle,  156,  654-655 
Hein,  Piet,  527 
Helios  Prototype,  435 
hemisphere(s) 
defined,  524 
drawing,  77 
volume  of,  558-559 
heptagon,  54,  442 
heptahedron,  521 
Hero,  437 

Hero’s  formula  for  area,  437,  470 
Hesitate  (Riley),  13 
hexagon(s),  54 


Conway,  408-409 
in  nature  and  art,  2,  389 
regular.  See  regular  hexagon(s) 
hexagonal  prism,  522 
hexagonal  pyramid,  522 
hexahedron,  521 
hexominoes,  87 
Hindus,  25,  337,  482 
Hmong,  373 
Ho  eh,  Hannah,  262 
Hoekney,  David,  556 
Homer,  Winslow,  649 
horizon  line,  174 

The  Horse  in  Motion  (Muybridge),483 
Horseman  (Eseher),  410 
Hot  Blocks  (Andrade),  24 
Hundertwasse,  Friedensreieh,  66 
Hungary,  3,  742 
hyperbolie  geometry,  743 
hypotenuse,  478 

Hypotenuse-Leg  Conjeeture,  518 
Hypotenuse-Leg  Theorem,  733 


iee,  536,  553,  637 
ieosahedron,  544 
identity  property,  694 
if-and-only-if  statement,  55,  243 
if-then  statements.  See  eonditional 
statement(s) 
image,  368 
image  matrix,  420 
Impossible  Structures-1 1 1 
(Roelofs),  406 

Improving  Your  Algebra  Skills 

Algebraie  Magie  Squares  I,  12 
Algebraie  Magie  Squares  II,  607 
Algebraie  Sequenees  1, 23 1 
Algebraie  Sequenees  II,  323 
The  Differenee  of  Squares,  375 
The  Eye  Should  Be  Quieker  Than 
the  Hand,  735 
Fantasy  Funetions,  412 
Number  Line  Diagrams,  127 
Number  Trieks,  248 
APreearious  Proof,  721 
Pyramid  Puzzle  I,  9 
Pyramid  Puzzle  n,  148 
Substitute  and  Solve,  670 
Improving  Your  Reasoning  Skills 
Bagels,  15 

Bert’s  Magie  Hexagram,  550 
Cheekerboard  Puzzle,  74 
Chew  on  This  for  a While,  382 
Code  Equations,  457 
Container  Problem  I,  226 
Container  Problem  II,  488 
The  Dealer’s  Dilemma,  190 
How  Did  the  Farmer  Get  to  the 
Other  Side?,  274 


Hundreds  Puzzle,  211 
Logieal  Liars,  407 
Logieal  Voeabulary,  702 
Lunar  Loekout,  290 
Piek  a Card,  242 
Puzzling  Patterns,  101 
Reasonable  ‘rithmetie  I,  5 1 1 
Reasonable  ‘rithmetie  II,  566 
Seeing  Spots,  729 
Spelling  Card  Triek,  1 7 3 
Sudoku,  715 
Symbol  Juggling,  726 
Think  Dinosaur,  329 
Tie-Tae-Square,  441 
Improving  Your  Visual  Thinking 
Skills 

Build  a Two-Pieee  Puzzle,  594 
Coin  Swap  I,  46 
Coin  Swap  II,  58 
Coin  Swap  III,  162 
Colored  Cubes,  316 
Conneeting  Cubes,  630 
Cover  the  Square,  470 
Disseeting  a Hexagon  I,  205 
Disseeting  a Hexagon  n,  265 
Equal  Distanees,  80 
Fold,  Puneh,  and  Snip,  501 
Folding  Cubes  I,  153 
Folding  Cubes  n,  7 1 9 
Four- Way  Split,  437 
Hexominoes,  87 
Mental  Bloeks,  709 
Moving  Coins,  468 
Mudville  Monsters,  495 
Net  Puzzle,  261 
Painted  Faees  I,  393 
Painted  Faees  n,  619 
Patehwork  Cubes,  561 
Pentominoes  I,  63 
Pentominoes  II,  113 
Piekup  Stieks,  6 
Pieture  Patterns  I,  344 
Pieture  Patterns  II,  397 
Piet  Hein’s  Puzzle,  527 
Polyominoes,  53 
The  Puzzle  Loek,  1 84 
A Puzzle  Quilt,  297 
Puzzle  Shapes,  653 
Random  Points,  452 
Rolling  Quarters,  334 
Rope  Trieks,  660 
Rotating  Gears,  119 
The  Spider  and  the  Fly,  506 
The  Squared  Square  Puzzle,  445 
3-by-3  Induetive  Reasoning 
Puzzle  I,  388 

3-by-3  Induetive  Reasoning 
Puzzle  II,  646 
HC-TAC-NO!,  602 
Visual  Analogies,  166 
ineenter,  179, 180, 181, 191 
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Incenter  Conjeeture,  180 
ine lined  plane,  500 
ineluded  angle,  222 
ineoming  angle,  41 
India,  6, 25,  337, 482,  636 
indireet  measurement 

with  similar  triangles,  598-599 
with  string  and  ruler,  60 1 
with  trigonometry,  64 1 
indireet  proof,  680,  722-724 
induetive  reasoning,  96-98 
deduetive  reasoning  eompared 
to,  115 

defined,  96 
figurate  numbers.  111 
finding  nth  term,  102-104,  102-111 
mathematieal  modeling,  108-111 
inequalities,  triangle,  2 1 5-2 1 8 
inseribed  angle(s),  317,  324-325, 
330-332,508 

Inseribed  Angle  Conjeeture,  324, 
330-332 

Inseribed  Angle  Theorem,  727 
Inseribed  Angles  Intereepting  Ares 
Conjeeture,  325 

Inseribed  Angles  Intereepting  Ares 
Theorem,  728 
inseribed  eirele,  181 
inseribed  quadrilateral.  See  eyelie 
quadrilateral 

inseribed  triangle,  72,  181 
integers 

Pythagorean  triples,  484-485 
rule  generating,  102-104 
See  also  numbers 
intereepted  are,  313,  325,  326 
interior  angles 
adjaeent,  217 
alternate,  128-129,  131, 

704-705 

of  polygons,  258-259,  263 
remote,  217 
transversal  forming,  128 
of  a triangle,  217 
interior  design,  444 
Interior  Supplements  Theorem,  708 
internally  tangent  eireles,  313 
Interseeting  Chords  Conjeeture, 
339,356 

Interseeting  Chords  Theorem,  728 
Interseeting  Seeants  Conjeeture, 

,356 

Interseeting  Seeants  Theorem,  728 
Interseeting  Tangents  Conjeeture, 
322,358 

interseetion  of  lines 
in  eireles,  355-358 
finding,  288-289 
refleetion  images  and,  385 
See  also  perpendieular  lines; 
point(s)  of  eoneurreney 


Interwoven  Patterns-V  (Roelofs),  406 
inverse  eosine  (eos-1),  644 
inverse  of  a eonditional 
statement,  63 1 
inverse  sine  (sin  644 
inverse  tangent  (tan  -1^  ^44 
Investigations 

Angle  Bis eeting  by  Folding,  159 
Angle  Bis  eeting  with 
Compass,  160 
Angles  Inseribed  in  a 
Semieirele,  325 
Ares  by  Parallel  Lines,  326 
Are  Medians  Coneurrent? 

185-186 

Area  Formula  for  Cireles,  449 
Area  Formula  for  Kites,  430 
Area  Formula  for 
Parallelograms,  424 
Area  Formula  for  Regular 
Polygons,  442 

Area  Formula  for  Trapezoids, 
429-430 

Area  Formula  for  Triangles,  429 
Area  of  a Triangle,  654-655 
Area  Ratios,  608-609 
Balaneing  Aet,  186-187 
Base  Angles  in  an  Isoseeles 
Triangle,  207 
The  Basie  Property  of  a 
Refleetion,  370-371 
Chords  and  the  Center  of  the 
Cirele,  319 

Chords  and  Their  Central 
Angles,  318 
Cireume  enter,  179 
Coneurrenee,  178-179 
Construeting  Parallel  Lines  by 
Folding,  163 

Construeting  the  Perpendieular 
Biseetor,  150-151 
Corresponding  Parts,  603 
Cyelie  Quadrilaterals,  326 
Defining  Angles,  49 
Defining  Angles  in  a 
Cirele,  317 

Defining  Cirele  Terms,  70 
Dilations  on  the  Coordinate 
Plane,  585 

The  Distanee  Formula,  502-503 
Do  All  Quadrilaterals 
Tessellate?,  395 

Do  All  Triangles  Tessellate?,  394 
Do  Reetangle  Diagonals  Have 
Speeial  Properties?,  293 
Do  Rhombus  Diagonals  Have 
Speeial  Properties?,  292 
Duplieating  a Segment,  145 
Duplieating  an  Angle,  146 
Extended  Parallel 
Proportionality,  626 


Exterior  Angles  of  a Triangle, 
217-218 

Finding  a Minimal  Path,  377-378 
Finding  the  Ares,  350 
Finding  the  Right  Biseetor,  149 
Finding  the  Right  Line,  154-155 
Finding  the  Rule,  1 02- 103 
Finding  the  Square  Route,  300 
The  Formula  for  the  Surfaee  Area 
of  a Sphere,  562-563 
The  Formula  for  the  Volume  of  a 
Sphere,  558 
Four  Parallelogram 
Properties,  281 
Going  Off  on  a Tangent,  311 
Ine  enter,  180 

Inseribed  Angle  Properties,  324 
Inseribed  Angles  Intereepting  the 
Same  Are,  325 
Is  AA  a Similarity 
Shorteut?,  589 
Is  AAA  a Congruenee 
Shorteut?,  228 
Is  ASA  a Congruenee 
Shorteut?,  227 
Is  SAA  a Congruenee 
Shorteut?,  228 
Is  SAS  a Congruenee 
Shorteut?,  223 

Is  SAS  a Similarity  Shorteut?,  591 
Is  SSA  a Congruenee 
Shorteut?,  223 
Is  SSS  a Congruenee 
Shorteut?,  222 
Is  SSS  a Similarity 
Shorteut?,  590 

Is  the  Converse  True?,  130,  208, 
484-485 

Is  There  a Polygon  Sum 
Formula?,  258-259 
Is  There  an  Exterior  Angle  Sum?, 
262-263 

Isoseeles  Right  Triangles,  491 
The  Lawof  Sines,  655 
The  Linear  Pair  Conjeeture,  122 
Mathematieal  Models,  32 
Mirror  Mirror,  598 
Opposite  Side  Ratios,  604 
Overlapping  Segments,  116 
Parallels  and  Proportionality, 
624-625 

Party  Handshakes,  1 08-1 1 0 
Patty  Paper  Perpendieulars,  155 
Perpendieular  Biseetor  of  a 
Chord,  319-320 
Refleetions  aeross  Two 
Interseeting  Lines,  385 
Refleetions  aeross  Two  Parallel 
Lines,  384 

The  Semiregular  Tessellations, 
390-391 
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Shape  Shifters,  98 
Solving  Problems  with  Area 
Formulas,  434 
Spaee  Geometry,  77 
Speeial  Polygons,  56 
Speeial  Quadrilaterals,  64-65 
Surfaee  Area  of  a Cone,  465 
Surfaee  Area  of  a Regular 
Pyramid,  464 

Surfaee  Area  Ratios,  609-6 1 0 
The  Symmetry  Line  in  an 
Isoseeles  Triangle,  244 
Tangent  Segments,  312 
ATasteofPi,  336 
30°-60°-90°  Triangles,  492 
The  Three  Sides  of  a Right 
Triangle,  478-479 
Transformations  on  a Coordinate 
Plane,  377 

Trapezoid  Midsegment 
Properties,  276-277 
Triangle  Midsegment  Properties, 
275-276 

The  Triangle  Sum,  200-201 
Triangles,  60-61 
Trigonometrie  Tables,  642-643 
Vertieal  Angles  Conjeeture,  123 
Virtual  Pool,  41 
The  Volume  Formula  for  Prisms 
and  Cylinders,  531 
The  Volume  Formula  for 
Pyramids  and  Cones,  538 
Volume  Ratios,  6 1 5-6 1 6 
What  Are  Some  Properties  of 
Kites?,  268-269 
What  Are  Some  Properties  of 
Trapezoids?,  270 
What  Can  You  Draw  with 
the  Double-Edged 
Straightedge?,  291 
What  Is  the  Shortest  Path  from 
A to  5?,  216 
What  Makes  Polygons 
Similar?,  582 
Where  Are  the  Largest  and 
Smallest  Angles?,  217 
Whieh  Angles  Are  Congruent?, 
128-129 
Iran,  368  , 464 
irrational  numbers , 337 
ZSEK?/PFVW//(Nagaoka),  19 
Islamie  art  and  arehiteeture,  2,6, 

20-22, 23,  158,  209,  302,  389 , 399, 
464  , 536 

isometrie  drawing,  75-77,  555-557 
isometry 

eomposition of,  383-386 
on  eoordinate  plane,  369  , 

376-377  , 383 
defined,  368 
matriees  and,  420 


properties  of,  376-380 
types  of.  See  refleetion;  rotation; 
translation 

isoseeles  right  triangle,  491-492 
Isoseeles  Right  Triangle 
Conjeeture,  491  491 
isoseeles  trapezoid(s),  183,  270-271 
Isoseeles  Trapezoid  Conjeeture,  271 
Isoseeles  Trapezoid  Diagonals 
Conjeeture,  271 
Isoseeles  Trapezoid  Diagonals 
Theorem,  717 

Isoseeles  Trapezoid  Theorem,  717 
isoseeles  triangle(s),  206-208 

base  angles  of,  61  , 206  , 207-208 
base  of,  61  , 206 
eonstruetion  of,  207 
defined,  61 
golden,  214 
legs  of,  206 
plumb  level  and,  247 
proofs  involving,  722-723 
right,  491-492 
symmetry  and  properties  of, 
243-245 

vertex  angle  biseetor,  244-245 
vertex  angle  of,  61  , 206,  244-245 
See  also  equilateral  triangle(s) 
Isoseeles  Triangle  Conjeeture,  207  , 
244-245 
eonverse  of,  208 
Isoseeles  Triangle  Theorem,  712 
Isoseeles  Triangle  Vertex  Angle 
Theorem,  715 
Israel,  521 

Italy,  18  , 161,  176,  193,  370,  391, 479, 
541 ,565,659,692 


J 


Jainism,  636 
Jamaiea,  4 
James  Fort,  658 
James,  Riehard,  in,  395 
Japan,  4,  7,  14,  17, 19,  72,  78,  303  , 
396  , 426  , 541  , 666  , 744 
Jerusalem,  20 

Jewish  arehiteeture,  373,  521 
Jimenez,  Soraya,  451 
Jiuzhang  suanshu,  495 
journal,  defined,  142 
Juehi,  Hajime,  14 


K 


kaleidoseopes,  402 
Kamehamehal,  468 
Kente  eloth,  5 1 
Kiekapoo,  564 
King  (Evans),  416 


King  Kong,  622 
kite(s) 

area  of,  430 
eoneave.  See  dart 
defined,  64 

nonperiodie  tessellations 
with,  398 

nonvertex  angles  of,  268 
properties  of,  268-269 
tessellations  with,  398,  410 
vertex  angles  of,  268 
Kite  Angle  Biseetor  Conjeeture,  269 
Kite  Angles  Conjeeture,  269 
Kite  Area  Conjeeture,  430 
Kite  Diagonal  Biseetor 
Conjeeture,  269 
Kite  Diagonals  Conjeeture,  269 
kites  (reereational),  65  , 268  , 

431  , 648 

knot  designs,  2,  16-17,  18,  406 

(Japenese  arehiteeture),  78,  426 
Konigsberg,  120 


La  Petite  Chatelaine  (Claudel),  617 
Lahori,  Ustad  Ahmad,  6 
landseape  arehiteeture.  See 
Applieations 
Laos,  373 
lateral  edges 

oblique,  and  volume,  532 
of  a prism,  522 
of  a pyramid,  522 
lateral  faees 

of  a prism,  461  , 522 
of  a pyramid,  461 
and  surfaee  area,  461 
latitude,  524 

law  and  law  enforeement.  See 
Applieations 

Law  of  Contrapositive,  632 
Lawof Cosines,  661-663,  667 
Lawof Sines,  654-657,  667 
Lawof  Syllogism,  631-633 
Leaning  Tower  of  Pisa,  659 
legs 

of  an  isoseeles  triangle,  206 
of  a right  triangle,  47  8 
lemma,  716 
length 

of  an  are,  349-351 
symbols  to  indieate,  30 
Leonardo  da  Vinei,  370  , 456  , 479 
LeWitt,  Sol,  61  , 488 
light.  See  opties 
Lin,  Maya,  132 
line(s) 

auxiliary,  201  , 705 
of  best-fit,  107 
eoneurrent,  112,  178 
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description  of,  28,  29 
designs,  7-8 
determining,  696 
diagrams  of,  59 

equations  of.  See  linear  equations 
intersecting.  See  intersection 
of  lines 
models  of,  28 
naming  of,  28 

in  non-Euclidean  geometries, 
742-744 

parallel.  See  parallel  lines 
perpendicular.  See 
perpendicular  lines 
postulates  of,  696 
segments  of.  See  line  segment(s) 
skew,  48 

slope  of.  See  slope 
symbol  for,  28 
tangent.  See  tangent(s) 
transversal,  128 

Line  Intersection  Postulate,  696 
line  of  reflection,  370-371 
line  of  symmetry,  3,  371 
Line  Postulate,  696 
line  segment(s) 
addition,  46 

bisectors  of,  31,  149-151 
and  concurrency.  See  point(s) 
of  concurrency 
congruent,  3 1 
construction  of,  145 
defined,  30 

divided  by  parallel  lines, 
proportion  of,  624-627 
duplicating,  145 
endpoints  of,  30 
of  Euler,  192 
golden  cut  on,  602 
measure  of,  notation,  30 
medians,  151,  185-187,243-244, 
414,603-604,605 
midpoint  of,  3 1 , 36-37,  5 1 , 
150-151,696,736 
midsegments,  151,275-277 
overlapping,  116 
postulates  of,  696 
similarity  and,  623-627 
symbol  for,  30 
tangent  segments,  3 1 2-3 1 3 
line  symmetry.  See  reflectional 
symmetry 

linear  equations,  287-289 
intersections,  finding  with, 
288-289 

slope-intercept  form,  287-289 
systems  of,  solving,  345-347, 
413-414 

See  also  equations 
linear  functions,  104,  676 


Linear  Pair  Conjecture,  122 
linear  pair(s)  of  angles,  50,51, 
122-124 

Linear  Pair  Postulate,  697, 
707-708 

locus  of  points,  83 
logic 

and  flowchart  proofs,  237-238 
forms  of,  569-571,  631-633 
history  of,  692 
language  o f,  5 6 9-5  7 0 
Law  of  Syllogism,  63 1-633 
Law  of  the  Contrapositive,  632 
Modus  Ponens,  570-571 
Modus  Pollens,  570-571 
and  paragraph  proofs,  237 
proofs  of,  approaches  to, 
679-682 

symbols  and  symbolic  form  of, 
569-571,631-633 
See  also  proof(s) 
logical  argument,  569 
longitude,  524 
Loomis,  Elisha  Scott,  479 
lusona  patterns,  18,  126 


M 


Magic  Mirror  (Escher),  367 
Magritte,  Rene,  527 
major  arc,  71,313 
Malaysia,  23 
mandalas,  25,  593 
Mandelbrot,  Benoit,  139 
Mandelbrot  set,  139 
manufacturing.  See  Applications 
Maori,  733 

maps  and  mapping.  See  Applications 
mathematical  models,  108-1 1 1 
area  of  a rectangle  as,  438-440 
defined,  108 

mathematics  journal,  defined,  142 
matrix  (matrices) 
addition,  388 
multiplication,  407 
representing  a polygon  as,  420 
transformations  with,  420 
maximizing  area,  433 
maximizing  volume,  554 
Maya,  349,  659,  694 
mean 

arithmetic,  580 
and  the  centroid,  4 1 4-4 1 5 
geometric,  580 
measure 

of  an  angle,  39-40 
of  arcs,  71,313,  324-326,  349-351 
indirect.  See  indirect 
measurement 


symbol  for,  30 
See  also  units 

Median  Concurrency  Conjecture,!  85 
median(s)  of  atriangle,151, 185-187, 
243-244,414,603-604,605 
See  also  centroid 
Medians  to  the  Congruent  Sides 
Theorem,  713 
Medici  crest,  565 
medicine  and  health.  See 
Applications 

metals,  densities  of,  551-552 
meteorology  and  climatology.  See 
Applications 

Mexico,  66,349,  543,659 
midpoint,  31, 36-37,  51,  150-151, 
696,  736 

Midpoint  Postulate,  696 
midsegment(s) 

of  a trapezoid,  275,  276-277 
of  a triangle,  151,275-276,277 
Mini -Investigations,  117,  118,  165, 
183,  189,  204,  322,  333,  339,  343, 
353,  374,  427,  495,  505,  526,  594, 
611,734,  746,747 
minimal  path,  377-380 
Minimal  Path  Conjecture,  378 
mining,  669 
minor  arc,  71,313 
mirror  line.  See  line  of  reflection 
mirror  symmetry.  See  reflectional 
symmetry 
mirrors 

in  indirect  measurement,  598 
light  reflecting  off,  45 
partial,  52 

Mississippi  River,  118 
models.  See  mathematical  models 
Modus  Ponens  (MP),  570-571 
Modus  Pollens  (MI),  570-571 
Mohist  philosophers,  29 
monohedral  tessellation,  389-390, 
394-395 

Morgan,  Julia,  251 
Morocco,  22 

moviemaking.  See  Applications 
Mozambique,  126 
multiplication 

of  radical  expressions,  490 
properties  of,  694 
multiplication  property  of  equality, 
212,213,694 
murals,  588 

muscle  and  bone  strength,  621-622 
music.  See  Applications 
Muybridge,  Eadweard,  483 
My  Blue  Vallero  Heaven 
(Achuleta-Sagel),  267 
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^-gon,  54,  259 

See  also  polygon(s) 

Nadelstern,  Paula,  297 
Nagaoka,  Kunito,  19 
NAMES  Project  AIDS  Memorial 
Quilt,  535 

Napoleon  Bonaparte,  249 
Napoleon’s  Theorem,  249-250 
Native  Americans,  3,  49,  371, 465, 
564,587 
nature 

fractals  in,  137 
geometric  solids  in,  520 
geometry  in,  2-4 
op  art  in,  1 5 
symmetry  in,  3,  4,  373 
tessellation  in,  389 
nautical  mile,  361 
Navajo,  49,  371 
navigation.  See  Applications 
negation,  570 

negative  numbers,  area  of  rectangle 
as  model  for  products  and,  439 
Netherlands,  406 
nets,  78-79,  544-546 
networks,  120-121 
New  Zealand,  733 
Nigeria,  16 

non-Euclidean  geometries, 

742-744 
nonagon,  54 
nonperiodic  tiling,  398 
nonrigid  transformation,  368,  585, 
595-597 

nonvertex  angles,  268 
North  Star,  649 

notation.  See  symbols  and  notation 

notebook,  defined,  94 

nth  term,  finding,  1 02- 104,1 02- 111 

numbers 

integers.  See  integers 
irrational,  337 
rectangular,  100,  111 
rounding,  435 
square  roots,  489-490 
triangular.  111 

numerical  name  for  tiling.  See  vertex 
arrangement 


O 


oblique  cylinder,  523,  532-533 
oblique  prism,  522,  532-533 
Oblique  Prism-Cylinder  Volume 
Conjecture,  532 
oblique  triangular  prism,  522 
O’Brien,  Willis,  622 
obtuse  angle,  49, 115 


obtuse  triangle,  60,  661,  662 
oceanography.  See  Applications 
octagon,  54,  390 
O’Hare,  Nesli,  41 
oil  spills,  535,  542 
Oldenburg,  Claes,  635 
Olympic  Games  logo,  16 
100  Cans  (Warhol),  523 
one-point  perspective,  175 
op  art,  13-14,  15 

opposite  angles  of  a parallelogram, 

281.716- 717 
opposite  leg,  640 

opposite  sides  of  a parallelogram, 

282.716- 717 
Opposite  Sides  Parallel  and 

Congruent  Theorem,  717 
optics.  See  Applications 
ordered-pair  rules,  376 
ordered  triple,  505 
orthocenter 
defined,  179 
finding,  413-414 
properties  of,  191,  192 
orthographic  drawing,  555-557 
outgoing  angle,  4 1 
Overlapping  Angles  Conjecture,  118 
Overlapping  Segments 
Conjecture,  116 


P 


Palestinian  art,  10 
parabolas,  675,  677 
paragraph  proofs,  20 1 , 202, 
flowchart  proofs  compared  to, 
237-238 

quadrilateral  conjectures, 
procedures  for,  299 
parallel  lines 

arcs  on  circle  and,  326 
construction  of,  163-164 
defined,  48, 163 
diagrams  of,  59 
in  elliptic  geometry,  744 
proofs  involving,  704-705, 
716-717 

properties  of,  129-131,  696 
proportional  segments  by, 

623-627 

and  reflection  images,  384 
slope  of,  167-168,736 
symbol  for,  48 

Parallel  Lines  Conjecture,  129 
converse  of,  130 
Parallel  Lines  Intercepted  Arcs 
Conjecture,  326 

Parallel  Postulate,  696,  705,  742-743 
Parallel/Proportionality 
Conjecture,  625 
converse  of,  733 


Extended  Parallel/ 

Proportionality,  626,  629 
Parallel/Proportionality 
Theorem,  733 

Parallel  Secants  Congruent  Arcs 
Theorem,  728 

Parallel  Slope  Property,  167,  736 
Parallel  Transitivity  Theorem,  709 
parallelogram(s) 
altitude  of,  424 
area  of,  424-425 
defined,  65 
height  of,  424 
proofs  involving,  7 1 6-7 17, 
720-721 

properties  of,  281-283, 291-294 
relationships  of,  83 
special,  291-294 
tessellations  with,  411 
in  vector  diagrams,  282-283 
Venn  diagram  of,  83 
See  also  specific  parallelograms 
listed  by  name 

Parallelogram  Area  Conjecture,  424 
Parallelogram  Consecutive  Angles 
Conjecture,  282 

Parallelogram  Consecutive  Angles 
Theorem,  717 

Parallelogram  Diagonal  Lemma,  716 
Parallelogram  Diagonals 
Conjecture,  282 

Parallelogram  Inscribed  in  a Circle 
Theorem,  728 

Parallelogram  Opposite  Angles 
Conj  ecture,  281,71 6-7 1 7 
Parallelogram  Opposite  Sides 
Conjecture,  282,  717 
parent  function,  676 
Parthenon,  630 
partial  mirror,  52 
Path  of  Life  1 (EschQx),  577, 
595,597 

patterns.  See  inductive  reasoning 
patty  papers,  144,  145,  146,  149 
Pei,  I.  M.,  206,461 
Pelli,  Cesar,  23 
pendulum,  674 
Penrose,  Sir  Roger,  398 
Penrose  tilings,  398 
pentagon(s) 
area  of,  442 
congruent,  55 

diagonals  of,  golden  triangle 
and,  214 
naming  of,  54 
in  nature  and  art,  2 
sum  of  angles  of,  258-259 
tessellations  with,  389,  395,  396 
Pentagon  Sum  Conjecture,  258 
pentominoes,  63 
performance  assessment,  198 
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perimeter,  55 
period,  674 

periodie  phenomena,  trigonometry 
and,  674 
periseope,  133 

Perpendieular  Biseetor  Coneurreney 
Conjeeture,  179 

Perpendieular  Biseetor  Coneurreney 
Theorem,  712 
Perpendieular  Biseetor 
Conjeeture,  150 
eonverse  of,  151 

Perpendieular  Biseetor  of  a Chord 
Conjeeture,  320 

Perpendieular  Biseetor  Theorem,  712 
perpendieular  biseetors 
of  aehord,  319-320 
eonstrueting,  149-151 
defined,  149 

linear  equations  for,  288-289, 
346-347 
of  a rhombus,  292 
of  a triangle,  178-181 
See  also  biseetor;  eireumeenter; 
perpendieulars 
perpendieular  lines 
defined,  48 
diagrams  of,  59 
in  elliptie  geometry,  744 
slope  of,  167,  736 
symbol  for,  48 
Perpendieular  Postulate,  696 
Perpendieular  Slope  Property, 
167,736 

Perpendieular  to  a Chord 
Conjeeture,  319 
Perpendieular  to  Parallel 
Theorem,  709 
perpendieulars 

eonstrueting,  154-156 
defined,  154 
postulate  of,  696 
perspeetive,  174-177 
Petronas  Twin  Towers,  23 
Philippines,  146 
phonograph,  343 
photography.  See  Applieations 
physies.  See  Applieations 
pi,  335-337,  341 
symbol  for,  335 
Piek,  Georg  Alexander,  446 
Piek’s  formula,  446-448 
pieture  angle,  328 
pinhole  eamera,  600 
plane(s) 

eoneurrent,  178 
determining,  86 
models  of,  28 
naming  of,  28 
as  undefined  term,  29 


plane  figures.  See  geometrie  figures 
Plato,  544,  692 
Platonie  solids  (regular 

polyhedrons),  521,  544-546 
Plimpton  322,  485 
plumb  level,  247 
point(s) 

eollinear,  29 
eoplanar,  29 
deseription  of,  28,  29 
diagrams  of,  59 
loeus  of,  83 
models  of,  28 
naming  of,  28 
symbol  for,  28 
vanishing,  174,  175-177 
point(s)  of  eoneurreney,  178-181, 
185-187 

eentroid,  185-187,  191,414 
eireumeenter,  ,191,  , 346-347 
eonstruetion  of,  178-181, 185-186 
eoordinates  for,  finding,  346-347, 
413-415 
defined,  178 
ineenter, , 180,  181,  191 
orthoeenter,  179, 191,  192, 
413-414 

point  of  tangeney,  70 
point  symmetry.  See  rotational 
symmetry 

Polaris  (North  Star),  649 
pollution.  See  environment 
Polya,  George,  236 
polygon(s),  54-56 
area  of,  23, 442-443 
eireumseribed  eireles  and,  1 8 1 
elassifieation  of,  54 
eoneave,  54 
eongruent,  55 
eonvex,  54 
defined,  54 
diagonals  of,  54 
drawing,  286 
equiangular,  56 
equilateral,  56 
exterior  angles  of,  262-263 
inseribed  eireles  and,  1 8 1 
interior  angles  of,  258-259,  263 
naming  of,  54 
perimeter  of,  55 
regular.  See  regular  polygon(s) 
sides  of,  54 
similar.  See  similarity 
star,  266-267 

sum  of  angle  measures,  258-259, 
262-263 

symmetries  of,  372 
te sedations  with,  389-391, 
394-395,  396 
vertex  of  a,  54 


See  also  specific  polygons  listed 
by  name 

Polygon  Sum  Conjeeture,  259 
polyhedron(s) 
defined,  521 
edges  of,  521 

Euler’s  formula  for,  528-529 
faees  of,  521 

models  of,  building,  528-529, 
544-546 
naming  of,  52 1 
nets  of,  78-79,  544-546 
regular,  521 
similar,  614 
vertex  of  a,  521 
See  also  solid(s);  specific 
polyhedrons  listed  by  name 
Polynesian  navigation,  650 
polyominoes,  53 
pool,  geometry  of,  41-42,  45, 

377-378 

portfolio,  defined,  26 
postulates  of  geometry,  692,  695-697, 
727,  730,  742-743 
premises  of  geometrie  proofs, 
692-698, 704,  736 
presentations,  giving,  308 
Print  Gallery  (Eseher),  1 
prism(s) 

altitude  of,  522 
antiprisms,  526 
bases  of,  461,  522 
defined,  522 
drawing,  75,  76 
height  of,  522 
inverted  images  and,  274 
lateral  faees  of,  461, 522 
oblique,  522,  532-533 
right,  522,531-532,614 
similarity  and,  614 
surfaee  area  of,  462 
volume  of,  53 1-533 
Prism-Cylinder  Volume 
Conjeeture,  532 
probability 

area  and,  458-460 
defined,  88 

geometrie  problems  using, 
88-89,458-460 
problem  solving 

aeting  it  out,  108-109 
with  diagrams,  8 1-83,  498 
mathematieal  modeling,  108-111 
produets,  area  of  reetangle  as  model 
for,  438-440 
Projects 

Best-Fit  Lines,  107 
Building  an  Areh,  280 
eonstrueting  a Tile 
Design,  158 
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Creating  a Geometry  Flip 
Book,  483 

Different  Diee,  460 
Drawing  Regular  Polygons,  286 
Drawing  the  Impossible,  68 
In  Seareh  of  the  Perfeet 
Reetangle,  613 
Is  There  More  to  the 
Orthoe  enter?,  192 
Japanese  Puzzle  Quilts,  303 
Japanese  Temple  Tablets,  666 
Kaleidoseopes,  402 
Light  for  All  Seasons,  651 
Line  Designs,  134 
Lines  andlsoseeles  Triangles,  250 
Making  a Mural,  588 
Maximizing  Area,  433 
Maximizing  Volume,  554 
Needle  Toss,  340 
Penrose  Tilings,  398 
Photo  or  Video  Safari,  23 
Polya’s  Problem,  236 
Raeetraek  Geometry,  354 
Random  Reetangles,  428 
Random  Triangles,  220 
The  Soma  Cube,  537 
Speeial  Proofs  of  Speeial 
Conjeetures,  741 
Spiral  Designs,  35 
Symbolie  Art,  1 9 
Trigonometrie  Funetions,  674 
The  World’s  Largest  Pyramid,  543543 
See  also  Geometer’s  Sketehpad 
Projeets;  Graphing  Caleulator 
Projeets;  Fathom  Projeets 
Promenades  of  Euclid,  The 
(Magritte),  527 
proof(s) 

of  angle  eonjeetures,  704-705, 
710-712 

auxiliary  lines  in,  201, 33 1,  705 
of  eirele  eonjeetures,  330-332, 
723-724,  727 
eonditional,  679-680 
with  eoordinate  geometry, 

736-739 
direet,  679 

flowehart.  See  flowehart  proofs 
indireet,  680,  722-726 
lemmas  used  in,  7 1 6 
logieal  family  tree  used  in, 

706-708 

paragraph.  See  paragraph 
proofs 

planning  and  writing  of, 

298-299,  703-708 
postulates  of,  692,  695-697,  727, 
730, 742-743 

premises  of,  692-698,  704,  736 
of  the  Pythagorean  Theorem, 
479-480,  482 
Q.E.D.  at  end  of,  299 


of  quadrilateral  eonjeetures, 
298-299, 716-717, 720-721, 
723,736-739 
of  similarity,  730-733 
symbols  and  symbolie  form  of, 
569-571,631-633 
of  triangle  eonjeetures,  705-710, 
710-712,730-733 
two-eolumn,  679,  711-712 
See  also  logie 
proportion,  578-579 
with  area,  608-6 10,616 
of  eorresponding  parts  of 
triangles,  603-605 
defined,  578 

indireet  measurement  and, 

598-599 

of  segments  by  parallel  lines, 
623-627 

similarity  and,  578-579,  433-584, 
603-605 

with  volume,  6 1 4-6 1 6 
See  also  ratio;  trigonometry 
Proportional  Areas  Conjeeture, 
609-610,616 
proportional  dividers,  629 
Proportional  Parts  Conjeeture, 

603,605 

Proportional  Volumes 
Conjeeture,  616 
protraetor 

angle  measure  with,  39,  144 
and  elinometers,  652 
eonstruetion  as  not  using,  145 
defined,  47 

Ptolemy,  Claudius,  640 
publie  transit.  See  Applieations 
puzzles.  See  Improving  Your  Algebra 
Skills;  Improving  Your  Reasoning 
Skills;  Improving  Your  Visual 
Thinking  Skills 
pyramid(s) 

altitude  of,  522 
base  of,  461 
defined,  522 
drawing,  77 
height  of,  463,  522 
lateral  faees  of,  461, 522 
net  for,  78 
slant  height  of,  463 
surfaee  area  of,  462,  463-464 
truneated,  619 
vertex  of,  522 
volume  of,  538-540 
Pyramid-Cone  Volume 
Conjeeture,  538 

pyramids  (arehiteetural  struetures), 

64,  66,  206,  247,  461, 433522,  535, 
543,600,659 

Pythagoras  of  Samos,  479,  692 
Pythagorean  Proposition 
(Loomis),  479 


Pythagorean  Theorem,  478-480 
and  eirele  equations,  504 
eireles  and,  504,  508-509 
eonverse  of,  484-486 
eultural  awareness  of  prineiple 
of,  480, 485 
and  distanee  formula, 
502-504,  736 
fraetal  based  on,  496-497 
and  isoseeles  right  triangle, 

491- 492 

and  Law  of  Cosines,  661 
pieture  representations  of, 
478,496 

problem  solving  with,  498 
proofs  of,  479-480,  482 
and  similarity,  496 
and  square  roots,  489 
statement  of,  479 
and  30°-60°-90°  triangle, 

492- 493 

trigonometry  and,  relationship 
of,  661 

Pythagorean  triples,  484-485 


Q 


Q.E.D.,  defined,  299 
qi  qiao  (tangram  puzzle),  500 
quadratie  equations,  440 
quadratie  funetions,  675-677 
quadrilateral(s) 

arehiteeture  and,  66 
area  of,  aneient  Egyptian  formula 
for,  469 
eongruent,  55 
eyelie,  326 
definitions  of,  64-65 
linkages  of,  285 
naming  of,  54 

proofs  involving,  298-299, 
716-717,720-721,723, 
736-739 

proving  properties  of,  298-299 
speeial,  64-65 
sum  of  angles  of,  258-259 
tessellations  with,  389-391, 395 
See  also  specific  quadrilaterals 
listed  by  name 
quadrilateral  linkages,  285 
Quadrilateral  Sum  Conjeeture,  258 
Quadrilateral  Sum  Theorem,  712 
quilts  and  quiltmaking,  9,  14,  67, 
297,303,427 


R 


raeetraek  geometry,  354 
radians,  674 

radieal  expressions,  489-490 
radiosonde,  649 
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radius 

and  arc  length,  350-35 1 
of  a circle,  69 

and  circumference  formula,  336 
of  a cone,  523 
of  a cylinder,  523 
defined,  69 
of  a sphere,  524 
tangents  and,  311-312 
ratio 

circumference/ diameter, 

335-337 
defined,  578 
equal.  See  proportion 
of  Euler  segment,  192 
golden,  602,  613 
probability,  88 
slope.  See  slope 

trigonometric.  See  trigonometry 
See  also  proportion;  similarity 
ray(s) 

angles  defined  by,  38 
concurrent,  178 
defined,  32 
naming  of,  32 
symbol  of,  32 
reasoning 

deductive.  See  deductive 
reasoning;  logic 
inductive.  See  inductive 
reasoning 

strategies,  1 15, 180,  201, 218, 
298,330,703 
record  players,  343 
rectangle(s) 

area  of,  422-423,  438-440 
base  of,  423 
defined,  65 
golden,  613,  630 
height  of,  423 
properties  of,  293 
sum  of  angles  of,  293 
Venn  diagram  of,  83 
Rectangle  Area  Conjecture,  423 
Rectangle  Diagonals  Conjecture,  293 
Rectangle  Diagonals  Theorem,  717 
rectangular  numbers,  100,  111 
rectangular  prism,  75,  462,  522 
Rectangular  Prism  Volume 
Conjecture,  531 

rectangular  solid(s),  drawing,  75 
recursive  rules,  137-139 
Red  and  Blue  Puzzle  (Benson),  303 
reflection 

composition  of  isometries  and, 
384-386 

in  coordinate  plane,  377 
defined,  370 
glide,  386,  410-411 
line  of,  370-371 
matrices  and,  420 


minimal  path  and,  377-380 
as  type  of  isometry,  368 
Reflection  Line  Conjecture,  371 
reflectional  symmetry,  3,  4,  371 
Reflections  across  Intersecting  Lines 
Conjecture,  385 

Reflections  across  Parallel  Lines 
Conjecture,  384 
reflex  measure  of  an  angle,  39 
reflexive  property  of  congruence,  695 
reflexive  property  of  equality,  694 
reflexive  property  of  similarity,  730 
regular  dodecagon,  390 
regular  dodecahedron,  521,  544-546 
regular  heptagon,  442 
regular  hexagon(s),  1 1 
area  of,  442 

tessellations  with,  389-391, 400, 
403-404 

regular  hexahedron,  544-546 
regular  icosahedron,  544-546 
regular  octagon,  390, 
regular  octahedron,  544-546 
regular  pentagon,  42,  2 14 
regular  polygon(s) 
apothem  of,  442 
area  of,  442-443 
defined,  56 
drawing,  286 
symmetries  of,  372 
tessellations  with,  389-391 
Regular  Polygon  Area 
Conjecture,  443 
regular  polyhedrons  (Platonic 
solids),  521,  544-546 
regular  pyramid,  surface  area  of, 
463-464 

regular  tessellation,  390 
regular  tetrahedron,  544-546 
217 

Renaissance,  174 
Reptiles  (Escher),  404 
resources,  consumption  of.  See 
Applications 
resultant  vector,  283 
revolution,  solid  of,  86 
Rhombus  Angles  Conjecture,  292 
Rhombus  Angles  Theorem,  717 
Rhombus  Diagonals  Conjecture,  292 
rhombus(es) 

construction  of,  29 1-292 
defined,  65 

properties  of,  291-292 
Venn  diagram  of,  83 
Rice,  Marjorie,  395,  396 
right  angle,  49 
Right  Angles  Are  Congruent 
Theorem,  708 
right  cone,  523,  615 
right  cylinder,  523,  531-532,  614 


right  pentagonal  prism,  522 
right  prism,  522,  531-532,  614 
Right  Prism  Volume  Conjecture,  531 
right  triangle(s) 

adjacent  side  of,  640 
altitude  of,  156 
defined,  60 
hypotenuse  of,  478 
isosceles,  491-492 
legs  of,  478 
opposite  side  of,  640 
properties  of.  See  Pythagorean 
Theorem;  trigonometry 
similarity  of,  496,  640 
30°-60°-90°  type,  492-493 
rigid  transformation.  See  isometry 
Riley,  Bridget,  1 3 
Rock  and  Roll  Hall  of  Fame  and 
Museum,  206 
Roelofs,  Rinus,  406 
Romans,  ancient,  36,  273,  280,  584 
rotation 

defined>,  369 
matrices  and,  420 
model  of,  369 
spiral  similarity,  597 
tessellations  by,  403-405 
as  type  of  isometry,  368 
rotational  symmetry,  3,  4,  371 
rounding  numbers  435, 
ruler,  7,  144,  145 
Russia,  17 


S 


SAA Congruence  Conjecture,  228 
SAA  Congruence  Theorem,  710 
SAA  (Side-Angle-Angle),  221, 228, 
591,710 

sailing.  See  navigation 
sangaku,  666 

SAS  Congruence  Conjecture,  223 
SAS  Congruence  Postulate,  697 
SAS  (Side-Angle-Side),  221, 223, 
591,662-663,697,730-731 
SAS  Similarity  Conjecture,  591 
SAS  Similarity  Theorem,  730-731 
SAS  Triangle  Area  Conjecture,  655 
satellites,  312,  315,  342,  435 
Savant,  Marilyn  vos,  84 
scale  drawings,  585 
scale  factor,  585 
scalene  triangle,  61, 394 
Schattschneider,  Doris,  395,  595 
sculpture,  geometry  and,  584,  614, 
617,635,636 

secant,  326,  355-356,  357-358 

section,  79 

sector  compass,  628 

sector  of  a circle,  362, 453-454 
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segment(s) 
addition,  46 
bisector,  31,  149-151 
of  a circle,  453-454 
line.  See  line  segment(s) 
in  spherical  geometry,  743 
Segment  Addition  Postulate,  696 
Segment  Duplication  Postulate,  696 
seismology.  See  Applications 
self-similarity,  137 
semicircle(s),  71,  325,  508 
semiregular  tessellation,  390-391 
sequences,  580 
sewing  and  weaving.  See 
Applications 

shadows,  indirect  measurement 
and,  599 
Shah  Jahan,  6 
Shintoism,  666 
shipping.  See  Applications 
Shortest  Distance  Conjecture,  155 
show.  See  consequent 
shrinking  and  stretching  functions, 
675-678 
Sicily,  692 
side(s) 

of  an  angle,  38 

of  a parallelogram,  282 

of  a polygon,  54 

Side-Angle-Angle  (SAA),  221, 228, 
591,710 

Side-Angle  Inequality 
Conjecture,  217 

Side-Angle-Side  (SAS),  221, 223, 
591,662-663,697,730-731 
Side-Side-Angle  (SSA),  221, 223, 
591,656 

Side-Side-Side  (SSS),  221, 222,  590, 
662,663,697 

Sierpiriski  triangle,  137-139 
similarity,  581-584 
and  area,  608-610 
defined,  583 

dilationand,  585,  595-597 
indirect  measurement  and, 
598-599 

mural  making  and,  588 
and  polygons ,581-585 
proofs  involving,  730-733 
properties  of,  730 
and  Pythagorean  fractal,  496 
and  Pythagorean  Theorem,  496 
ratio  and  proportion  in,  578-579, 
583-584,  603-605 
segments  and,  623-627 
of  solids,  614-616 
spiral,  597 
symbol  for,  583 

of  triangles,  589-591, 603-605 
trigonometry  and,  640 
and  volume,  6 1 4-6 1 6 


simplification  of  radical  expressions, 
489-490 
sine  function,  677 
sine  ratio  (sin),  641-642 
Sines,  Law  of,  654-657,  667 
Sioux,  465 
sketching,  144,  145 
skew  lines,  48 
slant  height,  463 
slope 

calculating,  135-136 
defined,  135 
formula,  135 

of  parallel  lines,  167-168,  736 
of  perpendicular  lines,  167,  736 
positive  and  negative,  136 
triangle,  135 

slope-intercept  form,  287-289 
smoking  cigarettes,  748 
Snakes  (Escher),  17 
solar  technology,  435 
solid(s) 

bases  of,  461 

with  curved  surfaces,  522-524 
drawing,  75-77 
faces  of,  521 
lateral  faces  of,  461, 522 
nets  of,  78-79,  544-546 
Platonic,  521,544-546 
of  revolution,  86 
section,  79 
similar,  614-616 
surface  area  of . See  surface  area 
See  also  polyhedron(s);  specific 
solids  listed  by  name 
solution 

of  an  equation,  212 
of  a system  of  equations,  345 
sona  patterns  (lusona),  18,  126 
sound.  See  Applications 
South  America,  116 
space,  75-77 
defined,  75 
See  also  solid(s) 

Spaceship  Earth  (Disney),  576 
Spain,  15,  20 

speed.  See  velocity  and  speed 
calculations  in  Applications 
sphere(s) 

center  of,  524 
coordinates  on,  743-744 
defined,  524 
drawing,  77 

great  circles  of,  361, 524,  743-744 
hemisphere.  See  hemisphere 
radius  of,  524 

spherical  geometry  and,  743-744 
surface  area  of,  562-563 
volume  of,  558-559 
Sphere  Surface  Area  Conjecture,  563 


Sphere  Volume  Conjecture,  558 
spherical  coordinates,  743-744 
spherical  geometry,  743-744 
spiral(s) 
designs,  35 
golden,  630 
in  nature  and  art,  14,35 
similarity,  597 
sports.  See  Applications 
square(s) 

defined,  65, 294 

proofs  involving,  736-739 

properties  of,  294 

pyramid,  522 

roots,  489-490 

spiral,  14 

symmetry  of,  372 

tessellations  with,  389-391, 399 

units,  425 

Venn  diagram  of,  83 
Square  Diagonals  Conjecture,  294 
Square  Diagonals  Theorem,  736-739 
Square  Limit  (Escher),  421 
square  root  property  of  equality,  694 
squaring  a circle,  456 
Sri  Lanka,  467 

SSA(Side-Side-Angle),  221, 223, 
591,656 

SSS  Congruence  Conjecture,  222 
SSS  Congruence  Postulate,  697 
SSS  (Side-Side-Side),  221, 222,  590, 
662,663,697 

SSS  Similarity  Conjecture,  590 
SSS  Similarity  Theorem,  731-733 
star  polygons,  266-267 
steering  linkage,  285 
Stein,  Rolf,,  395 

Still  Life  and  Street  (Escher),  257 
Stonehenge,  727 
straightedge,  7,  145 

double-edged,  291-292 
stretching  and  shrinking 
functions,  675-678 
substitution  method  of  solving 
equation  systems,  345-346 
substitution  property  of  equality, 

212.213.694 

subtraction  property  of  equality, 

212.694 

Sumners,  De Witt,  18 
Sunday  Morning  Mayflower  Hotel 
(Hockney),  556 
supplementary  angles,  50 
Supplements  of  Congruent  Angles 
Theorem,  708 
surface  area 

of  a cone,  464-465 
of  a cylinder,  462-463 
defined,  461 
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modeled  by  funetions,  675 
of  a prism,  462 
of  a pyramid,  462,  463-464 
ratios  of,  609-610 
of  a sphere,  562-563 
and  volume,  relationship  of, 
620-622 

surveying  land.  See  Applieations 
Syllogism,  Lawof,  631-633 
symbolie  art,  19 

Symbolic  Logic,  Part  I (Dodgson),  632 
symbols  and  notation 
angle,  38 

approximately  equal  to,  40 
are,  71 

eonditional  statement,  569 
eongruenee,  31, 40,  59 
equal,  use  of,  31, 40 
flowehart  proofs,  238 
glide  refleetion,  410 
height,  423 
image  point  label,  368 
line,  28 

line  segment,  3 

oflogie,  569-571, 631-633 

measure,  30 

negation  (logie),  570 

parallel,  48 

perpendieular,  48 

pi,  335 

plane,  28 

point,  28 

ray,  32 

similarity,  583 
slant  height,  463 
therefore,  238,  570 
triangle,  54 

symmetrie  property  of 
eongruenee,  695 
symmetrie  property  of 
equality,  694 
symmetrie  property  of 
similarity,  730 
symmetry,  3-4,  371-372 
bilateral,  3 

glide-refleetional,  386 
in  an  isoseeles  trapezoid,  27 1 
in  an  isoseeles  triangle,  243-245 
in  a kite,  268 
line  of,  3,  371 
of  polygons,  372 
refleetional,  3, 4,  371 
rotational,  3,  4,  371 
Symmetry  drawing  E25  (Eseher),  403 
Symmetry  drawing  E99  (Eseher),  405 
Symmetry  drawing  El 03  (Eseher),! 99 
Symmetry  drawing  El 05  (Eseher),399 
Symmetry  drawing  E108  (Eseher),41 1 
systems  of  linear  equations,  345-347, 
413-414 
Szyk,  Arthur,  699 


Taj  Mahal,  6 
Take  Another  Look 

angle  measures,  255 
area,  475-476 
eongruenee  shorteuts, 

255-256,518 
eyelie  quadrilaterals,  365 
dilation,  637 
line  of  best  fit,  365 
matriees,  420 
polygon  eonjeetures,  308 
pool  geometry,  419 
proportionality,  637-638 
proving  eonstruetions,  255-256 
Pythagorean  Theorem, 

507- 508,  690 
quadrilateral  eonjeetures, 

255-256 

seeants,  inters eeting,  366 
similarity,  637-638 
spherieal  geometry,  255-256,  307 
surfaee  area,  475-476,  576 
tangents,  365,  366 
tessellation,  419 
transformations,  420 
triangle  eonjeetures,  255 
trigonometry,  689-690 
volume,  575-576 
tangent(s) 
eireles,  313 
defined,  70 
external,  313 
internal,  313 

interseetions  and,  357-358 
point  of,  70 

proofs  involving,  723-724 
properties  of,  3 1 1-3 1 3 
and  Pythagorean  Theorem, 

508- 509 

radius  and,  311-312 
ratio  (tan),  640,  641-642,  644 
segments,  312-313 
as  term,  use  of,  70 
Tangent-Chord Conjeeture,  333,  358 
Tangent  Conjeeture,  311 
Tangent-  Seeant  Conj  eeture  ,353,358 
Tangent  Segments  Conjeeture,  3 12 
Tangent  Segments  Theorem,  728 
Tangent  Theorem,  723-724 
tangential  veloeity,  353 
tangram  puzzle,  500 
Taoism,  315 
tatami,  396,  397 
teehnology.  See  Applieations 
Technology,  125,  147,  152,  162,  172, 
183,  188,203,261,314,  328,354, 
392,  407,  443,  445,  452,  475,  517, 
561, 602,  630,  665,  670,  715,  729, 
734,735 


teleeommunieations.  See 
Applieations 
temari  balls,  744 
temperature  eonversion,,  287 
tepees,  465 

term,  wth,  1 02-104,  111 
Tessellating  Quadrilaterals 
Conjeeture,  395 

Tessellating  Triangles  Conj  eeture, 3 94 
tessellation  (tiling) 

Conway  eriterion  for,  408-409 
ereation  of,  21, 398,  399-401, 
403-406 
defined,  20 
dual  of,  392 

glide  refleetion,  4 1 0-4 1 1 
monohedral,  389-390, 

394-395 
nonperiodie,  398 
with  nonregular  polygons, 

394-395 
regular,  390 
rotation,  403-405 
semiregular,  390-391 
translation,  399-400 
s vertex  arrangement,  390,  391 
test  problems,  writing,  256 
tetrahedron,  521 

Thales  of  Miletus,  235,  600,  692 
theodolite,  649 
Theorem  of  Pythagoras. 

See  Pythagorean  Theorem 
theorems,  692 
eorollary,  708 
defined,  479 

logieal  family  tree  of,  706-708 
proving.  See  proof(s) 

See  also  specific  theorems  listed 
by  name 
therefore 

arrow  for,  238 
arrow  for,  238 
symbol  for,  238,  570 
thinking  baekward,  298 
Third  Angle  Conjeeture,  204-205 
Third  Angle  Theorem,  706-708 
30°-60°-90°  triangle,  492-493 
30°-60°-90°  Triangle  Conjeeture, 
492-493 

Thompson,Rewi,  733 
three-dimensional  eoordinate 
system,  505 

Three  Midsegments  Conjeeture,  275 
Three  Similar  Right  Triangles 
Theorem,  733 
3 -uniform  tiling,  391 
Three  Worlds  (Eseher),  27 
Tibet,  593 
tide  tables,  673 
tiling.  See  tessellation 
Transameriea  Building,  206 
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transformation(s),  368 
of  functions,  675-678 
nonrigid,  368,  585,  595-597 
rigid.  See  isometry 
transitive  property  of 
eongruenee,  695 

transitive  property  of  equality,  694 
transitive  property  of  similarity,  730 
translation,  368-369 

and  eomposition  of  isometries, 
383-384,386 
defined,  368 
direetionof,  368 
distanee  of,  368 
of  funetions,  676-677 
matriees  and,  420 
tessellations  by,  399-400 
as  type  of  isometry,  358 
veetor,  368,  676 
transversal  line,  128 
trapezium,  270 
trapezoid(s) 

areh  design  and,  273 
area  of,  429-430 
base  angles  of,  269 
bases  of,  269 
defined,  64 
diagonals  of,  271, 723 
height  of,  429 
isoseeles,  183,270-271 
linkages  of,  285 
midsegments  of,  275,  276-277 
proofs  involving,  723 
properties  of,  270-271 
as  term,  270 

Trapezoid  Area  Conjeeture,  430 
Trapezoid  Conseeutive  Angles 
Conjeeture,  270 
Trapezoid  Midsegment 
Conjeeture,  277 
trapezoidal  prisms,  274 
triangle(s) 

aeute,  60,  656,  661, 662 
adjaeent  interior  angles  of,  217 
altitudes  of,  156,  179,  243-244, 

413.603 

angle  biseetors  of,  178-181, 

603. 604 

area  of,  423, 429,  470,  654-655 
eentroid.  See  eentroid 
eireumeenter.  See  eireumeenter 
eireumseribed,  72,  181 
eongruenee  of,  170-171, 
221-223,227-229, 
232-233,518 

eonstrueting,  145,  170-171, 
202,207 

definitions  of,  60-6 1 


determining,  170 
equiangular.  See  equilateral 
triangle 

equilateral.  See  equilateral 
triangle(s) 

exterior  angles  of,  2 1 7-2 1 8 
golden,  214 

height  of,  156,654-655 
ineenter.  See  ineenter 
ineluded  angle,  222 
inequalities,  2 1 5-2 1 8 
inseribed,  72,  181 
interior  angles  of,  217 
isoseeles.  See  isoseeles  triangle(s) 
matrix,  420 

medians  of,  151,  185-187, 
243-244,414,603-604, 605 
midsegments  of,151, 275-276,  277 
naming  of,  54 
obtuse,  60,  661,  662 
orthoeenter.  See  orthoeenter 
perpendieular  biseetors  of, 

178-181 

points  of  eoneurreney  of. 

See  point(s)  of  eoneurreney 
proofs  involving,  705-710, 
710-712,730-733 
quadrilaterals  eonstrueted 
with,  64 

remote  interior  angles  of,  2 1 7 
right.  See  right  triangle(s) 
rigidity  of,  200,  251 
sealene,  61, 394 

similarity  of,  589-591, 603-605 
spherieal  geometry  and,  744 
sum  of  angles  of,  200-202, 
705-706 
symbol  for,  54 

tessellations  with,  389-391,  394, 
404-405 

Triangle  Area  Conjeeture,  429 
Triangle  Exterior  Angle 
Conjeeture,  218 

Triangle  ExteriorAngle  Theorem,7 1 2 
Triangle  Inequality  Conjeeture,  216 
Triangle  Midsegment  Conjeeture ,2 7 6 
Triangle  Sum  Conjeeture,  200-202 
Triangle  Sum  Theorem,  705-706, 
707-708 

triangular  numbers.  111 
triangular  prism,  522 
triangular  pyramid,  522 
triangulation,  200 
trigonometry,  640 
adjaeent  leg,  640 
eosine  ratio  (eos),  641-642 
graphs  of  funetions,  674 


history  of,  620 
inverse  eosine  (eos“i),  644 
inverse  sine  (sin-i)?  644 
inverse  tangent  (tan  ),  644 
Law  of  Cosines,  661-663,  667 
Law  of  Sines,  654-657,  667 
opposite  leg,  640 
andperiodie  phenomena,  674 
problem  solving  with,  647 
sine  funetion,  676 
sine  ratio  (sin),  641-642 
tables  and  ealeulators  for, 
642-643,  674 
tangent  ratio  (tan),  640, 
641-642,644 
unit  eirele  and,  671-674 
veetors  and,  667 
truneated  eone  or  pyramid 
(frustum),  467,  619 
Tsiga  series  (Vasarely),  3 
Turkey,  389,  692 
Twain,  Mark,  118 
two-eolumn  proof,  679,  711-712 
two -point  perspeetive,  176 
2 -uniform  tiling,  391,419 


U 


undeeagon,  54 

unit  eirele,  671-674 

units 

area  and,  425 
line  segments  and,  30 
nautieal  mile,  361 
not  stated,  30 
volume  and,  530,  535 
Using  Your  Algebra  Skills 
Coordinate  Proof,  736-739 
Finding  Points  of  Coneurreney, 
413-415 
Midpoint,  36 

Produets,  Faetors,  and  Quadratie 
Equations,  438-440 
Proportion  and  Reasoning, 
578-579 

Radieal  Expressions,  489-490 
Slope,  135-136 
Slopes  of  Parallel  and 

Perpendieular  Lines,  167-168 
Solving  Equations,  2 1 2-2 1 3 
Solving  for  Any  Variable,  567 
Solving  Systems  of  Linear 
Equations,  345-347 
Tranforming  Funetions,  675-678 
Writing  Linear  Equations, 
287-289 
Uzbekistan,  60 
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VA  Theorem  (Vertieal  Angles 
Theorem),  703-705,  707-708 
valid  argument,  114,  115 
valid  reasoning.  See  logie 
vanishing  point(s),  174,  175-177 
variable,  solving  for  any,  567 
Vasarely, Vietor,  3,13 
veetor  sum,  283 
veetors 

defined,  282 
diagrams  with,  282-283 
resultant,  283 
translation,  368,  676 
trigonometry  with,  667 
veloeity 

angular,  352 

ealeulations  of  speed  and.  See 
Applieations 
tangential,  353 
veetors  of,  282-283 
Venn  diagram,  83 
Venters,  Diane,  67 
Verblifa  tin  (Eseher),  519 
Verne,  Jules,  341 
vertex  angle(s) 

biseetor  of,  244-245 
of  an  isoseeles  triangle,  6 1 , 206, 
244-245 
of  a kite,  268 

VertexAngle  Biseetor  Conjeeture,244 
vertex  arrangement,  390,  391 
vertex  (vertiees) 
of  aeone,  523 
eonseeutive,  54 


defined,  38 

naming  angles  by,  38-39 
of  a parabola,  677 
of  a polygon,  54 
of  a polyhedron,  521 
of  a pyramid,  522 
tessellation  arrangement, 
390,391 

vertieal  angles,  50, 123-124,  131, 
703-704 

Vertieal  Angles  Conjeeture, 
123-124,  131 

Vertieal  Angles  Theorem  (VA 
Theorem),  703-705,  707-708 
vertieal  streteh  of  a funetion,  675 
VietnamVeterans  Memorial 
Wall,132 
vintas,  146 
volume 

of  aeone,  538-540 
of  aeylinder,  531-533 
defined,  530 

displaeement  and  density  and, 
551-552 

of  a hemisphere,  558-559 
maximizing,  554 
of  a prism,  531-533 
problems  in,  547 
proportion  and,  6 1 4-6 1 6 
of  a pyramid,  538-540 
solving  formula  for  partieular 
variable,  567 
of  a sphere,  558-559 
and  surfaee  area,  relationship  of, 
620-622 

units  used  to  measure,  530 


W 


Wall  Drawing  #652  (LeWitt),  61 

Warhol,  Andy,  523 

water 

and  buoyaney,  553 

and  volume,  536,  553 
Water  Series  (Greve),  310 
Waterfall  (Eseher),  All 
waves,  radiation  of,  69 
wavy  letter,  1 3 
weather  balloons,  649 
weaving  and  sewing.  See  Applieations 
Wiek,  Walter,  68 
wigwams,  564 
Williams,  William  T.,  87 
woodworking,  34 
work,  500 

World  Book  Encyclopedia,  26 
Wright,  Frank  Lloyd,  9 
writing  test  problems,  256 


y-intereept,  287 

yard  (unit  of  measure),  535 

yin-and-yang  symbol,  315 


Z 


zero-produet  property  of  equality, 
440,  694 

Zhoubi  Suanjing,  518 
zillij,  22 
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